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Uniqueness of meromorphic functions
sharing a meromorphic function of a smaller order
with their derivatives

by X1a0-MIN L1 (Qingdao) and HONG-XUN YT (Jinan)

Abstract. We prove some uniqueness theorems for meromorphic functions and their
derivatives that share a meromorphic function whose order is less than those of the above
meromorphic functions. The results in this paper improve those given by G. G. Gundersen
& L. Z. Yang, J. P. Wang, J. M. Chang & Y. Z. Zhu, and others. Some examples are
provided to show that our results are the best possible.

1. Introduction and main results. In this paper, by meromorphic
functions we will always mean meromorphic functions in the complex plane.
We adopt the standard notations of the Nevanlinna theory of meromorphic
functions as explained in [6], [9] and [19]. It will be convenient to let £ denote
any set of positive real numbers of finite linear measure, not necessarily the
same at each occurrence. For a nonconstant meromorphic function h, we
denote by T'(r,h) the Nevanlinna characteristic of h and by S(r,h) any
quantity satisfying

S(r,h) =o{T(r,h)} (r— oo, r¢E).

Let f and g be two nonconstant meromorphic functions, and let a be a
finite value. We say that f and g share the value a CM provided that f —a
and g — a have the same zeros with the same multiplicities. Similarly, we
say that f and g share a IM provided that f — a and g — a have the same
zeros ignoring multiplicities. In addition, we say that f and g share co CM
if 1/f and 1/g share 0 CM, and we say that f and g share oo IMif 1/f and
1/g share 0 IM (see [20]).

In this paper, we also need the following definition.
DEFINITION 1.1. For a nonconstant entire function f, the order o(f),
the lower order u(f), and the hyper order oo(f) are defined as
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respectively; here and in what follows, M (r, f) = max,—, | f(2)|.

In 1977, L. A. Rubel and C. C. Yang [15] proved that if an entire func-
tion f shares two distinct finite complex numbers CM with its derivative
f', then f = f’. What is the relation between f and f’ if an entire func-
tion f shares one finite complex number a CM with its derivative f’? In
1996, R. Briick [2] made the conjecture that if f is a nonconstant entire
function satisfying o2(f) < oo, where oa(f) is not a positive integer, and
if f and f’ share one finite complex number a CM, then f —a = ¢(f’ — a)
for some constant ¢ # 0. He proved this for a = 0. He also proved that
the conjecture is true provided that a # 0 and N(r,1/f") = S(r, f). In
2005, Al-Khaladi showed that the conjecture remains true for a nonconstant
meromorphic function f such that N(r,1/f") = S(r, f) (see [1]). Recently
many mathematicians have dealt with the above conjecture: A. Banerjee &
P. Bhattacharjee [3], J. M. Chang & Y. Z. Zhu [4], J. Heittokangas et al.
[7], I. Lahiri & A. Sarkar [8], X. M. Li & C. C. Gao [10], [11], X. M. Li
& H. X. Yi [12]-[14], J. Wang & 1. Laine [16], J. Wang & X. M. Li [17],
Q. C. Zhang [21], J. L. Zhang & L. Z. Yang [22], [23], among others. But
the conjecture is still an open question by now.

In 1998, G. G. Gundersen and L. Z. Yang proved the following result,
which shows that the above conjecture is true for a # 0 provided that f
satisfies the additional assumption o(f) < oco.

THEOREM A (see [5, Theorem 1]). Let f be a nonconstant entire function
of finite order, and let a (# 0) be a finite complex number. If f and f’ share
a CM, then ' —a = c(f — a) for some nonzero constant c.

In 2004, J. P. Wang proved the following theorem, which improved The-
orem A.

THEOREM B (see [18, Theorem 1]). Let f be a nonconstant entire func-
tion of finite order, let P be a polynomial with degree p > 1, and let k be a
positive integer. If f — P and f*) — P share 0 CM, then f*) — P = ¢(f — P)
for some complex number ¢ # 0.

Recently J. M. Chang and Y. Z. Zhu proved the following result, which
improved Theorem B.
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THEOREM C (see [4, Theorem 1]). Let f be an entire function such that
o(f) < oo, and let a (Z 0) be an entire function such that o(a) < o(f).
If f —a and f' — a share 0 CM, then ' —a = ¢(f — a) for some nonzero
constant c.

We will prove the following result, which improves Theorem C.

THEOREM 1.1. Let f be a nonconstant entire function such that o(f)
< o0, and let a (# 0) be an entire function such that o(a) < o(f). If
f—a and f® — a share 0 CM, where k (> 1) is a positive integer, then
%) —a = c(f —a) for some nonzero constant c.

The following example shows that the condition “o(a) < o(f)” in The-
orem 1.1 is the best possible.

EXAMPLE 1.1 (see [4]). Let f(z) = €?* — (2 —1)e* and a(z) = €2* — ze®.
Then it can be verified that f—a and f'—a share 0 CM and o(f) = o(a) = 1.
But f/ —a=¢e*(f —a).

In the same paper [4], J. M. Chang and Y. Z. Zhu prove the following
result.

THEOREM D (see [4, Theorem 2]). Let f and a be meromorphic functions
such that f and a have finitely many poles, and such that f and a have no
common poles. If f —a and f' — a share 0 CM, and if o(a) < o(f) < oo,
then f' —a = c(f — a) for some nonzero constant c.

We will prove the following result, which improves Theorem D.

THEOREM 1.2. Let f be a nonconstant meromorphic function, and let
a (# 0) be a meromorphic function such that f and a have finitely many
poles, and such that f and a have no common poles. If o(a) < o(f) < oo,
and if f —a and f%) —a share 0 CM, where k (> 1) is a positive integer,
then f¥) —a = ¢(f — a) for some nonzero constant c.

Lemma 2.1 in Section 2 implies the following result, which complements
Theorem 1.2.

THEOREM 1.3. Let f be a nonconstant rational function, and let a be a
nonzero complex number. If f —a and f*) — a share 0 CM, where k (>1)
s a positive integer, then f can be expressed as

k
a(z —z A
(z—=z)" A ’
2k! z2—2

where z1 and Ay (# 0) are two complex numbers.

f(z)=a+

The following example shows that the condition “f and a have finitely
many poles” in Theorem 1.2 is the best possible.
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EXAMPLE 1.2 (see [5]). Let f(z) = (2¢* + 2z + 1)/(e* + 1). Then f is
a nonconstant meromorphic function but not an entire function. Moreover,
we can verify that f and f’ share 1 CM, that u(f) = o(f) = 1 and that f
has infinitely many poles. However, (f' —1)/(f — 1) = —e*/(e* + 1).

J. M. Chang and Y. Z. Zhu [4] prove the following result.

THEOREM E (see [4, Theorem 3]). Let f be a nonconstant entire function
of finite order. If 1/f" and 1/f have the same fixed points with the same
multiplicities, then f = f'.

We will prove the following result, which improves Theorem E.

THEOREM 1.4. Let f be a monconstant entire function of finite order,
and let R be a nonzero rational function that has at least one pole. If f — R
and f%) — R share 0 CM, then f = f®).

In 1995, H. X. Yi and C. C. Yang posed the following question.

QUESTION 1.1 (see [20, p. 398]). Let f be a nonconstant meromorphic
function, and let a be a finite nonzero complex constant. If f, f(® and f0™
share the value a CM, where n and m (n < m) are distinct positive integers
not all even or odd, can we infer that f = f(™?

Regarding Question 1.1, G. G. Gundersen and L. Z. Yang proved the
following result in 1998.

THEOREM F (see [5, Theorem 2]). Let f be a nonconstant entire function

of finite order, let a (# 0) be a finite complex number, and let n be a positive
integer. If a is shared by f, f™ and ™Y IM, and shared by f™ and f+1)
CM, then f = f'.

We will prove the following result, which improves Theorem F.

THEOREM 1.5. Let f be a nonconstant meromorphic function such that
f has finitely many poles and o(f) < oo, let a (# 0) be a finite value in the
complez plane, and let n be a positive integer. If a is shared by f, f and
fO+) IM, and shared by ™ and f*Y CM, then f(z) = ve?, where 7 is
a certain nonzero constant.

2. Some lemmas

LEMMA 2.1 (see [20, Corollary of Theorem 1.23]). Let f be a nonconstant
meromorphic function, and let k (> 1) be a positive integer. Then

T(r,f) < N(r, f)+ N<r, }) + N(r, f(k)l_1> - N<r, f(k:1+1)> + S(r, f).

Let f = > 7 anz" be an entire function. We define by u(r)
max{|a,|r" : n =0,1,2,...} the mazimum term of f, and define by v(r, f)
max{m : u(r) = |am|r™} the central index of f (see [9, p. 50]).
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LEMMA 2.2 (see [9, Theorem 3.1)). If f is an entire function of order

o(f), then o log v(r, f)
o(f) = limsup ——————=.
r—00 1 T
LEMMA 2.3 (see [9, p. 5]). Let g : (0,00) — R and h : (0,00) — R be
increasing functions such that g(r) < h(r) outside of an exceptional set E;

of finite logarithmic measure. Then, for any a > 1, there exists rg > 0 such
that g(r) < h(r®) for all > ro.

LEMMA 2.4 (see [9, Lemma 1.1.1]). Let g : (0,00) =R and h: (0,00) — R
be increasing functions such that g(r) < h(r) outside of an exceptional set
E of finite linear measure. Then, for any a > 1, there exists rog > 0 such
that g(r) < h(ar) for all v > 9.

LEMMA 2.5 (see [20, Theorem 1.21]). Suppose that f is meromorphic in
the complex plane. Then o(f) = o(f") and u(f) = pn(f’).

3. Proof of theorems

Proof of Theorem 1.2. From the condition o(a) < o(f) we know that f is
a transcendental meromorphic function. We discuss the following three cases.

CASE 1. Suppose that f and a are not entire functions. Then

ai
3.1 = —
(31) o= 2.
where P) is a nonconstant polynomial such that P; and 1/a share 0 CM.
From the condition that f —a and f®*) — a share 0 CM we get

(k) —aQa Ce’Bl
(32) e . 3
f—a (z—w))k- (2 —wp)
where ¢ is some nonzero complex number, w1, ...,w, are n distinct complex
numbers that are all poles of f, and 3 is an entire function. Let
(3.3) F=nRf,

where P is a nonconstant polynomial such that Py and 1/f share 0 CM.
Then F is a transcendental entire function. From (3.3) we get

(k) kR (k—1)
- LF +7R00'FF S

(k) RY)  pti—j)

_ Jj/ Ro F
(3.4) — = e
f-a ="
( k )R(()jH) L F—iTD +...+( k )ﬁ&
+ Jj+1 Ro F k—2 Ro F
1 — afo
F
KRy D R apy
+ Ro F Ro F
1 _ aeb ’

F
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where
1
(3.5) Ro= -
From (3.5) and the definition of Py we get
R! my m

3-6 70 = - ... n
(36) Ry z—w z—wy
where myq,...,m, are negative integers. By induction from (3.6) we get

RY(z) _ {(=17G = DY mib(1+o(1))
(3.7) = :

Ry(2) 2

as |z| — oo, where j is a positive integer satisfying 1 < j < k. Noting that
F' is a transcendental entire function, by Lemma 2.2 and Proposition 3.3 in
[9] we know that

(3.8) v(r, F) — oo.
Let
(3.9) M(r,F) = |F(z)|,

where z, = re"") and 6(r) € [0,27). From (3.9) and the Wiman-Valiron
theory (see [9, Theorem 3.2]), we know that there exists a subset £; C (1, 00)
with finite logarithmic measure, i.e., | E dt/t < oo, such that for some point
2 = e (0(r) € [0,27)) satisfying |2.| = r & E; and M(r, F) = |F(2,)|,
we have

J

s POt _ (e

as r ¢ U§:1 E; and r — oco. From (3.1) we see that a; is an entire function
such that

(3.11) o(a1Py) = o(ay) = o(a).

From (3.3) we get T'(r, F') = T(r, f) + O(logr). This together with (3.11)
and the condition o(a) < o(f) implies that

(3.12) a(ang) < U(F)
By (3.12), Definition 1.1 and Lemma 2.3 we can deduce that there exists an
infinite sequence of points z,, = 7€) satisfying M (rp, F) = |F(z., )],

where r, € I, I C R is a subset with logarithmic measure m;(I) = oo,
such that

loglog M F
(3.13) lim 108108 M (1, F)

Ty —00 log ry,

. M(rp,a1P)
3.14 1 _
(3:.14) 00 M(ry, F)

=0.
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Next we will show that (s is a constant. In fact, if £ = 1, then (3.4) can

be rewritten as

F' R} a P
flma Tt~ F
f—a 1— e
From (3.1), (3.7)—(3.10) and (3.13)—(3.15) we get

f(zr,) —alz,) _ vi(rn, F)
Flor) —aler,) )
as r, € I\ E1 and 7, — co. From (3.1) and (3.16) we get

f(k)(zrn) —a(zr,)

f(zr,) —a(zr,)
<log{v(rn, F)} + logr, + O(1)

(3.15)

(3.16)

(3.17) 161(2r,)| = llog ™ Z)| = |log

as r, € I\ By and r, — oo. From the condition o(a) < o(f) < oo and
(3.2) we know that there exists a sufficiently large positive number 7y and

a positive number B; such that
T(r,e%) < Birtto$)  (r > 1),

which implies that (; is a polynomial. From (3.17), Definition 1.1 and

Lemma 2.2 we get

(3.18)  |Bi(zr,)| < log{v(rn, F)} +1logrn + O(1) < {2+ o(f)}logrn

as r, € I\ By and 1, — oo.

If k > 2, from (3.1), (3.4), (3.7)~(3.10), (3.13) and (3.14) we get

f(k)(zrn) —a(zr,)
f(zr,) —alzr,)

F® (zr,) | kRy(2rp)  FR—D(rp)

(3.19)

F(zTn) RO(ZTH) F(zTn) + o + (] RO(ZTn) .

F(zp,

1 _ a(zTn)PO(ZTn)

F(zry,)

k ARV (5, P31 (s, kRSP ) FO(z,

N (;11) (}%O(zfn) L. F(zm() bb et () ORo(zfn) . F(,Z(Tn))
1 _ a(zTn)PO(ZTn)
F(zrp,)
BRY D (zry) | Fl(zry) | B (rn)  alzry) Po(ery)
+ RO(ZTn) F(ZTn) RO(ZTn) F(ZTn)
1— a(zr,, ) Po(zry,)
F(zry,)

N () SR - Dl )L 4 o(1))

k
25

{V(TnaF)}k{l +o(1)} _ <V(Tn7

k
2 Zr

k
; D) 4o

n
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as r, € I\ U?:l E; and r, — 00, where N, = >_;"; my. Next in the same
manner as in the proof of (3.18) we get

(3.20)  |B1(zr,)| < K{log{v(rp, F)} +logrn} +O(1) < k{2+0(f)}logra

asrp € I\ U§:1 E; and 7, — oo. From (3.18) and (3.20) we know that [
is a constant. Thus (3.2) can be rewritten as

) —q c
21 =
(3:21) f—a (z—w))k- (2 —wp)F’
where ¢ is some nonzero constant. From (3.7) we get
©) d.
(3.22) Ry ()| _ 4
Ro(2) |~ [z

as |z| — oo, where j is a positive integer satisfying 1 < j < k, d; is some
positive constant. We discuss the following two subcases.

SUBCASE 1.1. Suppose & = 1. Then (3.4) can be rewritten as (3.15).
From (3.15) and (3.21) we get

F Ry Fo_
(323) 1_@ _(z_wl)...(z—wn)'

From (3.10), (3.13) (3.14), (3.23) we get
v(rp, F)

‘ |
2z, T e, —wil e |2, — wal

€] a(zr, ) Po(zr, )

" F(zr,)

|2r, —wi] |2, — wnl .

a(zr, ) Po(zr,) ’R6(zrn)

F(zTn) RO(ZTTL)
as r, € I\ By and r, — oo. This together with (3.6) implies

2le| |zr,|

(3.24) V(rm, F) <

= ar, —wil |2, — wal
2|c|
‘zrn _wlln.‘zr'n _wn’

zr, a(zr, ) Po(2r,)
F(zr,)

zr, a(2zr, ) Po(2r,)
F(zr,)

as r, € I\ E1 and 1, — oo. From (3.1) we get
(3.25) o(za1Py) = o(a1) = o(a).

zr, 0(zr, ) Po(2r,,)
F(z,)

2z, R (2r,,)

RO(Zrn)

_l’_

+2

+

<3

+0(1)



Uniqueness of meromorphic functions 215

From (3.25) and the condition o(a) < o(F') we get
(3.26) o(za1Py) < o(F).
From (3.1), (3.8) and (3.24) we get

zr, a1(zr, ) Po(2r,)
Pi(zr, ) F(zr,)
2r, 01 (2, ) Po(2r,)
F(z,)

(3.27) v(rp, F)

IN

3 +0(1)

(VAN
W

as r, € I\ By and r, — oo. Thus
(3.28) V(rn, F)|F(2r,)] < 42r,01(2r,) Po(2r,)| < 4M(ry, za1 )

as r, € I\ B and 1, — oo. From (3.13), (3.28) and Definition 1.1 we know
that

o(F)—e 51 +e
(3.29) v(ry, F)e™ <AM (ry), za1 Py) < e
as r, € I\ £} and r, — oo, where

(3.30) 01 =o(za1 Py)

and ¢ is an arbitrary positive number. From (3.8), (3.26), (3.29) and (3.30)
we get a contradiction.

SUBCASE 1.2. Suppose that
(3.31) k> 2.
From (3.4) and (3.21) we get

k) kER) p(k—1)
T Ry~ F +"'+(j

R F
(3.32) 0
1-— b
g \RYTY  p-i-1 k\RFP pe
(j+1) Ry F + '+(k—2) Ry ~F
+ P
1 el
F
RRGTD g R apy
Ro F Ro F
+ b
F
C
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From (3.10), (3.13), (3.14), (3.22) and (3.32) we get
(3.33)  {v(rn, F)}®

< Wttt ()l P

a1 (zr, )28, Po(2r, )| }

+ k|dg_1|v(rn, F) + |dg| +

|P1 (21, ) F(2r,)]
+ ‘C’ ’Z’/]?n . {1 + |a1(ZT7L)PO(Z7"n)| }
|z, _wl‘k""'zrn _Wn|k |P1 (2, ) F'(2,)]

< 4K PP ot () Y

‘anal (2r, ) Po(2r,)] }
[F'(zr,)|

+ k|dg_1|v(r, F) + |di| +
’al(z"’n)PO(z"'n)’}
|F(zr,)]
asry, €1\ U§:1 E; and 1, — oo. From (3.8) and (3.33) we get
16|2% ay(zr, )Po(zr, )| 172F a1(2,) Po(zr,)|
(3.34) {v(rn, F)}F < ——n—"Tn S40(1) € -
’F(zrn)’ ‘F(Zrn)‘
as ry € I\ U;?:l E; and r, — oo. From (3.34) we get
(3.35)  {v(rn, F)}*|F(2r,)| < 17127 a1(2r, ) Po(zr, )| < 17M(rp, 2" a1 Fy)

asry, € 1\ U§:1 E; and 1, — oo. From (3.1) and (3.3) we get o(a1) = o(a)
and o(F) = o(f) respectively. This together with o(z*a1Py) = o(ay) and
the condition o(a) < o(f) gives

+2yc|{1+

(3.36) dy < o(F),

where

(3.37) 52 = a(zkalPo).

From (3.13), (3.35), (3.37) and Definition 1.1 we get
k TU(F)fs r52+6

(3.38) {v(ry, F)}%e™ < 17e™

as rp, € 1\ U;-C:l E; and r, — oo. From (3.8), (3.36) and (3.38) we get a
contradiction.

CASE 2. Suppose that f is not an entire function and a is an entire
function. Proceeding as in Case 1 we get contradictions.

CASE 3. Suppose that f is an entire function. Then from the condition
that f — a and f*) — a share 0 CM we get
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(k) _
(3.39) 7oa_

f—a
where (o is an entire function. Proceeding as in Case 1 we deduce from
(3.39) that (35 is a constant, which yields the conclusion of Theorem 1.2.

Theorem 1.2 is thus completely proved.

Proof of Theorem 1.1. By the assumptions of Theorem 1.1 we have
(3.39). Next in the same manner as in Case 1 of the proof of Theorem
1.2 we get the conclusion of Theorem 1.1.

Proof of Theorem 1.4. By the assumptions of Theorem 1.4 we have
k

f( ) _ R _
f—R

where (3 is an entire function. If f is a polynomial, then it follows from

(3.40) that f33 is a constant. If €% = 1, from (3.40) we get the conclusion of

Theorem 1.4. Next we suppose that e # 1. By rewriting (3.40) we get

(3.41) f®) — fefs = R(1 — &%),

From (3.41) and the supposition that R has at least one pole we get a
contradiction. Next we suppose that f is a transcendental entire function.
Proceeding as in Case 1 of the proof of Theorem 1.1 we infer from (3.41)
and the condition o(f) < oo that (3 is a polynomial. If 33 is not constant,
from (3.41) we get

(3.42) T(r,e%) < 2T(r, f) + O{log T(r, f) + logr} (reI\ E).

From (3.42) and Lemma 2.4 we know that there exists a sufficiently large
positive number rg such that

(3.43) T(r,e%) < 2T(2r, f) + O{logT(2r, f) 4+ logr +log2}  (r > o).
From (3.43) and Definition 1.1 we get

(3.40)

i

(3.44) 1 < deg(B3) = o (™) < o(f).
From (3.44) and o(R) = 0 we get
(3.45) o(R) < o(f).

From (3.45) and Theorem 1.2 we find that e is a constant, which con-
tradicts the above supposition. Next we suppose that (3 is a constant. If
e’ £ 1, by rewriting (3.40) as (3.41) and using the condition that R has
at least one pole we get a contradiction. Thus e = 1. This together with
(3.40) yields the conclusion of Theorem 1.4.

Proof of Theorem 1.5. We discuss the following two cases.

CASE 1. Suppose that f, and so f(™, is a nonconstant rational function.
Then from Theorem 1.3 and the condition that f(® and f"+1) share « CM



218 X. M. Li and H. X. Yi

we get

() () a(z — z1) Ay
(3.46) f(2)=a+ 5 + = o

where z; and Aj (# 0) are two complex numbers. From (3.46) we get a
contradiction.

CASE 2. Suppose that f is a transcendental meromorphic function. Then
from Lemma 2.5 we get

(3.47) a(f) =a(f).

Similarly

(3.48) o(f)=o(f*) (1<j<n-1).
From (3.47) and (3.48) we get

(3.49) a(f) =o(f™).

From (3.49) and the condition o(f) < co we get

(3.50) o(f™) < co.

From (3.50), Theorem 1.2 and the condition that f(™ and f(®*1) share a
CM we get

(3.51) FOrY g = o(f™ — q),

where ¢ is some nonzero constant. From (3.51) we know that f is a noncon-
stant entire function. This together with Theorem F yields the conclusion
of Theorem 1.5.
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