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The Probabilisti Solution of the Dirihlet Problemfor Degenerate Ellipti EquationsbyChuandi LIU and Hiroaki MORIMOTOPresented by Jerzy ZABCZYK
Summary. We study the Dirihlet problem for degenerate ellipti equations, and showthat the probabilisti solution is a unique visosity solution.1. Introdution. We deal with the Dirihlet problem for a linear de-generate ellipti equation in a bounded domain G of R

N with boundary ∂G:(1) {
Hα(x, u(x), Du(x), D2u(x)) := αu−Lu− g = 0 in G,
u = h on ∂G,for α > 0. Here we are given

g : bounded ontinuous on G, h ∈ C(∂G),(2)
b : R

N → R
N , σ : R

N → R
N×M , Lipshitz on G,(3)and L denotes the seond-order di�erential operator de�ned by

Lu =
1

2
tr(σ(x)σ⊤(x)D2u) + (b(x), Du).Let {Xt} be a solution to the stohasti di�erential equation(4) dXt = b(Xt)dt+ σ(Xt)dBt, X0 = x, t ≥ 0,on a omplete probability spae (Ω,F , P, {Ft}) arrying an M -dimensionalstandard Brownian motion {Bt}, where Ft denotes the σ-algebra generatedby Bs, s ≤ t.2000 Mathematis Subjet Classi�ation: 60J45, 35J30.Key words and phrases: stohasti di�erential equations, visosity solutions.[163℄
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The purpose of this paper is to show that(5) u(x) = E

[ τ\
0

e−αtg(Xt) dt+ e−ατh(Xτ )
]

is a unique visosity solution of the degenerate ellipti equation (1), where
τ is the time of �rst exit from G de�ned by τ = inf{t ≥ 0 : Xt /∈ G}. Thiskind of probabilisti solution has been studied by many authors [1℄, [5℄, [7℄,[9℄, [12℄ when L is uniformly ellipti and a regularity ondition on ∂G issatis�ed. In the present paper, we assume the following mild ondition onthe boundary: there exist a non-negative funtion ζ ∈ C(G) ∩ C2(G) and
λ > 0 suh that(6) {

−αζ + Lζ + λ ≤ 0 in G,
ζ = 0 on ∂G.By (6) and the Markov property of the stopped proess Zt = Xt∧τ at τ , weshow that(7) v(x) = E

[ τ\
0

e−(α+1/ε)t

{
1

ε
v + g

}
(Xt) dt+ e−(α+1/ε)τh(Xτ )

]

admits a unique solution v, independent of ε > 0, whih oinides with u.Furthermore, by passage to the limit as α → 0, we give a visosity solution
w of(8) {

H0(x,w(x), Dw(x), D2w(x)) := −Lw − g = 0 in G,
w = h on ∂G.2. Main results. Following [3℄, we de�ne the notion of visosity solutionof (1).Definition 2.1. k ∈ C(G) is alled a visosity solution of (1) if(9) k(x) = h(x) for all x ∈ ∂G,and for any ϕ ∈ C2(G) and any loal maximum (resp., minimum) point

z ∈ G of k − ϕ, we have
Hα(z, k(z), Dϕ(z), D2ϕ(z)) ≤ 0 (resp., Hα(z, k(z), Dϕ(z), D2ϕ(z)) ≥ 0).Conerning (9), we mention the works [4℄, [11℄ for the existene of vis-osity solutions of semilinear ellipti PDE's in terms of bakward stohastidi�erential equations under the generalized boundary onditions.Now the main results of this paper are the following.Theorem 2.2. Assume (2), (3), (6). Then there exists a unique solution
v of (7), for su�iently small ε > 0, in the Banah spae C of all boundeduniformly ontinuous funtions f on R

N with norm ‖f‖ = supx |f(x)|.
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Theorem 2.3. Assume (2), (3), (6). Then v is a unique visosity solutionof (1), independent of ε > 0, and(10) v = u.For the uniqueness of (8), we assume that there exists a onstant ν > 0suh that(11) 1

2
ν tr(σ(x)σ⊤(x)I1) + (b(x), e1) > 0 for all x ∈ G,where e1 = (1, 0, . . . , 0)⊤ ∈ R

N and I1 = (e1, 0e1, . . . , 0e1) ∈ R
N ⊗ R

N .Theorem 2.4. Under the assumptions of Theorem 2.3, suppose that (11)holds and(12) E[τ ] <∞ or g = 0.Then
w(x) = E

[ τ\
0

g(Xt) dt+ h(Xτ )
]

is a unique visosity solution of (8).3. Proof of Theorem 2.2Lemma 3.1. Let Gγ be the potential operator of {Xt}, i.e.,
Gγf(x) = E

[∞\
0

e−γtf(Xt) dt
]
, γ > 0.Then, under (3), the lass D := {γGγf : f ∈ C, γ > 0} is dense in C.Proof. Let {X ′

t} be the solution of (4) with X ′
0 = x′. Sine

|b(x) − b(x′)| + ‖σ(x) − σ(x′)‖ ≤ L|x− x′| for some L > 0,we have
E[|Xt −X ′

t|
2] ≤ |x− x′|2e(2L+L2)t.Let f ∈ C. It is lear that

|γGγf(x) − f(x)| ≤ E
[∞\

0

γe−γt|f(Xt) − f(x)| dt
]

≤ E
[∞\

0

e−t|f(Xt/γ) − f(x)| dt
]
→ 0 as γ → ∞.Note that for any ̺ > 0 there exists C̺ > 0 suh that(13) |f(x) − f(y)| ≤ C̺|x− y| + ̺, x, y ∈ R

N .
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Hene, taking su�iently large γ0 > 0, we have

|γGγf(x) − γGγf(x′)| ≤

∞\
0

e−tC̺|x− x′|e(L+L2/2)t/γ dt+ ̺

≤ C̺

(
1 −

L+ L2/2

γ0

)−1

|x− x′| + ̺

for all γ ≥ γ0. Also, f an be extended over the ompati�ation RN , em-bedded in [0, 1]∞, of R
N . Therefore

γGγf(x) → f(x) as γ → ∞, x ∈ RN .By the Riesz representation theorem, for every Λ in the dual spae C∗, thereexists a measure µ on RN suh that Λ(f) =
T
f dµ for all f ∈ C. So, if

Λ(f̂ ) = 0 for all f̂ ∈ D, then Λ(f) = limγ→∞ Λ(γGγf) = 0. By the Hahn�Banah theorem, the losure D oinides with C.Proof of Theorem 2.2. For any f ∈ C, we de�ne the operator T = Tε by
T f(x) = E

[ τ\
0

e−αεt

{
1

ε
f + g

}
(Xt) dt+ e−αετh(Xτ )

]
,

where αε = α+ 1/ε. Clearly, ‖T f‖ <∞.We shall show that(14) T f(x) is uniformly ontinuous on R
N if h ∈ D.Let h = γGγη ∈ D for some η ∈ C. Then, by the resolvent equation for Gγ ,

h = Gαε
η̃, η̃ := γ{η − (γ − αε)Gγη}.By the Markov property,

T f(x) = E

[ τ\
0

e−αεt

{
1

ε
f + g

}
(Xt) dt+

∞\
τ

e−αεtη̃(Xt) dt

]
.

We hoose ε < 1/(L+ L2/2). Then, taking into aount (13), we see that
E

[ τ∧τ ′\
0

e−αεt|f(Xt) − f(X ′
t)| dt

]
≤ E

[∞\
0

e−αεt|f(Xt) − f(X ′
t)| dt

]

≤
C̺|x− x′|

1/ε− (L+ L2/2)
+

̺

αε
,
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where τ ′ is the time of �rst exit for {X ′

t}. Also, by (6) and Ito's formula,
E

[ τ\
τ∧τ ′

e−αεtλdt
]
≤ E[e−αε(τ∧τ ′)ζ(Xτ∧τ ′) − e−αετζ(Xτ )]

= E[{e−αετ ′

ζ(Xτ ′) − e−αετζ(Xτ )}1{τ ′<τ}]

≤ E[{e−αετ ′

ζ(Xτ ′) − e−αετ ′

ζ(X ′
τ ′)}1{τ ′<τ}]

≤ E[e−αετ ′

|ζ(Xτ ′) − ζ(X ′
τ ′)|1{τ ′<τ}].Sine for any ̺ > 0 there exists C̺ > 0 suh that

|ζ(x) − ζ(x′)| ≤ C̺|x− x′| + ̺, x, x′ ∈ G,we have
E

[ τ\
τ∧τ ′

e−αεt dt
]
≤ C̺E[e−αετ ′

|Xτ ′ −X ′
τ ′ |] + ̺

≤ lim
T→∞

C̺E[e−2αε(τ ′∧T )|Xτ ′∧T −X ′
τ ′∧T |

2]1/2 + ̺

≤ C̺|x− x′| + ̺.Combining these fats, we get
|T f(x) − T f(x′)| ≤ C̺|x− x′| + ̺, x, x′ ∈ R

N ,whih implies (14).Now, we have
|T f1(x) − T f2(x)| ≤

1

ε
E

[∞\
0

e−αεt|f1(Xt) − f2(Xt)| dt
]

≤
1

εα+ 1
‖f1 − f2‖, f1, f2 ∈ C.Thus the map T : C → C is a ontration, and T has a �xed point v ∈ C forsu�iently small ε > 0.In the general ase, by Lemma 3.1, there exists hγ ∈ D suh that hγ →

h ∈ C as γ → ∞. Let v(γ) be the solution of (7) for hγ . Then
v(γ)(x) = E

[ τ\
0

e−αεt

{
1

ε
v(γ) + g

}
(Xt) dt+ e−αετhγ(Xτ )

]
,and hene

‖v(γ) − v(γ′)‖ ≤
εα+ 1

εα
‖hγ − hγ′‖ → 0 as γ, γ′ → ∞.Therefore v(γ) onverges to v ∈ C, whih satis�es (7). The uniqueness isimmediate.



168 C. Liu and H. Morimoto
4. Proof of Theorem 2.3Lemma 4.1. Under the assumptions of Theorem 2.3, the solution v ∈ Cof (7) satis�es(15) v(x) = E

[ θ∧τ\
0

e−αεs

{
1

ε
v + g

}
(Xs) ds+ e−αε(θ∧τ)v(Xθ∧τ )

]

for any bounded {Ft}-stopping time θ.Proof. We notie that (15) orresponds to the dynami programmingpriniple [6℄. We shall dedue (15) stepwise from the Markov property of thestopped proess Zt = Xt∧τ .
Step 1. Let Xx

t denote the solution to (4) with X0 = x. It is well knownthat ψ(r) := E[sup0≤t≤r |X
x
t − Xy

t |
2] is ontinuous. Also, by Gronwall'sinequality, we observe that

ψ(r) ≤ Cr|x− y|2, x, y ∈ R
N ,for some onstant Cr > 0 depending on r > 0. Hene, if xn → x in R

N , then
Xxn

t → Xx
t in probability. Let f be a bounded ontinuous funtion on R

N .Then
E[f(Xxn

t )] → E[f(Xx
t )],whih implies that the map x 7→ E[f(Xx

t )] is ontinuous. Let A be an opensubset of R
N . We set

fk(x) =
kd(x,Ac)

1 + kd(x,Ac)
.It is lear that fk(x)ր 1A(x) as k → ∞, and so the map x 7→ P (Xx

t ∈ A)is Borel measurable. By the monotone lass theorem, this map is Borelmeasurable for all Borel sets A. Therefore we onlude that the map x 7→
P (Xx

t∧τ ∈ A) is Borel measurable.
Step 2. Let {xt} be the solution of

dxt = b(xt)dt+ σ(xt)dβt, x0 = x,for a Brownian motion {βt} on the anonial probability spae (W,B, P, {Bt})[9℄, and onsider the stopped proess zt = xt∧τ̃ , where τ̃ is the time of �rstexit from G. Then(16) dzt = b(zt)1{t<τ̃}dt+ σ(zt)1{t<τ̃}dβt, z0 = x.We note that the pathwise uniqueness holds for (16), and τ and τ̃ have thesame law. In view of the Yamada�Watanabe theorem [9℄, we an show thatthe uniqueness in law holds for (16). Thus the two proesses {Zt, Bt} and
{zt, βt} have the same law.
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Step 3. Fix T > 0 and let Q(ω, ·) be the regular onditional probabilityfor E[· | BT ](ω). We de�ne the system (W,B, P̃ , {B̃t}; z̃, β̃) by
β̃t = βt+T − βT (ω0), z̃t = zt+T , B̃t = Bt+T , P̃ (·) = Q(ω0, ·),for �xed ω0 ∈ Ω0 with P (Ω0) = 1. Let A ∈ B̃t, ξ ∈ R

N and u ≥ t. It is easyto see that {βu+T − βt+T} is a Brownian motion under P , and thus
EP̃ [ei(ξ,β̃u−β̃t)1A] = E[ei(ξ,β̃u−β̃t)1A | BT ]

= E[E[ei(ξ,βu+T −βt+T ) | Bt+T ]1A | BT ]

= e−|ξ|2(u−t)/2P̃ (A),where EP̃ denotes the expetation with respet to P̃ . Hene (W,B, P̃ , B̃t; β̃)is a Brownian motion. Further, taking the di�erene and using the hangeof variables, we have
z̃t = x+

t+T\
0

b(zu)1{u<τ̃} du+

t+T\
0

σ(zu)1{u<τ̃} dβu

= zT +

t+T\
T

b(zu)1{u<τ̃} du+

t+T\
T

σ(zu)1{u<τ̃} dβu

= zT +

t\
0

b(z̃r)1{r<τ̃} dr +

t\
0

σ(z̃r)1{r<τ̃} dβ̃r, P -a.s.Thereforẽ
zt = zT (ω0) +

t\
0

b(z̃r)1{r<τ̃} dr +

t\
0

σ(z̃r)1{r<τ̃} dβ̃r, P̃ -a.s.,and
zt = zT (ω0) +

t\
0

b(zr)1{r<τ̃} dr +

t\
0

σ(zr)1{r<τ̃} dβr, PzT (ω0)-a.s.,where Px denotes the probability measure indued by {zt} with z0 = x. Sine
{z̃t, P̃} and {zt, PzT (ω0)} have the same law,

EP̃ [f(z̃t)] = EzT (ω0)[f(zt)]for any bounded Borel funtion f . On the other hand,
Ex[f(zt+T ) | BT ](ω0) = EQ(ω0,·)[f(zt+T )] = EP̃ [f(z̃t)].This implies that {zt, Px} has the Markov property:

Ex[f(zt+T ) | BT ] = EzT
[f(zt)], a.s.
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Step 4. By Step 2 and Theorem 2.2, we have

v(x) = T v(x) = Ex

[∞\
0

e−αεt ξ(zt) dt
]
,where

ξ(x) :=

{ 1
εv(x) + g(x) if x ∈ G,

αεh(x) if x ∈ ∂G.By the Markov property,
eαεtEx

[∞\
t

e−αεsξ(zs) ds
∣∣∣Bt

]
= Ex

[∞\
0

e−αεsξ(zs+t) ds
∣∣∣Bt

]

= Ezt

[∞\
0

e−αεsξ(zs) ds
]

= v(zt), a.s.This implies that {e−αεtv(zt) +
Tt
0 e

−αεsξ(zs) ds} is a martingale and, byStep 2, so is {e−αεtv(Zt)+
Tt
0 e

−αεsξ(Zs) ds}. Thus, by the optional samplingtheorem, we dedue
v(x) = E

[ θ∧τ\
0

e−αεsξ(Zs) ds+ e−αε(θ∧τ)v(Zθ∧τ )
]
,whih implies (15).Proof of Theorem 2.3. By (7), it is lear that v = h on ∂G. By Lemma 4.1and a slight modi�ation of the theory of visosity solutions [6, Thm. 3.1,p. 220, Cor. 3.1, p. 223℄, we observe that v is a visosity solution of(17) αεv − Lv −

(
1

ε
v + g

)
= 0 in G.This shows that v is a visosity solution of (1).For uniqueness, let vi, i = 1, 2, be two visosity solutions of (1). We applyIshii's lemma to

Ψ(x, y) := v1(x) − v2(y) −
k

2
|x− y|2at its loal maximum point (xk, yk) ∈ G×G for k > 0 to obtain symmetrimatries X,Y suh that

(k(xk − yk), X) ∈ J
2,+
v1(xk),

(k(xk − yk), Y ) ∈ J
2,−
v2(yk),

(
X 0

0 −Y

)
≤ 3k

(
I −I

−I I

)
, I = identity,
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where

J
2,+
vi(x) = {(p,X) : ∃xn → x, ∃(pn, Xn) ∈ J2,+vi(xn),

(vi(xn), pn, Xn) → (vi(x), p,X)}, i = 1, 2,and J2,+ and J2,− are the seond-order superjets and subjets. Aording to[6, Lemma 6.2, p. 240℄, we have
|tr(σ(x)σ⊤(x)X) − tr(σ(y)σ⊤(y)Y )| ≤ 3k‖σ(x) − σ(y)‖2.Thus, as in [3, Thm. 3.3℄ or [10, Thm. 3.7℄, we see that v1 = v2.To prove (10), we note that (17) is independent of ε > 0. Let v̂ = Tδv forany δ > 0. Then v̂ is a visosity solution of

{
αδ v̂ − Lv̂ −

(
1
δv + g

)
= 0 in G,

v̂ = h on ∂G.By uniqueness, we have v̂ = v, so that v satis�es (7) for all ε > 0, Clearly,
E

[ τ\
0

e−(α+1/ε)tg(Xt) dt+ e−(α+1/ε)τh(Xτ )
]
→ u(x) as ε→ ∞,where u is as in (5). Thus, we onlude

v(x) = lim
ε→∞

E

[ τ\
0

e−(α+1/ε)t

{
1

ε
v + g

}
(Xt) dt+ e−(α+1/ε)τh(Xτ )

]
= u(x).

5. Proof of Theorem 2.4. Let vα denote the visosity solution of (1)for α > 0. Sine
|vα(x) − vα′(x)| ≤ E

[ τ\
0

|e−αt − e−α′t| dt
]
‖g‖ + E[|e−ατ − e−α′τ |]‖h‖,we see by (12) that {vα} is a Cauhy sequene, and vα onverges to v in

C(G) as α→ 0. By the stability result for visosity solutions [6, Lemma 6.2,p. 73℄, v is a visosity solution of (8). Passing to the limit in (5) and (10),we dedue v = w.Now, in the same way as for [10, Thm. 3.9℄, we shall show the uniquenessfor (8) under (11). Let wi, i = 1, 2, be two visosity solutions of (8). Supposethat maxG(w1 − w2) =: ϑ > 0. We hoose ̺ > 0 suh that
̺max{eνx1 : x = (x1, . . . , xN ) ∈ G} ≤ ϑ/2.De�ne
Φ(x, y) = w1(x) − w2(y) −

k

2
|x− y|2 + ̺eνx1for k > 0. Then there exists a maximum point (xk, yk) ∈ G × G of Φ over

G × G. By ompatness, extrating a subsequene, we may assume that
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(xk, yk) → (x̂, ŷ) ∈ G × G as k → ∞. Sine Φ(xk, yk) ≥ maxx∈G(w1(x) −
w2(x) + ̺eνx1) ≥ ϑ, we have

|xk − yk|
2 ≤

2

k
(max

G
w1 − min

G
w2 + ϑ/2),whih implies x̂ = ŷ. Moreover, Φ(xk, yk) ≥ Φ(xk, xk). Hene

k

2
|xk − yk|

2 ≤ w2(xk) − w2(yk) → 0 as k → ∞.Thus
Φ(x̂, x̂) = w1(x̂) − w2(x̂) + ̺eνx̂1 ≥ ϑ.This implies that x̂ ∈ G and (xk, yk) ∈ G×G for su�iently large k.Ishii's lemma applied to Φ(x, y) = ŵ(x)−w2(y)−

k
2 |x−y|

2, where ŵ(x) =
w1(x) + ̺eνx1 , yields symmetri matries X,Y suh that

(k(xk − yk), X) ∈ J2,+ŵ(xk),

(k(xk − yk), Y ) ∈ J2,−w2(yk),
(
X 0

0 −Y

)
≤ 3k

(
I −I

−I I

)
.Note that Dx1 = e1, D

2x1 = I1 and
(p̂, X̂) := (k(xk − yk) − r(xk)e1, X − νr(xk)I1) ∈ J2,+w1(xk),where r(x) = ̺νeνx1 . By the de�nition of visosity solutions, we have

H0(xk, w1(xk), p̂, X̂) ≤ 0,

H0(yk, w2(yk), k(xk − yk), Y ) ≥ 0.Thus
0 ≤ H0(yk, w2(yk), k(xk − yk), Y ) −H0(xk, w1(xk), p̂, X̂)

= −
1

2
tr(σ(yk)σ

⊤(yk)Y ) − (b(yk), k(xk − yk)) − g(yk)

+
1

2
tr(σ(xk)σ

⊤(xk)X̂) + (b(xk), p̂) + g(xk)

≤
3k

2
‖σ(xk) − σ(yk)‖

2 −
1

2
νr(xk) tr(σ(xk)σ

⊤(xk)I1)

+ k|b(xk) − b(yk)| |xk − yk| − r(xk)(b(xk), e1) + g(xk) − g(yk).Letting k → ∞, we obtain 0 ≤ −r(x̂){1
2ν tr(σ(x̂)σ⊤(x̂)I1)+(b(x̂), e1)}, whihontradits (11). The proof is omplete.6. Examples. We give some examples of ζ, λ of (6) to illustrate ourtheory.
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Example 1. Let φ be a non-negative funtion in C2(RN ) suh that

Lφ ≥ µφ for some onstant µ > 0. Let G be a bounded domain of the form
G = {x : φ(x) < 1}, ∂G = {x : φ(x) = 1}.De�ne ζ = 1 − φ. Then

−αζ + Lζ + λ ≤ −α+ (α− µ)φ+ λ

≤ −α+ max(α− µ, 0) + λ ≤ 0 in Gfor a suitable hoie of λ > 0.
Example 2. We onsider

G = {(x, y) : x2 + y2 < 1} ⊂ R
2and

σ(x, y) =

(
x 0

0 y

)
, b(x, y) = (x, y).Take φ(x, y) = x2 + y2. Then we have

Lφ = 3φ,whih satis�es the onditions of Example 1.
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