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FUNCTIONAL ANALYSIS

A Lifting Result for Loally Pseudo-ConvexSubspaes of L0byFélix CABELLO SÁNCHEZPresented by Aleksander PE�CZY�SKI
Summary. It is shown that if F is a topologial vetor spae ontaining a omplete,loally pseudo-onvex subspae E suh that F/E = L0 then E is omplemented in F andso F = E ⊕ L0. This generalizes results by Kalton and Pek and Faber.Introdution. Let L0 denote the spae of all (equivalene lasses of)measurable funtions on [0, 1] equipped with the topology of onvergene inmeasure, E a losed subspae of L0, π : L0 → L0/E the natural quotient mapand T : L0 → L0/E a (linear, ontinuous) operator. Under what onditionsdoes T lift to an operator S : L0 → L0 in the sense that the diagram
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ommutes? As far as I know this problem was raised by Peªzy«ski. Kaltonand Pek [5, Theorem 3.6℄ proved that suh an S exists if E is loally bounded(that is, a quasi-Banah spae); see also [6, Theorem 6.4℄. The same is trueif E is isomorphi to ω, the spae of all sequenes, as follows from results ofPek and Starbird [7, Corollary℄. The interesting work of Doma«ski about the2000 Mathematis Subjet Classi�ation: 46M18, 46A16, 46A22.Key words and phrases: spae of measurable funtions, lifting, extension, pull-bak,push-out.Supported in part by DGICYT projet MTM2004�02635.[231℄
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struture of extensions [2℄ ontains alternative proofs of both resuls. Finally,Faber [3, Theorem 2.1℄ got the orresponding result for loally onvex E.In this short note we generalize the previous results to loally pseudo-onvex subspaes of L0. Atually, we will show that if E is loally pseudo-onvex and omplete and F is any topologial vetor spae (TVS) ontainingit, then every operator L0 → F/E lifts to F . Thus, the fat that E is asubspae of L0 plays no r�le here. However we emphasize that there areloally pseudo-onvex subspaes of L0 that are neither loally onvex norloally bounded (nor even loally p-onvex for any �xed p): ∏

∞

n=1 Lp(n) is anexample if the sequene 0 < p(n) ≤ 2 onverges to zero.In ontrast to Faber's proof (whih is quite �hard� and depends on spe-i� features of the loally onvex subspaes of L0) our result is obtainedstraightforwardly from the loally bounded ase by means of the universalproperties of three basi (and simple) homologial onstrutions: pull-bak,push-out and inverse limit.Before going further we make some onventions. TVSs are assumed tobe Hausdor�. Operator means linear and ontinuous map. If E and F areTVSs, then L(E, F ) denotes the spae of all operators from E to F . Theidentity on E is written 1E .Let us translate the problem into the language of extensions. An extension(of G by E) is a short exat sequene of TVSs and relatively open operators
0 → E

ı
→ F

π
→ G → 0.(1)Less tehnially we an regard F as a TVS ontaining E as a subspae insuh a way that F/E is (isomorphi to) G. We say that (1) splits if there is

S ∈ L(G, F ) suh that π ◦ S = 1G. And this happens if and only if there is
P ∈ L(F, E) suh that P ◦ ı = 1E , that is, if ıE is a omplemented subspaeof F .We now desribe the algebrai onstrutions we shall use in the proof.Some veri�ations are left to the reader. They are really easy: just try oradapt the orresponding proof for (quasi-) Banah spaes in [4℄ or [1, Ap-pendix℄.

1. The pull-bak extension. Suppose we are given an extension (1)and an operator L : H → G, where H is a TVS. Then we an onstrut aommutative diagram
0 −−−→ E

ı
−−−→ F

π
−−−→ G −−−→ 0

∥∥∥
xπF

xL

0 −−−→ E −−−→ PB
πH−−−→ H −−−→ 0

(2)
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as follows: the pull-bak spae is PB = {(f, h) ∈ F × H : πf = Lh}, withthe relative produt topology. The maps from PB are the restritions of theprojetions. The map E → PB is just e 7→ (ı(e), 0). It is easily veri�ed thatthe lower row in (2) is an extension whih splits if and only if L lifts to F .And this is so by the following universal property of the pull-bak square: if
I is a TVS and α and β are operators making the diagram

F
π

−−−→ G

α

x
xL

I
β

−−−→ Hommutative, then there is a unique operator γ : I → PB suh that α =
πF ◦ γ and β = πH ◦ γ (the onverse is obvious).Hene the following statements about a pair of TVSs E and H are equiv-alent:

• Whenever F is a TVS ontaining E every operator H → F/E liftsto F .
• Every extension 0 → E → I → H → 0 splits.Thus, the promised generalization of Faber's result is ontained in thefollowing:
Fact. Every extension of L0 by a omplete, loally pseudo-onvex spaesplits.Before going into the proof, let us desribe2. The push-out extension. The push-out onstrution is just theategorial dual of the pull-bak. So assume we are given an extension (1)and an operator T : E → J . The push-out of the operators ı and T is thequotient spae PO = (F ⊕ J)/∆, where ∆ = {−ı(e) ⊕ T (e) : e ∈ E}. Inour setting ∆ is losed beause ı has losed range. We have a ommutativediagram

0 −−−→ E
ı

−−−→ F
π

−−−→ G −−−→ 0

T

y
yıF

∥∥∥

0 −−−→ J
ıJ−−−→ PO −−−→ G −−−→ 0

(3)
The arrows ending in PO are indued by the inlusions of F and J into theirdiret sum F ⊕ J . The operator PO → G sends (f ⊕ j) + ∆ to π(f). Thisis learly a quotient operator and it is easily seen that the lower sequenein (3) is an extension. Moreover this extension splits if and only if T extendsto F (in the sense that there is τ ∈ L(F, J) suh that τ ◦ ı = T ). Again, thisis immediate from the universal property of the push-out onstrution: if α
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and β are operators making the diagram

E
ı

−−−→ F

T

y
yα

J
β

−−−→ Kommutative, then there is a unique operator γ : PO → K suh that α =
γ ◦ ıF and β = γ ◦ ıJ (the onverse is obvious).

3. The inverse limit. The topology of a loally pseudo-onvex spae
E an be obtained through a system of funtions

̺ : E → R
+ (̺ ∈ Γ ),where eah ̺ is a homogeneous semi-p̺-norm [8, Theorem 3.1.4℄. We mayassume that given α, β ∈ Γ there is δ ∈ Γ suh that δ ≥ α, β (in thepointwise sense). For ̺ ∈ Γ , let E̺ denote the ompletion of E/ker ̺. Thisis learly a p̺-Banah spae and we have an obvious operator π̺ : E → E̺.Moreover, if α ≥ β the map πβ fators through Eα and we have a furtheroperator πα

β : Eα → Eβ . It is lear that these form a projetive system in thesense that for α ≥ β ≥ γ the map Eα → Eγ oinides with the omposition
Eα → Eβ → Eγ .Just as in the loally onvex ase, it is easily seen that if E is om-plete, then it is isomorphi to the inverse (projetive) limit of the system
{Eγ : γ ∈ Γ}, that is, the spae

projEγ =
{
(eγ) ∈

∏
Eγ : πα

β (eα) = eβ for all α ≥ β
}

equipped with the relative produt topology. We leave to the reader theveri�ation that the map e ∈ E 7→ (πγ(e))γ ∈
∏

Eγ de�nes an isomorphismbetween E and projEγ . Every operator T : F → E gives rise to a system ofoperators Tγ : F → Eγ (namely, Tγ = πγ ◦ T ), ompatible in the sense thatfor α ≥ β we have Tβ = πα
β ◦ Tα.The universal property of the inverse limit states the onverse: if

Tγ : F → Eγ is a ompatible system, then there is a unique operator
T : F → E suh that Tγ = πγ ◦ T .Proof of the Fat. Let E be a omplete, loally pseudo-onvex spae. Weshow that every extension

0 → E
ı
→ F

π
→ L0 → 0splits. If ̺ is a semi-p-norm on E we an apply the push-out proedure to
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π̺ and obtain the diagram

0 −−−→ E
ı

−−−→ F
π

−−−→ L0 −−−→ 0

π̺

y
y

∥∥∥

0 −−−→ E̺ −−−→ PO −−−→ L0 −−−→ 0We know from [5℄ that the push-out extension splits and so there is P̺ :
F → E̺ suh that π̺ = ı ◦ P̺. In fat P̺ is unique: for if P : F → E̺is another extension of π̺ we have (P − P̺) ◦ ı = 0 and so P − P̺ fatorsthrough L0. But the only operator from L0 to a quasi-Banah spae is zero,and so P = P̺.We laim that the system (Pγ)γ ∈ Γ de�nes an operator P : F → E suhthat P ◦ ı = 1E . Suppose α ≥ β and let Pα and Pβ be as above. We have
πα = Pα ◦ ı and πβ = Pβ ◦ ı. Sine πβ = πα

β ◦πα we have πβ = πα
β ◦Pα ◦ ı andby the uniqueness of Pβ we see that Pβ = πα

β ◦ Pα. This implies that thereis an operator P : F → E suh that Pγ = πγ ◦P for all γ ∈ Γ , whih learlyimplies that P ◦ ı = 1E and ompletes the proof.
Concluding remarks. Of ourse, the result just proved implies that if

E and F are loally pseudo-onvex (losed) subspaes of L0 suh that L0/Eand L0/F are isomorphi, then there is an automorphism of L0 mapping Eonto F .Let us say that a TVS G has L0-struture if for every neighborhood ofthe origin U there is a topologial deomposition G = G1 ⊕ · · · ⊕ Gk with
Gi ⊂ U for 1 ≤ i ≤ k. By [5, Theorem 3.6℄ (or [2, Proposition 4.3℄) everyextension of suh a G by any quasi-Banah spae splits. Moreover, there isno nonzero operator from G into any quasi-Banah spae, and so the aboveproof shows that every extension of G by a omplete, loally pseudo-onvexspae splits. The ondition on the operators annot be removed: indeed,
ω has �almost� L0-struture: if U is a neighborhood of zero, we an write
ω = F ⊕ G, where F is �nite-dimensional and G ⊂ U . It follows thatevery extension of ω by a quasi-Banah spae splits. However, it is shownin [2℄ (see the ounterexamples on p. 166) that there exists an extension
0 → E → F → ω → 0 in whih F (and so E) is a Fréhet spae that doesnot split.The ompleteness hypothesis is also neessary in the Fat. Indeed, assume
E is loally pseudo-onvex but not omplete and let Ê be its ompletion(learly loally pseudo-onvex). Consider the extension 0 → E → Ê →

Ê/E → 0, where the quotient spae arries the trivial topology (the onlyopen sets are the empty one and the whole spae). Now, let T : L0 → Ê/Ebe any nonzero linear map; this is learly an operator that annot be liftedto Ê sine L(L0, Ê) = 0. Thus, the lower extension in the pull-bak diagram



236 F. Cabello Sánhez
(whih an be de�ned as in the Hausdor� ase and has the same properties)

0 −−−→ E −−−→ Ê
π

−−−→ Ê/E −−−→ 0
∥∥∥

x
xT

0 −−−→ E −−−→ PB −−−→ L0 −−−→ 0does not split. This is learly a rewording of [2, �only if� part of Proposi-tion 4.3()℄.We lose with the following
Problem. Does every extension 0 → L0 → F → L0 → 0 split?Aknowledgements. I thank Jesús M. F. Castillo for explaining tome�again�how a projetive limit works (and many other things), andJavier Cabello Sánhez for reading a preliminary LATEX-sript of this note.
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