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Summary. Suppose that X is a Banach space of analytic functions on a plane domain (2.
We characterize the operators 7' that intertwine with the multiplication operators acting
on X.

Introduction. Suppose that the set of analytic polynomials is dense in
a Banach space X of functions analytic on a plane domain {2, and suppose
that for each A € {2 the linear functional of evaluation at A, e()\), is bounded
on X. We further assume that X contains the constant functions and that
multiplication by the independent variable z defines a bounded linear oper-
ator M, on X. Also, we assume that for any fixed n € N, every f in X has
a unique decomposition f = @?:_01 ; where f; € X; and X, is the closed
linear span of the set {z"**%: %k >0}in X fori=0,1,...,n — 1.

The weighted Hardy spaces, HP(/3), are examples of such spaces. For
more information on such spaces see [5, 7, 8|.

Throughout this paper, by a Banach space of analytic functions on a
plane domain {2 we mean one satisfying the above conditions. For some
results on such spaces see [1, 2, 3, 6, 10].

A complex-valued function ¢ on 2 for which ¢ f € X for every f € X is
called a multiplier of X. Every multiplier ¢ of X determines a multiplication
operator M, on X by M,f = ¢f, f € X. The set of all multipliers of X is
denoted by M(X). Clearly M(X) C H*({2), where H*({2) is the space of
all bounded analytic functions on 2. In fact ||¢|le < ||My||. A good source
on this topic is [4].
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Let B(X) be the set of all bounded operators on X. If T € B(X) and
TMy = —M,T or TM,> = M_>T where ¢ € H>(§2), then under suitable
conditions the structure of 7' was determined in [9]. In this paper we want
to characterize the operators T' satisfying T'M, = M, T where ¢ and 1) are
multipliers of X. Specially, the case ¢ = ayp is considered.

Main results. In this section we will characterize the structure of op-
erators that intertwine with the multiplication operators acting on function
spaces.

Note that by our assumptions each f € X has a unique decomposition
f= @?:_01 . where f; € X; and X; is the closed linear span of the set
{z"k+1 .k >0} in X for i =0,...,n — 1. From now on suppose that X is a
Banach space of analytic functions on the open unit disc U and 0 < |a| < 1.
Assume further that the composition operators C, and Cy, are bounded on
X where ¢ is a multiplier of X.

THEOREM 1. Suppose that ¢ is a multiplier of X and let T € B(X)
be such that TMn = a™ MynT for some positive integer n. Also consider f
i X with decomposition @;:01 fi where f; € X; fori=0,...,n—1. Then
there exist functions ug, U1, ..., Un—1 Such that

TCuf =uCapfo+u1Capfi + -+ + Uun-1Cap fr—1.
Proof. Let up = T(1) and put
(+) i = (TM,: — @' M T)(1)
fort=1,...,n — 1. For all integers k > 0 we have
TC,pzm = T(™) = (TM2*)(1)
= (a"kMng)(l) = upa™ Cpz™ = ugClp2™.

Also, for alli =1,...,n — 1, by using (%) we get

TCu2 = T(g') = (TM)(1) = i + (@' My T)(1)

= ;i +upa'Cp2"

=i+ 'UJOszgozi-
Therefore

TC¢z”k+i — (TMgk-H) (1)
= ankMgk(d)l + UOC@Cazzi)
= wiccpcazznk + ’UJOC<pCazan+i

wi > k+i
=|ug+ —— |Cpz™™"
< ° T ap)i)
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for all integers £k > 0 and ¢ = 1,...,n— 1. Now consider a polynomial p with
decomposition p = @:-L:_Ol p; where p; € X; for i =0,...,n — 1. So we have
TCyup =TCypo+TCup1+ - +TCyopn-1
= UOCagopo + Ulcaappl +-+ Un—lc(uppn—l
where u; = ug + 1;/(ap)’ for i = 1,...,n — 1. Since the set of analytic
polynomials is dense in X, we get
Tcgof = UOCagofO + Ulcacpfl + -+ Un—lcatpfn—l-
This completes the proof. m
The following corollary is an immediate consequence of the proof of The-

orem 1, which gives the structure of the functions w; in Theorem 1.

n—1

COROLLARY 2. Under the conditions of Theorem 1, for f = @;—, fi
in X, we have

n—1 i .
TC,f = T)Cusho + Y (T(1) + (TMy: = a' M T)()
=1

(@) )C‘“”fi'

THEOREM 3. Let ¢ be a multiplier of X and T € B(X) be such that
TMgn = a"MynT. If Cqp ts invertible and TM, — aM,T' is compact, then
TC, = MyyCap where ug = T(1).

Proof. Let f € X and f = @?:_01 fi where f; € X; fori=0,1,...,n—1.
By Theorem 1, we have
(**) TCL,Of = UOCagofO + UICagofl R Unflcagofnfl

where

uo =1T(1),

u; = ug + i/ (ap)’,

Y = (TMyi — o’ M, T)(1)
fori=1,...,n—1. Put

S=(TM,—aM,T)C,.
Then S is compact and we have
Sf=TCu(zf) —aM,TC,f
= u0Cap(2fn-1) + 1Cap(2f0) + - - + Un—1Cap (2 fr—2)
— ap(uoCapfo+ -+ + tun—1Cap fr—1).

Now by substituting ug + 1;/(ap)’ for u; in the above relation, we get

Sf = wlczzgof() + (ﬁ - d}l)cacpfl +

-1 Yn—2 Yn—1
+ ((aw)n—2 - (ago)n—?))C“%@f”Q - W Catpfnfl-
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Since S is compact, so also are

But

M¢1Ca<p|X0:S’X0 and MwlM(cup)” atﬂ’XO‘

M¢1 M(acp)"caso |X¢ = M(ago)iMlﬂl CGSO |X0 Mz"*i |X¢ ’

and thus indeed My, (4,)n Cayp 1s compact on X. This implies that My, (4p)n 18
compact on X, since Uy, is invertible. Now by the Fredholm alternative we
get (ap)"™; = 0, which implies that ¢; = 0, because ay is univalent. By the

same method we can see that ¢; =9 = --- = 9,1 =0, so u; = ug for all
i=1,...,n—1. Now (*x) implies that TC, = M,,C,, and this completes
the proof. m

COROLLARY 4. Let T € B(X) be such that TM,» = a"M.T where

0<lal <1.If TM,—aM,T is compact, then T = M,,C,, where uy = T(1).
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