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FUNCTIONAL ANALYSIS

Intertwining Multipli
ation Operatorson Fun
tion Spa
esbyBahman YOUSEFI and Leila BAGHERIPresented by Stanisªaw KWAPIE�
Summary. Suppose that X is a Bana
h spa
e of analyti
 fun
tions on a plane domain Ω.We 
hara
terize the operators T that intertwine with the multipli
ation operators a
tingon X.Introdu
tion. Suppose that the set of analyti
 polynomials is dense ina Bana
h spa
e X of fun
tions analyti
 on a plane domain Ω, and supposethat for ea
h λ ∈ Ω the linear fun
tional of evaluation at λ, e(λ), is boundedon X. We further assume that X 
ontains the 
onstant fun
tions and thatmultipli
ation by the independent variable z de�nes a bounded linear oper-ator Mz on X. Also, we assume that for any �xed n ∈ N, every f in X hasa unique de
omposition f =

⊕n−1
i=0 fi where fi ∈ Xi and Xi is the 
losedlinear span of the set {znk+i : k ≥ 0} in X for i = 0, 1, . . . , n− 1.The weighted Hardy spa
es, Hp(β), are examples of su
h spa
es. Formore information on su
h spa
es see [5, 7, 8℄.Throughout this paper, by a Bana
h spa
e of analyti
 fun
tions on aplane domain Ω we mean one satisfying the above 
onditions. For someresults on su
h spa
es see [1, 2, 3, 6, 10℄.A 
omplex-valued fun
tion ϕ on Ω for whi
h ϕf ∈ X for every f ∈ X is
alled a multiplier of X. Every multiplier ϕ of X determines a multipli
ationoperator Mϕ on X by Mϕf = ϕf , f ∈ X. The set of all multipliers of X isdenoted by M(X). Clearly M(X) ⊂ H∞(Ω), where H∞(Ω) is the spa
e ofall bounded analyti
 fun
tions on Ω. In fa
t ‖ϕ‖∞ ≤ ‖Mϕ‖. A good sour
eon this topi
 is [4℄.2000 Mathemati
s Subje
t Classi�
ation: Primary 47B35; Se
ondary 47B38.Key words and phrases: Bana
h spa
es of analyti
 fun
tions, bounded point evalua-tion, Fredholm alternative, multipli
ation operators.[273℄
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Let B(X) be the set of all bounded operators on X. If T ∈ B(X) and

TMϕ = −MϕT or TMϕ2 = Mϕ2T where ϕ ∈ H∞(Ω), then under suitable
onditions the stru
ture of T was determined in [9℄. In this paper we wantto 
hara
terize the operators T satisfying TMϕ = MψT where ϕ and ψ aremultipliers of X. Spe
ially, the 
ase ψ = aϕ is 
onsidered.Main results. In this se
tion we will 
hara
terize the stru
ture of op-erators that intertwine with the multipli
ation operators a
ting on fun
tionspa
es.Note that by our assumptions ea
h f ∈ X has a unique de
omposition
f =

⊕n−1
i=0 fi where fi ∈ Xi and Xi is the 
losed linear span of the set

{znk+i : k ≥ 0} in X for i = 0, . . . , n− 1. From now on suppose that X is aBana
h spa
e of analyti
 fun
tions on the open unit dis
 U and 0 < |a| ≤ 1.Assume further that the 
omposition operators Cϕ and Caϕ are bounded on
X where ϕ is a multiplier of X.
Theorem 1. Suppose that ϕ is a multiplier of X and let T ∈ B(X)be su
h that TMϕn = anMϕnT for some positive integer n. Also 
onsider fin X with de
omposition ⊕n−1

i=0 fi where fi ∈ Xi for i = 0, . . . , n − 1. Thenthere exist fun
tions u0, u1, . . . , un−1 su
h that
TCϕf = u0Caϕf0 + u1Caϕf1 + · · · + un−1Caϕfn−1.Proof. Let u0 = T (1) and put

(∗) ψi = (TMϕi − aiMϕiT )(1)for i = 1, . . . , n− 1. For all integers k ≥ 0 we have
TCϕz

nk = T (ϕnk) = (TMnk
ϕ )(1)

= (ankMnk
ϕ T )(1) = u0a

nkCϕz
nk = u0Caϕz

nk.Also, for all i = 1, . . . , n− 1, by using (∗) we get
TCϕz

i = T (ϕi) = (TMϕi)(1) = ψi + (aiMϕiT )(1)

= ψi + u0a
iCϕz

i

= ψi + u0Caϕz
i.Therefore

TCϕz
nk+i = (TMnk+i

ϕ )(1)

= ankMnk
ϕ (ψi + u0CϕCazz

i)

= ψiCϕCazz
nk + u0CϕCazz

nk+i

=

(

u0 +
ψi

(aϕ)i

)

Caϕz
nk+i
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for all integers k ≥ 0 and i = 1, . . . , n−1. Now 
onsider a polynomial p withde
omposition p =

⊕n−1
i=0 pi where pi ∈ Xi for i = 0, . . . , n− 1. So we have

TCϕp = TCϕp0 + TCϕp1 + · · · + TCϕpn−1

= u0Caϕp0 + u1Caϕp1 + · · · + un−1Caϕpn−1where ui = u0 + ψi/(aϕ)i for i = 1, . . . , n − 1. Sin
e the set of analyti
polynomials is dense in X, we get
TCϕf = u0Caϕf0 + u1Caϕf1 + · · · + un−1Caϕfn−1.This 
ompletes the proof.The following 
orollary is an immediate 
onsequen
e of the proof of The-orem 1, whi
h gives the stru
ture of the fun
tions ui in Theorem 1.

Corollary 2. Under the 
onditions of Theorem 1, for f =
⊕n−1

i=0 fiin X, we have
TCϕf = T (1)Caϕf0 +

n−1
∑

i=1

(

T (1) +
(TMϕi − aiMϕiT )(1)

(aϕ)i

)

Caϕfi.

Theorem 3. Let ϕ be a multiplier of X and T ∈ B(X) be su
h that
TMϕn = anMϕnT . If Caϕ is invertible and TMϕ − aMϕT is 
ompa
t , then
TCϕ = Mu0

Caϕ where u0 = T (1).Proof. Let f ∈ X and f =
⊕n−1

i=0 fi where fi ∈ Xi for i = 0, 1, . . . , n− 1.By Theorem 1, we have
(∗∗) TCϕf = u0Caϕf0 + u1Caϕf1 + · · · + un−1Caϕfn−1where

u0 = T (1),

ui = u0 + ψi/(aϕ)i,

ψi = (TMϕi − aiMϕiT )(1)for i = 1, . . . , n− 1. Put
S = (TMϕ − aMϕT )Cϕ.Then S is 
ompa
t and we have

Sf = TCϕ(zf) − aMϕTCϕf

= u0Caϕ(zfn−1) + u1Caϕ(zf0) + · · · + un−1Caϕ(zfn−2)

− aϕ(u0Caϕf0 + · · · + un−1Caϕfn−1).Now by substituting u0 + ψi/(aϕ)i for ui in the above relation, we get
Sf = ψ1Caϕf0 +

(

ψ2

aϕ
− ψ1

)

Caϕf1 + · · ·

+

(

ψn−1

(aϕ)n−2
−

ψn−2

(aϕ)n−3

)

Caϕfn−2 −
ψn−1

(aϕ)n−2
Caϕfn−1.
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Sin
e S is 
ompa
t, so also are

Mψ1
Caϕ|X0

= S|X0
and Mψ1

M(aϕ)nCaϕ|X0
.But

Mψ1
M(aϕ)nCaϕ|Xi

= M(aϕ)iMψ1
Caϕ|X0

Mzn−i |Xi
,and thus indeedMψ1(aϕ)nCaϕ is 
ompa
t on X. This implies thatMψ1(aϕ)n is
ompa
t on X, sin
e Caϕ is invertible. Now by the Fredholm alternative weget (aϕ)nψ1 = 0, whi
h implies that ψ1 = 0, be
ause aϕ is univalent. By thesame method we 
an see that ψ1 = ψ2 = · · · = ψn−1 = 0, so ui = u0 for all

i = 1, . . . , n − 1. Now (∗∗) implies that TCϕ = Mu0
Caϕ and this 
ompletesthe proof.

Corollary 4. Let T ∈ B(X) be su
h that TMzn = anMznT where
0 < |a| ≤ 1. If TMz−aMzT is 
ompa
t , then T = Mu0

Caz where u0 = T (1).
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