
BULLETIN OF THE POLISH

ACADEMY OF SCIENCES

MATHEMATICS

Vol. 55, No. 1, 2007

FUNCTIONAL ANALYSIS

Shur Lemma and the Spetral Mapping FormulabyAntoni WAWRZY�CZYKPresented by Stanisªaw WORONOWICZ
Summary. Let B be a omplex topologial unital algebra. The left joint spetrum of aset S ⊂ B is de�ned by the formula

σl(S) = {(λ(s))s∈S ∈ C
S | {s − λ(s)}s∈S generates a proper left ideal}.Using the Shur lemma and the Gelfand�Mazur theorem we prove that σl(S) has thespetral mapping property for sets S of pairwise ommuting elements if(i) B is an m-onvex algebra with all maximal left ideals losed, or(ii) B is a loally onvex Waelbroek algebra.The right ideal version of this result is also valid.Introdution. By a topologial algebra we mean a topologial vetorspae B whih is an algebra suh that the produt B×B ∋ (x, y) 7→ xy ∈ Bis ontinuous.We wish to �nd a possibly wide lass of unital topologial algebras Bwhose left (or right) proper ideals have the following property:For every left ideal I and every set S of pairwise ommuting elements suhthat IS ⊂ I there exists a proper ideal J suh that I ⊂ J and S ⊂ J + C.We all this property the projetion property of the family of left idealsbeause it implies the projetion property of the left joint spetrum in Bwhih is studied in Setion 2. We onsider there the onept of left jointspetrum σl(S) for systems of pairwise ommuting elements of B, also in�niteones.The prinipal tools used in the proof of the projetion property are theShur lemma in its purely algebrai version and the Gelfand�Mazur theorem.2000 Mathematis Subjet Classi�ation: Primary 46H10; Seondary 46H15, 46H30.Key words and phrases: Waelbroek algebra, joint spetrum, spetral mapping for-mula. [63℄ © Instytut Matematyzny PAN, 2007
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The latter is applied to a quotient A/M , where A is a subalgebra of B and
M is a two-sided ideal in A and a left ideal in B.By the Gelfand�Mazur theorem we mean its general version obtained byapplying the lassial Banah algebra proof.If D is a omplex topologial division algebra with ontinuous inverse andwith a nonzero ontinuous linear funtional ϕ, then if there existed a ∈ D\C,the funtion C ∋ λ 7→ (a − λ)−1 would be an entire bounded funtionvanishing at in�nity. By the Liouville theorem this funtion is identiallyzero, whih is a ontradition. This implies D ∼= C.Let D′ denote the dual spae of D. So, the version of the Gelfand�Mazurtheorem used here is:If D is a omplex topologial division algebra with ontinuous inverse andsuh that D′ 6= 0 then D ∼= C.Our prinipal problem is to impose reasonable onditions on B ensuringthe ontinuity of the inverse in A/M . The ontinuity of the inverse in B isneither neessary nor su�ient for this end.We show that the projetion property for left (or right) ideals is valid if(i) B is an m-onvex algebra with all maximal left (resp. right) idealslosed, or(ii) B is a loally onvex Waelbroek algebra.In the ase of a Banah algebra B any one of the two versions provides anew proof of the projetion property and the spetral mapping theorem ofR. Harte [3℄. For �nitely generated ideals, ase (ii) was proved in [4℄.In Setion 2 we dedue in a standard way the spetral mapping theo-rem for joint spetra σl({xz}z∈Z) of (possibly in�nite) systems of pairwiseommuting elements.1. The projetion property for left ideals. We begin with the purelyalgebrai part of the problem.Denote by B a omplex algebra with unit e. Let I be a left ideal in
B and let E be a subalgebra of B suh that Ia ⊂ I for all a ∈ E and
[a, b] = ab − ba ∈ I for all a, b ∈ E.Consider the set I, ordered by inlusion, of all ideals J in B whih satisfy
I ⊂ J and JE ⊂ J . By the Kuratowski�Zorn lemma there exists a maximalelement M in I.Consider the quotient spae X = B/M with the natural ation of B givenby the formula lb[x] = [bx] and with the ation of the algebra E de�ned by
rb[x] = [xb]. Finally, we de�ne a representation of B × E in X by

T(b,c)[x] = lbrc[x] = [bxc].Proposition 1.1. The representation T of B × E in X is irreduible.
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Proof. Denote by π : B → X the natural projetion. Let V ( X be a

(B×E)-invariant vetor spae. In partiular V is B-invariant, so J = π−1(V )is a left ideal of B ontaining M . The invariane of V under the ation of Eimplies JE ⊂ J . By the maximality of M it follows that J = M .Denote by D the ommutant of the representation T , that is, the set ofall linear operators in X whih ommute with every operator T(b,c), (b, x) ∈
B × E. The Shur lemma (see e.g. [1℄) leads immediately to the followingtheorem.Theorem 1.2. D is a division algebra.The algebra D an be desribed in terms of the algebra B. Set

A = {b ∈ B | Mb ⊂ M and bx − xb ∈ M for all x ∈ E}.It is lear that A is a unital subalgebra of B and M is a two-sided ideal in A.A right ation of A in X an be de�ned by the formula rb[x] = [xb]. It isonvenient to onsider also a modi�ed algebrai produt in A. For a, b ∈ Aset a ⋆ b = ba. The algebra (A, ⋆) is denoted by A, while M denotes (M, ⋆).Theorem 1.3. Every element of D is of the form R[x] = [xb] for some
b ∈ A. Moreover D ∼= {u ∈ B/M | lcu = rcu, ∀c ∈ E} ∼= A/M.Proof. Let R ∈ D. Observe that R[x] = Rlx[e] = lxR[e] for all x ∈ B. Ifwe write R[e] = [b] then for every m ∈ M we obtain

0 = R[m] = lm[b] = [mb],giving Mb ⊂ M .The operator R ommutes with all rc, c ∈ E, whene
[bc] = rcR[e] = Rrc[e] = R[c] = lc[b] = [cb],so b ∈ A and u = [b] satis�es the ondition lcu = rcu for all c ∈ E.All elements of D are of the form R[b][x] := [xb] for some b ∈ A. The map

A ∋ b 7→ R[b] is an algebra homomorphism beause
R[b⋆c ][x] = [xcb] = R[b][xc] = R[b]R[c][x].The kernel of this homomorphism onsists of the elements of M, so D ∼=

A/M.Suppose now that B is a topologial algebra. The results we are interestedin rest on a theorem of Gelfand�Mazur type, hene the topology of thequotient D ∼= A/M is essential.For an arbitrary set S ⊂ A we denote by Il(S) the left ideal in A gener-ated by S.Theorem 1.4. Let B be a omplex unital m-onvex algebra whose max-imal left ideals are all losed. Then for every left ideal I of B and every set
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S ⊂ B suh that IS ⊂ I and [S, S] ⊂ I there exists a maximal left ideal Min B and a funtion S ∋ c 7→ µ(c) ∈ C suh that I + Il({c−µ(c)}c∈S) ⊂ M .Proof. We apply the above results in the ase of E equal to the subalgebrain B generated by S. Sine [S, S] ⊂ I, also [E, E] ⊂ I. Let D ∼= A/M be theorresponding division algebra. Let us provide A with the topology induedby B. The losure of M satis�es ME ⊂ M , so M = M by the maximalityof M . Clearly, A is losed in B, while M is losed in A.The algebra D is also an m-onvex algebra, so the inverse is ontinuousin it. By the version of the Gelfand�Mazur presented in the Introdution,
D ∼= C.The ondition [S, S] ⊂ I ⊂ M means that S ⊂ A. For every c ∈ S wehave R[c] ∈ D, so there exists µ(c) ∈ C suh that [xc] = µ[x], whih gives
x(c − µ(c)) ∈ M for every x ∈ B.In partiular I + Il({c−µ(c)}c∈S) ⊂ M . By Propositon 1.2 the ation of
B×A on X = B/M is irreduible. Sine A ats on X multiplying by salars,the ation of B on X is irreduible, whih means that M is a maximal idealof B.As proved in [4℄, in loally onvex Waelbroek algebras the left idealsgenerated by a �nite set of ommuting elements also have the property de-sribed in the last theorem. An argument based on the Shur lemma allowsus to generalize that result to arbitrary ideals, at the same time simplifyingthe proof.Theorem 1.5. Let W be a loally onvex Waelbroek algebra. Then forevery left ideal I of W and every set S ⊂ W suh that Ic ⊂ I for all
c ∈ S and [S, S] ⊂ I there exists a maximal ideal M in B and a funtion
S ∋ c 7→ µ(c) ∈ C suh that I + Il({c − µ(c)}c∈S) ⊂ M .Proof. We apply the same method as in the proof of Theorem 1.4 toonstrut the ideal M and the division algebra D = A/M. Let a ∈ A beinvertible in B. De�ne M ′ = M + Ma−1. Obviously M ′ is a left ideal of W .If e ∈ M ′, that is, if e = m+m′a−1 with m, m′ ∈ M , then a = ma+m′ ∈ M ,whih ontradits the invertibility of a. The ideal M ′ is a proper left ideal.We laim that M ′ ∈ I. For every b ∈ E there exists m ∈ M suh that
ba = ab + m, hene

M ′b = (M + Ma−1)b ⊂ M + Ma−1baa−1 = M + Ma−1(ab + m)a−1

= M + Mb + Ma−1ma−1 ⊂ M + Ma−1 = M ′.By the maximality of M in I it follows that M ′ = M , whih implies that
Ma−1 ⊂ M . Moreover,

a−1b − ba−1 = a−1(ba − ab)a−1 = a−1ma−1 ∈ M,so �nally a−1 ∈ A.
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The algebra A is a subalgebra of W losed under taking inverses. Thisimplies that A is also a loally onvex Waelbroek algebra, as also is itsquotient algebra D = A/M. In partiular, the inverse is ontinuous in D, soby the Gelfand�Mazur theorem D ∼= C. We �nish the proof exatly as forTheorem 1.4.The right ideal versions of these results are valid as well.The results proved in this setion also lead to the following struturalproperty of the algebras in question.Corollary 1.6. Let B be one of the algebras onsidered in Theorem 1.4or Theorem 1.5. Let A be a ommutative subalgebra of B. Then there existsa maximal left (resp. right) ideal M of B suh that A ⊂ M + C.Proof. If we take I = {0}, the onditions IA ⊂ I and [A, A] ⊂ I aresatis�ed. By Theorem 1.4 or Theorem 1.5 respetively, there exists a maximalideal M in B suh that for every a ∈ A and an appropriate µ ∈ C we have

a − µ ∈ M , whih ends the proof.2. Left spetrum and spetral mapping theorems for ommuta-tive systems. The projetion property investigated in the former setion islosely related to the projetion and spetral mapping properties of the leftjoint spetrum in B. Following the ideas from [5℄ we de�ne the left spetrumfor an arbitrary family of pairwise ommuting elements of B.Let B be again a omplex unital algebra. Let Z be an arbitrary set.Denote by cZ(B) the set of all funtions xZ : Z ∋ z 7→ xz ∈ B suh that theelements xz pairwise ommute.The left joint spetrum of xZ is the set σl(xZ) of all funtions λ : Z → Csuh that Il({xz − λ(z)}z∈Z) is a proper ideal in B.For Y ⊂ Z we de�ne the natural projetion
πZ

Y : σl(xZ) → σl(xY )by restriting λ ∈ CZ to Y . Obviously πY
Z σl(xZ) ⊂ σl(xY ). We also write

πZ
Y xZ = xZ |Y .Theorem 2.1. Let B be an m-onvex algebra with all maximal left idealslosed or a loally onvex Waelbroek algebra. Then for every xZ ∈ cZ(B)and every Y ⊂ Z, πZ

Y σl(xZ) = σl(π
Z
Y xZ).Proof. It remains to prove that the projetion πZ

Y : σl(xZ) → σl(xY ) isonto. Let µ ∈ σl(xY ). Then Il({xz − µ(z)}z∈Z) is a proper ideal in B. Let
S = {xz}z∈Z\Y . By applying Theorem 1.4 or 1.5 we an onstrut a funtion
µ′ : S → C suh that I + Il({s−µ′(s)}s∈S) is a proper left ideal in B. De�nea funtion λ ∈ CZ equal to µ(z) for z ∈ Y and to µ′(xz) if z ∈ Z \ Y . Then
λ ∈ σl(xZ) and πZ

Y λ = µ.
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Let xZ ∈ cZ(B) and yU ∈ cU (B). Let P = {pu}u∈U be a olletion ofpolynomials suh that for every u ∈ U there exist z1, . . . , zmu ∈ Z suh that

yu = pu(xz1
, . . . , xzmu

). We then say that yU is a polynomial image of xZand we write yU = P (xZ).For λ ∈ σl(xZ) we de�ne P (λ)(u) = pu(λ(xz1
), . . . , λ(xzmu

)) obtainingan element of CU . Finally, we set P (σl(S)) = {P (λ) | λ ∈ σl(S)}.Theorem 2.2. Let B be as in Theorem 2.1 and let xZ ∈ cZ(B) and
yU ∈ cU (B) be suh that yU = P (xZ) for some P = {pu}u∈U . Then thefollowing spetral mapping formula is valid :

P (σl(xZ)) = σl(P (xZ)).Proof. The inlusion P (σl(xZ)) ⊂ σl(P (xZ)), alled the one-way spe-tral mapping property, is a onsequene of the deomposition valid for anarbitrary polynomial:(1) p(x1, . . . , xm) − p(λ1, . . . , λm) =

m
∑

j=1

fj(z)(xj − λj)

where fi, 1 ≤ i ≤ m, are also polynomials. Let λ ∈ σl(xZ), whih meansthat Il({xz − λ(z)}z∈Z) is a proper left ideal.For any yu = pu(xz1
, . . . , xzmu

) with all zi ∈ Z we obtain
B(yu − pu(λ(xz1

), . . . , λ(xzmu
))) ⊂

mu
∑

i=1

B(xzi
− λ(zi)) ⊂ I

whene Il({pu − P (λ)(u)}u∈U ) ⊂ I is a proper ideal. This gives P (λ) ∈
σl(P (xZ)).In order to prove σl(P (xZ)) ⊂ P (σl(xZ)), take yU = P (xZ) and µ ∈
σl(yU ). The elements yu − µ(u), u ∈ U , generate a proper left ideal in B.Set W = U ∪ Z and de�ne

sw =

{

yw, w ∈ U ,
xw, w ∈ Z.Obviously sW ∈ cW (B).The identially zero funtion on U belongs to σl(yU −µ), so by Theorem2.1 there exists λ ∈ CZ suh that the elements yu − µ(u), u ∈ U , and

xz − λ(z), z ∈ Z, generate a proper ideal J . Take any u ∈ U and let
yu = pu(xz1

, . . . , xzmu
)

= pu(λ(xz1
), . . . , λ(xzmu

)) +

mu
∑

j=1

fj(xz1
, . . . , xzmu

)(xzj
− λ(zj)).
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By the de�nition of λ, for all b1, . . . , bmu ∈ B,

pu(xz1
, . . . , xzmu

) − µ(u) +
mu
∑

j=1

bj(xzj
− λ(zj)) ∈ J.If we hoose bj = −fj(xz1

, . . . , xzmu
), we obtain in partiular

(µ(u) − pu(λ(xz1
), . . . , λ(xzmu

)))e ∈ J,whih gives µ(u) = pu(λ(xz1
), . . . , λ(xzmu

)), ending the proof.Obviously the right ideal versions for the analogously de�ned right jointspetrum are also valid. If we assume that both left and right maximal idealsare all losed in B then the Harte spetrum de�ned as
σH(xZ) = σl(xZ) ∪ σr(xZ)has the spetral mapping property.
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