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Summary. Let F = ind limFn be an infinite-dimensional LF-space with density densF =
τ (≥ ℵ0) such that some Fn is infinite-dimensional and densFn = τ . It is proved that
every open subset of F is homeomorphic to the product of an `2(τ)-manifold and R∞ =
ind lim Rn (hence the product of an open subset of `2(τ) and R∞). As a consequence, any
two open sets in F are homeomorphic if they have the same homotopy type.

1. Introduction. A locally convex topological linear space F is called
an LF-space if it is the strict inductive limit of Fréchet spaces (1). More
precisely, F has a tower F1 ( F2 ( · · · of linear subspaces being Fréchet and
a local basis consisting of balanced (circled) convex sets V such that V ∩Fn
is a neighborhood of 0 in Fn for each n ∈ N. Then we write F = ind limFn.
Given countably many Fréchet spaces Fn, n ∈ N, we define

∑∞
n=1 Fn =

ind lim
∏n
i=1 Fi, where each

∏n
i=1 Fi is identified with the subspace

∏n
i=1 Fi×

{0} of
∏n+1
i=1 Fi. For LF-spaces, we refer to [8, Ch. II, §6], [12, Ch. 13], etc.

In this paper, we also consider the (topological) direct limit of a tower
X1 ⊂ X2 ⊂ · · · of (topological) spaces which is denoted by lim−→Xn, that
is, lim−→Xn =

⋃
n∈NXn with the topology such that U is open in lim−→Xn if

and only if U ∩ Xn is open in Xn for each n ∈ N. Even if each Xn is a
topological linear space, lim−→Xn is not in general. If the addition of lim−→Xn is
continuous, then it is a topological linear space (2). In this case, if every Xn
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is locally convex then so is lim−→Xn (cf. [12, Problem 13-1-5]). For the tower
R ⊂ R2 ⊂ R3 ⊂ · · · , the direct limit R∞ = lim−→Rn is a topological linear
space, hence R∞ is an LF-space, i.e., R∞ = ind lim Rn. The Hilbert space
with density τ (≥ ℵ0) is denoted by `2(τ), where `2 = `2(ℵ0).

The topological classification problem for LF-spaces is completely solved
by the results of Mankiewicz [6, Theorem 2.14] and Toruńczyk [11, Theo-
rem 6.1]: every LF-space F = ind limFn is homeomorphic to (≈) one of the
spaces R∞, `2(τ)×R∞ or

∑∞
n=1 `2(τn), where τ = densF and τ1 < τ2 < · · ·

with sup τi = densF . In fact, (1) F ≈ R∞ if dimFn < ∞ for each n ∈ N;
(2) F ≈ `2(τ)×R∞ if some Fn is infinite-dimensional and densFn = densF
= τ ; (3) F ≈

∑∞
i=1 `2(τi) if densFn < densF for every n ∈ N.

Given a space E (called a model space), a paracompact Hausdorff space
M is called an E-manifold if it is locally homeomorphic to E, that is, each
point of M has an open neighborhood homeomorphic to an open set in
E. Although the theory of R∞-manifolds has been well developed (cf. [3],
[7], etc.), that of `2 × R∞-manifolds has not. Not much is known about
`2(τ)× R∞- or

∑∞
i=1 `2(τi)-manifolds.

In the following,
let F be an LF-space such that F ≈ `2(τ)× R∞, where τ ≥ ℵ0.

In this paper, we show the following:
Main Theorem. For each open set U in F , there exists an `2(τ)-mani-

fold M such that U ≈M × R∞.
We have the following corollaries. The first one follows from the classi-

fication theorem for `2(τ)-manifolds [5], [4] (cf. [2, Ch. IX, Theorem 7.3]):
any two `2(τ)-manifolds with the same homotopy type are homeomorphic.

Corollary 1 (Classification). Two open subsets of F are homeomor-
phic if they have the same homotopy type.

Due to the stability theorem for `2(τ)-manifolds [9] (cf. [2, Ch. IX, The-
orem 4.1]), M × `2(τ) ≈ M for every `2(τ)-manifold M , hence we have the
following:

Corollary 2 (Stability). Every open set U in F is homeomorphic to
U × F .

For each connected `2(τ)-manifoldM , there exists a locally finite-dimen-
sional simplicial complex K with cardK(0) ≤ τ such that M ≈ |K| × `2,
where |K| admits the metric topology, by the triangulation theorem for `2(τ)-
manifolds [4]. Thus, the following holds:

Corollary 3 (Triangulation). Each open subset of F is homeomorphic
to |K| × F for some locally finite-dimensional simplicial complex K with
cardK(0) ≤ τ .
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2. Outline of the proof. Let I = [0, 1] and R+ = [0,∞). Since `2(τ)×
Rn

+ ≈ `2(τ) × In ≈ `2(τ) for every n ∈ N (cf. [10]), it follows from the
stability theorem for `2(τ)-manifolds [9] that X × Rn

+ ≈ X × In ≈ X for
each `2(τ)-manifold X and n ∈ N. Moreover, R∞ ≈ R∞+ = lim−→Rn

+, the direct
limit of the tower R+ ⊂ R2

+ ⊂ R3
+ ⊂ · · · (cf. [7]), where each Rn

+ is identified
with Rn

+ × {0} ⊂ Rn+1
+ . Therefore, F ≈ `2(τ)× R∞+ . Thus, we can consider

U as an open set in `2(τ)× R∞+ . One should note that

`2(τ)× R∞+ = `2(τ)× lim−→Rn
+ 6= lim−→(`2(τ)× Rn

+) as spaces.

A closed set A in a space X is called a Z-set if for each open cover U
of X there is a map f : X → X \ A which is U-close to id, that is, every
{x, f(x)} is contained in some U ∈ U . It is known that if an `2(τ)-manifold
A is a Z-set in an `2(τ)-manifold X then A is collared in X, that is, there is
an open embedding ψ : A×[0, 1)→ X (called a collar) such that ψ(x, 0) = x
for every x ∈ A.

For each n ∈ N, let Un = U ∩ (`2(τ) × Rn
+). As is easily observed, each

Un is an `2(τ)-manifold which is a Z-set in Un+1. Note that U1 ⊂ U2 ⊂ · · ·
and U =

⋃
n∈N Un. We define

M =
⋃
n∈N

[n− 1, n]× Un ⊂
⋃
n∈N

R+ × `2(τ)× Rn
+ = R+ × `2(τ)× R∞+ .

Now, each [n− 1, n]× Un is an `2(τ)-manifold and

([n− 1, n]× Un) ∩ ([n, n+ 1]× Un+1) = {n} × Un,

where {n}×Un is collared not only in [n−1, n]×Un but also in [n, n+1]×Un+1

because it is a Z-set in the `2(τ)-manifold [n, n+ 1]× Un+1. It follows that
M is a separable `2(τ)-manifold. Since R∞ ≈ [0, 1)∞ = lim−→[0, 1)n, we shall
show that M × [0, 1)∞ ≈ U .

Let Ψ = (ψi)i∈N be a sequence of collars ψi : Ui × [0, 1) → Ui+1. By the
natural embedding

ψn × id : Un × [0, 1)× [0, 1)∞ → Un+1 × [0, 1)∞,

we regard Un×[0, 1)×[0, 1)∞ = Un×[0, 1)∞ as an open set in Un+1×[0, 1)∞.
Let UΨ be the direct limit of the following open tower:

U1 × [0, 1)∞ ⊂
ψ1×id

U2 × [0, 1)∞ ⊂
ψ2×id

· · · .

Since each Un× [0, 1)∞ is an open set in `2(τ)×Rn
+× [0, 1)∞ ≈ `2(τ)×R∞,

it follows that UΨ is an `2(τ)× R∞-manifold. Since Un × [0, 1)k ⊂ Un+k for
each n, k ∈ N, we can regard UΨ =

⋃
n∈N Un as sets but the topology of UΨ

depends on the sequence Ψ = (ψi)i∈N. The first step of the proof is to find
Ψ so that UΨ ≈ U .
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Observe that UΨ is also the direct limit of the following open tower:

U1 × [0, 1/2)∞ ⊂
ψ1×id

U2 × [0, 2/3)∞ ⊂
ψ2×id

· · · .

On the other hand, for each n ∈ N, let

M∞n =
( n⋃
i=1

[i− 1, n)× Ui
)
×
[
0,

n

n+ 1

)∞
.

Then M∞1 ⊂ M∞2 ⊂ · · · are open sets in M × [0, 1)∞ and M × [0, 1)∞ =⋃
n∈NM

∞
n . In the second step, we construct homeomorphisms

hn : M∞n → Un ×
[
0,

n

n+ 1

)∞
, n ∈ N,

so that the following diagram commutes:

M∞n
⊂−−−−→ M∞n+1

hn

y yhn+1

Un ×
[
0,

n

n+ 1

)∞
⊂−−−−→

ψn×id
Un+1 ×

[
0,
n+ 1
n+ 2

)∞
This implies that M × [0, 1)∞ ≈ UΨ .

To complete the proof, we use two more results on `2(τ)-manifolds. The
following is proved in [5]:

Theorem 1. Let M and N be `2(τ)-manifolds. Every homotopy equiva-
lence f : M → N is homotopic to (') a homeomorphism.

We call an embedding f : X → Y a Z-embedding if f(X) is a Z-set in Y .
The following easily follows from the Z-set unknotting theorem [1]:

Theorem 2. Let f : M → N be a homeomorphism between `2(τ)-
manifolds and g : A → N a Z-embedding of a Z-set A in M . If g is homo-
topic to the restriction f |A then g extends to a homeomorphism g̃ : M →M
which is isotopic to f .

3. The first step of the proof. For simplicity, we use the following
notation:

n<ω∏
i=k

[0, ai] =
⋃
n≥k

n∏
i=k

[0, ai] for ai > 0, i ≥ k.

For a subset N ⊂ `2(τ)× Rn
+ and a map α : N → (0, 1), we define

N(α) = {(x, t) ∈ N × R+ | t < α(x)} ⊂ `2(τ)× Rn+1
+ .

For each n ∈ N, let Un = U∩(`2(τ)×Rn
+). Then Un is an `2(τ)-manifold. For

a sequence α = (αk)k∈N of maps αk : Uk → (0, 1) satisfying the condition
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Uk(αk) ⊂ Uk+1, we can inductively define

Un(αn, . . . , αk) = Un(αn, . . . , αk−1)(αk)
⊂ Uk(αk) ⊂ Uk+1 for each k > n.

Then, for each n ∈ N,

Un(αn) ⊂ Un(αn, αn+1) ⊂ Un(αn, αn+1, αn+2) ⊂ · · · .
Let Uαn =

⋃
k≥n Un(αn, . . . , αk) ⊂ U . Thus, we have a tower Uα1 ⊂ Uα2 ⊂

Uα3 ⊂ · · · with U =
⋃
n∈N U

α
n . If each Uαn is open in U then U = lim−→Uαn .

Lemma 1. There exists a sequence α = (αk)k∈N of maps αk : Uk → (0, 1)
such that Uk(αk) ⊂ Uk+1 for every k ∈ N and each Uαn is open in U , hence
U = lim−→Uαn . Moreover , for each x ∈ Uk there is a neighborhood V of x in
Uk and ai > 0, i > k, such that infy∈V αk(y) > 0 and

inf
{
αn(y)

∣∣∣ y ∈ V ×∏n
i=k+1[0, ai]

}
> 0 for every n > k.

Proof. For each k ∈ N, let Vk be a locally finite open cover of Uk and let
aV,i ∈ (0, 1], i > k, be such that

clV ×
n<ω∏
i=k+1

[0, aV,i] ⊂ U for each k ∈ N and V ∈ Vk.

We define βk : Uk → I as follows:

βk(x) = max
{
aV,k+1

∣∣∣ V ∈ Vj , j ≤ k, x ∈ clV ×
k∏

i=j+1

[0, aV,i]
}
,

where clV ×
∏k
i=j+1[0, aV,i] = clV if j = k. Then βk is upper semicontinuous

because

{(x, t) ∈ Uk × I | t ≤ βk(x)} =
⋃
j≤k

⋃
V ∈Vj

clV ×
k+1∏
i=j+1

[0, aV,i]

is closed in Uk × R+. Choose an open set U ′k+1 in Uk+1 so that

{(x, t) ∈ Uk × I | t ≤ βk+1(x)} ⊂ U ′k+1 ⊂ clU ′k+1 ⊂ Uk+1.

Then we have a lower semicontinuous function γk : Uk → I defined by

γk(x) = sup{t ∈ I | {x} × [0, t] ⊂ U ′k+1}.
Since βk < γk, there exists a continuous map αk : Uk → (0, 1) such that
βk < αk < γk. Thus, Uk(αk) ⊂ Uk+1 for every k ∈ N.

By the definition, for each V ∈ Vk and n ≥ k,

clV ×
n+1∏
i=k+1

[0, aV,i] ⊂ Uk(αk, . . . , αn),
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which implies infy∈V αk(y) ≥ aV,k+1 > 0 and

inf
{
αn(y)

∣∣∣ y ∈ V × n∏
i=k+1

[0, ai]
}
≥ aV,n+1 > 0 for every n > k.

To show that each Uαn is open in U , let x ∈ Uαn . Choose k ≥ n so that
x ∈ Un(αn, . . . , αk) ⊂ Uk+1. Then x has the following open neighborhood
in U :

W ×
m+1<ω∏
i=k+2

[0, aV,i),

where W = V ∩Un(αn, . . . , αk) and V ∈ Vk+1. Now, by induction on m > k,
we shall show that

W ×
m+1∏
i=k+2

[0, aV,i] ⊂ Un(αn, . . . , αm).

To this end, take an arbitrary

y = (z, tk+2, . . . , tm+1) ∈W ×
m+1∏
i=k+2

[0, aV,i].

By the inductive assumption, it follows that

y′ = (z, tk+2, . . . , tm) ∈W ×
m∏

i=k+2

[0, aV,i] ⊂ Un(αn, . . . , αm−1).

Since tm+1 < aV,m+1 < αm(y′), it follows that

y ∈ Un(αn, . . . , αm−1)(αm) = Un(αn, . . . , αm).

Thus, we have

W ×
m+1<ω∏
i=k+2

[0, aV,i] =
⋃
m>k

W ×
m∏

i=k+2

[0, aV,i] ⊂ Uαn .

Therefore, Uαn is open in U .

Now, we shall construct a sequence Ψ = (ψi)i∈N of collars ψi : Ui×[0, 1)→
Ui+1, i ∈ N, so that UΨ ≈ U . Recall UΨ is the direct limit of the following
open tower:

U1 × [0, 1)∞ ⊂
ψ1×id

U2 × [0, 1)∞ ⊂
ψ2×id

· · · ,

where we regard Un × [0, 1)∞ as an open set in Un+1 × [0, 1)∞ by the em-
bedding

ψn × id : Un × [0, 1)∞ = Un × [0, 1)× [0, 1)∞ → Un+1 × [0, 1)∞.

Lemma 2. There exists a sequence Ψ = (ψn)n∈N of collars ψn : Un ×
[0, 1)→ Un+1 such that UΨ ≈ U .
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Proof. Let α = (αn)n∈N be a sequence of maps αn : Un → (0, 1) obtained
by Lemma 1. Then Uαn is open in U and U = lim−→Uαn . For each n ∈ N, we
define a collar ψn : Un × [0, 1) → Un+1 by ψn(x, t) = (x, αn(x)t). For every
k ∈ N, we inductively define δn,k : Un × [0, 1)k → [0, 1) as follows:

δn,k(x, tn+1, . . . , tn+k)
= αn+k−1(x, δn,1(x, tn+1), . . . , δn,k−1(x, tn+1, . . . , tn+k−1))tn+k,

where δn,1(x, t) = αn(x)t. Then we have the following equation:

(∗) δn,k

(
x,

sn+1

αn(x)
, . . . ,

sn+k

αn+k−1(x, sn+1, . . . , sn+k−1)

)
= sn+k.

Define hn : Un × [0, 1)∞ → Uαn and gn : Uαn → Un × [0, 1)∞ as follows:

hn(x, tn+1, tn+2, . . . )=(x, δn,1(x, tn+1), δn,2(x, tn+1, tn+2), . . . ),

gn(x, sn+1, sn+2, . . . )=
(
x,

sn+1

αn(x)
,

sn+2

αn+1(x, sn+1)
,

sn+3

αn+2(x, sn+1, sn+2)
, . . .

)
.

It is easily observed that gn◦hn = idUn×[0,1)∞ . By (∗), we have hn◦gn = idUαn .
Thus, gn is a bijection with hn = g−1

n . Moreover, (ψn × id) ◦ gn = gn+1|Uαn
for all n ∈ N, that is, the following diagram commutes:

Uαn ⊂ Uαn+1

gn

y gn+1

y
Un × [0, 1)∞ ⊂−−−−→

ψn×id
Un+1 × [0, 1)∞

Indeed, for each (x, sn+1, sn+2, . . . ) ∈ Uαn ,

(ψn × id) ◦ gn(x, sn+1, sn+2, . . . ) = (ψn × id)
(
x,

sn+1

αn(x)
,

sn+2

αn+1(x, sn+1)
, . . .

)
=
(
ψn

(
x,

sn+1

αn(x)

)
,

sn+2

αn+1(x, sn+1)
, . . .

)
=
(

(x, sn+1),
sn+2

αn+1(x, sn+1)
, . . .

)
= gn+1((x, sn+1), sn+2, . . . ).

We shall show that hn and gn are all continuous, which means that gn is a
homeomorphism. Then we shall have

U = lim−→Uαn ≈ lim−→Un × [0, 1)∞ = UΨ .

To see the continuity of hn at x ∈ Un× [0, 1)∞, let V be a neighborhood
of hn(x) in Uαn . Then x is contained in some Un × [0, 1)k, which implies
that hn(x) ∈ Un(α1, . . . , αk−1). We can find a neighborhood V ′ of hn(x) in
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Un × [0, 1)k and 0 < rn+k+i < 1, i ∈ N, such that

hn(x) ∈ V ′ ×
j<ω∏
i=1

[0, rn+k+i] ⊂ V.

Since δn,1, . . . , δn,k are continuous, it follows that hn|Un×[0, 1)k is continuous,
hence x has a neighborhood W in Un × [0, 1)k such that hn(W ) ⊂ V ′. Then
W ×

∏j<ω
i=1 [0, rn+k+i] is a neighborhood of x in Un × [0, 1)∞ and

hn

(
W ×

j<ω∏
i=1

[0, rn+k+i]
)
⊂ V ′ ×

j<ω∏
i=1

[0, rn+k+i] ⊂ V,

which implies that hn is continuous at x.
To see the continuity of gn at x ∈ Uαn , for each neighborhood V of gn(x)

in Un × [0, 1)∞ choose an open set W in Un and rn+i > 0, i ∈ N, so that

gn(x) ∈W ×
j<ω∏
i=1

[0, rn+i] ⊂ V.

Due to Lemma 1, it can be assumed that infy∈W αn(y) > 0 and

inf
{
αn+k(y)

∣∣∣ y ∈W × k∏
i=1

[0, rn+i]
}
> 0 for every k ∈ N.

Hence, we can find 0 < qn+i ≤ rn+i, i ∈ N, such that

(y, sn+1, . . . , sn+j−1) ∈W ×
j∏
i=1

[0, rn+i], sn+j < qn+j ,

⇒ sn+j

αn+j−1(y, sn+1, . . . , sn+j−1)
< rn+j .

Then it follows that

gn

(
W ×

j<ω∏
i=1

[0, qn+i]
)
⊂W ×

j<ω∏
i=1

[0, rn+i] ⊂ V,

which implies that gn is continuous at x.

Remark 1. Let M1 ⊂ M2 ⊂ · · · be a closed tower of `2(τ)-manifolds
such that eachMi is a Z-set (hence collared) inMi+1. ThenM∞ =

⋃
i∈NMn

has a topology such that M∞ is an `2(τ) × R∞-manifold and each Mi is
a subspace of M∞. Indeed, given a sequence Ψ = (ψi)i∈N of collars ψi :
Mi× [0, 1)→Mi+1, we regardMn× [0, 1)∞ as an open set inMn+1× [0, 1)∞

by the natural embedding

ψn × id : Mn × [0, 1)∞ = Mn × [0, 1)× [0, 1)∞ →Mn+1 × [0, 1)∞.
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Let MΨ be the direct limit of the open tower

M1 × [0, 1)∞ ⊂
ψ1×id

M2 × [0, 1)∞ ⊂
ψ2×id

· · · .

Since every separable `2(τ)-manifold can be embedded into `2(τ) as an open
set by the open embedding theorem for `2(τ)-manifolds [5] (cf. [4]), each
Mn×[0, 1)∞ is homeomorphic to an open set in `2(τ)×[0, 1)∞ ≈ `2(τ)×R∞.
Then MΨ is an `2(τ) × R∞-manifold. Since Mn × [0, 1)k ⊂ Mn+k for each
n, k ∈ N, we can regard MΨ = M∞ as sets but the topology of MΨ depends
on the sequence Ψ = (ψi)i∈N. One should note that MΨ 6= lim−→Mn. In fact,
the topology of lim−→Mn is finer than that of MΨ .

4. The second step of the proof. By Lemma 2, we have a sequence
Ψ = (ψi)i∈N of collars ψi : Ui × I → Ui+1 such that U is homeomorphic to
the direct limit UΨ of the following open tower:

U1 × [0, 1)∞ ⊂
ψ1×id

U2 × [0, 1)∞ ⊂
ψ2×id

· · · .

The Main Theorem is reduced to the following:

Lemma 3. M × [0, 1)∞ ≈ UΨ .
Proof. Here, we regard UΨ as the direct limit of the following open tower:

U1 × [0, 1/2)∞ ⊂
ψ1×id

U2 × [0, 2/3)∞ ⊂
ψ2×id

· · · .

Recall we can write M × [0, 1)∞ =
⋃
n∈NM

∞
n , where M∞1 ⊂M∞2 ⊂ · · · are

open sets in M × [0, 1)∞ defined as follows:

M∞n =
( n⋃
i=1

[i− 1, n)× Ui
)
×
[
0,

n

n+ 1

)∞
.

To show that M × [0, 1)∞ ≈ UΨ , it suffices construct homeomorphisms

hn : M∞n → Un ×
[
0,

n

n+ 1

)∞
, n ∈ N,

so that the following diagram commutes:

M∞n
⊂−−−−→ M∞n+1

hn

y yhn+1

Un ×
[
0,

n

n+ 1

)∞
⊂−−−−→

ψn×id
Un+1 ×

[
0,
n+ 1
n+ 2

)∞
For each n ∈ N, we define

Mn =
( n⋃
i=1

[i− 1, n)× Ui
)
×
[
0,

n

n+ 1

)n
.
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Then it follows that

M∞n = Mn ×
[
0,

n

n+ 1

)∞
and Mn ×

[
0,

n

n+ 1

)
⊂Mn+1.

If we could construct homeomorphisms

fn : Mn → Un ×
[
0,

n

n+ 1

)∞
, n ∈ N,

so that the following diagram commutes:

Mn ×
[
0,

n

n+ 1

)
⊂−−−−→ Mn+1

fn×id

y yfn+1

Un ×
[
0,

n

n+ 1

)2

−−−−→
ψ×id

Un+1 ×
[
0,
n+ 1
n+ 2

)
then the desired homeomorphism hn could be defined as follows:

hn = fn × id : M∞n = Mn ×
[
0,

n

n+ 1

)∞
→ Un ×

[
0,

n

n+ 1

)∞
.

To construct fn inductively, let

Mn =
( n⋃
i=1

[i− 1, n]× Ui
)
×
[
0,

n

n+ 1

]n
,

∂Mn = Mn \Mn

= {n} × Un ×
[
0,

n

n+ 1

]n
∪
( n⋃
i=1

[i− 1, n]× Ui
)
×
([

0,
n

n+ 1

]n
\
[
0,

n

n+ 1

)n)
.

Similarly toM , we can see that these are `2(τ)-manifolds. Note that ∂Mn is a
Z-set inMn. Let pn : Mn → Un be the projection and in : Un → ∂Mn ⊂Mn

the injection defined by in(x) = (n, x, vn), where

vn =
(

n

n+ 1
, . . . ,

n

n+ 1

)
∈
[
0,

n

n+ 1

]n
.

Then in(Un) = Un × {vn} is a strong deformation retract of both Mn and
∂Mn, hence pn and pn|∂Mn are homotopy equivalences and in is a homotopy
inverse of both pn and pn|∂Mn. Thus, we have the homotopy equivalences

rn : Mn → Un ×
[
0,

n

n+ 1

]
and r′n = rn|∂Mn : ∂Mn → Un ×

{
n

n+ 1

}
defined by rn(x) = (pn(x), n/(n+ 1)).
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We shall construct homeomorphisms

fn : Mn → Un ×
[
0,

n

n+ 1

]
, n ∈ N,

so that fn ' rn,

fn(∂Mn) = Un ×
{

n

n+ 1

}
, i.e., fn(Mn) = Un ×

[
0,

n

n+ 1

)
,

and the following diagram commutes:

Mn ×
[
0,

n

n+ 1

]
⊂−−−−→ Mn+1

fn×id

y yfn+1

Un ×
[
0,

n

n+ 1

]2

−−−−→
ψn×id

Un+1 ×
[
0,
n+ 1
n+ 2

]
Then fn = fn|Mn is the desired homeomorphism.

First, by Theorem 1, we have homeomorphisms f : M1 → U1 × [0, 1/2]
and f ′ : ∂M1 → U1 × {1/2} onto U1 such that f ' r1 and f ′ ' r′1. Since
f ′ ' f |∂M1, we can apply Theorem 2 to extend f ′ to a homeomorphism
f1 : M1 → U1 × [0, 1/2] which is isotopic f , hence f1 ' r1.

Now, assume that fn has been obtained and consider the following sets:

∂Mn = ∂Mn ×
[
0,

n

n+ 1

]
∪Mn ×

{
n

n+ 1

}
,

Ln+1 = Mn+1 \
(
Mn ×

[
0,

n

n+ 1

))
= [n, n+ 1]× Un+1 ×

[
0,
n+ 1
n+ 2

]n+1

∪
( n⋃
i=1

[i− 1, n]× Ui
)
×
([

0,
n+ 1
n+ 2

]n+1

\
[
0,

n

n+ 1

)n+1)
,

Bn = ψn

(
Un ×

{
n

n+ 1

})
×
[
0,

n

n+ 1

]
∪ ψn

(
Un ×

[
0,

n

n+ 1

])
×
{

n

n+ 1

}
,

Wn+1 =
(
Un+1 ×

[
0,
n+ 1
n+ 2

])
\
(
ψn

(
Un ×

[
0,

n

n+ 1

))
×
[
0,

n

n+ 1

))
.

Then we have the following homeomorphism:

gn = (ψn × id)(fn × id)|∂Mn : ∂Mn → Bn.

Observe that Ln+1 and Wn+1 are `2(τ)-manifolds, ∂Mn and ∂Mn+1 are
disjoint Z-sets in Ln+1, and Bn and Un+1×{(n+1)/(n+2)} are disjoint Z-
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sets inWn+1. Since in+1(Un+1) = Un+1×{vn+1} and Un+1×{(n+1)/(n+2)}
are strong deformation retracts of Ln+1 and Wn+1 respectively, it follows
that r′′n+1 = rn+1|Ln+1 : Ln+1 → Wn+1 is a homotopy equivalence. By
Theorem 1, we have homeomorphisms

g : Ln+1 →Wn+1 and g′ : ∂Mn+1 → Un+1 ×
{
n+ 1
n+ 2

}
such that g ' r′′n+1 and g′ ' r′n+1 = r′′n+1|∂Mn+1. Then g′ extends to a
homeomorphism

g′′ : ∂Mn ∪ ∂Mn+1 → Bn ∪ Un+1 ×
{
n+ 1
n+ 2

}
by setting g′′|∂Mn = gn.

Note that rn is homotopic to the map

qn : Mn → Un ×
[
0,

n

n+ 1

]
defined by qn(x) = (pn(x), 0) and ψnqn = pn. Then we have ψnfn ' ψnrn '
ψnqn = pn. Let cn : I → {n/(n + 1)} and cn+1 : I → {(n + 1)/(n + 2)} be
the constant maps. Since r′′n+1|∂Mn = pn × cn+1|∂Mn, it follows that

gn ' ψnfn × cn|∂Mn ' pn × cn|∂Mn ' pn × cn+1|∂Mn = r′′n+1|∂Mn,

where all homotopies are realized in Wn+1 (the first two in Bn). Therefore,

g′′ ' r′′n+1|∂Mn ∪ ∂Mn+1 ' g|∂Mn ∪ ∂Mn+1.

Thus, we can apply Theorem 2 to extend g′′ to a homeomorphism g̃ : Ln+1 →
Wn+1. By pasting g̃ with (ψn × id)(fn × id), we can obtain the desired
homeomorphism fn+1. Since in+1pn+1 ' id in Mn+1, it follows that

fn+1 ' fn+1in+1pn+1 = g′in+1pn+1 ' rn+1in+1pn+1 ' rn+1.

This completes the proof.

Remark 2. For a closed tower M1 ⊂ M2 ⊂ · · · of `2(τ)-manifolds such
that each Mi is a Z-set in Mi+1, M =

⋃
n∈N[n − 1, n] ×Mn is an `2(τ)-

manifold. On the other hand, given a sequence Ψ = (ψn)n∈N of collars ψn :
Mn × [0, 1) → Mn+1, the `2(τ) × R∞-manifold MΨ can be defined as in
Remark 1. Similarly to Lemma 3, we can showM×R∞ ≈MΨ . SinceM×R∞
does not depend on Ψ , the topological type of MΨ is unique. Moreover, MΨ

can be embedded in `2(τ)× R∞ as an open set.
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