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Gauss Sums of the Cubic Character over GF(2™):
an Elementary Derivation
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Summary. By an elementary approach, we derive the value of the Gauss sum of a cubic
character over a finite field Fos without using Davenport—Hasse’s theorem (namely, if s is
odd the Gauss sum is —1, and if s is even its value is —(—2)%/?).

1. Introduction. Let Fys be a Galois field over Fo, with Trg(z) =
Zj;é 22’ being the trace function over Fos, and Try)r(v) = Zj/ro '227 the
relative trace function over Fos relative to For, with 7| s [3].

Further let x,, be a character of order m defined over Fys and taking
values in Q((,), where ¢, denotes a primitive mth root of unity and Q(¢,,)
the corresponding cyclotomic field.

A Gauss sum of a character x,, over Fos is defined as [I]

ﬁaXm Z Xm m'TrS(,Gy) = Xm(ﬁ)Gs(LXm) Vi3 € Fos.

yEFgys
A cubic character x3 is a mapping from F3. into the complex numbers
defined as
x3(@ 3y =¢ch h=0,1,2, jEN,
where (3 is a cubic root of unity, and o a primitive element in [F5.; further-
more we set by definition x3(0) = 0.
The values of the Gauss sums of a cubic character over [Fos can be found

by computing the Gauss sum over 4y and applying Davenport—Hasse’s the-
orem on the lifting of characters ([I, 2, B]) for s even (and by computing
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the Gauss sum over Fy and then trivially lifting for s odd). However a more
elementary approach is possible, and this is the subject of the present work.

If s is odd then the cubic character is trivial because every element (3 in
Fys is a cube, as the following chain of equalities shows:

B-1=8- (1) =p87"2=p"""1=( )3,

since 5271 =1, and s+ 1 is even, so that 2°T! — 1 is divisible by 3. In this
case we have

Gs(1,x3) = Z x3(y)e™ st Z emi Trs(y) —

yEFoys yGFQS

2stl_g

since the number of elements with trace 1 is equal to the number of elements
with trace 0, (Trs(x) € Fg; moreover Trg(x) = 1 and Trg(z) = 0 are two
equations of degree 2°71), and ™0 = 1 while e™! = —1.

If s is even, the cubic character is nontrivial, and the computation of
the Gauss sums requires some more effort; before we show how they can be
computed with an elementary approach, we need some preparatory lemmas.

2. Preliminary facts. First of all we recall that, for any nontrivial
character x,, over F, erFq Xm(x) = 0. This is used to prove a property
of a sum of characters, already known to Kummer (see [4]), which can be
formulated as follows

LEMMA 2.1. Let xpm be a nontrivial character and B any element of F,.

Then ‘5
qg—1 if =0,
3 xnlelntr+ 9 - {0

Proof. If § = 0, the summand is Xy (2)Xm(z) = 1, unless = 0 in which
case it is 0, so the conclusion is immediate.

When ( # 0, we can exclude again the term with = = 0, as x,,(x) = 0,
so that x is invertible, and the summand can be written as

Xin (€)X (& + 8) = X (€) Xom (€) Xm (1 + B2 7) = Xm (1 + Bz 71).
With the substitution y = 1 4+ Bz ~!, the summation becomes

> oxm)=—1+ > xmly) =-1,

yE]Fzgm yE]F22m
y#1

as xm(y) =1lfory=1.n

We are now interested in the sum erFq Xm (%) xm(z+1). Note that for
the Gauss sums over Fgs we have
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(2'1) Gs(l’Xm): Z Xm(y)_ Z Xm(y)

yEng yEFQS
Trs(y)=0 Trs(y)=1

It follows that, if x,, is a nontrivial character, then
Gs(Lixm) =2 > xm(y)-

yeIFQS
Trs(y)=0

In fact half of the field elements have trace 0 and the other half 1, so that

Z Xm(y):_ Z Xm(y)

y€lFgs yEFgs
Trs(y)=0 Trs(y)=1

as the sum over all field elements is zero, since Y, is nontrivial.

LEMMA 2.2. If xm, s a nontrivial character over Fas, then
Z Xm(2)Xm (2 + 1) = Gs(1, xm)-
z€Fys

Proof. We write the above sum as » . Xm(2(z + 1)), since the char-
acter is multiplicative. Now the function f(x) = z(z + 1) maps Fas onto its
subset of O-trace elements, as Trg(x) = Try(z?) for any s, and each image
comes from exactly two elements, = and x + 1. It follows that

(2.2) Z Xm(2)Xm (2 +1) =2 Z Xm(y) = Gs(1, Xm). =
z€Fys y€EFas
Trs(y)=0

LEMMA 2.3. Let xm be a nontrivial character of order m = 2"+ 1. Then
the Gauss sum Gs(1,xm) is a real number.

Proof. Using (2.2) we have
G'S(laxm) - Z Xm Xm T+ 1)

zE€Fys
z€Fys

= Z Xm Xm $+ 1) Gs(lem)a
z€Fys

as Xm(2) = xm(2)? = xm(2?) and x — 22" is a field automorphism, so it

just permutes the elements of the field. =

3. Main results. The absolute value of G(1,x,,) can be evaluated
using elementary standard techniques going back to Gauss (see e.g. [1]),
while its argument requires a more subtle analysis. Our main theorems in
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this section yield in an elementary way the exact value of the Gauss sum for
a cubic character y3 over Fas, s even (the case of s odd is trivial, as shown
above). Before we proceed, we show in a standard way what is its absolute
value.

Since G5(8, x3) = x3(8)Gs(1, x3), on one hand, we have
(B1) > Gul(B,x3)Gs(Bx3) = Y Xs(B)x3(B)Gs(1, x3)Gs(1, x3)

BeFos BeFys

= > Gsl(1,x3)Gs(1,x3)

BEF3s
= (2° = 1)Gs(1,x3)Gs(1, x3)-
On the other hand, by the definition of Gauss sum, we have

> Gi(B,x3)Gs(B, x3)

BEFs
=3 D> > wsla)em Ty (y)e 00,

ﬁGIFzs QGFQS ’YEFQS

and substituting e = v + 0 in the last sum, we have

(3.2) Z Gs(B,x3)Gs(B, x3) = Z Z x3(v+ 0)xs(y Z i Traq (66)

BEFys v€Fs O€Fys BEFos
— (2 1),

as the sum on ( is 2% if 8 = 0 and is 0 otherwise, since the values of the
trace are equally distributed, as said above; consequently, the sum over -y is
2% — 1 times 2%, as x3(0) = 0. From the comparison of (3.1 with (3.2) we
get Gs(1,x3)Gs(1,x3) = 2°, s0 |Gs(1, x3)| = 2°/2,

Few initial values are Ga(1,x3) = 2, G4(1,x3) = —4, Gg(1,x3) = 8,
Gs(1,x3) = —16, and G19(1, x3) = 32, so a reasonable guess is Gs(1, x3) =
—(—2)3/ 2. This guess is correct as proved by the following theorems.

THEOREM 3.1. If £ is odd, the value of the Gauss sum Gap(1,x3) is 2°.

Proof. Let « be a primitive cubic root of unity in Fy2¢. Then it is a root
of 22 + x 4 1. In other words, a root a of 2 +  + 1, which does not belong
to Fqyr, as £ is odd, can be used to define a quadratic extension of this field,
i.e. Fy2¢, and the elements of this extension can be represented in the form
x+ ay with 2,y € Fy. Furthermore, the two roots a and 1+« of 22 + 2 +1
are either fixed or exchanged by any Frobenius automorphism; in particular
the automorphism ¢’(z) = 22" necessarily exchanges the two roots as it
fixes precisely all the elements of Fy¢, while o does not belong to this field,
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so that of(a) # . Now, a Gauss sum Ga(1, x3) can be written as

(3.3) Gor(1,x3) =2 Z x3(z) =2 Z x3(z + ay)

z2€F 20 z,y€F 0
Troe(2)=0 Trog(z+ay)=0
=2 > xs(z+oy),
xvynge
Tr,(y)=0

where we have used the trace property
Trag(+ay) = Trag(x) +Trag(ay) = Tre(x)+Trg(x? )+ Trae(ay) = Trag(ay),
and the fact that
Troe(ay) = Tre(ay) + Trg(ay)ﬂ = Tre(ay) + Trg((ay)ﬂ)
= Try(ay) + Trg(aQZy) = Try(ay) + Tr((a+ 1)y) = Tre(y),

since a®" = a + 1 as shown previously. The last sum in 1} can be split
into three sums by separating the cases * =0 and y = 0:

2 Y wletay)=2 Y xslay)+2 ) xs(x)

xvyEFgﬁ yG]F2Z Z'GIFQZ
Tre(y)=0 Tre(y)=0
+2 Z x3(z + ay).
x,yEF;e
Tre(y)=0

Considering the three sums separately, we have:
Z Xg(l') = 2€ - 17
IEF2[
as x3(z) = 1 unless = 0 since ¢ is odd,;
> slay) = xs(@)(27 = 1),
YEF ¢ Trp(y)=0

as the character is multiplicative, x3(y) = 1 unless y = 0, and only the
0-trace elements (which are 21 — 1) should be counted; and

o o xs@tay)= Y xs@Wxs@y ' +a)= > xs(z+a)

m7y€F;g x:yeﬂr;g Z7y€F;[
Tre(y)=0 Tre(y)=0 Tre(y)=0
/-1
= (2 _1) Z X3(Z—|—Oé),
ZE]F;Z

as y is invertible, x3(y) = 1 since £ is odd, z has been substituted for zy 1,

and the sum we get in the end, being independent of y, is simply multiplied
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by the number of values assumed by y. Altogether we have

Gor(1,x3) =271 =24 x3(a)(2° = 2) + (2° = 2) D xs(z+0)

ZEIF;[
=2l 24 (20 —2) Z x3(z + ),
ZGFzg

and, for later use, we define A(a) = > cp , x3(2 + @). In order to evaluate
2

A(car), we consider the sum of A() over 3 € Fyzr, and observe that A(8) =
2t — 1 if B € Fyr, while if 3 & Fy all sums assume the same value A(a),
which is shown as follows. Set 8 = v + av with v # 0. Then

Z x3(2 +u+av) = Z x3(0)xs((z +wo ™" +a) = Z x3(2' + ).
ZEIFZg ZE]FQZ Z’GFzg
Therefore, the sum
SAB) = D D xslztB =D > xs(z+8)=0
,66]1722[ BEFQQZ ZEFQZ ZGFQg ﬂe]FQQZ
yields
2025 — 1) + (22 — 294(a) = 0,
which implies A(«) = —1, and finally
Gor(1,x3) =21 —2 - (20 —2)=2" »
REMARK. The above theorem can also be proved using a theorem by
Stickelberger ([3, Theorem 5.16]).
THEOREM 3.2. If ¢ is even, then the Gauss sum Gau(1,x3) is equal to
(—2)"2G (1, x3).

Proof. The relative trace of the elements of Fy2¢ over [Fye, which is
Trog/p(z) = = + :1;22,

introduces the polynomial x + 22 which defines a mapping from Fy2¢ onto
Fye with kernel For ([3]). The equation 22 + 2 = y has in fact exactly 2°
roots in Fy2¢ for every y € For.

By definition we have

Gu(lixz) =2 > x3(2)=2 >  xlz+ay),

Z€F225 I,y€F2[
Trae(2)=0 Troe(z+ay)=0

where « is a root of an irreducible quadratic polynomial 22 4+ x + b over Fyr,
i.e. Trg(b) = 1 ([3, Corollary 3.79]) and Try/e(e) = 1, which can be seen
from the coefficient of x of the polynomial. Now

¥4
Troe(z + ay) = Trog(z) + Troe(ay) = Trae(ay) = Tro(ay) + Tre(a® y),
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but o =1+ a, so that Try(z + ay) = Tre(y), and we have
Gau(l,xs) =2 Y. xs(z+ay)

xayerﬁ
Tr(y)=0

=2 xs(@)+2 D xslay)+2 Y. xs(@+ay),
z€F,0 yE]F;Z x,ye]F;Z

Tre(y)=0 Tre(y)=0

where the summation has been split into three sums, by separating the cases
y = 0 and = = 0. We observe that, since the character over Fy is not trivial,
the first sum is 0 and the second is x3(a)Gy(1, x3), while the third can be
written as follows:

2 Y xalrtay) =2 > @y +a)

x,yEIF;Z x,yE]F;e
Tre(y)=0 Tre(y)=0
=2 Y xsm) Y xs(z+a)
yEF;Z zeF;E
Tre(y)=0

Putting all together, we obtain
G25(1>X3) = G@(lv X3) Z X3(z + Oé) = Gf(17X3)Af(a)7

ZEIFZZ

which shows that |A,(a)| = 2¢/2 and that A,(a) is real, as both Gap(1, x3)
and Gy(1,x3) are real. Note that this holds for any a with Try /(o) = 1.
We will show now that Ay(a) = (—2)%/2. Consider the sum of Ay(v) over
all v with relative trace equal to 1, which is on one hand 2¢A4,(c), as the
polynomial 22 + 2 =1 has exactly 2¢ roots in Fy2¢, and on the other hand,
explicitly we have

oA =Y > xslz+v=). > xs(Y)

YEF 20 z€Fy ey, z€Fy  v'€F,,
Trae/e(v)=1 Trae/e(v)=1 Trag/e(v')=1
¢ /
=2 > x3(7'),
'y’E]F;Q/Z

Troe/e(v')=1

where the summation order has been reversed, and Tro/o(7) = Trog/e(7') as
Trog/s(2) = 0 for any z € Fyr. Comparing the two results, we have

Ay = D xs(Y) = Mo+ MiGs + Ma(3,
v EF,,
Trag/e(7')=1
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where My is the number of 7" with Try;/,(7") = 1 that are cubic residues,
i.e. they have character x3(7') equal to 1, M; is the number of 4" with
Troz/e(y') = 1 that have character (3, and My is the number of +' with
Troz/e(y') = 1 that have character ¢2. Then My + M; + My = 2°, and
M, = M> since Ay(a) is real. Therefore, Ay(or) = My — My, and so we
consider two equations for My and Mj,
{ MO + 2]\4—1 - 2£7
My — My = +£24/2,
Solving for M we have M| = %(24 F 2“2). Since M; must be an integer, we
obtain
{ Mo — My =22 if £/2 is even,
My — M, = =22 if (/2 is odd. =

COROLLARY 3.3. For ( even, the value of the Gauss sum Gap(1,x3)
is —2°.

Proof. This is a direct consequence of the two theorems above.
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