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Summary. We prove the existence of global attractors for the following semilinear de-
generate parabolic equation on RY:

5~ div(e(@)Vu) + du + f(z,u) = g(2),

under a new condition concerning the variable nonnegative diffusivity o(-) and for an arbi-
trary polynomial growth order of the nonlinearity f. To overcome some difficulties caused
by the lack of compactness of the embeddings, these results are proved by combining the
tail estimates method and the asymptotic a priori estimate method.

1. Introduction. In this paper we consider the following semilinear
degenerate parabolic equation with a variable, nonnegative coefficient in
RN, N > 2:

%u_ V) + A = RY >0
(L1) i ivio(x)Vu) + Au+ f(z,u) = g(x), xR t>0,
u(0,z) = up(x), xeRY,

where A > 0, ug € L?>(RV) and g € L?>(R") are given, and f: RY xR = R
and o(+) are functions satisfying some conditions specified later.

Problem can be derived as a simple model for neutron diffusion
(feedback control of nuclear reactor) (see [DL]). In this case u and o stand
for the neutron flux and neutron diffusion respectively. The degeneracy of
problem is considered in the sense that the measurable nonnegative
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diffusion coefficient o(-) is allowed to have at most a finite number of (es-
sential) zeroes at some points.

Problem in a general (bounded or unbounded) domain 2 c RV
was studied in [ABT] AT, [KZ1, [KZ2], in which the diffusivity o(-) was
assumed to satisfy the following conditions which ensure important com-
pactness properties:

(Ha) o € Ly, (£2) and for some o € (0,2), liminf, . [z —z[~%0(z) > 0
for every z € {2, when the domain (2 is bounded;
(Hoos) o satisfies condition (Ha) and liminfj, o lz|Po(z) > 0 for

some [ > 2, when the domain (2 is unbounded.

Both assumptions have a strong physical significance which is related to
the existence of regions occupied by perfect insulators or perfect conductors
[CM,, DL, [KZ1l [KZ2]. The natural phase space for problem in these
cases involves D§(§2,0), which is defined as the closure of C§°(£2) in the
norm

/
lulloy o = (Jo@IvuP )"
(9}

Under either assumption (Hq) or (1), the embedding D (02,0) — L*(92)
is compact and this property plays an essential role for the investigation in
[ABT! [AT] IKZ1l [KZ2]. Observe, however, that when (2 is unbounded, the
function o(-) must grow faster than quadratically at infinity for this property
to hold (see [CM]). We also refer the reader to [AK] for some related results
in the quasilinear case.

In this paper we would like to find a new condition concerning the dif-
fusivity o(-) which ensures the asymptotic compactness of the semigroup
generated by problem and as a result, the existence of global attrac-
tors, without restricting the limiting behavior of o(-) at infinity. It turns out
that such a condition can be found with careful tail estimates as in [W] (see
the proof of Lemma [3.4] below).

In order to study problem ([1.1)), we make the following assumptions:

(F) f:RY xR — R is a continuous function satisfying

(1.2) flz,w)u > aq|ul? — Ci(z),
(1.3) |f(z,u)] < asfulP™ + Ca(a),
(1.4 Y > o

for some p > 2, where a1, ag, a3 are positive constants, C(-) €
LYRN)Y N L2(RY) and Cy(-) € LY (RN) with 1/p +1/p = 1 are
nonnegative functions. Denote F(z,s) = {) f(z,7)dr. Then we
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assume that F' satisfies
(1.5) — Cy(x) + ay|ul? < F(z,u) < aslul’ + Cs(x),

where a4, as are positive constants, and C3(+),Cy(-) € LY(RY)
are nonnegative functions.

(H™) o is a nonnegative measurable function such that o € LL (RY),
and for some « € (0,2),

liminf |z — 2| “o(z) >0 for every z € RV,
Tr—z
and o satisfies one of the following two conditions:
(i) there exists Ky > 0 such that

sup  sup o(x) < oo;
k>Ko p<|z|<v2k

(i) there exists Ky > 0 such that

—1
sup S |0(x)]§f2 dx < oo,
R0 ) clel<vak

where p is given in assumption (F);
(G) g € L*(RY).

Let us comment on the condition (%>°). Observe that the absence of a
specific limiting behavior at infinity for o(-) (cf. condition (Hg’s)) is now
compensated by a higher local integrability. A simple example in which

(H°°) is fulfilled but (M) is not, is provided by the function o =1 (the

nondegenerate case) or o(z) = e~ % (|z|* + |2|7) with a,~ € (0,2).

For 2 C RY we define H}(£2, o) to be the closure of C§°(£2) with respect
to the norm

lel30,0) = | [ul? dz + | o(2)|Vul® dz.
2 (9}

Notice that in the compact case, that is, when (Ha) or (Hg'5) holds, HE(02,0)
= D{(92,0) since D§($2,0) < L*(£2) (see [CM]). The natural energy space for
problem involves the space H}(RY, o) and its dual space H~1(RY, 7).

The main aim of this paper is to prove the existence of a global attractor
in the space H(RY, o) N LP(RY) for the semigroup generated by problem
. First, we use the Galerkin method to prove the global existence of
a weak solution and then construct the semigroup associated to problem
. Next, we use a priori estimates to show the existence of a bounded
absorbing set in HS(RY, o0)N LP(RY) for the semigroup. In the compact case
[ABT], i.e. when the domain {2 satisfies (Ha) or (Hg5), since the embedding
D} (02,0) — L*(£2) is compact, this immediately implies the asymptotic
compactness in L?(£2). Here, because the embedding is no longer compact,
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the proof of the asymptotic compactness in L?(R") is much more involved.
To do this, we exploit the tail estimates method introduced in [W], and as a
result, we obtain the existence of a global attractor in L?(R"). When proving
the existence of global attractors in LP(RY) and in H}(RY, o) N LP(RY),
to overcome the difficulty arising from the lack of embedding results, we
use the asymptotic a priori estimate method initiated in [MWZ, [ZYS]. The
main new feature of the paper is that we are able to prove the existence of
global attractors for a class of semilinear degenerate parabolic equations in
the noncompact case. As fas as we know, this is the first result for parabolic
equations of type in this case.

The paper is organized as follows. In Section 2, we prove the existence
and uniqueness of a weak solution to problem by using the Galerkin
method. In Section 3, we show the existence of global attractors in various
function spaces for the semigroup generated by the problem by exploit-
ing and combining the tail estimates method and the asymptotic a priori
estimate method.

2. Existence and uniqueness of weak solutions. We first give the
definition of a weak solution.

DEFINITION 2.1. A function u : (0,00) — H{(RY, o) N LP(RYN) is said to
be a weak solution of (L.1]) if u € L2(0,T; HLY(RYN, o)) N LP(0,T; LP(RY)) N
L>(0,T; L2(RN)) for all T > 0, and

t t t
(u(t),v) L2y + S S oVuVudz dt + )\S (u,v) L2y dt + S S fz,w)vdedt
ORN 0 0RN

¢
= (uyo, ’U)LQ(RN) + S (9, ’U)LQ(RN) dt, Vt>D0,
0
for all v € H{(RN, o)) N LP(RY).

One can check that this definition in fact coincides with the usual defi-
nition of (global) weak solutions (see e.g. [CV]). Thus, it follows from [CV]
p. 285] that if u is a weak solution of (1.1, then u € C ([0, T]; L?(RY)), the
function ¢ — ||lu(t)]|7, (rwy 18 absolutely continuous on every interval [0,T7,
and

d 9 du
&HU(‘I‘;)HLQ(RN) = <dt(t),u(t)> for a.e. t € [0,T7.

We now prove the following theorem.

THEOREM 2.2. Let (H*), (F) and (G) hold. Then, for any given ug €
L2(RN), problem (1.1) has a unique weak solution u. Moreover, the mapping
ug > u(t) is continuous on L*(RY).
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Proof. The proof is similar to the proof of Theorem 3.2 in [ABT], except
passing to the limit in the nonlinear term f(-,-), so we only sketch it. For
each m > 1, we denote

Q= {z e RY : |z|gy < m},

where | - |z~ denotes the Euclidean norm in RY. For each integer n > 1, we
denote by

un(t) = Z Tng ()
j=1

a solution of

%(Un(t%wj) — (div(aVu), wj) + A(un(t),w;) + (f (2, un(t)), w))
=(g,wj), >0,
(un(0),wj) = (uo,wj), j=1,...,n,
where {w; : j > 1} C H{(RY, o) N LP(RY) is a Hilbert basis of L2(RY) such
that span{w; : j > 1} is dense in HS(RY, o) N LP(RY).
It is a standard matter to deduce that
e {u,} is bounded in L2(0, T; HA(RY, o)) N LP(0, T; LP(RY))
(2.1) N L0, T; L*(RY)),
e {f(x,un)} is bounded in L¥ (0, T; L* (RN)).
for all T > 0. Then there exists a subsequence {u,} such that
u, —* u  weakly-star in L>(0,T; L*(R")),
u, —u in LP(0,T; LP(RY)),
(2.2) u, —u in L*(0, T; HY(RY, o)),
(2.3) fl@uy) = x  in LY(0,T; L7 (RY)),
for all T' > 0. Hence, implies that
—div(o(2)Vuy,) + Ay, — —div(o(2)Vu) + M in L2(0, T, H (RN, 0)).

Now, to prove that x(t) = f(-,u(t)), we argue similarly to [R]. Arguing as
in [R) p. 75] we first deduce

T—a
(2.4) lim sup V1wt +a) = wu(6)]72@ny dt = 0.
0
Let ¢ € C1([0,00)) be a function such that

0<¢(s) <1,
o(s)=1 Vsel0,1],
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For each p and m > 1, we define

2
(2.5) Vpm(x,t) = gb(ﬂi%lv)u“(t), Va € (2o, Vi, Vm > 1.

We infer from ([2.1)) that, for all m > 1, the sequence {v,m, },>1 is bounded in
L®(0,T; L?(£220,)) N LP(0, T5 LP(£221,)) N L2(0, T H(£221m, ) for all T > 0.
In particular, it follows that

a T

lim sup <S ]]vmm(x,t)H%z(QQm) dt + S “U#,m(x,t)“%2<92m) dt) =0.
a—0 1 o T g
On the other hand, from ({2.4)) we deduce that for all m > 1,
T—a
tigup (45840 = v 2.0, 1) =0

Moreover, as {2, is a bounded set, Hy({22m,0) is included in L%(§2oy,)
with compact injection. Then, by Theorem 13.3 and Remark 13.1 in [T1],
it follows that

{vum}u>1 is relatively compact in L0, T; L (£29,,)),

and thus, taking into account that v, ., (z,t) = w,(z,t) for all x € (2,,,, we
deduce that, in particular, for all m > 1,

(2.6) {uu|0,,} is pre-compact in L*(0,T; L*(£2,)).

Hence, by a diagonal procedure, one can conclude from (2.6 and (2.2)) that
there exists a subsequence {ul},>1 C {u,},>1 such that

uly = u in 2y x (0,00) as n — oo, Ym > 1.
Then, as f(-,-) is continuous,
flz,uly) = f(xr,u)  ae. in 2y x (0,00),
and as {f(z,ul)} is bounded in L¥ (£2,, x (0,T)), by Lemma 1.3 in [L}
Chapter 1], we obtain
fla,ult) = fl,u)  in L (0,75 LP (2m)).
By the uniqueness of the weak limit, we have
X = f(z,u) ae. in 2, x(0,7) VI >0,Vm > 1,
and thus, taking into account that |J°_, £2,, = RY, we obtain
(2.7) x = f(z,u) ae in RY x (0,00).
Then, and yield
flz,uy) = f(z,u) in LP(0,T; L7 (RY)) VT > 0.
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Hence, it is standard to show that u is a weak solution to problem ([1.1]). The
uniqueness and continuous dependence of the weak solutions on the initial
data follows by the same arguments as in [ABT]. =

3. Existence of global attractors. Thanks to Theorem we can
define a continuous semigroup

S(t) : LA(RY) - HYRYN, o) N LP(RY),
where S(t)ugp := u(t) is the unique weak solution of ([1.1)) with g as initial
datum.
We first prove the existence of an absorbing set for S(¢) in H§(RY, o) N

LP(RY). For brevity, in the following lemmas, we only give some formal

calculations; the rigorous proof uses Galerkin approximations and Lemma
11.2 in [R].

LEMMA 3.1. Suppose (H*°), (F) and (G) hold. Then the semigroup S(t)
generated by has a bounded absorbing set in HE (RN, o) N LP(RY), that
is, there exists a positive constant p such that for every bounded subset B in
L2(RY), there is a number T = T(B) > 0 such that for allt > T, ug € B,
we have

(@) v gy + N2 v, < -
Proof. Taking the inner product of (1.1)) with u in L?(R™) we get

1d

(31 5 luldag + | o@IVul dot Aular + § S uuds

RN RN
= (g,u).

By (1.2)), we have

(3.2) S f(z,w)udr > ay S |ulP dz — S Cy(z) dx.
RN RN RN
By Cauchy’s inequality, the right-hand side of (3.1)) is estimated as follows:

A

1
(33) N9, < gl lull 2y < Sl + 55 192

It follows from ([3.1)—(3.3)) that
d
(3.4) %HUH%Z(RN)—I—Z | oVul® de + Mul72gn) + 201 | Jul?da
RN RN
1 2
<C+ XHQHLQ(RN)'

Hence, in particular, we have

d 1
sy + M@l sy < C + 51922 vy
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Using Gronwall’s inequality, we obtain
_ c 1 _
(35)  u(®)Zam, < € uolZgn, + (A + AQ\Lc/\%Q(RN)) (1),

From (3.5 we deduce the existence of a bounded absorbing set in L?(RY):
There is a constant R and a time #o(||uo|| ,2z~)) such that for the solution
u(t) = S(t)uo,

[u®)|[L2@vy < R for all £ > to([[uoll 2 mn))-

Integrating (3.4) on (¢,t + 1), t > to((|uollL2(rn)), and using (L.5)), we find
that

t+1
(3.6) S ( S o(z)|Vu(s) | dz + )\||u(s)\|%2(RN) +2 S F(z,u(s)) d:v) ds
t RN RN

< C(H“@)H%%RN) +1+ HQH%Q(RN)) <O(R*+1+ ”9|’%2(RN))~
Multiplying ((1.1)) by u(s) and integrating over RY, we obtain
(BT Ju(s) o,
1i( | o(@)[Vu(s)? de + Alu(s)22en, +2 | Flau(s) d,x)
9 dS o LQ(RN) N )

Lo 1 2
= | guls)do < Slgl3agun + 5w (5) 2y
RN
Hence,

38 (] o@IVuls) dr+ Auls) Bageny +2 | Fla,u(s)) de)
RN RN
< HQH%%RN)-

Combining , , and using the uniform Gronwall inequality, we have
(39) | o@)|Vu(t)]? do + Nu()|J2mn) +2 | Flz,ut)) de
RN RN
< C(R2+1+ gl2a ).
Using once again, we finish the proof. =
We now derive uniform estimates of the derivatives of solutions in time.

LEMMA 3.2. Suppose (H™), (F) and (G) hold. Then for every bounded
subset B in L2(RY), there exists a constant T = T(B) > 0 such that

||ut(s)\|%2(RN) <p1 foralluye B and s>T,

where uy(s) = %(S(t)uo)‘tzs and p1 is a positive constant independent of B.
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Proof. By differentiating (1.1) in time and denoting v = u;, we get
ov ) of
i div(o(z)Vv) + Av + %(:L’,u)v = 0.

Taking the inner product of the above equality with v in L?(RY), we obtain

1d
(310) 5 Slelagn, + | 0(@)IVol de + Aol

RN
of 2, _
+ S %(x,u)h/\ dx = 0.
RN

By (1.4)), it follows from (3.10)) that

d
3.11 —
(3.11) o
On the other hand, integrating (3.7) from ¢ to ¢ + 1 and using (3.9)), we

obtain

HUH%Q(RN) < 2043HU||%2(RN)-

t+1

(312) S ||Ut(5)||%2(RN) ds < C(p7 ”g”%Q(RN))
t

for t large enough. Combining (3.11]) with (3.12), and using the uniform
Gronwall inequality, we have
Hut(S)HQB(RN) < C(p, HQHQH(RN))-
The proof is complete. u
LEMMA 3.3. Suppose (H*°), (F) and (G) hold. Then the semigroup
{S(#)}e>0 has a bounded absorbing set in L?P~2(RN), i.c., there ezists a

positive constant pap—o such that for any bounded subset B C L?(RN), there
is a number T'=T(B) > 0 such that

|w(®)||Lor—2@mny < p2p—2  for anyt > T and ug € B.
Proof. Taking |u|P~2u as a test function, we obtain
V upu-wde+ | o(@)|Vulluf~?do+ X | Juf do
RN RN RN

+ S f(x,u)|u|1’—2udx: S 9|U’p_2udx,
RN RN
Hence, using (1.2]) and Cauchy’s inequality, we obtain
S a(x)|Vu’2’u’p—2dx+>\ S ulP dz + o S |u’2p_2d$
RY RN RN

1 « 1

< | a@uftde+— \ [gPfde+— | [ 2de+— | |uwl*d.
aq 2 ]

RN RN RN RN
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Using Cauchy’s inequality once again, we arrive at
o

1 1 1
2p—2 2 2 2
1 | Jul dxg—angHLz(RN)—i-—al (e dm+—a1 | 1C1 () da.

RN RN RN
Hence, by Lemma there exists T' = T'(B) such that
llu(t)| p2o-2 < pop—2 for any t > T and ug € B,

where pa,—o depends only on ||g||z2rnr). =

3.1. Existence of a global attractor in L?(R")

LEMMA 3.4. Suppose (H*°), (F) and (G) hold. Then for any n > 0
and any bounded subset B C L*(RY), there exist T = T(n,B) > 0 and
K = K(n,B) >0 such that for allt > T and k > K,

| Jue, 0 de <,
|z[>k
where u is the weak solution of (1.1)) subject to the initial condition u(0) =
ug € B.

Proof. We use a cut-off technique to establish the estimates on the tails
of solutions. Let 6 be a smooth function satisfying 0 < (s) <1 for s € RT,
and

O(s)=0 for0<s<1, #O(s)=1 fors>2.

Then there exists a constant C' such that |6/(s)| < C for all s € RT. Taking
the inner product of (1.1)) with 6(|z|?/k?)u in L*(RY), we get

1 d 2 2
(3.13) > S 0<@>|ul2daj— S 9<|z|2)udiv(a(x)Vu) dx
RN RN
+A S 0 @ lu|? da+ S 0 % flz,w)udr = S 6 @ (x)u(zx,t) dz
k2 k2 ) - kz g ) .
RN RN RN
For the right-hand side of (3.13)) we find that

@ T)u\r T = @ T )ulx i
1 | o )t .mik9<k2>g()(’”d
1.2
<2 |§>k92(’ L)wr?dﬁ;Al | ot
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We now estimate the last term of the left-hand side of (3.13) as follows:

315 |6 (’i‘;) f(x,u)de

RN

> o( LY upa o( 5N ey () do > Cy(z)d

> oy S ey |ulP doz — S =y 1(z)dx > — S 1(z) dz.
RN RN |z|>k

For the second term on the left-hand side of (3.13), by integrating by parts,

we have

(3.16) - | ¢9<|z|22>udiv(o(a;)Vu)dx: | ¢9<|z|22>a(a;)|Vu]2dx
RN RN
+RSN 0’<|:]z|22> <i§-a(x)Vu)udx > kgxliﬂkelc;{f) <i;§-a(x)Vu)udx.

It follows from (3.13[)—(3.16|) that

i Lo wpae a0 B upar <2 | o)
‘ dt 2 2 = !
RN RN 2| >k

+§ S lg(z)|? dz + 2 S

2
2
0,<\x|> ‘]w\ co(z)|Vu| |u| dz.

k2 k2

x>k k<|z|<V2k

We have
z|2\ | 2|z
(3.18) g 0'<|k’2>‘]|€2|~a(x)\VuHu]dx
E<|z|<V2k
C
< | o@)IVulluldz
E<|z|<vV2k
C 1/2 1/2
SE( S 0(x)|u|2dw) ( S a(x)|Vu|2dx) ,

k<|z|<V2k k<|z|<v2k

where C' is independent of k.
We now estimate the term §k<‘x|<\/§k o(x)|u|? dz.

CASE 1: ¢ satisfies condition (1) in (H*). We have for all k£ > K,

S o(z)|ul?*dz < C S lu|? d.
k<|z|<vZ k k<|z|<vZk
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Hence, by Lemma [3.1} we deduce that for all k¥ > Ky and ¢ > Tp,

(3.19) | e(kL >‘2,§ o(2)|Vul [u| dz

E<|z|<V2k

s%( § |u]2d:v>1/2< g a(x)\vu|2dx)1/2

k<|z|<v2k k<|z|<v2k

s%( § a(:v)|Vu|2d:L‘>1/2.
E<|z|<V2k

CASE 2: o satisfies condition (ii) in (H>°). By Holder’s inequality, we
obtain

(3.20) | o@)ude
E<|z|<V2k
_— p=2 1
< ( S o(z)r2 d:c) P ( S || P2 dx) rh
k<|z|<v2k k<|z|<v2k

Hence, by Lemma, we deduce that for all k > Kq and t > Ty,

[z *\ | 2]z]
(3.21) k<| |S<fk ’ ( w2 )Gz oW@)Vullul dz
< 1
|| H1/2 oy ( S |u|2p—2d;v> 2p—2

X ( S U(:L‘)|Vu|2dx) i

k<|z|<v2k
C 1/2
< -2l (1 o@vu?ds)
(k<|a;\<fk) k<|z|<v/3k
C ) 1/2
< —
< k:( S o(x)|Vul daj) .
E<|z|<V2k

It follows from (3.17)), (3.19), and (3.21]) that
d |z[? 2 |z[? 2
.22 —
(3.22) dtR§N9< >| ? dx +A§9<k lu|? da

RN
<2 | [O@ld+5 | 19 da;+2?( | o@Ivyl da;) .
x>k x>k k<|z|<V2k
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Multiplying 1' by e* and then integrating over (Tp,t), we obtain

RN RY
t ]_ ¢
+2e M| O (@) dodg+ e [ o) P dude
To 2| >k To lz|>k
t 1/2
P2l [ ([ @V dr) e
To k<|z|<V2k
t
< e () [Fary + 267 || X0 ()] dardg
To |z|>k

t
|z|>k T BN

Note that for given n > 0, there is T} = T1(n) > 0 such that for all ¢ > 77,

)

=Xt n

(3.24) HU(TO)HL2 (RN) < 1

Since C1(-) € L'(RYN), there exists K1 = Ki(n
k > Kla

) > Ky such that for all

t
(3.25) 2¢ N S S M| Cy (z)| d d€ <
To |z|>k

On the other hand, since g € L2(RY), there is Ko = K2(n) > K; such that
for all k£ > K>,

>3

1 2 n
(3.26) 3z | o) da < .
| >k

For the last term on the right-hand side of (3.23)), it follows from Lemma
that there is T, > 0 such that for all £ > Th,

| o(@)|Vu(©)? dz < p.
RN
Therefore, there is K3 = K3(n) > K» such that for all £k > K3 and t > T,
t
C (o e 2 1/2
(3.27) e §)e ( | o(@)vu(e) dm) de <

RN

)-lk\d

Let T' = max{Ty, Th,T>}. Then by (3.23)—(3.27)) we find that for all £ > K3
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and t > T,

|0 Jf* lu(t)|? dz <
k2 — 777

RN

and hence for all kK > Kz and ¢t > T,

SUQ
| luPde < § oM P <n,

|z|>v2k RN
which completes the proof. m
Now, we show the asymptotic compactness of S(¢) in L?(RY).

LEMMA 3.5. Suppose (H™), (F) and (G) hold. Then S(t) is asymp-
totically compact in L2(RN), that is, for any bounded sequence {zp}o2, C
L%(RYN) and any sequence t, > 0 with t,, — oo, {S(t,)zn}S, has a conver-
gent subsequence with respect to the topology of L?(RY).

Proof. We use the uniform estimates on the tails of solutions to establish
the precompactness of {uy,(t,) := S(tn)n}, that is, we prove that for every
n > 0, the sequence {uy(t,)} has a finite covering of balls of radii less than
1. Given K > 0, denote

O ={z:|z| <K} and Q% ={z:|z|> K}.
Then by Lemma for the given n > 0, there exist K = K(n) > 0 and
T =T(n) > 0 such that for ¢t > T,
[un ()| L2525,y < -
Since t, — oo, there is Ny = Ni(n) > 0 such that ¢, > T for all n > Ny,
and hence we obtain, for all n > Ny,
(3.28) [un ()l 22(2g,) < -

Let ¢(-) € C=°(RY) be a function such that 0 < ¢((s) < 1 for any s > 0,
and
((s)=1 for0<s<1, ((s)=0 fors>2.
Furthermore, define (x(z) = ((|z|?/k%). Then {Cxun(t,)} belongs to

’H(l)(Qﬁk,a). By Lemma there exist C' > 0 and Ny > 0 such that
for all n > No,

1Crcun(tn)llai(2 g .00 < C-

By the compactness of the embedding Hé(ﬂﬂk,O‘) = D(l)(Qﬂk,a) —
LQ(Q\/%) (see [CM]), the sequence {(xun(tn)} is precompact in LQ(Qﬂk).
This in particular implies that {u,(t,)} is precompact in L?(2x). There-
fore, for the given 7 > 0, {u,(t,)} has a finite covering in L?(£2) of balls
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of radii less than 7, which along with (3.28|) shows that {u,(¢,)} has a fi-
nite covering in L2(R™) of balls of radii less than 7, and thus {u,(t,)} is
precompact in L2(RY). m

We are now ready to prove the existence of a global attractor for S(t) in
L2(RM).

THEOREM 3.6. Suppose (H*), (F) and (G) hold. Then the semigroup
S(t) generated by problem (1.1)) has a global attractor Az in L?(RN).

Proof. Denote
B ={u:||ul|p2mn) < R},

where R is the positive constant in the proof of Lemma [3.1} Then B is a
bounded absorbing set for S(¢) in L?(R™). In addition, S(t) is asymptotically
compact in L?(R%) since Lemma Thus, there exists a global attractor
Apz for S(t) in L2(RY). u

3.2. Existence of a global attractor in LP(R"). First, from Lemma
one can see that S(t) maps compact subsets of H3(RY, o) N LP(RY) to
bounded subsets of HS(RY, o) N LP(RY). Hence, by Theorem 3.2 in [ZYS],
we see that S(t) is norm-to-weak continuous on H(RY, o) N LP(RY).

To obtain the existence of a global attractor in LP(RY), we need the
following lemma, whose proof is very similar to the proof of Corollary 5.7 in
[ZYS], so we omit it.

LEMMA 3.7. Let {S(t)}+>0 be a norm-to-weak continuous semigroup on
LP(RY), and suppose it is continuous or weakly continuous on L*(RY), and
has a global attractor in L*(RN). Then {S(t)}i>0 has a global attractor in
LP(RN) if and only if

(i) {S(t)}i>0 has a bounded absorbing set in LP(RYN);

(ii) for any € > 0 and any bounded subset B of LP(RY), there emist
positive constants M = M (e, B) and T = T (¢, B) such that for any
ug € Bandt > 1T,

(3.29) | 1S (t)uolP da: < e,
RN (|S(t)uo|> M)

where RN (|S(t)ug| > M) := {x € RN : |(S(t)uo)(x)| > M}.

THEOREM 3.8. Assume (H>), (F) and (G) hold. Then the semigroup
S(t) generated by problem (1.1)) has a global attractor Ar» in LP(RY), that

is, App is compact, invariant in LP(RN) and attracts every bounded subset
of L>(RN) in the topology of LP(RY).
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Proof. We only need to show that {S(t)} satisfies condition (ii) in Lem-
ma Take M large enough such that aq|u|P~! < f(z,u) in
RY(u > M) := {z € RN s u(zx,t) > M},

and denote
u—M, u>M

(“_M)+:{0, w< M.

First, for any fixed € > 0, there exists 6 > 0 such that for any e ¢ RY with
m(e) < §, we have

(3.30) Vgl dz < e.

€

In RN (u > M) we see that

an

31 —MPL < —(u—M)P2 4 —|g?
B3 glu— AP S M
a1 —1y, 1p—1 1 2
< = — M)P p R
< L= 2Pl 5 o
and
(332)  J(ou)(u— MP > aglul~ - My
MP—2
> S = Ml o (u = M.
Multiplying equation (1.1]) by |[(u — M), [P~ and using (3.31), (3.32)), we
deduce that
2 d 2 p—2
il ML @n @san) + @—1) | o@IV(u—M)P(u— M de
RN (u>M)
+ A S (w — M)**~2 dx + a; MP~2 S (u— M)Pdzx
RN (u>M) RN (u>M)
1
<— | |glda
RN (u>M)
Therefore,
d

—2 2
&HU MHLp RN (u>M)) + CMP™|[u — MHLp (RN (u>M)) < CHQHL?(RN(uZM))-
By Gronwall’s inequality, we have for all M > M; and t > 17,

(3.33) | (w—Mydz<e.
RN (u>M)

Repeating the same step above, just taking (v + M)_ instead of (u — M)+,
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where
u+ M, u<-M,
M)_ = -
(u+ M) {0, u > —M,

we deduce that there exist Ms > 0 and 75 > 0 such that for any ¢ > T and
any M > M, we have

(3.34) | lw+M)Pde<e.
RN (u<—M)

Letting My = max{Mi, M} and T' = max{T1,T>}, we obtain

S (lu| = M)Pdx <e fort>T and M > M.

RN (Jul>M)
Using (3.33)) and (3.34), we have
| ulP da = V' ((ul = M)+ My d
RN (|u|>2M) RN (|u| >2M)
< 2?( | (u-mpdes | Mpd:n)
RN (|u[>2M) RN (|u|>2M)
< 2p( | u=mpde+ | (ul- M)pd:n)
RN (|u[>2M) RN (|u|>2M)
< optle,

This completes the proof. m

3.3. Existence of a global attractor in H}(RY, o) N LP(RY)

LEMMA 3.9. Suppose (H*°), (F) and (G) hold. Then the semigroup S(t)
is asymptotically compact in HY(RY o) N LP(RY).

Proof. Let B be a bounded subset in L?(R"). We will show that for
any {uo,} C B and t, — oo, {un(tn)} = {S(tn)uon} is precompact in
HYRY, o) N LP(RY). Thanks to Theorem we only need to show that
the sequence {uy,(t,)} is precompact in H}(RY, ). By Lemma we can
assume that {u,(t,)} is a Cauchy sequence in L?(RY). For any n,m > 1, it
follows from that

(3.35)  — div(0(2)V (un(tn) — tm(tm))) + Mtin(tn) — tm(tm))

1 (1) = F( (b)) = — () + )
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Multiplying (3.35)) by w,(tr) — wm(tm) and using (1.4) we get
(3.36) S o (2)|Vn (tn) — tm (tm)* dz + Nun(tn) — um(tm)H%Q(RN)

N
< June(tn) — Umt(tm)HL?(RN)Hun(tn) - um(tm)”LQ(RN)

+ O‘3Hun(tn) - um(tm)H%Q(Rz\r)-

By Lemma for any bounded subset B in L?(RY), there exists T = T(B)
such that for all ¢, > T,

[[ttnt (En) | 2wy < €,
which along with (3.36]) shows that, for all n,m > N,

S ()| Vn(tn) = tm(tm)|? dz + Alun(tn) — “m(tm)”%%ﬂ&f\’)
RN
< 2C|un(tn) — um(tm)HL?(RN) + as||lun(ts) — um(tm)H%?(RN)-

Hence, {u,(t,)} is a Cauchy sequence in HS(RY, o). u

THEOREM 3.10. Suppose (H*°), (F) and (G) hold. Then the semigroup
S(t) generated by problem (1.1)) has a global attractor Ay i H(RN, o)

LP(RN), that is, Asinre s compact, invariant in HY(RN, o) N LP(RY) and
attracts every bounded subset of L*(RN) in the topology of H{(RN, o) N
LP(RN).

Proof. By Lemma there exists a bounded absorbing set for S(t)
in H{(RY, o) N LP(RY). In addition, S(¢) is asymptotically compact in
H(RN, o) N LP(RY) since Lemma Thus, there exists a global attractor
for S(t) in HY(RN, o) N LP(RY). u

REMARK 3.1. The global attractors Aj2, Arr and Aﬂlm 1» Obtained in
Theorems 3.6} [3.8] and [3.10] are of course the same object, say A. In partic-
ular, A is a compact connected set in Hy(RY, o) N LP(RY).
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