BULLETIN OF THE POLISH
ACADEMY OF SCIENCES
MATHEMATICS
Vol. 62, No. 3, 2014

PARTIAL DIFFERENTIAL EQUATIONS

Finite-dimensional Pullback Attractors for
Non-autonomous Newton—Boussinesq Equations in Some
Two-dimensional Unbounded Domains
by

Cung The ANH and Dang Thanh SON

Presented by Jerzy ZABCZYK

Summary. We study the existence and long-time behavior of weak solutions to Newton—
Boussinesq equations in two-dimensional domains satisfying the Poincaré inequality. We
prove the existence of a unique minimal finite-dimensional pullback D,-attractor for the
process associated to the problem with respect to a large class of non-autonomous forcing
terms.

1. Introduction. Let {2 be an arbitrary (bounded or unbounded) do-
main in R? with boundary 942. In this paper we study the long-time behavior
of solutions to the following non-autonomous Newton—Boussinesq equations
in £2:

R,
Ow + w0y, w + V0, w = Aw — F&EIH + fxy,x9,1),
(].1) AW:W, uzwxgy ,U:_Wmlj
1
O + u0y, 0 + v0,,0 = FAH + g(x1, 29, 1),

where @ = (u,v) is the unknown velocity vector, 6 is the flow temperature of
the fluid at the point (x1,x2) € £2 and at time ¢ > 7, ¥ is the flow function,
w is the vortex; the positive constants P, and R, are the Prandtl number
and the Rayleigh number, respectively; f(z1,x2,t) is the external body force,
and g(x1,x2,t) is the external heat source.
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Notice that system ([1.1)) can be written as follows: for every z = (x1, x2)
eandt>rT,

ow R, 00
(1.2) AV = w,
a0 1

where the function J is given by
J(U, V) = UgyVg; — Ug, Vg
We consider system ([1.2]) with the following boundary conditions:
w(x,t) =0, VY(z,t)€ 02 x (1,00),
(1.3) O(z,t) =0, V(zx,t) € 0N x(1,00),
U(x,t) =0, Y(x,t)€ I x(1,00),
and the initial conditions
w(z,7) =wo(x), z €92,
O(x,7) =0p(x), x €.

The Newton—Boussinesq equations describe many physical phenomena
such as Bénard flow (see [4,[6]). If the domain under consideration is bounded,
the existence, uniqueness and the long-time behavior of solutions to system
(1.1) have been studied by several authors, in both the autonomous case
[5, 8, 9}, 10} 1T] and the non-autonomous case [16]. Note that in these works,
the compactness of the Sobolev embeddings, due to the boundedness of the
domain, plays an essential role. However, as fas as we know, there are no
results for problem (1.1) in unbounded domains, a more complicated case
due to the lack of compactness of the Sobolev embeddings.

The aim of this paper is to continue the study of the long-time behavior of
weak solutions to problem (|1.1)) in a two-dimensional channel-like domain (2.
More precisely, {2 can be an arbitrary (bounded and unbounded) open set
in R? without any regularity assumption on its boundary. The only assump-
tion is that the Poincaré inequality holds on it, i.e., there exists A\; > 0 such
that

1

(1.5) JloPde < = | Vo[ dz, Vo € Hy(£2).
0 Lo

Because the external forces f(x,t) and g(z,t) are time-dependent, to
study the long-time behavior of solutions we will use the theory of pullback
attractors. This is a natural generalization of the theory of global attractors
for autonomous dynamical systems and allows considering a number of dif-
ferent problems for non-autonomous dynamical systems with a large class of
non-autonomous forcing terms (see the recent monograph [3]). Note that the

(1.4)
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unboundedness of {2 introduces a major difficulty for proving the existence
of a pullback attractor because the Sobolev embeddings are no longer com-
pact, and hence the pulback asymptotic compactness of the process cannot
be obtained by a standard method as in [16]. To overcome this difficulty,
we exploit the energy equation method introduced by Ball [I] to prove the
pullback asymptotic compactness of the process, and as a result, the exis-
tence of a pullback attractor. Such an approach has been used to prove the
existence of pullback attractors for non-autonomous 2D Navier—Stokes equa-
tions in some unbounded domains [2]. Finally, following the general lines of
the approach in [I3], we show that the pullback attractor has a finite fractal
dimension under some additional conditions. The results obtained, in par-
ticular, improve and extend all known results about attractors for the 2D
Newton—Boussinesq equations. Notice that in the autonomous case, to over-
come the difficulty due to the unboundedness of the domain, the authors
of [7] used another approach based on the tail estimates method introduced
by Wang [I8]. It is worth noticing that the estimate of fractal dimension of
the attractor obtained here is new even in the autonomous case.

The paper is organized as follows. In Section 2, for the convenience of
the reader, we recall the mathematical framework which is necessary to set
up the problem, and abstract results on the existence and fractal dimen-
sion of pullback attractors. In Section 3, we give the proof of existence and
uniqueness of weak solutions. In Section 4, we prove the existence of a pull-
back D,-attractor for the associated process by using the energy equation
method. In the last section, we estimate the fractal dimension of the pullback
Ds-attractor.

2. Preliminary results

2.1. Function spaces and operators. We now recall several function
spaces and operators necessary to write the problem (1.1]) in its variational
formulation. Let

V= H}(2) x H (), H=L*N)x L*N).
Due to (L.5)), the inner product and norm in H}(£2) are given by
(w,@) = | Vw-Vadr, VYw,oe Hj(2),
2
o]l = ((w,w))*/2, Vw € Hy(£2).

Abusing notation for simplicity, we define the inner product and norm in V'
by

((Z,Z)) = ((w,d;)) +7((979~))’ Vz = (w,@),é = ((Daé) ev,
21l = ((z,2))"2, Vz eV,
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where
RQ
> .
= P\
This constant «y is chosen so that an operator to be defined later (related to
the linear part of the system) is coercive under the norm defined. Moreover,
the choice of v makes the two terms in the definition of the inner product in
V' dimensionally consistent in physical units.
We define the inner product and norm in H by
(2,2) = (W, @) +7(0,0), Vz=(w,0),z=(0,0) € H,
2| = (z,2)'/?, Vz e H.
It follows from (1.5)) that for all w,d € H} we have

(2.1)

1 1
2.2 2 < wl? 1012 < —10]%
(2.2) |w]® < /\IHWH , 107 < /\1H |

Applying Riesz’s representation theorem, we can identify the dual space H’
with H, obtaining V' € H = H' C V’, where the injections are continuous
and each space is dense in the following ones.

Let us define a bilinear form a : V xV — R, and the corresponding linear
operator A:V — V' by

a(z,z2) = (Az, Z)yr v S Vw-Vadr + 7P S V- Vo dz.
Q

The operator A is clearly linear from V into V', and the bilinear form a is
coercive since

1 1
(2.3) min(l, P) 1212 < a(z, 2) = (Az, 2)vry < max(l, P) ll2]12.

T T
Let us define b : (H> N H}) x V x V — R, and B(z) = B(¥?,z), the
associated bilinear operator B : (H>N HE) x V — V', by

bW, 2,2) = (B(P*,2),2) = | JW",w)ddr +v | J(0*,0)0 da,

(9 2
where AV? = w. It is easy to check that if ¥ € H? N H&, z,Z € V, then
(2.4) b(W?, z,2) = =b(W*, 2, 2).
Hence
(2.5) b(¥*, z,z) =0.

The following result is well-known.

LeEMMA 2.1 (Ladyzhenskaya’s inequality). For any open set 2 C R?, we
have

1
(2.6) Il < G ll0ll ko) IVOllkay Vo € H(12).
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Using Lemma and the Poincaré inequality ((1.5)), we deduce from (2.6
that

1\ /A
@0 ol < (55 ) 196l v HY@),

LEMMA 2.2. For any open set 2 C R? and ¥* € H?>N H&, z,Z2 €V we
have

b(#*, 2, 2)| < Clz] [|2]| [|2]],
where C' is a positive constant.

Proof. It is obvious that

1, . ~ ; .
(2.8) E(HWH +72181) < 1Bl + 718112 = |21

By using the Holder inequality and (2.7)) we obtain

|| @gead do| < 1951 s eall 2| o
02

< ClA| g2 flwl @] < Clel [l ]

Thus
1
Jkpz,wd)dw)g—(}’z z|| ||
!Sz( ) 7 2] 2] [l
Similarly,
z 0 1 z 0 1 — z 0
| {702 0)0 o] < —=C0 e 01101 < 50240 ] 0]

Q \/5

1 -
—Cy Y w 0| < —=C~v 22| ||| ||6]].
\f w211 1161] 7 2] |21 111]

Hence

(&%, 2, 2)| < —=Cla |2l (I +~"/|16]).

V2
Using we get the desired result. m
Applying and Lemma we see that
(2.9) (B(¥*, 2), z)vr,v =0,
(2.10) IB(2)llv: < Clzl[lz], VzeV.

2.2. Pullback attractors. Let (X, d) be a metric space. For A, B C X,
we define the Hausdorff semidistance between A and B by

dist(A, B) := sup 1nf d(a,b).
acAb
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A process on X is a two-parameter family {Z(¢,7)} of mappings in X
with the following properties:

Z(t,r)Z(r,7)=Z(t,7) forallt>r>r,
Z(r,7)=1d for all 7 € R.

Suppose that B(X) is the family of all non-empty bounded subsets of X,
and D is a non-empty class of parameterized sets D = {D(t) : t € R} C
B(X).

DEFINITION 2.1. The process {Z(t,7)} is said to be pullback D-asymp-
totically compact if for any t € R, any D € D, any sequence 7, — —00, and
any sequence x, € D(7,), the sequence {Z(t, 7,)xn }n is relatively compact
in X.

DEFINITION 2.2. A family B = {B(t) : t € R} € D of bounded sets
is called pullback D-absorbing for the process Z(t,T) if for any t € R and
D € D, there exists 19 = 70(D, t) < t such that

U z(t,7)D(r) c B(1).

7<70

DEFINITION 2.3. A family A = {A(¢) : t € R} € B(X) is said to be a
pullback D-attractor for {Z(t, )} if:

(i) A(t) is compact for all t € R;
(ii) A is invariant, i.e., Z(t,7)A(7) = A(t) for all t > 7;
(iii) A is pullback D-attracting, i.e.,

lim _dist(Z(t, 7)D(r), A(t)) =0 for all DeDandteR;

(iv) if {C(t) : t € R} is another family of closed attracting sets then
A(t) C C(t) for all t € R.

THEOREM 2.1 (|2]). Let {Z(t,7)} be a continuous process such that
{Z(t, )} is pullback D-asymptotically compact. If there exists a pullback D-
absorbing family B = {B(t) : t € R} € D, then {Z(t,7)} has a unique
pullback D-attractor A= {A(t) : t € R} and

A = U 2(s,7)B(r).

s<tT<s

We now recall from [I3] some estimates of the fractal dimension of pull-
back attractors.

Let H be a separable real Hilbert space. Given a compact set K C H,
and ¢ > 0, we denote by N.(K) the minimum number of open balls in H
with radius € that are necessary to cover K.
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DEFINITION 2.4. For any non-empty compact set K C H, the fractal

dimension of K is the number
dp(K) = limsup M.
el0 log(l/ 5)

Consider a separable real Hilbert space V' C H such that the injection of
V in H is continuous, and V is dense in H. We identify H with its topological
dual H’, and we consider V as a subspace of H', identifying n € V with the
element f, € H' defined by

fo(h) = (n,h), heH.

Let F': V x R — V' be a given family of non-linear operators such that,
for all 7 € R and any zy € H, there exists a unique function z(t) = z(¢; 7, o)
satisfying

ze L*(r,T;V)NC([r,T); H),
F(z("),") € LY7,T; V') forall T > T,

(2.11) dz
i F(z(t),t), t>r,
2(T) = 2p.

Let us define
Z(t,m)z0 = z(t;1,20), T<t, 2z € H.

Fix T* € R. We assume that there exists a family {A(¢t) : t < T%} of
non-empty compact subsets of H with the invariance property

Z(t,T)A(t) = A(t) forall 7 <t<T",

and such that, for all 7 < ¢ < T* and any 2y € A(7), there exists a continuous
linear operator L(¢; 7, 29) € L(H) such that

(2.12) | Z(t,7)Z0—Z(t,T)z0—L(t; T, 20)(Z0—20)| < x(t—7,|Z0—20|)|Z0— 20|

for all zy € A(7), where x : RT x RT — R™T is a function such that x(s,-) is
non-decreasing for all s > 0, and

(2.13) lim x(s,7) =0 for any s > 0.
r—0
We assume that, for all ¢ < 7™, the mapping F'(-,t) is Gateaux differ-
entiable in V', i.e., for any z € V there exists a continuous linear operator
F'(z,t) € L(V; V') such that
1
lil% —[F(z +en,t) — F(z,t) —eF'(z,t)n) =0 in V"
c—0 €
Moreover, we suppose that the mapping
F':V x (=00, T*] 3 (2,t) = F'(2,t) € L(V; V')

is continuous (thus, in particular, for each ¢ < T*, the mapping F(-,t) is
continuously Fréchet differentiable in V).
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Then, for all 7 < T* and 29,m0 € H, there exists a unique 7n(t) =
n(t; T, z0,Mo) which is a solution of
neLl(r,T;V)NC(r,T); H) forallT <T <T*,
dn

E:F/(Z(t,T)Zo,t)’r], T<t<T*a

n(t) = no.
We make the assumption that
(2.14) n(t; T, z0,m0) = L(t;7,20)n0 for all 7 <t < T™, z9,m9 € A(T).

Let us write, for m =1,2,...,

T

1
Gmn = limsup sup = S Tr,, (F’(Z(s,T —T)zo, s)) ds,
T—o0 20€A(r—T) T T
where
T (F(Z(5,7 = T)2005) = swp S (F'(Z(s,7 — T)zo, )i, 01),

nyeH, |n§|<1,i<m ;—|
{¢i}i=1,..m being an orthonormal basis of the subspace in H spanned by

n(s;7,20,m8)s - - (85T, 20, NHY).
THEOREM 2.2 (|13, Theorem 2.2|). Under the assumptions above, sup-
pose that
U A(T) is relatively compact in H,
T<T*

and there exist ¢y, m =1,2,..., such that

Gm < qm  for anym > 1,

Ino > 0, gng+1 <0 for some ng > 1,

am < Gng + (Gng — Gno+1)(no —m)  forallm=1,2,....

Then
Ang

dp(A(1)) < dp:=ng+ ————
dng — 4no+1

for all T < T,

3. Existence and uniqueness of weak solutions. We define r :
V x V — R and the associated linear operator R : V — V' by

r(2,5) = (B2, 5) — %(em,a;).

r

By (2.1), and the Holder and Poincaré inequalities, we have

R, - R, -
e 0n,8)| < ] <

r

16l @l <

R, 1 -
W \/7]7”2’” 21|
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Hence we obtain

(3.1) Ir(z, 2)] <

and ||Rz||y <

1
VB
(R; H=1(£2)). Then it

\ﬁ

We assume that f € L2 (R; H~(£2)) and g € L?
is easy to see that & = (f,g) € L (R; V), and

(3.2) (D, 2)vr v = <faW>H—1,H3 + (g, 0>H_1’H01 for a.e. t € R.
We define e : V- — R by e(z) = (@, z)y v It is obvious that
le(2)] = (@, 2)[ < [|9]|v-[|=]].
We now consider the following weak formulation of problem 7.
PROBLEM. For zp € H given, find z = (w,#) such that
z € L3(1,T; V)N L®(1,T; H),
z,Z2)+ta(z,2) +r(z,2) + b(¥? z,2) = e(Z),
Vz eV, for a.e. t,

loc

(3.3) dt(

z(1) = 2.
Equation is equivalent to the functional equation in V”,
ze€ L*(r, T;V)N L>(7,T; H),
(3.4) 2+ (A+R)z+ B(z) =% inV’/, for a.e. t,
z(1) = 2o,
where 2’ = (dw/dt,df/dt).
In order to prove the existence of global solutions, we first show that

A+ R is V-elliptic. More precisely, we will prove that there exists 6 > 0 such
that

(35) ((A+ R2.2) 2 8 (JulP + 151017 )
This implies that there exists ¢’ > 0 such that
(A+ R)z,2) > &) z||.

LEMMA 3.1. The operator A+ R satisfies (3.5)) with some positive num-
ber 0.

Proof. From (2-1)), Ra/(v/21 P) < (vP1)1/2. Using this and the Poincaré
inequality ([1.5) . we obtain

Ra

Pr

R,
(Gxuw)‘ < 5 N0a | o] < O[] [je]

R,
V )\1 P'r
< el + P70
i 2 .




274 C. T. Anh and D. T. Son

From the definition of R and the inequality above we have

1 2 i 2
= < — - .
Rz, 2] = Iz )1 < 5 (ol + 16017

Using the definition of A, the definition of ||z|| and the inequality above we
obtain

1 gl
> 2 l 2 _ > — 2 — 2_
(A+ Bz 2) 2 ol + 5[] \@am_zow\+ﬂwu)

Hence we can choose, for instance, § = 1/2. =

We are now ready to prove the existence of a weak solution to problem
(3-3)-
THEOREM 3.1. Let f € L2 (R;H Y(2)) and g € L2 (R;H 1(£2)).

Then for any zo € H, 7 € R, lczzcnd T > 1, there exists alz(;lique solution
z € L*(1,T; V)N L>=(1,T; H) of problem (3.4). Moreover, z € C([r,T); H)
and

t

[ e l10(s) 2 ds,

—0o0

e—at

¢

(3.6) 12()]? < e ) 2] +

where 0 = (A1 and ¢ = dmin(1,1/P,).

Proof. (i) Ezistence. From (3.5) we see that A + R is V-elliptic. The
existence of a weak solution on (7,7") is based on Galerkin approximations,
a priori estimates, and the compactness method. As it is standard and similar
to the case of the Navier—Stokes equations [17], we only provide some basic
a priori estimates used frequently later.

Now we determine an energy equation for the solution. We define a sym-

metric bilinear form [-,-] : V' x V' — R by
A
.1) 22 = (A+ B)z2) - 510, Vazel,

where ( is defined as

(3.8) (= 5min<1, ;),

T

and where ¢ is given by (3.5)), the V-ellipticity condition.
From (3.1)) and the definition of A we have

(2, 2] + %Hz\? — (A4 R)z2) < (max(l,é) 4 )HZH?

(3.9) szhdst{,é)+jéﬁﬁ?
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Let z = (w, d). From the definition of |z | and (2.2) we have

CA1, 9 QA1 o 2 Chi2
7|Z| 5 2 (lwl® +416%) < (HWH +y00)1?) = §HZH -

Using this, (3.5 and (3.8) we obtain
(3.10) 212 2 Cll=|I? ~
Putting together (3.9) and (3.10) we obtain

(3.11) %”ZH2 <[2]? < <max<1,é> + \/%>HZ||2, VzeV.

Thus, [-,-] defines an inner product in V' with norm [-] = [-,-]'/? equivalent
to -]

Now let z(t) = (w(t),6(t)) be a solution given by Theorem Since
z=(w,0) € L*(1,T;V) and 2/ = (', ') € LQ( T; V'), we have

P > S
el

5 %|W|2 = <w/,w)H_1’H6 and 5 £|0|2 <0/ 9>H_1,H01'
Using (3.2)) we have
1d 2 1d 2 2 / / !
2 dt’ ‘ 5 %(‘w’ +’7’0| ) = <w 7w>H*1,H6 +’7<0 79>H*1,Hé - <Z 7Z>V’,V-
So from (3.4]) and we obtain
1 d
: dt|z‘2 (A+R)z.2) = (8.2)

From the definition of the norm [-] given by (3.7) we deduce that
d
(3.12) £|212+Q1\zy2+2[z]2 = 2(d, 2).

Using the equivalence of norms given by (3.11]) and the Cauchy inequality,
we obtain

d 2 ¢
—l2l* + Oulal® + (2 ]” < EH@SH%/ + sl

and hence J ¢ 5
2 2 2
pri i s EH@HV“
Let T > 7 be arbitrary. Integrating both sides of the above inequality
from 7 to T, we get

T
¢ 2
() + 9 Jllz(s)11% ds < [z0f* + EHQSH%Z(T,T;V/)'

T

This inequality implies estimates of z in the function space L?(7,T;V) N
L>(r,T; H).
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Since z € L?(1,T;V), (3.4) implies that 2’ € L?(r,T;V’). Hence, z €
C([r,T]; H).

(ii) Uniqueness and continuous dependence. Assume that 2! and 22 are
two weak solutions of (3.3) with initial data z{,23. Set w = 2! — 22 and
gv = PF WZ2, where AU* = w! and AW?" = w2, Then w € L2(r,T; V)N
L>°(7,T; H), and w satisfies
d
Zw T (At Rjw = BW* %) — B(W*

w(T) = 2 — 2.
We deduce that
d
ol + 2w’ = —Csfwl® + 2(0*, 22, w) — 26(W*, 2", w)
= —(\|w? = 26(FY, 2 w).
By Lemma [2.2] we have

02
|=26(", 21, w)| < 2Cw| (|| [Jw]| < ¢Jlw]® + T!w|2||21\|2-

Hence )
d, 9 C* 12 2
— < A — .
il < (4 A )!wl

Applying the Gronwall inequality, we obtain
t

o < oo ([0 + S ds).

T

The last estimate implies the uniqueness (if zj = 22) and the continuous
dependence of solutions on the intial data.

(iii) The a priori estimate (3.6)). Applying the Cauchy inequality in (3.12)

we get
d 1
217 Qula + (le))” < EII@II%/ + ¢zl

By the Gronwall inequality, we obtain (3.6]). Hence it follows that the solution
z can be extended to [1,00). =

4. Existence of a pullback D,-attractor. Thanks to Theorem [3.1]
we can define a continuous process Z(t,7) in H by
Z(t,m)z0 = 2(t;7,20), T<t, 20€H,
where z(t) = z(t; 7, z0) is the unique weak solution to problem ({3.4]) with the
initial datum z(7) = zp.
The following lemma shows the weak continuity of the process Z(t, 7).
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LEMMA 4.1. Let {20, }n be a sequence in H converging weakly in H to
an element zy € H. Then

(4.1) Z(t,T)z0, — Z(t,T)z0 weakly in H for allt > T,
(4.2) Z(-,T)z0, — Z(-,7)20  weakly in L*(1,T;V) for all T > .

Proof. The proof is similar to that of Lemma 2.1 in [15], so it is omitted
here. »

Let Ry be the set of all functions r : R — (0, 00) such that

lim e7'r%(t) = 0,

——00
and denote by D, the class of all families D = {D(t) : t € R} € B(H) such
that D(t) C B(0,7(t)) for some 7(t) € R,, where B(0,7) denotes the closed
ball in H, centered at zero with radius 7.

Now, in order to prove the existence of a pullback D, -attractor for the
process {Z(t,7)} we assume that ® = (f,g) € L% (R;V’) and
t
(4.3) | (s} ds < oo forallt R,
—0o0

where 0 = (A1 and ¢ = dmin(1,1/F,).

THEOREM 4.1. Under the conditions of Theorem and (4.3)), there
erists a unique pullback Dy-attractor A = {A(t) : t € R} for the process

{Z(t,7)} associated to problem (3.4]).
Proof. Let 7 € R and 29 € H be fixed, and denote
2(t) = 2(t;7,20) = Z(t,7)z0 for all t > 7.

In order to apply Theorem [2.1 we will check the conditions in the abstract
theorem.

(i) The process Z(t,T) has a pullback Dy-absorbing family of sets. Let
De D,. From we have

—_ot U

€ g8
c | emlie(s)II ds

for all zgp € D(7) and all t > 7. Define R,(t) € R, by

(4.4) |Z(t, )20 < e ¢ p2(7) 4

26—0't

¢

and consider the family By of closed balls in H defined by B, (t) = B(0, Ry(1)).
It is straightforward to check that B, € D, and moreover, by |D and 1}
the family B, is pullback D,-absorbing for the process Z(t, 7).

t
| elle(s)3 ds,

—00

(4.5) R2(t) =
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(ii) Z(t, ) is pullback Dy-asymptotically compact. Fix D € D,, a se-
quence 7, — —00, a sequence zg, € D(7,) and ¢t € R. We must prove
that from the sequence {Z(t,7,)z0, }n We can extract a subsequence that
converges in H.

As the family B, is pullback D,-absorbing, for each integer k£ > 0, there
exists a 7 (k) <t — k such that

(4.6) Z(t —k,7)D(1) C By(t — k) for all 7 < 75(k),
so that for 7, < 75 (k),
Z(t — k, )20, C Bs(t — k).
Thus, {Z(t — k, )20, }n is weakly precompact in H and since B, (t — k) is

closed and convex, there exists a subsequence {7, ZOn/}n’ C {7n, 20, }n and
a sequence {wy : k > 0} C H such that for all £k > 0,wy € B,(t — k), and
(4.7) Z(t — k)20, — wg weakly in H.

Note that from the weak continuity of Z(t, 7) established in Lemma
we get

wo = limfv Z(t, Tw)Z0,, = lim™v Z(t,t — k) Z(t — k, )20,

n/—o00 n/—o00

= Z(t,t — k) Gm™ Z(t — k,70)20 , = Z(t,t — k)wg,

n/—o00
where lim* denotes the limit taken in the weak topology of H. Thus,
(4.8) Z(t,t — k)wg, =wp for all k£ > 0.
Now, from (4.7), by the lower semicontinuity of the norm, we have

lwo| < liminf |Z(t, 7)20.,|.
n’— o0 "

If we now prove that also

(4.9) limsup |Z(¢, 7w )z0,,| < |wol,
n/—o0

then we will have

m |Z(¢,70)20,,| = |wol,
n'—oo

and this, together with the weak convergence, will imply the strong conver-
gence in H of Z(t,7,)z0,, to wo.
Now, from (3.12)) we get
t
20 < e 7Dz + 2§ e ((B(s), 2(s)) — [2(s)]%) ds,

T

which can be written as
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(4.10) (2t )20l < 7T |z + 2| 7T ((@(s), 2(s)) — [2(5)]?) ds

T

for all 7 <t and all zg € H. Thus, for all £ > 0 and all 7,y <t — k,

(411) | Z(t,mw)20,, > = |Z(t,t — k) Z(t — k, )20, |?
< e_gk‘Z(t - ka Tn/)zon/ |2
t
+2 | e?CTNDB(s), Z(s,t — k) Z(t — k, )20, ) ds
t—k
t
—2 | "2 (s,t — k) Z(t — k, )20, )7 ds.
t—k
We now estimate each of the three terms above.
By @.6), Z(t — k,7)z0,, € By(t — k) for all 7,y < 7p(k), k>0, and we
have
(4.12) limsupe % Z(t, )20, |> < e "FR2(t — k), k>0.
n/—o00 "
This takes care of the first term in (4.11)).
As Z(t — k, T )20,, — wy, weakly in H, from Lemma we obtain

(4.13) Z(,t—k)Z(t—k,7p)z0,, = Z(-,t — k)wy, weakly in L*(t — k,t; V).

Taking into account that, in particular, e”(s_t)éﬁ(s) € L2(t — k,t; V'), from

(.13) we get

t
(4.14)  lim | e"C7Nd(s), Z(s,t — k) Z(t — k, 7w )20, ) ds
n—)oot_k .
= | e"CN@(s), Z(s,t — k)wy) ds.

t—k
This takes care of the second term in (4.11]).
From (3.11)) the norm [-] is equivalent to || - || in V. Also
D<e <Gt <1 Vse [t — k,t],

and therefore
t

< S efa(tfs)[_]Q ds>

t—k

1/2

is a norm in L?(t — k,t; V) equivalent to the usual norm. Hence from (4.13)
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we deduce that

t
S e’V Z(s,t — k)wg)? ds

t—k
t

< lim inf | 7D Z(s,t — k) Z(t — b, 7) 20, )" ds.
t—k
Hence
t

(4.15)  limsup —2 S 7D Z(s,t — k) Z(t — k, )20, )% ds

n/—o0 —k
t
= —liminf 2 S e’ Z(s,t — k) Z(t — k, )20, ds

n’—o0 ek
t
< -2 S e? [ Z(s,t — k)wy)? ds.
t—k
This takes care of the last term in .

We can now pass to the limsup as n’ — oo in (4.11]), and take (4.12)),
(4.14) and (4.15) into account to obtain

(4.16)  limsup |Z(t,7u)20,, 2 <e "FR2(t — k)
n’/—o0
t
+2 | eI ((@(s), Z(s,t — k)wp) — [Z(s,t — k)uy]?) ds.
t—k
On the other hand, from (4.10)) applied to (4.8]) we find that
wo| =12 (¢, t — k)wg|?
t
= |wg|?e " 42 S e"(sft)(@(s), Z(s,t — k)wg) — [Z(s,t — k)wy]?) ds.
t—k
From (4.15) and (4.16|), we have

limsup | Z (¢, 7020, > < e~ FR2(t — k) + |wol? — Juwy[2e=*
n’/—o00 "

< eTTRY(t— k) + Juwof?,
and thus, taking into account that

2 —ot 1=k
e FR2(t — k) = GC S 75| D(s)|3 ds — 0 as k — oo,

—0o0

we easily obtain (4.9)) from the last inequality. m
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5. Fractal dimension estimates of the pullback D,-attractor. Ob-
serve that problem ({3.4) can be written in the form (2.11]) by taking

F(z,t) = —Az(t) — Rz(t) — Bz(t) + D(t).

Then it follows immediately that for all ¢ € R, the mapping F'(+, t) is Gateaux
differentiable in V' with

F’(z,t)n:—An—Rn—B(LPZ,n)—B(W”,z), Z,UEV,
and the mapping F’' : V x R 3 (z,t) — F'(2,t) € L(V;V’) is continuous.

Evidently, for any 7 € R and zg,7n9 € H, there exists a unique solution
n(t) = n(t; T, z0,m0) of the problem

n € L¥r, T, V)N L=(r; Ty H),

(5.1) % = —(A+ R)p— B(W*,n) — B(¥",2), T<t,
n(t) = no.

From now on, besides ® = (f, g) € L2 .(R; V'), we suppose that

(5.2) frg € L®(—o0, T*; H~1(£2)) for some T* € R.

Thus, ® € L2 _(R; V') N L>®(—o0, T*; V).

LEMMA 5.1. Under the conditions of Theorem and (5.2)), the pullback
Dy-attractor A = {A(t) : t € R} obtained in Theorem satisfies:

(5.3) U A(T) is relatively compact in H.
T<T*
Proof. Denoting M = HQPH%N(_OO 7vry from (4.5) we have
2Me 7t ¢ 2M
R2(t) < e’ ds = —,
w21 =

and consequently

B* = U B, (1) is bounded in H,
T<T*

where B, (1) = B(0, Ry (T)).

Denote by M the set of all y € H such that there exists a sequence
{tn, Tn}n C R? satisfying

T <th <T* n>1, lim (t, — 7,) = o0,
n—oo

and a sequence {zo, }», C B* such that lim,_, |Z(¢, )20, —y| = 0.

It is easy to see that A(t) C M for all ¢ < T*. If we prove that M is
relatively compact in H, then follows immediately.

Let {yx}r C M. For each k > 1, we can take (t, 1) € R? and an element
20, € B* such that t, < T*, ty —7; > k and |Z(tg, 7x)20, — yx| < 1/k. Using
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(5.2)), by arguments as in [I3, Proposition 3.4|, we can extract from {yx}x
a subsequence that converges in H. u

LEMMA 5.2. Under the conditions of Theorem and (5.2)), the process
Z(t,T) associated to problem (3.4]) has the quasidifferentiability properties

R12)-@19), with n(t) = n(t; 7, 70, m0) defined by (5.1).
Proof. By (5.2) and Lemma there exists a constant C' > 1 such that

¢
(54) Pl e (—oore1r) <

DX |22 < C forall 2y € U A(r).

T<T*
Fix 7 < T* and 20,20 € A(7), denote z(t) = Z(t,7)zp and z(t) =
Z(t,T)Zp, and let n(t) be the solution of (5.1)) with 79 = Zy — 2o.
From (3.12)) we easily find that

t 9 t
(5:5) =) + g§HZ(8)H2 ds < |z0f* + CSFH@(S)H%/’ ds.

Taking into account (|5.4)), we easily deduce from (/5.5| that
‘ 20
(5.6) Vllz(s)? ds < T(1+t—7) for all 7 < t < T*.

Denoting

we have
ol + 20u? = ~Culuf + 2, 2, w) — (P, 2,0)
= —C\|w]? = 26(WY, 2, w).
By Lemma we have

w ¢ 2C?
=26(8”, 2, 0)] < 2Clu 2] ] < Gl + 2ol
Hence
2 2
(5.7 10 + Sl < (o + 25 1a1P P

In particular
t

W) < w(r)P exp (S (cn+ 22 o) as).

Thus, by using (5.6]),
(5.8) lw(t)? < |w(r)]Pexp(K(1+t—7)) forallT<t<TH
where K = max(4C3/¢? + ¢\, 1).
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Now from and (| we have
¢t 5 P 2C" p p
ggl\w( s)|I7ds < fw(r)[" + C/\1+7|| (S ) |w(s)|" ds

< |w(r

)
2
(C + QH )Il2> w()|* exp[K(1+ s —7)] ds

< |w<¢>|2[1 +opl( e -] §(on + 2% et I ) as).

T

Hence

t
(5.9) g [ ()12 ds < [w(r)[1 + K1+t — ) exp[K (1 + ¢ — 7)]]
' < w1+ K1 +t—7))]exp[K(1+t—7)]
< |w(r)|? exp[2K (1 +t — 7)].
Let a(t) be defined by
alt) = 3() — =(t) — n(t) = w(t) — (1), t>7.
Evidently, «(t) satisfies
a€ L*(r,T;V)NC([r,T); H) for all T > 7,

‘ClTOt‘ — (A4 R)a— B(F%,2) + B(F*, 2) + B n) + BU",2), t>r,
a(t) =0.

It is easy to see that

—B(W,2) + B(P*,z) + B(W*,n) + B(¥", 2)
= —B(¥*,a) — B(¥*,z) — B(W", w),

and consequently, for all t > 7,

d

Zla? + Clloll* = =Chlaf® = 26(27, 2, ) = 26(2", w, a)
< alof + 2009 | 22l el + 2C 19 ||z o]l [l
< Culal +2Cal ||z [l +2C ] [[w]| [lo

C? ¢ 20?2
+ = ozl + S llall* + TIw\QHwH2

¢

202 202
< Cllal®+ (CM + TII ||2) af® + T\wl2llwllz-

¢
< Culaf® + S flalf?
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Using the Gronwall inequality, we have

13 2 3 2
()] < exp [g (@1 ; fuz<s>n2) ds} 2% jw(s) Pl (s) 2 ds.

¢
From ([5.8) we obtain
2 t
9 20 2 2
la(t)]” < N w(r)? exp2K (1 +t —7)] | lw(s)| ds.
T
Plugging (5.9) into the last estimate, we get

2
() < ‘f; jw(r)|* exp[K (1 + £ — 7],

ie., (2.12)—(2.14) hold with
2
(o) = 2T expl2A (14 ),
where K > 1. =

We now prove the main result in this section.

THEOREM 5.1. Assume the conditions of Theorem (3 u and . ) hold.
Then the pullback D, attmctor A = {A(t) : t € R} of the process Z(t,T)
associated to problem (3.4) satisfies

dF(A(T))gmax{l 8AF, }

’ 5)\1(1 + PT)
where A is given in (5.20) below.

Proof. In order to estimate the number G, let 29 € A and &1, ..., &m
€ H. Set 2(t) = Z(t,7)zo and 0;(t) = L(t; 7, 20)&,t > 7. Let {Gi}i1,..m be
orthonormal in L2(£2), with A = ¢;. Let {(¢(t)/Mi, i(t)) }ie 1ms t 2 T,
be a basis for span{n; (), ..., 7m(t)} and {¢;(t)/\i }i=1.. m Niyi=1,...,m,

are the first m eigenvalues of the operator A) and {1/}1 t)}i=1,...m are or-
thonormal in L2(2). Let us define

b J’i)
Aiv2 V29
An easy computation shows that {y;}i=1.. m is orthonormal in H. Since

ni(t) € V for a.e. t > 7, we can assume that ¢;(t) € V for a.e. t > 7 (by the
Gram—Schmidt orthogonalization process).

i = (1, ) = <
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From , and , we have

(5.10)  Tr,(F'(Z(s,7)20,5)) = Z(F'(Z(s, T)20, S)Pi, Pi) V'V
i=1

Il
.MS

@
Il
—

(—(A+ R)p; — B(W?, ;) — B(W#,2), 0i) vy

NE

v )
(1 + 1l ) + 162 2. 0)
1 T

for a.e. s > 7. Now let

i(m + T luia)?).

From the definition of ¢>i and 1/}2- we observe that

m 7 . 2 ~
o) =5 3 (125 ).

=1

The generalized Lieb—Thirring inequality (see [12, Corollary 2.1]) can be
applied to the finite orthonormal families {¢; /A; }; and {¢); };. This guarantees
the existence of a constant p independent of the number m of functions (but
depending on the shape of §2) such that

o2
> w7, )
i=1

(5.11) HLz_Q(E:(fz)
}mj L+ L2 = }mj Iill2 + —- [l i)
P )\22 7 Pr 2 _Mi:1 7 Pr 1 .

i=1
Moreover, setting g(z) = Y.It; |[V¥¥|?, we can also apply the general-
ized Lieb—Thirring inequality to the orthonormal family {\;¥%¥i};, to ob-
tain

L
L2 PT

w\t

m Az

612 (@@ de<udy | 12900, QZwt 3Z||¢Z||2
p] i=1 Z )\ A

We have
=1

i) V J(@%, w)gs da dy + | T(##,0)¢h; da dy|.
=1 2 0
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We now estimate the first term on the right hand Side of . By using

the Cauchy—Schwarz, Hélder and Cauchy inequalities, and -, we
obtain

(5.14) Z’ | 7@, W), dm‘ <3 (Vo] [Vl 6] do
=1 2 =1 2

< S IVwlq?(2)p"/?(2) do < |Vw| 2 (S q(z)p(x) dx) is
1%} 2

Vw2 2 2 1/2
< — (z)dx + () dx
N ((qu (S}p )

m

1/2 m 1/2
G CRP USSR

1 1)
< L0 Ll + Z(muﬂmn?)

=1
Similarly for the second term on the right hand side of (5.13|) we have

(5.15) 'y‘z J(@¥,0 w,dx‘<yzgval‘|\vey|¢i|d@~
02

j

1/2
< V2P 9010 2 (@) 2 (@) da < 7MY V0] (§ a(@)p(a) do) /
[0
1/2
< ‘VH‘B’YUQP?}M(S 2 (x) dz + S 22 () da:)
ﬂ n 0
( )1/2 1/4 -3 - 2 g % 2 12
< PO (O +1)Z||¢>Z-|r + 25 > il
V2 ) T i=1
<1 i
< LRI 00 4 )62 + 42(%“2 Lhwt?).

It follows from (5.14)) and ( - ) that

| 1y
(5.16) Z %, 2, 00| < Su6~ (A + 2)(lw]” + VP 2)0]%)

=1
§ 2 Y 112
#5210+ )

We recall that the dependence on s has been omitted and in fact z =
z(s,z), p = p(s,x), etc. Using this inequality in (5.10) we obtain
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(517)  Trn(F'(Z(s,7)20,5)) < 58 A7 + 2)(|wl|* +~PY)|60])

1
2
J < 12 2

3ol + Fo1wl?),

Since {¢;}i=1,...m is orthonormal in H, |32 = ~|wi|? = 1/2. Using this and
the Poincaré inequality (|1.5)) in (5.17]) we have

1 oA
T (F(2(5,7)20,9)) < 508~ O+ (wlP 492201 -m 23 (1),
Hence
o 1ot :
Gm = limsup sup — S Trm(F (Z(S,T—T)zo,s)) ds
T—oo z€A(r-T)+ _rp

5t )
< B0 +2)limsup sup f S (Il + VB yl6]2)
T—oo 20€A(r-T) -
oA
- 1 PT )
myp, (L)
for all m € N.

Let us now estimate the last term of the inequality above. From (|1.2])
and using (2.5)), we obtain the energy estimates

do o 1.9 R,\’ 1 2 2
618) P gl < (F) 506+ 20,
(5.19) L1012 + 101 < 2Pl
' dt op, "1 = T rigETE
Multiplying (5.19) by =, adding to (5.18) and using ({2.1]), we obtain
d 2 4 2 i 2 2 2
G+ 3P + 617 < 201711 + PerlglBy-a)
Then
1 ¢ 5
limsup sup = S l|lw||*ds < d1,
T—oo zg€A(T— T)T -7
limsup sup — S 16|% ds < P61,
T—o0 zg€A(T— T)T -
where

01 1= A e ooty + PG G (oo 1))
Therefore,
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T

. 1
limsup sup | (Jwl® + /P [|0)) ds < (1+ BY2)an.
T—oo 20€A(T-T)+ __p

Since ~ satisfies (2.1) and we want to minimize the last term, we set hence-
forth v = R2/(P.A1). Then

: 1 ¢
limsup  sup T S ([Jwll® + vV Py ||60]%) ds
T—oo z€A(r-T)+ _“rp

RQ
<40+ B (W + e o )

Hence 5
A1 1
Gm < —m——( 1+ — 2/
e (1 L)
where
(5.20)

e R
A= o 1<A13+2><1+P§/2><||f||%m<_oo,T*;H1) +A1||g||%oo<_oo,T*;Hl>)-

We now consider two cases:

Case 1: If A < (6A1/8)(1+ 1/P,), then taking

o1 1
m=— 14 2 VYm-1), m=12,...,
in == (145 Jom =1,

and ng = 1, we can apply Theorem [2.2] to obtain
dp(A(1)) <1 forall T <T*.
CASE 2: If A > (6A\1/8)(1+ 1/P;), then taking

SA 1
qm:—m1<1+>—|—2/1, m=1,2,...,

4 P,
and
8AP,
o =1+ Lm(upr) - ] ’
where [r] denotes the integer part of the real number r, we obtain
dr(A(1)) < (D\jiu—?]%q) for all 7 < T*.

Finally, since Z(t, 7) is Lipschitz in A(7), it follows from [14, Proposition
13.9] that dp(A(t)) is bounded for every ¢t > 7 with the same bound. =
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