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Summary. A result on the orders of the reductions of an element of the group of S-units
of a number field is obtained by investigating three height functions for groups of S-units
of number fields which are analogous to local, global and canonical height functions for
elliptic curves.

1. Introduction. Let K be a number field, v a prime ideal of K, and
x ∈ K× such that |x|v = 0. For ε ≥ 0 define

Cε =

{
n ∈ N :

∑
q|n

1

q
≤ 1− ε

}
where the sum is taken over distinct prime divisors of n. In this paper we
will prove the following

Theorem 1.1. If K is a number field, S a finite set of primes of K and
ε > 0 then for almost all x ∈ O×K,S and for every n ∈ Cε there is a prime v
of K such that the multiplicative order of x modulo v equals n.

This result is inspired by an analogous theorem for elliptic curves over
number fields due to J. Cheon and S. Hahn [ChH, Theorem], generalizing a
result of J. Silverman [Si2, Proposition 10], and by similarities between the
Mordell–Weil groups of elliptic curves and the groups of S-units. In their
proof Cheon and Hahn used three height functions on elliptic curves (local,
Weil and canonical). In order to prove our theorem we will consider three
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analogous heights for the groups of S-units, slightly modifying the height of
an algebraic number.

Our theorem is closely related to the following classical result by A. Schin-
zel [Sch, Theorem 1]:

Theorem. If K is a number field and x ∈ K is not a root of unity then
there exists a natural number N , depending only on the degree of x, such that
for every n > N there is a prime v of K such that the multiplicative order
of x modulo v equals n.

In Theorem 1.1 we have a different restriction on the orders n than that in
Schinzel’s theorem, in particular the conclusion of our theorem holds for all
natural numbers smaller than 30. Generally, all natural numbers having at
most two distinct prime divisors belong to C1/6 and according to unpublished
computations of M. Filaseta the density of the set{

n ∈ N :
∑
q|n

1

q
≤ 1

}
where the sum is taken over distinct prime divisors of n is at least 0.94.

2. Height functions. We will use the following notation:

K a number field
MK the set of places of K
OK the ring of integers of K
S a finite set of primes of K
O×K,S the group of S-units
log+ t = max(0, log t) for positive real numbers t
log+ 0 = 0

h(α) =
∑

v∈MK
log+ |α|v the height of an algebraic number α

Let x ∈ K×. We denote

• the local contribution to the shifted height of x relative to v ∈ MK

(analogous to the local height function on an elliptic curve) by

wv(x) := log+ |1− x|−1v for x 6= 1,

wv(1) := 0;

• the shifted height of x (analogous to the global height function on an
elliptic curve) by

w(x) :=
∑
v∈MK

wv(x) = h(1− x)

(note that h(1/α) = h(α) for α 6= 0, see [BG, Lemma 1.5.18]);
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• the Weil height of x (analogous to the canonical height function on an
elliptic curve) by

ŵ(x) := h(x).

(We keep the same symbols as in the elliptic curves case.)

The following property is a trivial analogue of [Zim, Theorem]:

Proposition 2.1. For every x ∈ Q̄,

|ŵ(x)−w(x)| ≤ log 2.

Proof. By [BG, Prop. 1.5.15] we get

h(1− x) ≤ h(1) + h(−x) + log 2 = h(x) + log 2,

hence h(1− x)− h(x) ≤ log 2. Substitution of y = 1− x gives

h(y)− h(1− y) ≤ log 2.

Let S̃ be a finite set of primes of K containing the infinite primes, the
primes over 2, the primes that are ramified in K and the primes belonging
to S. The following immediate consequence of [Sch, Lemma 3] is an analogue
of [ChH, Lemma]:

Lemma 2.2. Let v be a prime not in S̃ and x ∈ O×K,S be such that x is
not a root of unity and x = 1 mod v. Then

wv(x
n) = wv(x) + log |n|−1v

for every positive integer n.

Proof. Let ε denote the normalized exponential valuation defined by v.
Since x = 1 mod v, we have ε(1−x) ≥ 1. Let p be the prime number below v.
Since we assume that v /∈ S̃ we have ε(p) = 1 (because v is not ramified)
and p ≥ 3, so ε(p)/(p− 1) < 1. Hence the assumptions of [Sch, Lemma 3]
are satisfied and its assertion immediately gives the desired conclusion.

The following property is an analogue of Siegel’s theorem (see [Si1, Chap-
ter IX, Theorem 3.1]) and might be viewed as a multiplicative Roth theorem
(see Remark 2.4 below):

Theorem 2.3. Let S be a finite set of places of a number field K and
let v ∈ S. If ξ ∈ Kv is algebraic over K, then

lim
w(x)→∞

wv(x/ξ)

w(x)
= 0

where the limit is taken over x ∈ O×K,S.
Proof. The proof is analogous to the proof of Siegel’s theorem. Choose a

sequence of distinct numbers xi such that

lim
i→∞

−wv(xi/ξ)

w(xi)
= lim inf

w(x)→∞

−wv(x/ξ)

w(x)
= L.
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Since by the definition of heights
−wv(x/ξ)

w(x)
≤ 0,

it suffices to check that L ≥ 0.
Letm be a large natural number. By Dirichlet’s S-unit theorem the group

O×K,S/(O
×
K,S)m is finite, hence one of the cosets, say with representative r,

contains infinitely many numbers xi. Let us denote {xi}i∈N∩r(O
×
K,S)m again

by {xi}i∈N. Then xi = ymi r for some yi ∈ O×K,S . We will show that

(1) mw(yi) ≤ w(xi) +O(1)

where O(1) is independent of i but depends on m. Indeed, since h is a
homogeneous function, by Proposition 2.1 we get

mw(yi) = w(ymi ) +O(1) = w(xi/r) +O(1),

and by the definition of the height h we have h(αβ) ≤ h(α) + h(β), so
h(xi/r) ≤ h(xi) + h(r).

If wv(xi/ξ) is bounded then we easily get L = 0. So suppose that this is
not the case, i.e. there is a subsequence so that xi → ξ with respect to the
v-adic topology. Then one of the mth roots of ξ/r, which will be denoted by
m
√
ξ/r, must be an accumulation point of the sequence {yi}. Hence we have

two sequences, denoted again by {yi} and {xi}, such that yi → m
√
ξ/r and

xi → ξ. An easy computation shows that

lim
i→∞

min(0, log |ξ − xi|v)
min(0, log | m

√
ξ/r − yi|v)

= 1.

Combining this formula with (1) we conclude that

L = lim
i→∞

−wv(xi/ξ)

w(xi)
≥ lim inf

i→∞

min(0, log | m
√
ξ/r − yi|v)

mw(yi) +O(1)
.

Now by Roth’s theorem (see [BG, Theorem 6.2.3]) and Proposition 2.1 we
get

lim inf
i→∞

min(0, log | m
√
ξ/r − yi|v)

w(yi) +O(1)
≥ −2,

and thus
L ≥ − 2

m
.

But m was arbitrary, therefore L ≥ 0.

Remark 2.4. Theorem 2.3 is the analogue of Siegel’s theorem for our
heights and if H(α) = eh(α) denotes the absolute exponential height of an
algebraic number then using Proposition 2.1 we can rewrite Theorem 2.3 as
follows:
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Let S be a finite set of places of a number field K. Let v ∈ S and let
ξ ∈ Kv be algebraic over K. Then for every κ > 0 there are only finitely
many x ∈ O×K,S such that

min

(
1,

∣∣∣∣1− x

ξ

∣∣∣∣
v

)
≤ H(x)−κ.

Thus we can call it a multiplicative Roth theorem for S-units. We are in-
debted to Grzegorz Banaszak for demonstrating to us that it can also be
obtained from [L, Corollary 1.2, p. 161]. In our proof we follow the lines
of the proof of Siegel’s theorem in order to emphasize the link with elliptic
curves.

3. Proof of Theorem 1.1. In most of the proof we will follow [ChH,
proof of Theorem].

Suppose that x ∈ O×K,S is not a root of unity. Let v be a prime satisfying
xn = 1 mod v, i.e. wv(x

n) > 0. Assume that n is not the order of x mod v,
which means that there exists a prime number q dividing n such that xn/q =
1 mod v, i.e. wv(x

n/q) > 0. If additionally v /∈ S̃ then by Lemma 2.2,

wv(x
n) = wv(x

n/q) + log |q|−1v ≤
∑
q|n

[wv(x
n/q) + log |q|−1v ].

Combining this with the definition of the global height w we get

w(xn) =
∑
v∈S̃

wv(x
n) +

∑
v/∈S̃

wv(x
n)

≤
∑
v∈S̃

wv(x
n) +

∑
v/∈S̃

∑
q|n

[wv(x
n/q) + log |q|−1v ]

≤
∑
v∈S̃

wv(x
n) +

∑
q|n

∑
v

wv(x
n/q) +

∑
q|n

∑
v/∈S̃

log |q|−1v

≤
∑
v∈S̃

wv(x
n) +

∑
q|n

w(xn/q) + log n

since clearly
∑

q|n
∑

v/∈S̃ log |q|−1v ≤ log n. Now by Theorem 2.3 we get, for
µ > 0 and w(x) large enough,

wv(x
n) ≤ µw(xn),

hence finally

w(xn) ≤ ]S̃µw(xn) +
∑
q|n

w(xn/q) + log n.

Using Proposition 2.1 and the fact that ŵ = h is a homogeneous function
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we have

nŵ(x)− log 2 ≤ ]S̃µ(nŵ(x) + log 2) +
∑
q|n

(
n

q
ŵ(x) + log 2

)
+ log n,

so (
1− ]S̃µ−

∑
q|n

1

q

)
ŵ(x) ≤ log n+ (1 + ]S̃µ+ d(n)) log 2

n

where d(n) denotes the number of divisors of n. Choosing µ > 0 small enough
so that

1− ]S̃µ−
∑
q|n

1

q
≥ ε > 0

we see that ŵ(x) must be bounded since logn+(1+]S̃µ+d(n)) log 2
n is bounded.

But by Northcott’s theorem (see [BG, Theorem 1.6.8]) there exist only
finitely many x ∈ O×K,S with bounded height. Since by Schinzel’s theorem
cited in the Introduction we need to consider only finitely many numbers n,
the proof is complete.

Remark 3.1. Note that in [ChH, Theorem] there is no additional con-
dition on the numbers n. The difference from our result is caused by the fact
that ŵ is a homogeneous function while the canonical height ĥ on an elliptic
curve is a quadratic function. Hence instead of the sum

∑
q|n

1
q we obtain at

the end of the proof, they get
∑

q|n
1
q2

which is bounded by 1
2 , so there exists

µ > 0 small enough such that 1 − ]S̃µ −
∑

q|n
1
q2

is positive for all natural
numbers n.
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