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Abstrat. We prove F. Riesz' inequality assuming the boundedness of the norm of the �rstarithmeti mean of the funtions |ϕn|

p with p ≥ 2 instead of boundedness of the funtions ϕnof an orthonormal system.1. Inequality of F. Riesz. Let (ϕk) be an orthonormal system in [a, b], that is,
∫ b

a

ϕk(t)ϕn(t)dt = 0 (k, n = 1, 2, 3, . . . ),

∫ b

a

|ϕk(t)|2 dt = 1 (k = 1, 2, 3, . . . ),where ϕk ∈ L2
[a,b] (k = 1, 2, 3, . . . ), and let

ak(f) =

∫ b

a

f(t)ϕk(t)dt (k = 1, 2, 3, . . . )be the sequene of Fourier oe�ients of a funtion f ∈ L2
[a,b] with respet to the system

(ϕn). The well known result of F. Riesz statesTheorem 1 (F. Riesz [4℄). Let
|ϕk(t)| ≤ M for almost all t ∈ [a, b] and k = 1, 2, 3, . . .with M independent of k, and let p ∈ (1, 2] and p′ be suh that 1/p + 1/p′ = 1.1◦ If f ∈ Lp
[a,b] then

(

∞
∑

k=1

|ak(f)|
p′

)1/p′

≤ M
2−p

p

(
∫ b

a

|f(t)|
p
dt

)1/p .
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96 W. ŁENSKI2◦ If (ak) ∈ lp then there exists f ∈ Lp′

[a,b] suh that ak = ak(f) and
(

∫ b

a

|f(t)|p
′

dt

)1/p′

≤ M
2−p

p

(

∞
∑

k=1

|ak(f)|p
)1/p

.A generalization of this result was obtained by J. Marinkiewiz and A. Zygmund [2℄,where a ondition on the Lq
[a,b] (2 < q ≤ ∞) norm of the funtions ϕk was used, and theonstant M was replaed by a sequene of onstants Mk (see also [3℄ p. 166).In the present note we onsider another slightly more general ondition on the system

(ϕk). We suppose the boundedness of the �rst arithmeti mean of the Lq
[a,b] (2 ≤ q ≤ ∞)norms of the funtions ϕk instead of their boundedness.Theorem 2. Let

n
∑

k=1

(
∫ b

a

|ϕk(t)|q dt

)p′/q

≤ Mp′

n(b − a)p′/q when q < ∞and
n

∑

k=1

|ϕk(t)|
p′

≤ Mp′

n for almost all t ∈ [a, b] when q = ∞with M independent of n, q ≥ p′ , ϕk ∈ Lq
[a,b] for every k = 1, 2, 3, . . . with p′ ≥ 2 andlet p ∈ (1, 2] suh that 1/p + 1/p′ = 1.1◦ If f ∈ Lp

[a,b] then
(

∞
∑

k=1

|ak(f)|p
′
)1/p′

≤ M
2−p

p

(
∫ b

a

|f(t)|p dt

)1/p

.

2◦ If (ak) ∈ lp then there exists f ∈ Lp′

[a,b] suh that ak = ak(f) and
(

∫ b

a

|f(t)|
p′

dt

)1/p′

≤ M
2−p

p

(

∞
∑

k=1

|ak(f)|
p
)1/p

.

2. Proof of Theorem 2. We will use the same notation as in the book [1℄. The mainpart of the proof is the same as in [1, Theorem 6.3.1℄, therefore we will give only thepart whih is essentially di�erent. The modi�ation is based on an estimation of theoe�ients ak whih also leads to the inequality (14) from the proof of Theorem 6.3.1of [1℄.So, sine
ak =

∫ b

a

f(t)ϕk(t)dtthen, by the Hölder inequality,
ak ≤

(
∫ b

a

∣

∣f(t)
∣

∣

p
dt

)1/p( ∫ b

a

|ϕk(t)|p
′

dt

)1/p′



INEQUALITY OF F. RIESZ 97and onsequently, by our assumption,
1 =

r
∑

k=1

|ak|
p′

≤
r

∑

k=1

∫ b

a

|ϕk(t)|p
′

dt

(
∫ b

a

∣

∣f(t)
∣

∣

p
dt

)p′/p

≤ (b − a)

r
∑

k=1

(

1

b − a

∫ b

a

|ϕk(t)|
q
dt

)p′/q( ∫ b

a

∣

∣f(t)
∣

∣

p
dt

)p′/p

≤ Mp′

r(b − a)(∆(p))p′/p .Hene
∆(p) ≥

1

rp−1(b − a)p−1Mp
,whih is the above mentioned inequality (14).This modi�ation ompletes the proof of 1◦.The proof of 2◦ is based on the proof of 1◦, so it is exatly the same as that in [1℄.3. Remark. This version of the assumption in the theorem of F. Riesz is sometimesmore useful in appliations, e.g. in investigation of strong summability of orthogonalexpansions.
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