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Abstract. We review several regularity criteria for the Navier—Stokes equations and prove some
new ones, containing different components of the velocity gradient.

1. Introduction. We consider the Navier—Stokes equations

8—u+u-Vu—Au—|—Vp:0

(1) ot in I xQ

divu =0
describing the flow of a viscous incompressible fluid. For simplicity, we put the constant
density as well as the viscosity equal to 1. We also take the right-hand side equal to
zero. It is an easy matter to formulate all the criteria stated below for sufficiently smooth
right-hand side.

To simplify the situation further, we have €2 = R3. The same results can be obtained
for Q = (0,L)3 with the space-periodic boundary conditions. On the other hand, for
Q a smooth domain with homogeneous Dirichlet boundary conditions some proofs do
not work. The main reason is a missing control on the pressure in the case of Dirichlet
boundary conditions.

Finally, let the initial condition ug be a sufficiently smooth (ug € W12(R3)? at least)
divergence-free vector field.

Even though system (1) looks very innocently, in three space dimensions, the well-
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posedness in the sense of Hadamard is an open question since the work of Leray [13]. It
is well known that for any ug € L?(R3)3, divug = 0 in D'(R?) there exists at least one
weak solution to (1) which satisfies the energy inequality

t
) ()2 + 2/ IVul2dr < |uol2  forallt el
0

and thus also lim;_ g+ ||u(t) — ugll2 = 0. Such solutions are called Leray—Hopf weak
solutions.

On the other hand, the uniqueness and smoothness of the solution is known only
either locally in time or for sufficiently small initial velocity. If Q C R2, the situation
changes; we get both uniqueness of the weak solution and its regularity provided the
data are smooth enough.

First regularity (and uniqueness) criteria were formulated already at the end of fifties
and beginning of sixties; cf. [21], [24]. If

w € L(I; L*(R?)?), % + % <1, s>3
then the solution to (1) is smooth on I and thus unique in the class of all Leray—Hopf weak
solutions. Due to the scaling, the conditions %—l—% < a will appear quite often. To simplify
the notation, we will say that u € (PS), if uw € L'(I; L*(R3)) for some s, t satisfying

243 =q,s€[2,00 and u € (/P\/S)a if s € (3,00] only. Thus the classical Prodi-Serrin
condition can be formulated that u € (P/\g)1 implies regularity and uniqueness of the
Leray—Hopf weak solutions.

This result was improved later on; first, it was shown (see [12]) that the case u €
L°°(I; L3(R3)3) implies uniqueness, later in a series of papers [8], [9] and [23] that this
condition is also sufficient for smoothness, at least for @ = R3 and Q = Ri.

Another improvement of the classical result can be found in [1]. The authors showed
that for the regularity it is enough to have a certain information on two velocity compo-
nents. The third component is estimated by the other two basically due to the divergence-
free condition. A natural question appeared whether a certain regularity of one velocity
component leads necessarily to the regularity of the whole vector field. This question
was positively answered in the paper [16], where the authors showed that the needed
regularity is

us € (PS)%
(This result was proved as local regularity criterion for suitable weak solutions, however,
it is an easy matter to transform it for the Cauchy problem.)

A very interesting combination of both criteria mentioned above can be found in [17]:

’U,l,’U,QE(PS)a,QStl < o0, 2< 51 <00,
u3€(PS)b72§t2§OO)3§S2SOO7
a+b<2, 2/t1+2/t2§1, 2/81+2/52<1.

Further criteria can be formulated on the pressure p. Let us mention here only three
such results. In [4] the authors showed that

e

p € (PS),
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is enough to ensure the regularity. On the other hand, Seregin and Sverdk showed that
the boundedness of the pressure from below (i.e. without loss of generality, p > 0) is also
sufficient. A local criterion for the non-negative part of the pressure was proved in [15];
however, both p_ € (P/\ST)2 and a certain regularity of the velocity in an arbitrarily small
neighborhood of the point were needed.

A natural candidate for regularity criteria is the gradient of the velocity. One may
guess that

Vu e (PS)Q

could yield the regularity. At least for s < 3, it immediately follows from the classical
Prodi-Serrin conditions and the results by Escauriaza, Seregin and Sverdk due to the
Sobolev imbedding theorem. Even though such a result has probably been known for a
longer time, it was firstly published in [2] in 1995 (for s > 2).

Evidently, if we replace Vu by the vorticity w = curl u, we get the same criterion.

Similarly as for the velocity itself, there is a question whether one can formulate
regularity criteria only for certain components of the velocity gradient or for certain
components of the vorticity.

—

For the vorticity, it was shown in [5] that two components belonging to (P.S), ensure
the regularity. See also [17] for the discussion of the role of the vorticity. On the other
hand, as was shown in [6] and further improved in [3], also certain smoothness of the
vorticity direction guarantees the regularity.

The velocity gradient has nine components and the situation is much more complex.
First result from [5] claimed that Vu; and Vus belonging to (P.S); imply the regularity.
This result is gv\ic/lently not optimal in comparison to the vorticity. We will see that
the condition (PS), is indeed sufficient, even for only two components of the velocity
gradient. An interesting open question is whether the smoothness of only one vorticity
component implies the regularity.

Next expected result,

guaranteeing the regularity was shown in [20]; independently also in [25]; particular case
s =3 also in [24].

Further criteria will be mentioned in the following section. It was not our intention to
mention all the criteria implying the regularity. One may replace the Lebesgue (Sobolev)
spaces by the BM O space, or even the Besov spaces, see e.g. [11] or [7]. Other interesting
results can be found in [17], [18], where the regularity criteria are expressed via the
eigenvalues or eigenfunctions of the symmetric part of the velocity gradient.

Note that, except for a certain logarithmic improvement of the Prodi—Serrin conditions
(see [14]), the “optimal” condition for the velocity is (P.S); while for the pressure and
the velocity gradient it is (P.S)s.

2. Regularity criteria containing components of the velocity gradient. We have
already announced that Vuz € (PS)3 guarantees the regularity. (In fact, we will slightly

improve this result). It is not very surprising that 687“3 € (PS)% yields the same result.
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On the other hand, it might be more surprising that only two components, g—gg and

% € (PS), are also sufficient; but in this case, due to the divergence-free condition, we

tac1t1y assume that the same regularity also holds for 8—;1 The result mentioned above

implies the expected result that Vus and Vug € (PS)2 is sufficient for the regularity.
It is possible to formulate also conditions for one component of the velocity gradient
(ggi € L>®(I x R?), i.e. g%i € (PS)o). All the results mentioned above were proved in
[19]. We will include all of them in Theorem 1 below, together with some new criteria

whose sketch of the proof will be given in the last section.
THEOREM 1. Let w be a Leray—Hopf weak solution to the Navier-Stokes equations (1)

corresponding to the initial velocity ug € WH2(R®)3, divug = 0. Let one of the following
conditions be satisfied:
(a) three components
(i) gzg, g';; € (PS)2 (then also g;i € (PS),)

(ii) i € (PS)
(iii) G52 € (PS),
)2,

3
2

gu, Ju ¢ (PS)

(iv) g;gE(PS 2<s5<3, gZ§€(PS)§+%,S>3, gg;’ (PS)Tl %,SE[%,Q}
and ng7 67;2 € (PS’)2

(v) 5% € (PS)2,2<5<3, 54 € (PS)5,1,5>3, 54 € (PS)u_3,s € [},2]
and gg;, gZi € (PS)s

(b) two components
(i) Gits Gz2 € (PS)
(ii) 52 € (PS), s € [2,3], 342 € (PS)5,1, 8>3, §%2 € (PS)u_3s, s € [1},2)]

and gx € (PS)h

(c) one component
(i) it € (PS)o.

Then u is a smooth solution to the Navier—Stokes equations, unique in the class of all
Leray—Hopf weak solutions.

A very interesting problem are intermediate results between the special criteria. Un-
fortunately, the methods of the proof do not seem to cover these “interpolation” results.
We leave this as a very interesting open problem.

3. Proof of new regularity criteria. We will sketch the proof of new criteria (a)(,)
and (b)(;)~(b)(i). The proof of the remaining ones can be found in [19] or [20]. We only
show a priori estimates for smooth solutions. The reader can find arguments how to deal
with weak solutions e.g. in the papers mentioned a few lines above.

STEP 1: Proof of (a)«. We will follow the proof of (a)(;,) given in [20]. There, the
stronger condition g—gg € (PS )% was assumed. We will point out the argument how we

improve the result. First, we have
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LEMMA 1. Denote by ws the third component of the vorticity, ws = g—gf — g—g;. Assume

that ‘g—;‘; € (/13/5) and 8“3 Juz ¢ (PS)s. Then there exist Cy and Cz depending only on

dxo’ Oxzs
the initial condition and the norms mentzoned above such that

lwallZoe (122 (roy) L2 (r Lo re)) < C1 + CollwllLoe (102 ®3))nL2 (1:16 (B3)) -

’u,2 8’[1,3

REMARK 1. Lemma 1 holds if we replace o by S -

Proof. We have
gl + 19l = [ (- Puavy

_/ w2%+/ ww5u3+/ Ous _ Ous ), Ous
N R3 381’3 R3 2 381‘2 R3 8952 8333 381’1.

The Hélder inequality applied in a different way on the first, and on the last two terms
together with the Gronwall inequality (see the estimates in [20]) yield the result. m

Next, consider the momentum equation written in the form

%—?—Au+(wxu)+v<p+ |u2> =0,

multiply it by Au and integrate over R3. Using the Green theorem the equality yields
3|Vl + 19l = [ (@ xw)- au
Recall that
(w X ’U,) -Au = (w2u3 — W3’LL2)A’U,1 + (W3’LL1 — w1U3)Au2 + (w1u2 - WQ’LLl)A’LLg.

Terms containing w; and ws can be estimated as Iy and I3 in [20]. Thus we have to

&uQ 6U3 5(4)2 8'&1
Auq — = et PPt S
/Rz. (W2US v wQU1AU3) /]R3 (8xk v (93% 3$k 8.rk)

control

82U1 6u1 (92161 Buj 82’[1,3 8u1 8211,3 8u3

——— U3 — s S UzA—— | AU
rs 0x30T) ~ 0T rs Or30r) ~ Ox) rs 0r10x) ~ Ox) re 0r10T) ~ OT)

The first term, 1 [os gz; gfc‘; gz;, can be estimated as Iy; in [20] for ‘3,—';2 € (PS),. The
second term contains for k = 2 g—gz and for £k = 3 g—z:—here we need the stronger
assumptions for s < 2 and s > 3, see the estimates below. If £k = 1, we use the continuity

equation and

9%uy % 0%uq % 0%us  Oug

Uy - 1 - o Ul —
R3 8%381‘1 (91‘1 R3 8.1338332 8%1 R3 (92333 333‘1

o / (9’&2 (8u1 (9’&3 62U3 ) 6’11,3 8’[1,1 (9’&3 1 8’[1,3 (9’&3 6’11,1
R

38—1‘3 8—@8—931+u18x28m1 R3 81’381'381‘1_5 R3 8—1'38—1‘38—1’1
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Similarly can also be treated the other terms. Now, if s < 2,

2s
8’[1,3 82u 6’11,3 8u3 (= 30— 9:
‘/ Tos Y Bt | < H IVl vl < [Vl [ V2l 57
1 Ous || 56 24 24-12s
2|v2u|2+cH 7wl
1 6’11,3 =18
< LIVl + | Vu ||2(H +||Vu||%).
If s > 3,
8u3 Ous
< V|20 s \v& 556
| / a ot < |2 | ol
8u?, Gy 8u3
H IVl [Vl ] 25 —||v2u|2+cH “ Ival.
aU3

These two estimates correspond exactly to conditions (a);,) and (a)(v) for 2.

STEP 2: Proof of (b)(;). The proof is relatively simple. We will show that (b);) implies
- € L>(I; L2(R3)3), ie. 2% € (PS)g. We have

Ox3

337

B ou; % ou;
2 R3 8x3 ij al'j '

H ou
2 8163

2 dt H 8x3

The only term which does not contain 27";, i=1,21is
8“3 3 8U3 821,03 8U3 82U1 82’&2
- — ) =2 U3 — 5 = —2 U3 —— +
R3 8953 R3 8333 8333 R3 8333 81‘181'3 89328333

_2/ Ous Ous - O%us %+2/ Ous Ous | O%us '\ Ouy
- Ox1 Oxs 301,023 ) Oxs g3 \ Oz2 O3 3 019023 ) D13

The first and the third term can be estimated by

=l gf’ vl
while the second and the fourth one by
e N A
Altogether
‘/ du; du; Ou; lea_u
rs 0Tz 0x3 8xj Ozs ||,

H 3U3

s—3
2‘25—3>
2

8“3
S "4 ||Vu||2) (1 ; H e

+ Ol o) (

which implies the result.



REGULARITY CRITERIA 205

STEP 3: Proof of (b)(;;). One important tool is a modification of Theorem 1 from [19].
We have

LEMMA 2. Let u be a Leray—Hopf weak solution to the Navier—Stokes equations (1) cor-
responding to the initial velocity uwy € WH2(R3)3, divug = 0. Let ug € (PS), and g—gi,
g—z;’ belong to (PS)2, s € [2,3], to (PS)s 1,5 >3 and to (PS)u_s,s€ [18,2]. Then u
s a smooth solution to the Navier— Stokes equatzons unique in the class of all Leray—Hopf

weak solutions.

Proof. We proceed as in the proof of Theorem 1 mentioned above. We have
3ui
Vwl||3 = =W
sl + Vel = [ wgte,
The right-hand side can be written as
Oug Oug Ouq B Oug Oug Ouq Ouy Ouy Oug
R3 333‘3 8.133 8%1 R3 333‘1 8.133 8%3 R3 81‘3 8.133 8%2

Oouq Oug Ouq Ou;  0%uy
 Jgs 99 Ox3 O3 * /]R3 Cijklmug@ 010z,
The only term which cannot be handled as in the article mentioned above is
Ouy Ouy Qug Ouq Ouy Ouq Ouy Ouq Ous

we 0w Oy Ory  Jgs Owg Ows Oy Jpa O Owg Oxs’
The last term can be easily estimated. We apply the Green theorem in the first term on
the right-hand side and use once more the continuity equation. Then

[ om0 (o),

R

R3 81'3 8953 8331 s 8952 * 8—333 “ 8953

3 8933
8“2 82u1 8U1 3U1 3U3 82’&1 8“1 8U1
=2 Zlu—r—F——")+2 [ (1= +——].
/Rs Oz3 <u1 Oz20z13 * 0z2 8x3> * /Rs Bzs \! x3 * Oz Oz3

We have

8uz 0%uq
R3 8333 8a:j a(ﬂk

8’[1,2
81'3

provided s € [2,3]. For s > 3 or s < 2 we may use the estimates at the end of Step 1. m

Vil < —HVwH2+C|| I3

HUH 20
5—2

)

H ou;

S

Now, we proceed as in the proof of (a)(;;) in [19]. Assume that g—gi satisfy (b))
and gz?’ € (PS);. Then, as % € L*(I x R?), it is an easy matter to see that 81;3 €
L2 (I L’ (R?)) and thus it satisfies the assumption of Lemma 2. It remains to estimate ug

(PS) We have

g gpluall + GVl 8 = = [ P puatus.

We apply the Green theorem in the term on the rlght—hand side and, using standard
estimates of the pressure, we get

Op
|us|us| <
ie. ug € (P/\g)1 provided g—;g € (PS);. The proof of (b)(is) is complete.

+||u||6)||u||2 s s,

R3 81‘3
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