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Abstrat. The existene of global regular axially symmetri solutions to Navier-Stokes equationsin a bounded ylinder and for boundary slip onditions is proved. Next, stability of these solutionsis shown.
1. Introdution. We onsider the motion of a visous inompressible �uid in a boundedylindrial domain Ω ⊂ R

3 under boundary slip onditions (see [8℄)
(1.1)

v,t + v · ∇v − divT(v, p) = f in ΩT = Ω × (0, T ),

divv = 0 in ΩT ,

v · n̄ = 0 on ST = S × (0, T ),
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n̄ · T(v, p) · τ̄α = 0, α = 1, 2, on ST ,

v
∣

∣

t=0
= v(0) in Ω,where v = v(x, t) = (v1(x, t), v2(x, t), v3(x, t)) ∈ R

3 is the veloity vetor �eld, p =

p(x, t) ∈ R the pressure, f = f(x, t) = (f1(x, t), f2(x, t), f3(x, t)) ∈ R
3 the external fore�eld, n̄ the unit outward vetor normal to S = ∂Ω, x = (x1, x2, x3) ∈ R

3, τ̄1, τ̄2 are unittangent vetors to S and T(v, p) is the stress tensor of the form
T(v, p) = {ν(vi,xj

+ vj,xi
) − pδij}i,j=1,2,3 ≡ νD(v) − pI,where ν is the onstant positive visosity oe�ient, D(v) the dilatation tensor and I theunit matrix.We introdue the ylindrial oordinates r, ϕ, z by the relations x1 = r cosϕ, x2 =

r sinϕ, x3 = z.By Ω we denote a ylinder with the x3 axis as the axis of symmetry and with boundary
S = S1 ∪ S2. By S1 we denote the part of the boundary whih is parallel to the x3 axisand is loated at the distane r = R from it. Moreover, it is between the planes x3 = −aand x3 = a. S2 is omposed of two parts whih are perpendiular to the x3 axis andinterset it in two points x3 = −a and x3 = a, respetively. The intersetion of S1 and
S2 are two irles whih are denoted by L.To introdue axially symmetri solutions we de�ne unit vetors ēr = (cosϕ, sinϕ, 0),
ēϕ = (− sinϕ, cosϕ, 0), ēz = (0, 0, 1), whih are direted along the urvilinear oordinates
r, ϕ, z, respetively. Let w be any vetor. Then wr = w · ēr, wϕ = w · ēϕ, wz = w · ēz.Definition 1. By an axially symmetri solution to problem (1.1) we mean solution suhthat vϕ = 0, vr,ϕ = 0, vz,ϕ = 0, p,ϕ = 0, fϕ = 0, fr,ϕ = 0, fz,ϕ = 0, vϕ(0) = 0, vr,ϕ(0) = 0,
vz,ϕ(0) = 0.The aim of this paper is to prove stability of axially symmetri solutions in the sense of[6℄. In fat we want to prove existene of global solution to (1.1) whih remains lose to theaxially symmetri solution. For this purpose we formulate a problem de�ning the axiallysymmetri solutions and prove their existene in Setion 3. To prove the global existeneof axially symmetri solutions we use ideas from [3, 7℄, whih base on the estimate forvortiity. However, in our ase we have di�erent boundary onditions and the estimatefor vortiity plays a ruial role.Having proved global existene of axially symmetri solutions we show its stability byutilizing some ideas from [6℄. However our proof is di�erent (see Setion 4).To formulate problems determining an axially symmetri solution to (1.1) we intro-due Ω0 = {x ∈ R

3 : ϕ = 0, 0 < r < R, −a < z < a}, S0i = {x ∈ Si : ϕ = 0}, i = 1, 2,
S0 = S01 ∪ S02. Then from [2, 4℄ we have
(1.2)

vr,t − ν

(

vr,rr + vr,zz +
1

r
vr,r −

1

r2
vr

)

+ vzχ+ q,r = fr in ΩT
0 ,

vz,t − ν

(

vz,rr + vz,zz +
1

r
vz,r

)

− vzχ+ q,z = fz in ΩT
0 ,
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(rvr),r + (rvz),z = 0 in ΩT

0 ,

vr = 0, vz,r = 0 on ST
01,

vr,z = 0, vz = 0 on ST
02,

vr

∣

∣

t=0
= vr(0), vz

∣

∣

t=0
= vz(0), in Ω0,where χ = vr,z − vz,r, q = p − v2

2 , and boundary onditions (1.2)4,5 are alulated inLemma 2.1 from [8, Ch. 4℄.Following [3, 7℄ we formulate the problem for χ:
(1.3)

χ,t − ν

(

χ,rr + χ,zz +
1

r
χ,r −

1

r2
χ

)

+ vrχ,r + vzχ,z

−
vr

r
χ = F2 ≡ rotf · ēϕ in ΩT

0 ,

χ = 0 on ST
0 ,

χ
∣

∣

t=0
= χ(0) ≡ vr(0),z − vz(0),r in Ω0,where the boundary ondition (1.3)2 is derived in Lemma 2.2 from [8, Ch. 4℄.Sine onsiderations in [3, 7℄ imply that the vortiity problem (1.3) plays a ruialrole in the proof of global existene we replae problem (1.1) by problem (1.3), where theveloity is given and the following ellipti problem for v:

(1.4)

vr,z − vz,r = χ in Ω0,

vr,r + vz,z +
vr

r
= 0 in Ω0,

vr

∣

∣

S01
= 0, vz

∣

∣

S02
= 0,where χ is given.From Lemma 1.1 from [8, Ch. 3℄ we know that problems (1.3), (1.4) are equivalent toproblem (1.1) if p is a solution to the following problem:

(1.5)

∆p = −∇v · ∇v + divf in Ω0,

p,r = fr on S01,

p,z = fz on S02,where v = vr ēr + vz ēz and vr, vz do not depend on ϕ.Equation (1.4)2 implies existene of a funtion ψ suh that
(1.6) vr =

ψ,z

r
, vz = −

ψ,r

r
.Moreover, boundary onditions (1.4)3 give that ψ,r|S02
= 0 and ψ,z|S01

= 0. Sine ψ isde�ned up to an arbitrary onstant we replae problem (1.4) by
(1.7)

ψ,rr + ψ,zz −
ψ,r

r
= rχ in Ω0,

ψ
∣

∣

S0
= 0,and vr, vz are determined by (1.6).Now we look for a stability problem for axially symmetri solutions. Let va, pa, fadenote the axially symmetri solution to problem (1.1). Then we are looking for solutions
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(1.8) v = va + v′, p = pa + p′, f = fa + f ′,where the primed quantities are disturbanes whih satisfy the problem
(1.9)

v′,t + v′ · ∇v′ + v′ · ∇va + va · ∇v′ − divT(v′, p′) = f ′ in ΩT ,

divv′ = 0 in ΩT ,

n̄ · v′ = 0 on ST ,

n̄ · T(v′, p′) · τ̄α = 0, α = 1, 2, on ST ,

v′
∣

∣

t=0
= v′(0) in Ω.Now we formulate the main results of this paper.Theorem 1 (global existene of axially symmetri solutions). Assume that v(0) ∈

L2(Ω0), vr(0)
r ∈ L2(Ω0), χ(0)

r ∈ L3(Ω0), χ = vr,z − vz,r,
sup

k

[∥

∥

∥

∥

fr

r

∥

∥

∥

∥

L2(kT,(k+1)T ;L2(Ω0))

+

∥

∥

∥

∥

F

r

∥

∥

∥

∥

L3(kT,(k+1)T ;L3(Ω0))

+ ‖f‖L2(kT,(k+1)T ;L2(Ω))

+ ‖divf‖L2(kT,(k+1)T ;L2(Ω0)) + ‖f‖
L2(kT,(k+1)T ;W

1/3

3/2
(∂Ω0))

]

<∞,

F = fr,z − fz,r, k ∈ N.Then there exists a global axially symmetri solution to problem (1.1) suh that
v ∈ C([kT, (k + 1)T ];H1(Ω0)) ∩W

2,1
2 (Ω0 × (kT, (k + 1)T )) for any k ∈ N,whih satis�es estimates (3.69) and (3.70).Let us introdue the quantities

A∗(T ) = sup
k∈N

(‖f̄a‖L2(kT,(k+1)T ) +

∥

∥

∥

∥

far

r

∥

∥

∥

∥

L2(Ω×(kT,(k+1)T ))

+

∥

∥

∥

∥

Fa

r

∥

∥

∥

∥

L3(Ω×(kT,(k+1)T )

+ ‖divfa‖L2(kT,(k+1)T ;L3(Ω))

+ ‖fa‖L2(kT,(k+1)T ;W
1/3

3/2
(∂Ω0))

)

+ ‖va(0)‖L2(Ω) +

∥

∥

∥

∥

χa(0)

r

∥

∥

∥

∥

L3(Ω)

+ ‖χa(0)‖L2(Ω);

α∗(T ) =
1

ν2
sup
k∈N

∥

∥

∥

∥

fa

r

∥

∥

∥

∥

L2(Ω×(kT,(k+1)T ))

+
1

ν

∥

∥

∥

∥

χa(0)

r

∥

∥

∥

∥

2

L2(Ω)

,

D∗(T ) = sup
k∈N

eα∗(T )

(k+1)T
∫

kT

[

‖f(t) − fa(t)‖2
L2(Ω)

+

∣

∣

∣

∣

∫

Ω

r|vϕ(t) − vaϕ(t)|2dx

∣

∣

∣

∣

2]

dt+ ‖v(0) − va(0)‖2
L2(Ω);
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β∗(T ) = D∗(T )ϕ(A∗(T )) + sup

k
‖f − fa‖L2(Ω×(kT,(k+1)T ))

+ ‖v(0) − va(0)‖H1(Ω),where ϕ is a polynomial with positive oe�ients.Theorem 2 (stability). Assume that there exists the axially symmetri solution de-termined by Theorem 1. Assume that supk ‖f − fa‖L2(kT,(k+1)T ;L2(Ω)) < ∞, k ∈ N

v(0) − va(0) ∈ H1(Ω), | ∫
Ω
rvϕ(t)dx| <∞. Assume that T is so large that

e−
ν′

2 T ≤
1

2
, ν′ < ν and α∗(T ) ≤

ν′

2
T.Let there exist a number σ > 1 su�iently large and D∗(T ) su�iently small suh that

c

(

σ5D∗(T )β5
∗(T ) +

1

σ

)

≤ 1,where c is a onstant whih depends on the onstants from imbedding theorems, estimatesof the boundary and on ν. Then v− va ∈W 2,1
2 (Ω× (kT, (k+ 1)T )), ∇(p− pa) ∈ L2(Ω×

(kT, (k + 1)T )) for any k ∈ N and
sup

k
[‖v − va‖W 2,1

2 (Ω×(kT,(k+1)T )) + ‖∇(p− pa)‖L2(Ω×(kT,(k+1)T ))] ≤ σβ∗(T ).Stability of axially symmetri solutions, 2d-solutions and helially symmetri solutionsis onsidered in [6℄. The authors of [6℄ assume that the perturbed solution satis�es
(1.10)

∞
∫

0

‖∇v(t)‖2
L2(Ω)dt <∞.In this paper we prove the existene of axially symmetri solutions step by step onintervals [kT, (k + 1)T ], k ∈ N, so it does not have to vanish with time. Moreover, in[6℄ there are onsidered suh boundary onditions that the Poinaré inequality holds,whih is not used in this paper beause the slip boundary onditions are onsidered. In[5℄ stability of solutions on 3d-torus is examined. We have to underline that stability in[5℄ is also onsidered step by step so (1.10) does not hold.2. Notation and auxiliary results. Let u be a salar. Then |u| is the absolute valueof u. Let u = (u1, u2, u3) be a vetor. Then |u| =

√

u2
1 + u2

2 + u2
3. By c we denote thegeneri onstant and c = c(σ) is an inreasing positive funtion.To simplify onsiderations we introdue the notation

|u|p,Q = ‖u‖Lp(Q), Q ∈ {Ω, S,ΩT , ST}, ΩT = Ω × (0, T ),

ST = S × (0, T ), p ∈ [1,∞];

‖u‖s,Q = ‖u‖Hs(Q), Q ∈ {Ω, S}, Hs(Q) = W s
2 (Q), s ∈ R+;

‖u‖s,QT = ‖u‖
W

s,s/2
2 (QT )

, Q ∈ {Ω, S}, s ∈ R+;

‖u‖s,p,Q = ‖u‖W s
p (Q), ‖u‖s,p,QT = ‖u‖

W
s,s/2
p (QT )

, Q ∈ {Ω, S},

s ∈ R+, p ∈ [1,∞],
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u p,q,ΩT =

(

T
∫

0

(
∫

Ω

|u(x, t)|pdx

)q/p

dt

)1/q

, p, q ∈ [1,∞].Moreover, we assume that
‖u‖Lp(Ω0) =

(

a
∫

−a

R
∫

0

|u(x)|prdrdz

)1/p

,

‖u‖Lp(Ω) =

(

a
∫

−a

dz

R
∫

0

rdr

2π
∫

0

dϕ|u(x)|p
)1/p

,where r, ϕ, z are the ylindrial oordinates and similarly we de�ne other spaes basedon Lp-spaes.We use ū = (ur, uz), ∇̄ = (∂r, ∂z), Ω0 = {(r, z) ∈ R
2 : 0 < r < R,−a < z < z},

Ω0ε = {(r, z) ∈ R
2 : 0 < ε < r < R,−a < z < a}. Moreover, dx0 = rdrdz.From [8, Ch. 4℄ we have the Korn inequality

(2.1) ‖v′‖2
1,Ω ≤ c1

(

|D(v′)|22,Ω +

∣

∣

∣

∣

∫

Ω

rv′ϕdx

∣

∣

∣

∣

2)

.To estimate the last term we use the following onservation law whih holds for solutionsof (1.9) (see [8, Ch. 4, Lemma 2.3℄)
(2.2)

∫

Ω

rv′ϕdx =

∫

Ω

rv′ϕ(0)dx+

t
∫

0

dt′
∫

Ω

rf ′ϕdx.For axially symmetri solution we also have the onservation law
(2.3)

∫

Ω

rvaϕdx =

∫

Ω

rvaϕ(0)dx+

t
∫

0

dt′
∫

Ω

rfaϕdx.

3. Global existene of axially symmetri solutions. In this setion we followthe results on global existene of axially symmetri solutions of Ladyzhenskaya [3℄ andYudovih-Ukhovskij [7℄. Sine we are interested in proving global existene of solutionswhih do not deay with time we onsider problem (1.1) step by step in time. Let k ∈ Nand T > 0 be given. Then instead of (1.1) we onsider the following axially symmetriproblem:
(3.1)

v,t − divT(v, p) = −v · ∇v + f in Ω0 × (kT, (k + 1)T ),

divv = 0 in Ω0 × (kT, (k + 1)T ),

v · n̄ = 0, n̄ · T(v, p) · τ̄α = 0, α = 1, 2, on S0 × (kT, (k + 1)T ),

v
∣

∣

t=0
= v(kT ) in Ω0.Lemma 3.1. Assume that v(0) ∈ L2(Ω0), f ∈ L2(kT, (k + 1)T ;L6/5(Ω0)) for any k ∈ Nand
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(3.2) B1(T ) =

(

sup
k

(k+1)T
∫

kT

|f(t′)|26/5,Ω0
dt′

)1/2

<∞.Assume that ν = ν1 + ν2, νi ≥ 0, i = 1, 2. Then
(3.3)

|v̄(kT )|22,Ω0
≤
c1
ν

B2
1(T )

1 − e−ν1T
+ e−ν1kT |v̄(0)|22,Ω0

≤
c1
ν

B2
1(T )

1 − e−ν1T
+ |v̄(0)|22,Ω0

≡ A2
1(T ),

|v̄(t)|22,Ω0
≤
c1
ν

t
∫

kT

|f(t′)|26/5,Ω0
dt′ + |v̄(kT )|22,Ω0

≤ 2A2
1(T ),

(3.4)

t
∫

kT

(

|∇̄v̄|22,Ω0
+

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0

)

dt′ ≤
1

ν

(

c1
ν

t
∫

kT

|f(t′)|26/5,Ω0
dt′ + |v̄(kT )|22,Ω0

)

≤
2

ν
A2

1(T ),where t ∈ [kT, (k + 1)T ].Proof. From [3℄ it follows that the axially symmetri solutions to (3.1) satisfy
(3.5)

d

dt
|v̄|22,Ω0ε

+ ν

(

|∇̄v̄|22,Ω0ε
+

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0ε

)

≤
c1
ν
|f |26/5,Ω0ε

,where c1 is the onstant from the imbedding H1(Ω0ε) ⊂ L6(Ω0ε). From (3.5) we have
(3.6)

d

dt
(|v̄|22,Ω0ε

eν1t) +

(

ν2|∇̄v̄|
2
2,Ω0ε

+ ν

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0ε

)

eν1t ≤
c1
ν
|f |26/5,Ω0ε

eν1t.Integrating (3.6) with respet to time from kT to t ∈ [kT, (k + 1)T ] we obtain
(3.7)

|v̄(t)|22,Ω0ε
+ e−ν1t

t
∫

kT

(

ν2|∇̄v̄(t
′)|22,Ω0ε

+ ν

∣

∣

∣

∣

vr(t
′)

r

∣

∣

∣

∣

2

2,Ω0ε

)

eν1t′dt′

≤
c1
ν
e−ν1t

t
∫

kT

|f(t′)|26/5,Ω0ε
eν1t′dt′ + |v̄(kT )|22,Ω0ε

e−ν1(t−kT ).From (3.7) we have
(3.8) |v̄((k + 1)T )|22,Ω0ε

≤
c1
ν

(k+1)T
∫

kT

|f(t′)|26/5,Ω0ε
dt′ + |v̄(kT )|22,Ω0ε

e−ν′

1T .In view of (3.2) and the indutive onsiderations inequality (3.8) implies
(3.9) |v̄(kT )|22,Ω0ε

≤
c1
ν

B2
1(T )

1 − e−ν1T
+ e−ν1kT |v̄(0)|2,Ω0ε

.Passing with ε to 0 in (3.9) yields (3.3). Simplifying (3.7) gives
|v̄(t)|22,Ω0ε

+ ν2e
−ν1T

t
∫

kT

(

|∇̄v̄|22,Ω0ε
+

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0ε

)

dt′(3.10)
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≤
c1
ν

t
∫

kT

|f(t′)|26/5,Ω0ε
dt′ + |v̄(kT )|22,Ω0ε

,

where t ∈ [kT, (k + 1)T ]. Passing with ε to 0 in inequality (3.10) and inserting ν1 = 0,
ν2 = ν implies (3.4). This onludes the proof.Lemma 3.2. Assume that χ(0)

r ∈ L2(Ω0), f
r ∈ L2(kT, (k + 1)T ;L2(Ω0)), k ∈ N and

(3.11) B2(T ) =

(

sup
k

(k+1)T
∫

kT

∣

∣

∣

∣

f(t)

r

∣

∣

∣

∣

2

2,Ω0

dt

)1/2

<∞.Assume that ν = ν1 + ν2, νi ≥ 0, i = 1, 2. Then
(3.12)

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω0

≤
1

ν

B2
2(T )

1 − e−ν1T
+ e−ν1kT

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

2

2,Ω0

≤
1

ν

B2
2(T )

1 − e−ν1T
+

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

2

2,Ω0

≡ A2
2(T ),

(3.13)

∣

∣

∣

∣

χ(t)

r

∣

∣

∣

∣

2

2,Ω0

≤
1

ν

t
∫

kT

∣

∣

∣

∣

f(t′)

r

∣

∣

∣

∣

2

2,Ω0

dt′ +

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω0

≤ 2A2
2(T ),

t
∫

kT

∣

∣

∣

∣

∇
χ(t′)

r

∣

∣

∣

∣

2

2,Ω0

dt′ ≤
1

ν

(

1

ν

t
∫

kT

∣

∣

∣

∣

f(t′)

r

∣

∣

∣

∣

2

2,Ω0

dt′ +

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω0

)

≤
2

ν
A2

2(T ),

where t ∈ [kT, (k + 1)T ].Proof. From [3℄ we have
(3.14)

d

dt

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν

∣

∣

∣

∣

∇
χ

r

∣

∣

∣

∣

2

2,Ω0ε

≤
1

ν

∣

∣

∣

∣

f

r

∣

∣

∣

∣

2

2,Ω0ε

,where |∇χ
r | = |∇̄χ

r |. From (3.14) we obtain
(3.15)

d

dt

(∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

2,Ω0ε

eν1t

)

+ ν2

∣

∣

∣

∣

∇
χ

r

∣

∣

∣

∣

2

2,Ω0ε

eν1t ≤
1

ν

∣

∣

∣

∣

f

r

∣

∣

∣

∣

2

2,Ω0ε

eν1t.Integrating (3.15) with respet to time from kT to t ∈ [kT, (k + 1)T ] implies
∣

∣

∣

∣

χ(t)

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν2e
−ν1t

t
∫

kT

∣

∣

∣

∣

∇
χ(t′)

r

∣

∣

∣

∣

2

2,Ω0ε

eν1t′dt′(3.16)

≤
1

ν
e−ν1t

t
∫

kT

∣

∣

∣

∣

f(t′)

r

∣

∣

∣

∣

2

2,Ω0ε

eν1t′dt′ +

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

e−ν1(t−kT ).

Inserting t = (k + 1)T in (3.16) we get
(3.17)

∣

∣

∣

∣

χ((k + 1)T )

r

∣

∣

∣

∣

2

2,Ω0ε

≤
1

ν

(k+1)T
∫

kT

∣

∣

∣

∣

f(t)

r

∣

∣

∣

∣

2

2,Ω0ε

dt+

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

e−ν1T .



AXIALLY SYMMETRIC SOLUTIONS 259In view of (3.11) and the indutive onsiderations inequality (3.17) yields
(3.18)

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

≤
1

ν

B2
2(T )

1 − e−ν1T
+ e−ν1kT

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

2

2,Ω0ε

.Passing with ε to 0 in (3.18) gives (3.12). Simplifying (3.16) implies
(3.19)

∣

∣

∣

∣

χ(t)

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν2e
−ν1T

t
∫

kT

∣

∣

∣

∣

∇
χ(t′)

r

∣

∣

∣

∣

2

2,Ω0ε

dt′ ≤
1

ν

t
∫

kT

∣

∣

∣

∣

f(t′)

r

∣

∣

∣

∣

2

2,Ω0ε

dt′ +

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

,where t ∈ [kT, (k + 1)T ]. Passing with ε to 0 in inequality (3.19) and putting ν1 = 0,
ν2 = ν yields (3.13). This onludes the proof.Lemma 3.3. Assume that χ(0)

r ∈ Ls(Ω0), F
r ∈ Ls(kT, (k + 1)T ;Ls(Ω0)), s > 1, k ∈ Nand

(3.20) B3(s, T ) =

(

sup
k

(k+1)T
∫

kT

∣

∣

∣

∣

F (t)

r

∣

∣

∣

∣

s

s,Ω0

dt

)1/s

<∞.Assume that ν = ν1 + ν2, νi ≥ 0, i = 1, 2. Then
(3.21)

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

s

s,Ω0

≤ c2
Bs

3(s, T )

1 − e−ν1T
+ e−ν1kT

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

s

s,Ω0

≤ c2
Bs

3(s, T )

1 − e−ν1T
+

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

s

s,Ω0

≡ As
3(s, T ),

(3.22)

∣

∣

∣

∣

χ(t)

r

∣

∣

∣

∣

s

s,Ω0

+ ν

t
∫

kT

∫

Ω0

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ(t′)

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx0dt
′

≤ c2

t
∫

kT

∣

∣

∣

∣

F (t′)

r

∣

∣

∣

∣

s

s,Ω0

dt′ +

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

s

s,Ω0

≤ 2As
3(s, T ),where t ∈ [kT, (k + 1)T ].Proof. From [7℄ we have the inequality

(3.23)
d

dt

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+
4(s− 1)

s
ν

∫

Ω0ε

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx0 ≤ s

∫

Ω0ε

∣

∣

∣

∣

F

r

∣

∣

∣

∣

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s−1

dx0.Let s ∈ [2,∞). Then (3.23) implies
(3.24)

d

dt

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+ 2ν1

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+ 2ν2

∫

Ω0ε

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx0 ≤ s

∫

Ω0ε

∣

∣

∣

∣

F

r

∣

∣

∣

∣

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s−1

dx0.We shall perform estimates in (3.24) in two di�erent ways. First we estimate the r.h.s. of(3.24) by
s

∣

∣

∣

∣

F

r

∣

∣

∣

∣

s,Ω0ε

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s−1

s,Ω0ε

≤ (s− 1)ε
s

s−1

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+
1

εs

∣

∣

∣

∣

F

r

∣

∣

∣

∣

s

s,Ω0ε

≡ I1.
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s

s−1 = ν1 we obtain
I1 = ν1

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+

(

s− 1

ν1

)s−1∣
∣

∣

∣

F

r

∣

∣

∣

∣

s

s,Ω0ε

.Then (3.24) takes the form
(3.25′)

d

dt

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+ ν1

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+ ν2

∫

Ω0ε

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx0 ≤

(

s− 1

ν

)s−1∣
∣

∣

∣

F

r

∣

∣

∣

∣

s

s,Ω0ε

.

In the seond ase we use the imbedding
∫

Ω0ε

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx0 ≥
1

c1

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

3s,Ω0ε

,

where c1 is the onstant from the imbedding H1(Ω0ε) ⊂ L6(Ω0ε). Then the r.h.s. of (3.24)is bounded by
s

∣

∣

∣

∣

F

r

∣

∣

∣

∣

3s
2s+1 ,Ω0ε

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s−1

3s,Ω0ε

≤ (s− 1)ε
s

s−1

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

3s,Ω0ε

+
1

εs

∣

∣

∣

∣

F

r

∣

∣

∣

∣

s

3s
2s+1 ,Ω0ε

≡ I2.Imposing that (s− 1)ε
s

s−1 = ν2

c1
we have that

I2 =
ν2
c1

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

3s,Ω0ε

+

(

(s− 1)c1
ν2

)s−1∣
∣

∣

∣

F

r

∣

∣

∣

∣

s

3s
2s+1 ,Ω0ε

.Then (3.24) takes the form
(3.25′′)

d

dt

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+ 2ν

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

+ ν2

∫

Ω0ε

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx0 ≤

(

(s− 1)c1
ν2

)s−1∣
∣

∣

∣

F

r

∣

∣

∣

∣

s

3s
2s+1 ,Ω0ε

.

We shall restrit our onsiderations to the �rst ase. Then (3.25′) implies
(3.26)

d

dt

(∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s

s,Ω0ε

eν1t

)

+ ν2

∫

Ω0ε

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx′eν1t ≤ c2

∣

∣

∣

∣

F

r

∣

∣

∣

∣

s

s,Ω0ε

eν1t,

where c2 = ( s−1
ν )s−1. Integrating (3.26) with respet to time from kT to t ∈ [kT, (k+1)T ]gives
∣

∣

∣

∣

χ(t)

r

∣

∣

∣

∣

s

s,Ω0ε

+ ν2e
−ν1t

t
∫

kT

∫

Ω0ε

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ(t′)

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx′eν1t′dt′(3.27)

≤ c2e
−ν1t

t
∫

kT

∣

∣

∣

∣

F (t′)

r

∣

∣

∣

∣

s

s,Ω0ε

eν1t′dt′ +

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

s

s,Ω0ε

e−ν1(t−kT ).From (3.27) we obtain
(3.28)

∣

∣

∣

∣

χ((k + 1)T )

r

∣

∣

∣

∣

s

s,Ω0ε

≤ c2

(k+1)T
∫

kT

∣

∣

∣

∣

F (t′)

r

∣

∣

∣

∣

s

s,Ω0ε

dt′ +

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

s

s,Ω0ε

e−ν1T .



AXIALLY SYMMETRIC SOLUTIONS 261In view of (3.20) and indutive onsiderations we have
(3.29)

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

s

s,Ω0ε

≤ c2
Bs

3(s, T )

1 − e−ν1T
+ e−ν1kT

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

s

s,Ω0ε

.Passing with ε to 0 yields (3.21). Simplifying (3.27) yields
(3.30)

∣

∣

∣

∣

χ(t)

r

∣

∣

∣

∣

s

s,Ω0ε

+ ν2e
−ν1T

t
∫

kT

∫

Ω0ε

∣

∣

∣

∣

∇

∣

∣

∣

∣

χ(t′)

r

∣

∣

∣

∣

s/2∣
∣

∣

∣

2

dx0dt
′

≤ c2

t
∫

kT

∣

∣

∣

∣

F (t′)

r

∣

∣

∣

∣

s

s,Ω0ε

dt′ +

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

s

s,Ω0ε

,where t ∈ [kT, (k + 1)T ]. Passing with ε to 0 and inserting ν1 = 0, ν2 = ν, inequality(3.30) implies (3.22). This onludes the proof.Finally we shall obtain estimates for vr

r .Lemma 3.4. Let the assumptions of Lemma 3.1 and Lemma 3.3 for s = 3 hold. Let
sup
k∈N

(

‖divf‖L2(kT,(k+1)T ;L2(Ω0)) + ‖f‖
L2(kT,(k+1)T );W

1/3

3/2
(∂Ω0))

+

∥

∥

∥

∥

fr

r

∥

∥

∥

∥

L2(kT,(k+1)T ;L2(Ω0))

)

<∞.Let
B2

4(T ) = A2
1(T )A2

3(3, T ) +R4A4
3(3, T )(3.31)

+ sup
k

(k+1)T
∫

kT

(

|divf(t)|23,Ω0
+ ‖f(t)‖2

1/3,3/2,∂Ω0
+

∣

∣

∣

∣

fr(t)

r

∣

∣

∣

∣

2

2,Ω0

)

dt.Then
∣

∣

∣

∣

vr(kT )

r

∣

∣

∣

∣

2

2,Ω0

≤
cB2

4(T )

1 − e−ν1T
+ e−ν1kT

∣

∣

∣

∣

vr(0)

r

∣

∣

∣

∣

2,Ω0

(3.32)

≤
cB2

4(T )

1 − e−ν1T
+

∣

∣

∣

∣

vr(0)

r

∣

∣

∣

∣

2

2,Ω0

≡ A2
4(T ),and

(3.33)

∣

∣

∣

∣

vr(t)

r

∣

∣

∣

∣

2

2,Ω0

+ ν

t
∫

kT

∣

∣

∣

∣

∇̄
vr(t

′)

r

∣

∣

∣

∣

2

2,Ω0

dt′ ≤ cB2
4(T ) +

∣

∣

∣

∣

vr(kT )

r

∣

∣

∣

∣

2

2,Ω0

≤ 2A2
4(T ).

Proof. From (1.2)1 and boundary onditions we obtain the problem
(3.34)

vr,t − ν

[(

r

(

vr

r

)

,r

)

,r

+ 2

(

vr

r

)

,r

+ vr,zz

]

+ vzχ

= −q,r + fr in Ω0ε × (kT, (k + 1)T ),

vr

∣

∣

r=R,ε
= 0,

vr,z

∣

∣

z=±a
= 0,

vr

∣

∣

t=kT
= vr(kT ) in Ω0ε,
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2 . Multiplying (3.34)1 by vr

r2 , integrating the result over Ω0ε with themeasure rdrdz and using the boundary onditions we get
1

2

d

dt

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν

(
∣

∣

∣

∣

(

vr

r

)

,r

∣

∣

∣

∣

2

2,Ω0ε

+

∣

∣

∣

∣

(

vr

r

)

,z

∣

∣

∣

∣

2

2,Ω0ε

)

(3.35)

+ ν

∫

Ω0ε

2

(

vr

r

)

,r

vr

r
drdz = −

∫

Ω0ε

vzχ
vr

r
drdz

−

∫

Ω0ε

q,r
vr

r
drdz +

∫

Ω0ε

fr

r

vr

r
dx0.In view of boundary onditions the last term on the l.h.s. of (3.35) vanishes. The �rstterm on the r.h.s. of (3.35) is estimated by

ε1

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

6,Ω0ε

+ c(1/ε1)

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

3,Ω0ε

|vz|
2
2,Ω0ε

.We express the seond term on the r.h.s. of (3.35) in the form
−

∫

Ω0ε

p,r
vr

r
drdz +

∫

Ω0ε

vv,r
vr

r
drdz ≡ I1 + I2.First we examine

I1 = −

∫

Ω0ε

(p−
◦
p),r

vr

r
drdz =

∫

Ω0ε

(p−
◦
p)

(

vr

r

)

,r

drdz =

∫

Ω0ε

p−
◦
p

r

(

vr

r

)

,r

dx0,

where ◦
p = p|r=0. Continuing, we have

|I1| ≤ ε2

∣

∣

∣

∣

(

vr

r

)

,r

∣

∣

∣

∣

2

2,Ω0ε

+ c(1/ε2)

∣

∣

∣

∣

p−
◦
p

r

∣

∣

∣

∣

2

2,Ω0ε

.Next we examine
I2 =

1

2

∫

Ω0ε

(v2),r
vr

r
drdz =

1

2

∫

Ω0ε

(v2 −
◦
v2),r

vr

r
drdz = −

1

2

∫

Ω0ε

(v2 −
◦
v2)

(

vr

r

)

,r

drdz,

where ◦
v = v|r=0. By the Hölder and Young inequalities we have

|I2| ≤ ε3

∣

∣

∣

∣

(

vr

r

)

,r

∣

∣

∣

∣

2

2,Ω0ε

+ c(1/ε3)

∣

∣

∣

∣

v2 −
◦
v2

r

∣

∣

∣

∣

2

2,Ω0ε

,where the seond integral equals
∫

Ω0ε

∣

∣

∣

∣

(v −
◦
v) · (v +

◦
v)

r

∣

∣

∣

∣

2

dx0 ≤

∣

∣

∣

∣

v −
◦
v

r

∣

∣

∣

∣

2

2λ1,Ω0ε

|v +
◦
v|22λ2,Ω0ε

,

where 1/λ1 + 1/λ2 = 1. Finally, we estimate the last term on the r.h.s. of (3.35) by
ε4

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0ε

+ c(1/ε4)

∣

∣

∣

∣

fr

r

∣

∣

∣

∣

2

2,Ω0ε

.



AXIALLY SYMMETRIC SOLUTIONS 263Utilizing the above estimates in (3.35), assuming that ε1 − ε4 are su�iently small andexploiting the Poinaré inequality we obtain
d

dt

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν

(∣

∣

∣

∣

(

vr

r

)

,r

∣

∣

∣

∣

2

2,Ω0ε

+

∣

∣

∣

∣

(

vr

r

)

,z

∣

∣

∣

∣

2

2,Ω0ε

)

(3.36)

≤ c

(
∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

3,Ω0ε

|vz|
2
2,Ω0ε

+

∣

∣

∣

∣

p−
◦
p

r

∣

∣

∣

∣

2

2,Ω0ε

+

∣

∣

∣

∣

v −
◦
v

r

∣

∣

∣

∣

2

2λ1,Ω0ε

|v +
◦
v|22λ2,Ω0ε

+

∣

∣

∣

∣

fr

r

∣

∣

∣

∣

2

2,Ω0ε

)

,where 1/λ1 + 1/λ2 = 1. In view of the Poinaré inequality we an express (3.36) in theform
d

dt

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν1

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν2

(∣

∣

∣

∣

(

vr

r

)

,r

∣

∣

∣

∣

2

2,Ω0ε

+

∣

∣

∣

∣

(

vr

r

)

,z

∣

∣

∣

∣

2

2,Ω0ε

)

(3.37)

≤ c

(
∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

3,Ω0ε

|vz|
2
2,Ω0ε

+

∣

∣

∣

∣

p−
◦
p

r

∣

∣

∣

∣

2

2,Ω0ε

+

∣

∣

∣

∣

v −
◦
v

r

∣

∣

∣

∣

2

2λ1,Ω0ε

|v +
◦
v|22λ2,Ω0ε

+

∣

∣

∣

∣

fr

r

∣

∣

∣

∣

2

2,Ω0ε

)

,where 1/λ1 + 1/λ2 = 1. Multiplying (3.37) by eν1t and integrating with respet to timefrom kT to t ∈ (kT, (k + 1)T ] yields
∣

∣

∣

∣

vr(t)

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν2e
−ν1t

t
∫

kT

(
∣

∣

∣

∣

(

vr(t
′)

r

)

,r

∣

∣

∣

∣

2

2,Ω0ε

+

∣

∣

∣

∣

(

vr(t
′)

r

)

,z

∣

∣

∣

∣

2

2,Ω0ε

)

eν1t′dt′(3.38)

≤ ce−ν1t

t
∫

kT

(
∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

3,Ω0ε

|vz|
2
2,Ω0ε

+

∣

∣

∣

∣

p−
◦
p

r

∣

∣

∣

∣

2

2,Ω0ε

+

∣

∣

∣

∣

v −
◦
v

r

∣

∣

∣

∣

2

2λ1,Ω0ε

|v +
◦
v|22λ1,Ω0ε

+

∣

∣

∣

∣

fr

r

∣

∣

∣

∣

2

2,Ω0ε

)

eν1t′dt′

+

∣

∣

∣

∣

vr(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

e−ν1(t−kT ),where 1/λ1 + 1/λ2 = 1. Now we shall estimate the �rst term on the r.h.s. of (3.38). Inview of (3.4)1 and (3.22) we have that
ce−ν1t

t
∫

kT

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

3,Ω0ε

|vz|
2
2,Ω0ε

eν1t′dt′ ≤ ce−ν1t

t
∫

kT

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

3,Ω0

|vz|
2
2,Ω0

eν1t′dt′

≤ cA2
1(T )A2

3(3, T )e−ν1t

t
∫

kT

eν1t′dt′ ≤ cA2
1(T )A2

3(3, T ).

From (3.22) we have that
(3.39) |χ(t)|s,Ω0

≤ R

∣

∣

∣

∣

χ(t)

r

∣

∣

∣

∣

s,Ω0

≤ 2RA3(s, T ).
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(3.40)

rotv = α = χeϕ in Ω0ε,

divv = 0 in Ω0ε,

v · n̄ = 0 on S0ε,we obtain the estimate
(3.41) ‖v‖1,s,Ω0ε

≤ c|χ|s,Ω0ε
≤ cRA3(s, T ).Let us onsider the third expression under the time integral on the r.h.s. of (3.38). Let

λ1 = 3
2 , λ2 = 3. Then it is bounded by

∣

∣

∣

∣

v −
◦
v

r

∣

∣

∣

∣

2

3,Ω0

|v +
◦
v|26,Ω0

≡ I1.By the Hardy inequality the �rst fator in I1 is estimated by
c|v,r|

2
3,Ω0

≡ I2,so in view of (3.41) we have
I2 ≤ cR2A2

3(3, T ).In view of the imbedding
|v|r=0|6,Ω0

≤ c‖v‖1,3,Ω0
,the seond fator in I1 is bounded by

c‖v‖2
1,3,Ω0

≤ cR2A2
3(3, T ).Hene,

I1 ≤ cR4A4
3(3, T ).Finally, the term with pressure under the time integral on the r.h.s. (3.38) is estimatedby

c

∣

∣

∣

∣

p−
◦
p

r

∣

∣

∣

∣

3,Ω0ε

≤ c

∣

∣

∣

∣

p−
◦
p

r

∣

∣

∣

∣

3,Ω0

≤ c|p,r|3,Ω0
≡ I3,where in the seond inequality the Hardy inequality was applied.To estimate I3 we onsider the problem for pressure

(3.42)

∆p = −∇v · ∇v + divf in Ω0,

p,r = fr for r = R,

p,z = fz for z = ∓a.For solutions of problem (3.42) we have
(3.43) ‖∇p‖1,σ,Ω0

≤ c(|∇v|22σ,Ω0
+ |divf |σ,Ω0

+ ‖f‖1−1/σ,σ,∂Ω0
).Hene

(3.44) |p,r|3,Ω0
≤ ‖∇p‖1,3/2,Ω0

≤ c(|∇v|23,Ω0
+ |divf |3,Ω0

+ ‖f‖1/3,3/2,∂Ω0
).Then (3.41) yields

(3.45) |p,r|3,Ω0
≤ c(R2A2

3(3, T ) + |divf |3,Ω0
+ ‖f‖1/3,3/2,∂Ω0

).



AXIALLY SYMMETRIC SOLUTIONS 265Summarizing, (3.38) takes the form
∣

∣

∣

∣

vr(t)

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν2e
−ν1t

t
∫

kT

(
∣

∣

∣

∣

(

vr(t
′)

r

)

,r

∣

∣

∣

∣

2

2,Ω0ε

+

∣

∣

∣

∣

(

vr(t
′)

r

)

,z

∣

∣

∣

∣

2

2,Ω0ε

)

eν1t′dt′(3.46)

≤ c(A2
1(T )A2

3(3, T ) +R4A4
3(3, T ))

+ c

t
∫

kT

(

|divf(t′)|23,Ω0
+ ‖f(t′)‖1/3,3/2,∂Ω0

+

∣

∣

∣

∣

fr(t
′)

r

∣

∣

∣

∣

2

2,Ω0

)

dt′

+

∣

∣

∣

∣

vr(kT )

r

∣

∣

∣

∣

2

2,Ω0

e−ν1(t−kT ).In view of (3.31) inequality (3.46) takes the form
(3.47)

∣

∣

∣

∣

vr(t)

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν2e
−ν1t

t
∫

kT

∣

∣

∣

∣

∇̄
vr

r

∣

∣

∣

∣

2

2,Ω0ε

eν1t′dt′

≤ cB2
4(T ) +

∣

∣

∣

∣

vr(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

e−ν1(t−kT ),where t ∈ [kT, (k + 1)T ]. Inserting t = (k + 1)T into (3.47) we obtain
(3.48)

∣

∣

∣

∣

vr((k + 1)T )

r

∣

∣

∣

∣

2

2,Ω0ε

≤ cB2
4(T ) +

∣

∣

∣

∣

vr(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

e−ν1T .Hene by the indutive onsiderations we obtain
(3.49)

∣

∣

∣

∣

vr(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

≤
cB2

4(T )

1 − e−ν1T
+ e−ν1kT

∣

∣

∣

∣

vr(0)

r

∣

∣

∣

∣

2

2,Ω0ε

.Passing with ε to 0 yields (3.32).Simplifying (3.47) yields
(3.50)

∣

∣

∣

∣

vr(t)

r

∣

∣

∣

∣

2

2,Ω0ε

+ ν2e
−ν1T

t
∫

kT

∣

∣

∣

∣

∇̄
vr(t

′)

r

∣

∣

∣

∣

2

2,Ω0ε

dt′ ≤ cB2
4(T ) +

∣

∣

∣

∣

vr(kT )

r

∣

∣

∣

∣

2

2,Ω0ε

,

where t ∈ [kT, (k + 1)T ]. Passing with ε to 0 and inserting ν1 = 0, ν2 = ν, we obtainfrom (3.50) inequality (3.33). This onludes the proof.Finally we needLemma 3.5. Assume that A5(T ) is de�ned by the r.h.s. of (3.60), B6(T ) by (3.66), A2(T )by (3.12), A4(T ) by (3.32). Then axially symmetri solutions to problem (1.1) are suhthat v ∈W 2,1
2 (Ω0 × (kT, (k+1)T ))∩C([kT, (k+1)T ];H1(Ω0)) for any k ∈ N and satisfythe inequalities

(3.51)
‖v̄‖2,Ω0×(kT,(k+1)T ) ≤ A6(T ),

‖v̄‖C([kT,(k+1)T ];H1(Ω0)) ≤ A7(T ),where
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A6(T ) = c[A2
4(T ) +A2

5(T ) +B6(T ) +RA2(T )],

A7(T ) = cRA3(2, T ),where A5(T ) is de�ned in (3.60) and B6(T ) by (3.66).Proof. To have the full norm of H1(Ω0ε) in the seond term on the l.h.s. of (3.5) we usethe inequalitties
|vr|

2
2,Ω0ε

≤ R2

∣

∣

∣

∣

vr

r

∣

∣

∣

∣

2

2,Ω0εand
|vz|

2
2,Ω0ε

≤ 4a2|vz,z|
2
2,Ω0ε

,where the seond inequality is the Poinaré inequality. Then (3.5) assumes the form
(3.52)

d

dt
|v̄|22,Ω0ε

+
ν

2
c3‖v̄‖

2
1,Ω0ε

≤
c1
ν
|f̄ |26/5,Ω0ε

,where c3 = min{1, 1
R2 ,

1
4a2 }. After the same onsiderations as in Lemma 3.1 we obtain

(3.53)

|v̄(kT )|22,Ω0
≤ A2

1(T ),

|v̄(t)|22,Ω0
+
ν

2
c3

t
∫

kT

‖v̄(t′)‖2
1,Ω0

dt′ ≤
2

ν
A2

1(T ),for t ∈ [kT, (k + 1)T ], k ∈ N.From [3℄ we have
(3.54)

1

2

d

dt
|χ|22,Ω0ε

+ ν

(

|∇χ|22,Ω0ε
+

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

2,Ω0ε

)

≤ c(‖vr‖
2
1,Ω0ε

+ |f̄ |22,Ω0ε
).Using that χ|∂Ω0ε

= 0 we an express (3.54) in the form
(3.55)

d

dt
|χ|22,Ω0ε

+ ν

(

‖χ‖2
1,Ω0ε

+

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

2,Ω0ε

)

≤ c(‖vr‖
2
1,Ω0ε

+ |f̄ |22,Ω0ε
).Utilizing that ν = ν1 + ν2 and multiplying (3.55) by eν1t we obtain

(3.56)
d

dt
(|χ|22,Ω0ε

eν1t) + ν2

(

‖χ‖2
1,Ω0ε

+

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

2

2,Ω0ε

)

eν1t ≤ c(‖vr‖
2
1,Ω0ε

+ |f̄ |22,Ω0ε
)eν1t.Integrating (3.56) with respet to time from kT to t ∈ (kT, (k + 1)T ] and negleting theseond term on the l.h.s. we obtain

(3.57) |χ(t)|22,Ω0ε
≤ ce−ν1t

t
∫

kT

(‖vr(t
′)‖2

1,Ω0ε
+|f̄(t′)|22,Ω0ε

)eν1t′dt′+|χ(kT )|22,Ω0ε
e−ν1(t−kT ).Inserting t = (k + 1)T and utilizing (3.53) we get

(3.58) |χ((k + 1)T )|22,Ω0ε
≤ cB2

5(T ) + |χ(kT )|22,Ω0ε
e−ν1T ,where

(3.59) B2
5(T ) = A2

1(T ) + sup
k∈N

(k+1)T
∫

kT

|f̄(t′)|22,Ω0
dt′.



AXIALLY SYMMETRIC SOLUTIONS 267Indutive onsiderations and passing with ε to 0 implies
(3.60) |χ(kT )|22,Ω0

≤
cB2

5(T )

1 − e−ν1T
+ |χ(0)|22,Ω0

e−ν1kT ≤
cB2

5(T )

1 − e−ν1T
+ |χ(0)|22,Ω0

≡ A2
5(T ).Integrating (3.55) with respet to time from kT to t ∈ (kT, (k + 1)T ], passing with ε to0, utilizing (3.53)2 and (3.60) we have

(3.61) |χ(t)|22,Ω0
+ ν

t
∫

kT

(

‖χ(t′)‖2
1,Ω0

+

∣

∣

∣

∣

χ(t′)

r

∣

∣

∣

∣

2

2,Ω0

)

dt′ ≤ cA2
5(T ).Let us onsider the problem

(3.62)

vr,z − vz,r = χ in Ω0ε,

vr,z + vz,z = −
vr

r
in Ω0ε,

vr

∣

∣

r=R,ε
= 0, vz

∣

∣

z=∓a
= 0.In view of (3.33) and (3.61) we have

(3.63)
‖v̄‖L∞(kT,t;H1(Ω0ε)) + ‖v̄‖L2(kT,t;H2(Ω0ε))

≤ c(A4(T ) +A5(T )), t ∈ (kT, (k + 1)T ], k ∈ N.Passing with ε to 0 yields
‖v̄‖L∞(kT,t;H1(Ω0)) + ‖v̄‖L2(kT,t;H2(Ω0))(3.64)

≤ c(A4(T ) +A5(T )), t ∈ (kT, (k + 1)T ], k ∈ N.Let us onsider the problem
(3.65)

v̄,t − divT(v̄, p) = −v̄ · ∇v̄ + f in Ω0 × (kT, (k + 1)T ),

divv̄ = 0 in Ω0 × (kT, (k + 1)T ),

v̄ · n̄ = 0, n̄ · T(v̄, p) · τ̄α = 0, α = 1, 2, on S0 × (kT, (k + 1)T ),

v̄
∣

∣

t=kT
= v̄(kT ) in Ω0.In view of (3.64) we have

|v̄ · ∇v̄|2,Ω0×(kT,(k+1)T ) ≤ ‖v̄‖L∞(kT,(k+1)T ;L4(Ω0))·

· ‖∇v̄‖L2(kT,(k+1)T ;L4(Ω0)) ≤ c(A2
4(T ) +A2

5(T )).Assuming that
(3.66) B6(T ) = sup

k∈N

|f̄ |2,Ω0×(kT,(k+1)T )we obtain for solutions of problem (3.65) the estimate
(3.67) ‖v̄‖2,Ω0×(kT,(k+1)T ) ≤ c(A2

4(T ) +A2
5(T ) +B6(T ) + ‖v̄(kT )‖1,Ω0

).Finally, we have to show that ‖v̄(kT )‖1,Ω0
an be estimated by a onstant independentof k. For this purpose we use problem (3.40). Sine (3.12) holds we have

(3.68) ‖v̄(kT )‖1,Ω0
≤ cR

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2,Ω0

≤ cRA2(T ).



268 M. WIEGNER AND W. M. ZAJĄCZKOWSKIFrom (3.67) and (3.68) estimate (3.51)1 follows. Finally to show (3.51)2 we reall that
d

dt

∣

∣

∣

∣

χ

r

∣

∣

∣

∣

s,Ω0ε

≤

∣

∣

∣

∣

F

r

∣

∣

∣

∣

s,Ω0ε

,so |χr |s,Ω0
∈ C(R+). Hene by (3.40) we obtain that v̄ ∈ C(R+;W 1

s (Ω0)), so (3.51)2 holds.This onludes the proof.Finally, we derive an expliit form of estimate (3.5).Remark 3.6. First we have to estimate expressions from the r.h.s. of (3.5). Let T be solarge that e−ν1T/2 ≤ 1
2 . From Lemma 3.1 we have

A1(T ) ≤ c(sup
k

f 6/5,2,Ω0×(kT,(k+1)T ) + |v̄(0)|2,Ω0
).Lemma 3.2 implies

A2(T ) ≤ c

(

sup
k

∣

∣

∣

∣

f

r

∣

∣

∣

∣

2,Ω0×(kT,(k+1)T )

+

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

2,Ω0

)

.Lemma 3.3 yields
A3(3, T ) ≤ c

(

sup
k

∣

∣

∣

∣

F

r

∣

∣

∣

∣

3,Ω0×(kT,(k+1)T )

+

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

3,Ω0

)

.Lemma 3.4 shows that
A4(T ) ≤ c

[

A1(T )A3(3, T ) +R2A2
3(3, T )

+ sup
k

(

divf
3,2,Ω0×(kT,(k+1)T )

+ ‖f‖
L2(kT,(k+1)T ;W

1/3

3/2
(∂Ω0))

+

∣

∣

∣

∣

fr

r

∣

∣

∣

∣

2,Ω0×(kT,(k+1)T )

)]

+

∣

∣

∣

∣

vr(0)

r

∣

∣

∣

∣

2,Ω0

.From (3.59) and (3.60) we have
A5(T ) ≤ c(sup

k
|f |2,Ω0×(kT,(k+1)T ) + |v(0)|2,Ω0

+ |χ(0)|2,Ω0
).Finally,

B6(T ) = sup
k∈N

|f̄ |2,Ω0×(kT,(k+1)T ).In view of the above estimates, (3.51) takes the form
‖v̄‖2,Ω0×(kT,(k+1)T ) ≤ c sup

k∈N

(

|f |42,Ω0×(kT,(k+1)T )(3.69)

+

∣

∣

∣

∣

fr

r

∣

∣

∣

∣

2

2,Ω0×(kT,(k+1)T )

+

∣

∣

∣

∣

fr

r

∣

∣

∣

∣

2,Ω0×(kT,(k+1)T )

+

∣

∣

∣

∣

F

r

∣

∣

∣

∣

4

3,Ω0×(kT,(k+1)T )

+ divf 2
3,2,Ω0×(kT,(k+1)T )

+ ‖f‖2

L2(kT,(k+1)T ;W
1/3

3/2
(∂Ω0))

)
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+ c

(

|v̄(0)|42,Ω0
+ |v̄(0)|22,Ω0

+

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

4

3,Ω0

+

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

2,Ω0

+ |χ(0)|22,Ω0

)

,and
(3.70) ‖v‖C([kT,(k+1)T ];H1(Ω0)) ≤ c

(

sup
k

∣

∣

∣

∣

F

r

∣

∣

∣

∣

2,Ω0×(kT,(k+1)T )

+

∣

∣

∣

∣

χ(0)

r

∣

∣

∣

∣

2,Ω0

)

.From Lemmas 3.1�3.5, Remark 3.6 and the result of global existene of regular axiallysymmetri solutions proved in [3℄ we obtain Theorem 1.4. Stability problem. First we obtain an L2-estimate for v′.Lemma 4.1. Assume that va ∈ L∞(kT, (k+ 1)T ;W 1
3 (Ω0)), fa

r ∈ L2(kT (k+ 1)T ;L2(Ω)),
k ∈ N, χ(0)

r ∈ L2(Ω0). Let ν′1 < ν′ = ν
c1

and c1 is from (4.3). Let T be so large that
α(T ) ≡

1

ν2
sup

k

∣

∣

∣

∣

fa

r

∣

∣

∣

∣

2

2,Ω×(kT,(k+1)T )

+
1

ν

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω

≤
ν′1
2
T.Then

(4.1) |v′((k + 1)T )|22,Ω ≤ D2
1(T ) + e−(ν′

1/2)T |v′(kT )|22,Ω,where
(4.1′) D2

1(T ) = sup
k∈N

c3e
α(T )

(k+1)T
∫

kT

(

|f ′(t)|22,Ω +

∣

∣

∣

∣

∫

Ω

rv′ϕ(t)dx

∣

∣

∣

∣

2)

dt.Proof. Multiplying (1.9) by v′, integrating over Ω and using the boundary onditions weobtain
(4.2)

1

2

d

dt
|v′|22,Ω + ν|D(v′)|22,Ω +

∫

Ω

v′ · ∇va · v′dx =

∫

Ω

f ′ · v′dx.Utilizing the Korn inequality (see [8, Ch. 4℄)
(4.3) ‖v′(t)‖2

1,Ω ≤ c1

(

|D(v′)|22,Ω +

∣

∣

∣

∣

∫

Ω

rv′ϕ(t)dx

∣

∣

∣

∣

2)

in (4.2) yields
(4.4)

1

2

d

dt
|v′|22,Ω + ν′‖v′‖2

1,Ω +

∫

Ω

v′ · ∇va · v′dx ≤

∫

Ω

f ′ · v′dx+

∣

∣

∣

∣

∫

Ω

rv′ϕ(t)dx

∣

∣

∣

∣

2

,where ν′ = ν/c1. Applying the Hölder and Young inequalities in (4.4) implies
(4.5)

d

dt
|v′|22,Ω + ν′1|v

′|22,Ω + ν′2‖v
′‖2

1,Ω ≤ c2|∇va|
2
3,Ω|v

′|22,Ω

+ c|f ′|26/5,Ω +

∣

∣

∣

∣

∫

Ω

rv′ϕ(t)dx

∣

∣

∣

∣

2

.Continuing, we have
d

dt

(

|v′|22,Ωe
ν′

1t−c2

∫ t
kT

|∇va|
2
3,Ωdt′

)

+ ν′2‖v
′‖2

1,Ωe
ν′

1t−c2

∫ t
kT

|∇va|
2
3,Ωdt′(4.6)
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≤ c3

(

|f ′|26/5,Ω +

∣

∣

∣

∣

∫

Ω

rv′ϕ(t)dx

∣

∣

∣

∣

2)

eν′

1t−c2

∫ t
kT

|∇va|
2
3,Ωdt′ .Integrating (4.6) with respet to t from kT to t ∈ [kT, (k + 1)T ] we obtain

|v′(t)|22,Ωe
ν′

1t−c2

∫

t
kT

|∇va(t′)|23,Ωdt′ + ν′2

t
∫

kT

‖v′(t′)‖2
1,Ωe

ν′

1t′−c2

∫

t′

kT
|∇va(t′′)|23,Ωdt′′dt′(4.7)

≤ c3

t
∫

kT

(

|f ′(t′)|26/5,Ω +

∣

∣

∣

∣

∫

Ω

rv′ϕ(t′)dx

∣

∣

∣

∣

2)

eν′

1t′−c2

∫ t′

kT
|∇va(t′′)|23,Ωdt′′dt′

+ |v′(kT )|22,Ωe
ν′

1kT .Simplifying (4.7) yields
(4.8)

|v′(t)|22,Ω + ν′2e
−ν′

1t

t
∫

kT

‖v′(t′)‖2
1,Ωe

ν′

1t′dt′

≤ c3e
c2

∫ t
kT

|∇va|
2
3,Ωdt′

t
∫

kT

(

|f ′(t′)|26/5,Ω +

∣

∣

∣

∣

∫

Ω

rv′ϕ(t′)dx

∣

∣

∣

∣

2)

dt′

+ e−ν′

1(t−kT )+c2

∫ t
kT

|∇va(t′)|23,Ωdt′ |v′(kT )|22,Ω,where t ∈ [kT, (k + 1)T ]. Inserting t = (k + 1)T and anelling the seond term on thel.h.s. of (4.8) implies
|v′((k + 1)T )|22,Ω ≤ c3e

c2

∫ (k+1)T
kT |∇va(t′)|23,Ωdt′

(k+1)T
∫

kT

(

f ′(t)|22,Ω +

∣

∣

∣

∣

∫

Ω

rvϕ(t)dx

∣

∣

∣

∣

2)

dt(4.9)

+ e−ν′

1T+c2

∫ (k+1)T
kT |∇va(t)|23,Ωdt|v′(kT )|22,Ω.In view of (3.8) we have

(k+1)T
∫

kT

|∇va(t)|23,Ωdt ≤
1

ν2

∣

∣

∣

∣

fa

r

∣

∣

∣

∣

2

2,Ω×(kT,(k+1)T )

+
1

ν

∣

∣

∣

∣

χ(kT )

r

∣

∣

∣

∣

2

2,Ω

≤ α(T ).Utilizing the inequality and assumptions of the lemma we obtain (4.1). This ends theproof.By the indutive onsiderations we obtain from (4.1) the estimate
(4.10)

|v′(kT )|22,Ω ≤
D2

1(T )

1 − e−(ν′

1/2)T
+ e−

ν′

2 kT |v′(0)|22,Ω ≤
D2

1(T )

1 − e−(ν′

1/2)T
+ |v′(0)|22,Ω ≡ G1(T ).Moreover, from (4.8) we have

(4.11) |v′(t)|22,Ω + ν′2e
−ν′

1t

t
∫

kT

‖v′(t′)‖2
1,Ωe

ν′

1t′dt′ ≤ D2
1(T ) + e−(ν′

1/2)T |v′(kT )|22,Ω,
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(4.12)

|v′(t)|22,Ω ≤ D2
1(T ) + |v′(kT )|22,Ω,

t
∫

kT

‖v′(t′)‖2
1,Ωdt

′ ≤ eν′

1T (D2
1(T ) + |v′(kT )|22,Ω),

where t ∈ [kT, (k + 1)T ].Now we prove the existene of loal solutions to problem (1.9).Lemma 4.2. Let the assumptions of Theorem 1 be satis�ed. Let v′(0) ∈ L2(Ω), f ′ ∈

L2(Ω× (kT, (k + 1)T ) for any k ∈ N. Let D1(T ) (see (4.1′)), G1(T ) (see (4.10)), D2(T )(see (4.14)) be su�iently small. Let
β(k) = D2(T )(A6

6(T ) +A4
6(T )) + (|f ′|2,Ω×(kT,(k+1)T ) + ‖v′(kT )‖1,Ω)and let there exist a number σ > 1 suh that
cD2σ

5β5 +
c

σ
≤ 1.Then there exists a solution to problem (1.9) suh that v′ ∈W 2,1

2 (Ω× (kT, (k+1)T )) and
‖v′‖2,Ω×(kT,(k+1)T ) + |∇p′|2,Ω×(kT,(k+1)T ) ≤ A(k),where A(k) de�ned by inequality (4.19) is suh that A(k) ≤ σβ(k).Proof. To prove the existene of solutions to problem (1.9) we apply the following methodof suessive approximations:

(4.13)

v′m+1,t + v′m · ∇v′m+1 + v′m+1 · ∇va + va · ∇v′m+1 − divT(v′m+1, p
′
m+1) = f ′,

divv′m+1 = 0,

n̄ · v′m+1 = 0,

n̄ · T(v′m+1, p
′
m+1) · τ̄α = 0, α = 1, 2,

v′m+1

∣

∣

t=kT
= v′(kT ).By (4.11) the weak solution to problem (4.13) satis�es the inequality

(4.14) |v′m+1(t)|
2
2,Ω + ν

t
∫

kT

‖v′m+1(t
′)‖2

1,Ωdt
′ ≤ (1 + eν′

1T )[D2
1(T ) + |v′(kT )|22,Ω] ≡ D2

2(T ).

Let c4 be the onstant in the estimate of the Stokes system for (4.13). Then for solutionsof (4.13) we have
‖v′m+1‖2,Ω×(kT,(k+1)T ) + |∇p′m+1|2,Ω×(kT,(k+1)T )(4.15)

≤ c4(|v
′
m · ∇v′m+1|2,Ω×(kT,(k+1)T )

+ |v′m+1 · ∇va|2,Ω×(kT,(k+1)T ) + |va · ∇v′m+1|2,Ω×(kT,(k+1)T )

+ |f ′|2,Ω×(kT,(k+1)T ) + ‖v′m+1(kT )‖1,Ω).Now, we estimate the partiular terms on the r.h.s. of (4.15). We estimate the �rst and
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|v′m + va|6,Ω×(kT,(k+1)T )|∇v

′
m+1|3,Ω×(kT,(k+1)T )

≤ (ε1/6‖∇v′m+1‖1,Ω×(kT,(k+1)T ) + cε−5/6|∇v′m+1|2,Ω×(kT,(k+1)T ))·

· |v′m + va|6,Ω×(kT,(k+1)T )

≤ ε
1/6
1 ‖∇v′m+1‖1,Ω×(kT,(k+1)T ) + c(1/ε1)|v

′
m + va|

6
6,Ω×(kT,(k+1)T )D2(T )

≤ ε
1/6
1 ‖∇v′m+1‖1,Ω×(kT,(k+1)T ) + c(1/ε1)D2(T )·

· (‖v′m‖6
2,Ω×(kT,(k+1)T ) + ‖va‖

6
2,Ω×(kT,(k+1)T )).By the Hölder inequality the seond term on the r.h.s. of (4.15) is bounded by

|v′m+1|5,Ω×(kT,(k+1)T )|∇va| 10
3 ,Ω×(kT,(k+1)T ) ≤ [ε

1/4
2 ‖v′m+1‖2,Ω×(kT,(k+1)T )

+ cε
−3/4
2 |v′m+1|10/3,Ω×(kT,(k+1)T )]A6(T )

≤ ε
1/4
3 ‖v′m+1‖2,Ω×(kT,(k+1)T ) + cε

−3/4
2 c(T )D2(T )A4

6(T ).Utilizing the above estimates in (4.15) yields
‖v′m+1‖2,Ω×(kT,(k+1)T ) + |∇p′m+1|2,Ω×(kT,(k+1)T )(4.16)

≤ cD2(T )(‖v′m‖6
2,Ω×(kT,(k+1)T )

+A6
6(T ) +A4

6(T )) + c4(|f
′|2,Ω×(kT,(k+1)T ) + ‖v′(kT )‖1,Ω),where by (4.14) and (4.10) we have

(4.17) D2(T ) = (1 + eν′

1T )

[

2 − e−(ν′

1/2)T

1 − e−(ν′

1/2)T
D1(T ) + |v′(0)|2,Ω

]

.To show that the onstruted sequene {v′m, p
′
m} is uniformly bounded we assumethat

(4.18) ‖v′m‖2,Ω×(kT,(k+1)T ) + |∇p′m|2,Ω×(kT,(k+1)T ) ≤ A(k).Next for D2(T ) and A(k) su�iently small we get
cD2(T )A6(k) + cD2(T )(A6

6(T ) +A4
6(T )) + c4(|f

′|2,Ω×(kT,(k+1)T ) + ‖v′(kT )‖1,Ω)(4.19)

≤ A(k).Then (4.19) implies
(4.20) ‖v′m+1‖2,Ω×(kT,(k+1)T ) + |∇p′m+1|2,Ω×(kT,(k+1)T ) ≤ A(k).To show (4.18) for all m ∈ N we assume that v′0 = 0 and v′1 is a solution to the problem
(4.21)

v′1,t + v′1 · ∇va + va · ∇v′1 − divT(v′1, p
′
1) = f ′,

divv′1 = 0,

n̄ · v′1 = 0, n̄ · T(v′1, p
′
1) · τ̄α = 0, α = 1, 2,

v′1
∣

∣

t=kT
= v′(kT ).For solutions of problem (4.21) we have

‖v′1‖2,Ω×(kT,(k+1)T ) ≤ c4[|v
′
1 · ∇va|2,Ω×(kT,(k+1)T )(4.22)

+ |va · ∇v′1|2,Ω×(kT,(k+1)T ) + |f ′|2,Ω×(kT,(k+1)T ) + ‖v′(kT )‖1,Ω].
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(4.23)

‖v′1‖2,Ω×(kT,(k+1)T ) + |∇p′1|2,Ω×(kT,(k+1)T ) ≤ cD2(T )(A6
6(T ) +A4

6(T ))

+ c4(|f
′|2,Ω×(kT,(k+1)T ) + ‖v′(kT )‖1,Ω).Assuming that

(4.24) cD2(T )(A6
6(T ) +A4

6(T )) + c4(|f
′|2,Ω×(kT,(k+1)T ) + ‖v′(kT )‖1,Ω) ≤ A(k),whih is also justi�ed by (4.19) we see by the indutive argument that (4.18) holds forany m ∈ N.Finally we must show onvergene. Let V ′
m+1 = v′m+1−v

′
m, P ′

m+1 = p′m+1−p
′
m. Then(4.19) implies

(4.25)

V ′
m+1,t + v′m · ∇V ′

m+1 + V ′
m · ∇v′m + V ′

m+1 · ∇va + va · ∇V ′
m+1

− divT(V ′
m+1, P

′
m+1) = 0,

divV ′
m+1 = 0,

n̄ · V ′
m+1 = 0, n̄ · T(V ′

m+1, P
′
m+1) · τ̄α = 0, α = 1, 2,

V ′
m+1

∣

∣

t=kT
= 0.To show onvergene we divide the interval [kT, (k + 1)T ] into n subintervals with thelength ∆t = T

n , whih will be hosen su�iently small. Having proved the existene inthe interval [kT, kT + ∆t] we obtain instead of the last equation in (4.25) the ondition
V ′

m+1|t=kT+∆t = 0. Then onsiderations from the interval [kT, kT + ∆t] an be repeatedin intervals [kT + (s− 1)∆t, kT + s∆t], s ≤ n. Hene we shall restrit our onsiderationsto the interval [kT, kT + ∆t] only.Multiplying (4.25)1 by V ′
m+1 and integrating over Ω yields

1

2

d

dt
|V ′

m+1|
2
2,Ω +

∫

Ω

V ′
m · ∇v′m · V ′

m+1dx+

∫

Ω

V ′
m+1 · ∇va · V ′

m+1dx+ ν‖V ′
m+1‖

2
1,Ω = 0.By the Hölder and Young inequalities we have

d

dt
|V ′

m+1|
2
2,Ω + ν‖V ′

m+1‖
2
1,Ω ≤ c|∇va|

2
3,Ω|V

′
m+1|

2
2,Ω + c|∇v′m|22,Ω|V

′
m|23,Ω.Integrating with respet to time implies

|V ′
m+1(t)|

2
2,Ω + ν

kT+∆t
∫

kT

‖V ′
m+1(t

′)‖2
1,Ωdt

′(4.26)

≤ c exp

(

kT+∆t
∫

kT

|∇va(t′)|23,Ωdt
′

)

kT+∆t
∫

kT

|∇v′m|22,Ω‖V
′
m‖2

1,Ωdt
′

≤ cecA2
6 sup

t′
‖v′m(t′)‖2

1,Ω sup
t′

‖V ′
m(t′)‖2

1,Ω∆t

≤ cecA2
6A2(k)‖V ′

m‖2
2,Ω×(kT,kT+∆t)∆t.From (4.25) we have also

‖V ′
m+1‖2,Ω×(kT,kT+∆t) ≤ c(|v′m · ∇V ′

m+1|2,Ω×(kT,kT+∆t)(4.27)
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+ |V ′
m · ∇v′m|2,Ω×(kT,kT+∆t) + |V ′

m+1 · ∇va|2,Ω×(kT,kT+∆t)

+ |va · ∇V ′
m+1|2,Ω×(kT,kT+∆t)).Now we estimate the partiular terms on the r.h.s. of (4.27). We bound the �rst term by

kT+∆t
∫

kT

dt|v′m · ∇V ′
m+1|

2
2,Ω ≤

kT+∆t
∫

kT

dt|v′m|24,Ω|∇V
′
m+1|

2
4,Ω

≤ sup
t

|v′m|24,Ω

(

ε1

kT+∆t
∫

kT

|V ′
m+1,xx|

2
2,Ωdt+ c(1/ε1)

kT+∆t
∫

kT

|V ′
m+1|

2
2,Ωdt

)

≤ cA2(ε1|V
′
m+1,xx|

2
2,Ω×(kT,kT+∆t) + c(1/ε1)|V

′
m+1|

2
2,Ω×(kT,kT+∆t)),the seond by

kT+∆t
∫

kT

dt|V ′
m|26,Ω|∇v

′
m|23,Ω ≤ sup

t
‖V ′

m‖2
1,Ω

kT+∆t
∫

kT

dt|∇v′m|23,Ω

≤ sup
t

‖V ′
m‖2

1,Ω(∆t)1/2

(

kT+∆t
∫

kT

dt|∇v′m|43,Ω

)1/2

≤ cA2(∆t)1/2‖V ′
m‖2

2,Ω×(kT,kT+∆t),the third by
kT+∆t
∫

kT

dt|∇va|
2
2,Ω|V

′
m+1|

2
∞,Ω ≤ sup

t
|∇va|

2
2,Ω(ε2|V

′
m+1,xx|

2
2,Ω×(kT,kT+∆t)

+ c(1/ε2)|V
′
m+1|

2
2,Ω×(kT,kT+∆t))

≤ cA2
6(ε2|V

′
m+1,xx|

2
2,Ω×(kT,kT+∆t) + c(1/ε2)|V

′
m+1|

2
2,Ω×(kT,kT+∆t)).Finally the last term on the r.h.s. of (4.27) is estimated by

kT+∆t
∫

kT

dt|va|
2
4,Ω|∇V

′
m+1|

2
4,Ω ≤ sup

t
|va|

2
4,Ω

kT+∆t
∫

kT

dt|∇V ′
m+1|

2
4,Ω

≤ cA2
6(ε3|V

′
m+1,xx|

2
2,Ω×(kT,kT+∆t) + c(1/ε3)|V

′
m+1|

2
2,Ω×(kT,kT+∆t)).Utilizing the above estimates in (4.27), assuming that ε1 − ε3 are su�iently small andusing (4.26) we obtain

(4.28) ‖V ′
m+1‖2,Ω×(kT,kT+∆t) ≤ ϕ(A6, A)(∆t)1/2‖V ′

m‖2,Ω×(kT,kT+∆t)where ϕ is an inreasing positive funtion. Hene we have onvergene. This onludesthe proof.Therefore, we have proved loal existene of solutions to problem (1.9) in the interval
[kT, (k+1)T ], where T is �nite and �xed. To prove global existene we have to show that
‖v′(kT )‖1,Ω an be estimated by a quantity independent of k. Then by (4.19) A(k) anbe hosen independently of k too. Hene we need



AXIALLY SYMMETRIC SOLUTIONS 275Lemma 4.3. Assume that G1(T ) and G2(T ) = A(0) + ‖v(0)‖1,Ω are su�iently small.Assume that
va ∈ L2(kT, (k + 1)T ;H2(Ω)) ∩ L4(kT, (k + 1)T ;H1(Ω)), k ∈ N.Then

(4.29) ‖v′(kT )‖1,Ω ≤ ‖v′(0)‖1,Ω.Proof. Multiplying (1.9) by divD(v′) and integrating over Ω implies
∫

Ω

v′t · divD(v′)dx−

∫

Ω

|divD(v′)|2dx+

∫

Ω

v′ · ∇v′ · divD(v′)dx(4.30)

+

∫

Ω

v′ · ∇va · divD(v′)dx+

∫

Ω

va · ∇v′ · divD(v′)dx

=

∫

Ω

f ′ · divD(v′)dx.The �rst term in (4.30) equals
∫

Ω

div(v′t · D(v′))dx−

∫

Ω

∇v′t · D(v′)dx =

∫

S

v′t · n̄ · D(v′)dS

−

∫

Ω

∇v′t · D(v′)dx =

∫

S

(v′ntn̄+ v′ταtτ̄α) · n̄ · D(v′)dS

−
1

2

d

dt

∫

Ω

|D(v′)|2dx = −
1

2

d

dt

∫

Ω

|D(v′)|2dx,where the boundary onditions were used.To ontinue onsiderations we have to examine the following ellipti problems:
(4.31)

divD(v) = f,

v · n̄
∣

∣

S
= 0,

n̄ · D(v) · τ̄α
∣

∣

S
= 0, α = 1, 2,and

(4.32)

divT(v, p) = f,

divv = 0,

v · n̄
∣

∣

S
= 0,

n̄ · T(v, p) · τ̄α
∣

∣

S
= 0, α = 1, 2.Sine the funtion η = b × x, where b is any onstant vetor, belongs to the kernels ofoperators (4.31) and (4.32), we see that ∫

Ω
rvϕdx η belongs also to the kernels. Hene wehave the following estimates for solutions of problems (4.31) and (4.32):

(4.33) ‖v‖2,Ω ≤ c(|f |2,Ω + |v|2,Ω),and
(4.34) ‖v‖2,Ω + |px|2,Ω ≤ c(|f |2,Ω + |v|2,Ω).



276 M. WIEGNER AND W. M. ZAJĄCZKOWSKIBy the Hölder and interpolation inequalities (see [1, Ch. 3, Se. 15℄) we estimate thethird term on the l.h.s. of (4.30) by
c|v′|6,Ω|v

′
,x|3,Ω|divD(v′)|2,Ω

≤ c|v′|6,Ω(|v′,x|
1/2
2,Ω‖v

′‖
1/2
2,Ω + |v′,x|2,Ω)|divD(v′)|2,Ω

≤ c‖v′‖
3/2
1,Ω(|divD(v′)|

1/2
2,Ω + |v′|

1/2
2,Ω)|divD(v′)|2,Ω + c‖v′‖2

1,Ω|divD(v′)|2,Ω

≤ ε|divD(v′)|22,Ω + c(1/ε)(‖v′‖6
1,Ω + ‖v′‖4

1,Ω),the fourth term by
c|v′|∞,Ω|∇va|2,Ω|divD(v′)|2,Ω ≤ c|∇va|2,Ω(|v′|

1/2
6,Ω‖v

′‖
1/2
2,Ω + |v′|2,Ω)|divD(v′)|2,Ω

≤ c|∇va|2,Ω‖v
′‖

1/2
1,Ω(|divD(v′)|

1/2
2,Ω + ‖v′‖

1/2
1,Ω)|divD(v′)|2,Ω

≤ ε|divD(v′)|22,Ω + c(1/ε)(|∇va|
4
2,Ω‖v

′‖2
1,Ω + |∇va|

2
2,Ω‖v

′‖2
1,Ω),where the interpolation inequality is taken from [1, Ch. 3, Se. 15℄, and �nally, the �fthterm by

|va|6,Ω|v
′
,x|3,Ω|divD(v′)|2,Ω ≤ c‖va‖1,Ω(|v′,x|

1/2
2,Ω‖v

′
,x‖

1/2
1,Ω + |v′,x|2,Ω)|divD(v′)|2,Ω

≤ c‖va‖1,Ω‖v
′‖

1/2
1,Ω(|divD(v′)|

1/2
2,Ω + ‖v′‖

1/2
1,Ω)|divD(v′)|2,Ω

≤ ε|divD(v′)|22,Ω + c(1/ε)(‖va‖
4
1,Ω + ‖va‖

2
1,Ω)‖v′‖2

1,Ω.In view of the above onsiderations (4.30) implies
d

dt
|D(v′)|22,Ω + ν|divD(v′)|22,Ω ≤ c(1 + ‖v′‖2

1,Ω)‖v′‖4
1,Ω(4.35)

+ c(‖va‖
2
1,Ω + ‖va‖

4
1,Ω)‖v′‖2

1,Ω + c|f ′|22,Ω.From (4.5) and (4.35) we have
d

dt
(|v′|22,Ω + |D(v′)|22,Ω) + ν(|v′|22,Ω + |D(v′)|22,Ω)(4.36)

≤ c(‖va‖
2
1,Ω + ‖va‖

4
1,Ω + |∇va|

2
3,Ω)(|v′|22,Ω + |D(v′)|22,Ω)

+ c(1 + ‖v′‖2
1,Ω)‖v′‖4

1,Ω + c|f ′|22,Ω

+ c

∣

∣

∣

∣

∫

Ω

rv′ϕ(0)dx

∣

∣

∣

∣

2

+ c

∣

∣

∣

∣

t
∫

0

dt′
∫

Ω

rf ′ϕdx

∣

∣

∣

∣

2

.Let us introdue the notation
X(t) = |v′(t)|22,Ω + |D(v′(t))|22,Ω,

β(t) = ‖va(t)‖2
1,Ω + ‖va(t)‖4

1,Ω + |∇va(t)|23,Ω.Then (4.36) implies
(4.37)

d

dt
(X(t)eνt−c

∫ t
0

β(t′)dt′) ≤ c

[

(1 + ‖v′‖2
1,Ω)‖v′‖4

1,Ω

+ |f ′|22,Ω +

∣

∣

∣

∣

∫

Ω

rv′ϕ(0)dx

∣

∣

∣

∣

2

+

∣

∣

∣

∣

t
∫

0

dt′
∫

Ω

rf ′ϕ(t′)dx

∣

∣

∣

∣

2]

eνt−c
∫ t
0

β(t′)dt′ .



AXIALLY SYMMETRIC SOLUTIONS 277Integrating (4.37) with respet to time from kT to t ∈ (kT, (k + 1)T ] yields
X(t) ≤ e−νt+c

∫ t
kT

β(t′)dt′
t

∫

kT

[(1 + ‖v′(t′)‖2
1,Ω)‖v′(t′)‖4

1,Ω(4.38)

+ |f ′(t′)|22,Ω]eνt′dt′ + cec
∫ t

kT
β(t′)dt′

∣

∣

∣

∣

∫

Ω

rv′ϕ(kT )dx

∣

∣

∣

∣

2

+ e−νt+c
∫ t

kT
β(t′)dt′c

t
∫

kT

dt′
∣

∣

∣

∣

t′
∫

kT

dt′′
∫

Ω

rf ′ϕ(t′′)dx

∣

∣

∣

∣

2

eνt′

+ e−ν(t−kT )+c
∫ t

kT
β(t′)dt′X(kT ).Let us introdue the quantities

(4.39)

B(T ) = sup
k

(k+1)T
∫

kT

β(t)dt,

H(T ) = sup
k

[

(k+1)T
∫

kT

|f ′(t)|22,Ωdt+

∣

∣

∣

∣

∫

Ω

rv′ϕ(kT )dx

∣

∣

∣

∣

2

+

(k+1)T
∫

kT

dt

∣

∣

∣

∣

t
∫

kT

dt′
∫

Ω

rf ′ϕ(t′)dx

∣

∣

∣

∣

2]

.Inserting t = (k + 1)T into (4.38) and using that
sup

t∈[kT,(k+1)T ]

‖v′(t)‖1,Ω ≤ A(k) + ‖v′(kT )‖1,Ω ≡ G2(k, T )we obtain from (4.38) the inequality
(4.40) X((k + 1)T ) ≤ ecB(T )(G4

2(k, T ) +H(T )) + e−νT+cB(T )X(kT ).Assuming that X(kT ), G2(k, T ), H(T ) are su�iently small and T is su�iently largewe are able to show that
(4.41) X((k + 1)T ) ≤ X(kT ).Starting from k = 0 we an show step by step by applying Lemmas 4.1 and 4.2 that
G2(k, T ) an be hosen independent of k and then

X(kT ) ≤ X(0) for any k ∈ N.Hene (4.29) holds. This onludes the proof.Lemmas 4.1�4.3 imply Theorem 2.
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