
REGULARITY AND OTHER ASPECTS

OF THE NAVIER–STOKES EQUATIONS

BANACH CENTER PUBLICATIONS, VOLUME 70

INSTITUTE OF MATHEMATICS

POLISH ACADEMY OF SCIENCES

WARSZAWA 2005

GLOBAL EXISTENCE OF SOLUTIONS OF THEFREE BOUNDARY PROBLEM FOR THE EQUATIONS OFMAGNETOHYDRODYNAMIC COMPRESSIBLE FLUIDPIOTR KACPRZYKInstitute of Mathematis and Cryptology, Cybernetis FaultyMilitary University of TehnologyS. Kaliskiego 2, 00-908 Warszawa, PolandE-mail: p.kaprzyk�imbo.wat.edu.pl
Abstrat. Global existene of solutions for equations desribing a motion of magnetohydrody-nami ompresible �uid in a domain bounded by a free surfae is proved. In the exterior domainwe have an eletromagneti �eld whih is generated by some urrents loated on a �xed bound-ary. We have proved that the domain oupied by the �uid remains lose to the initial domainfor all time.1. Introdution. In this paper we prove the existene of global solution to equationsdesribing a motion of magnetohydrodynami ompresible �uid in a domain Ωt ⊂ R

3bounded by a free surfae St. In a domain Dt ⊂ R
3 whih is exterior to Ωt we have a gasunder a onstant pressure p0. Moreover in the domain Dt we have an eletromagneti�eld generated by some urrents loated on a �xed boundary B of Dt.In the domain Ωt the motion is desribed by the following problem

̺(vt + v · ∇v) − divT(v, p) − µ1

1

H ·∇
1

H +µ1∇
1

H2

2
= f in Ω̃T ,

̺t + div(̺v) = 0 in Ω̃T ,

µ1

1

Ht = −rot
1

E in Ω̃T ,

rot
1

H = σ1(
1

E+µ1v ×
1

H) in Ω̃T ,

div(µ1

1

H) = 0 in Ω̃T ,

(1.1)
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106 P. KACPRZYKwhere Ω̃T =
⋃

0≤t≤T Ωt × {t}, v = v(x, t) is the veloity of the �uid, p = p(̺) thepressure, ̺ = ̺(x, t) the density, 1

H =
1

H(x, t) is the magneti �eld, f = f(x, t) theexternal fore �eld per unit mass, µ1 the onstant magneti permeability, σ1 the onstanteletri ondutivity, 1

E =
1

E(x, t) the eletri �eld,
T(v, p) = D(v) − pI (1.2)is the stress tensor, where by

D(v) = {µ(∂xi
vj + ∂xj

vi) + (ν − µ)δijdivv}i,j=1,2,3 (1.3)we denote the dilatation tensor, where ν, µ are the visosity oe�ients of the �uid and
I the unit matrix.In the domain Dt oupied by dieletri (gas) we assume that there is no �uid motioninside (v = 0). Therefore we have only the eletromagneti �eld desribed by the followingsystem

µ2

2

Ht = −rot
2

E in D̃T ,

rot
2

H = σ2

2

E in D̃T ,

div(µ2

2

H) = 0 in D̃T ,

(1.4)

where D̃T =
⋃

0≤t≤T Dt × {t}.On St = ∂Ωt ∩ ∂Dt we assume the following transmission and boundary onditions
T(v, p)n =

(

− p0I − µ1

1

H ⊗
1

H +µ1

1

H2

2
I

)

n on S̃T

1

σ1

1

H =
1

σ2

2

H on S̃T ,

1

E ·τα =
2

E ·τα, α = 1, 2 on S̃T ,

v · n = − φt

|∇φ| on S̃T ,

(1.5)

where S̃T =
⋃

0≤t≤T St × {t}, n is the unit outward vetor to Ωt and normal to St, τα,
α = 1, 2 is the tangent vetor to St, φ(x, t) = 0 desribes St at least loally.Next we assume the boundary onditions on B

2

H = H∗ on B,

2

E = E∗ on B,

(1.6)

where H∗ and E∗ are onneted by onditions
σ2E∗n =

1

Aτ1
Aτ2

(∂τ1
(H∗τ2

Aτ2
) − ∂τ2

(H∗τ1
Aτ1

)),

µ2∂tH∗n =
1

Aτ1
Aτ2

(∂τ2
(E∗τ1

Aτ1
) − ∂τ1

(E∗τ2
Aτ2

)),
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−∂t∂τ1

(H∗τ1
Aτ2

An) − ∂t∂τ2
(H∗τ2

Aτ1
An) = ∂τ1

∂τ2
(E∗nAn)

−µ2∂τ1
(Aτ2

Aτ3
∂tH∗τ1

) − µ2∂τ2
(Aτ1

Aτ3
∂tH∗τ2

) − ∂τ2
∂τ1

(E∗nAn),where (τ1, τ2, n) are urvilinear oordinates and Aτ1
, Aτ2

, An are the Lamé oe�ients oftransformation (τ1, τ2, n) → (x1, x2, x3).Finally we assume the initial onditions
Ωt|t=0 = Ω, St|t=0

= S, Dt|t=0
= D, (1.7)

̺|t=0 = ̺0, v|t=0 = v0,
1

H |t=0 =
1

H0, in Ω,

2

H |t=0 =
2

H0, in D.The aim of this paper is to prove the existene of a global-in-time solution of problem(1.1)�(1.7) whih remains for all time lose to a onstant state. Consider the equation
p(̺) = p0, (1.8)where ̺ ∈ R+, p ∈ C3(R+), p′(̺) > 0.Then, we introdue the following de�nition of the onstant state.Definition 1.1. Let f = 0. Then by a onstant (equilibrium) state we mean a solution

(v, ̺) of problem (1.1)�(1.7) suh that v = 0, ̺ = ̺e, Ωt = Ωe for t ≥ 0, where ̺e is asolution of (1.8) and |Ωe| = M
̺e

(|Ωe| = volΩe), where M =
∫

Ωt
̺(x, t)dx =

∫

Ω
̺0(ξ)dξ.The �rst global existene theorems for equations desribing the motion of ompress-ible �uids were proved by V. A. Solonnikov and A. Tani [10℄ and independently by W.Zaj¡zkowski [20, 21℄. Both [10℄ and [20, 21℄ are onerned with the barotropi ase, butin [20, 21℄ it is assumed that the pressure of the �uid has the form p = a̺γ , where a > 0and γ > 1 are onstants. A global existene result for the more general form of pressure,i.e. p = p(̺), has been obtained in [16℄. Moreover, global existene theorems for visousompressible heat-onduting �uids an be found in [13, 14, 16℄.To prove existene of solutions to the above problem we introdue the Lagrangianoordinates ξ ∈ Ω. The Lagrangian oordinates onneted with the veloity v are theinitial data for the Cauhy problem

dx

dt
= v(x, t), x|t=0 = ξ ∈ Ω. (1.9)Therefore xv(ξ, t) = ξ +

∫ t

0
v̄(ξ, τ)dτ , where

v̄(ξ, t) = v(xv(ξ, t), t).To introdue the Lagrangian oordinates in Dt we extend v on Dt. Let us denote theextended funtion by v′. Then we de�ne ξ ∈ D, by the Cauhy data to the problem
dx

dt
= v′(x, t), x|t=0 = ξ ∈ D. (1.10)Therefore xv′(ξ, t) = ξ +

∫ t

0
v̄′(ξ, τ)dτ , where v̄′(ξ, t) = v′(xv′(ξ, t), t). Then by (1.5)

Ωt = {x ∈ R
3 : x = xv(ξ, t), ξ ∈ Ω},

St = {x ∈ R
3 : x = xv(ξ, t), ξ ∈ S}.



108 P. KACPRZYKSine St is determined at least loally by φ(x, t) = 0, S is desribed by φ(xv(ξ, t), t)|t=0

= 0. Moreover, we have
n̄v = n(xv(ξ, t), t) =

∇xφ(x, t)

|∇xφ(x, t)|
∣

∣

x=xv(ξ,t)
.Introdue the following notation:

‖u‖l,Q = ‖u‖Hl(Q), Q ∈ {Ω, S,D,Π, B}, 0 ≤ l ∈ Z,

‖u‖k,p,q,QT = ‖u‖Lq(0,T,W k
p (Q)), Q ∈ {Ω, S,D,Π, B},

p, q ∈ [1,+∞], 0 ≤ k ∈ Z,where Qt = Q× (0, t),
|u|p,Q = ‖u‖Lp(Q), Q ∈ {Ω, S,D,Π, B}, p ∈ [1,+∞].2. Weak solution. Weak solutions to problem (1.1)�(1.7) we formulate in Lagrangianoordinates.Definition 2.1. By weak solutions for problem (1.1)�(1.7) we mean funtions v̄, H̄ whihsatisfy the integral identities

∫ T

0

∫

Ω

(¯̺v̄tϕ̄+Dv(v̄)Dv(ϕ̄))Ivdξdt−
∫ T

0

∫

Ω

(µ1

1

H̄∇v

1

H̄ ϕ̄− µ1∇v

1

H̄2 ϕ̄)Ivdξdt

=

∫ T

0

∫

Ω

f̄ ϕ̄Ivdξdt+

∫ T

0

∫

S

(

− µ1

1

H̄ ⊗
1

H̄ +µ1

1

H̄2

2
I

)

n̄vϕ̄IvdξSdtIvdξsdt

+

∫ T

0

∫

Ω

∇v p̄Ivdξdt−
∫ T

0

∫

S

(p̄− p0)n̄vϕ̄Ivdξsdt, (2.1)

∫ T

0

∫

Π

(

−µH̄tψ̄ − µv̄∇vH̄ψ̄ +
1

σ
rotvH̄rotvψ̄

)

Ivdξdt

−
∫ T

0

∫

Ω

µ1(v̄ ×
1

H̄)rotvψ̄Ivdξdt =
1

σ2

∫ T

0

∫

B

(n̄v × Ē∗)ψ̄IvdξBdt, (2.2)where ϕ, ψ are su�iently regular, n̄v is the unit outward vetor normal to S or B.In (2.1), (2.2) we use the notation Ā(ξ, t) = A(xv(ξ, t), t),
H̄|Ω =

1

H̄, H̄|D =
2

H̄, σ|Ω = σ1, σ|D = σ2,

Π = Ω ∪D, µ|Ω = µ1, µ|D = µ2,in (2.2) v is the extension on Π,
Dv(v̄) = {µ(∂xi

ξk∇ξk
v̄j + ∂xj

ξk∇ξk
v̄i) + (ν − µ)δijdivv v̄}i,j=1,2,3,

rotvv̄ = ∇v × v̄,

∇v = ∂xξi∇ξi
, divv v̄ = ∇v · v̄ = ∂xi

ξk∇ξk
v̄i, ∂ξi

= ∇ξi
.Let A be the Jaobi matrix of the transformation x = xv(ξ, t), then

detA = exp

(
∫ t

0

divv v̄dτ

)

= Iv and if sup
ξ∈Ω

sup
t∈[0,T ]

|∇ξ v̄| < µ



EQUATIONS OF MAGNETOHYDRODYNAMIC COMPRESSIBLE FLUID 109then 0 < c1(1 − µt)3 ≤ det{∂ξx} ≤ c2(1 + µt)3, t ∈ [0, T ], where c1, c2 are onstants and
T is su�iently small. Moreover xiξj

= δij +
∫ t

0
∂ξj

v̄i(ξ, τ)dτ and ξx = x−1
ξ . Then we get

sup
ξ∈Ω

|xξ| ≤ 1 + sup
ξ∈Ω

∫ t

0

|v̄(ξ, t)|dt

≤ 1 + c

∫ t

0

‖v̄‖3,Ωdτ ≤ 1 + c
√
t

√

∫ t

0

‖v̄‖2
3,Ωdτ ≤ 1 + c

√
t‖v̄‖3,2,2,Ωt .Then supx∈Ωt

|ξx| ≤ ϕ(a), where a =
√
t‖v̄‖3,2,2,Ωt and ϕ is an inreasing positive fun-tion.To prove the existene of a solution to the above problem we introdue Lagrangianoordinates onneted with given divergene-free funtion u. Moreover we linearize thenonlinear terms with v in (1.1) writing them in the form u∇v and u ×

1

H . Then from(2.1), (2.2) we get
∫ T

0

∫

Ω

(¯̺v̄tϕ̄+ Du(v̄)Du(ϕ̄))Iudξdt−
∫ T

0

∫

Ω

(µ1

1

H̄ ′ ∇u

1

H̄ ′ϕ̄− µ1∇u

1

H
′2 ϕ̄)Iudξdt

=

∫ T

0

∫

Ω

f̄ ϕ̄Iudξdt+

∫ T

0

∫

S

(

− µ1

1

H̄ ⊗
1

H̄ +µ1

1

H̄2

2
I

)

n̄uϕ̄IudξSdtdξsdt

+

∫ T

0

∫

Ω

∇up̄Iudξdt−
∫ T

0

∫

S

(p̄− p0)n̄uϕ̄IudξSdt, (2.3)

∫ T

0

∫

Π

(−µH̄tψ̄ − µū∇uH̄ψ̄ +
1

σ
rotuH̄rotuψ̄)Iudξdt+

−
∫ T

0

∫

Ω

µ1(ū×
1

H̄)rotuψ̄Iudξdt =
1

σ2

∫ T

0

∫

B

(n̄u × Ē∗)ψ̄IudξBdt, (2.4)

where ū, 1

H̄ ′ are given funtions and moreover ¯̺ is suh that
0 < ϕ∗ ≤ ¯̺≤ ϕ∗ <∞. (2.5)Similarly as in [6℄ we proveTheorem 2.1. Assume that v̄0 ∈ H2(Ω); v̄t(0) ∈ H1(Ω); v̄tt(0) ∈ L2(Ω); f̄t ∈ L2(0, T,

H1(Ω)); f̄tt ∈ L2(0, T, L2(Ω)); f̄ ∈ L2(0, T,H
2(Ω)); H̄0 ∈ H2(Π); H̄t(0) ∈ H1(Π);

H̄tt(0) ∈ L2(Π); Ē∗ ∈ L∞(0, T,H1(B)); Ē∗t, H̄∗tt ∈ L2(0, T, L2(B)); H̄∗t ∈ L2(0, T,

H2(B)); H̄∗ ∈ L2(0, T,H
3(B)), S,B ∈ H5/2.Then there exists T ∗ > 0 suh that for T ≤ T ∗ there exists a solution to problem(1.1)�(1.7) suh that v̄ ∈ L2(0, T,H

3(Ω)) ∩ L∞(0, T,H1(Ω)); v̄t ∈ L∞(0, T,H1(Ω)) ∩
L2(0, T,H

2(Ω)); v̄tt ∈ L∞(0, T, L2(Ω)) ∩ L2(0, T,H
1(Ω)); p̄σ ∈ L2(0, T,H

2(Ω)); p̄t ∈
L2(0, T,H

1(Ω)); p̄tt ∈ L2(0, T, L2(Ω)); H̄ ∈ L2(0, T,H
3(Π)) ∩ L∞(0, T,H1(Π)); H̄t ∈

L∞(0, T,H1(Π)) ∩ L2(0, T,H
2(Π)); H̄tt ∈ L∞(0, T, L2(Π)) ∩ L2(0, T,H

1(Π)). Similarlyas in [5℄ we an prove that (T ∗)γ(ϕ(0) + β) ≤ b, b > 0 su�iently small, γ > 0 someonstant and
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β = ‖Ē∗‖2
0,2,2,Bt + ‖Ē∗t‖2

0,2,2,Bt + ‖H̄∗‖2
3,2,2,Bt + ‖H̄∗t‖2

2,2,2,Bt + ‖H̄∗tt‖2
0,2,2,Bt

+ ‖f̄t‖2
0,2,2,Ωt + ‖f̄‖2

1,2,2,Ωt , (2.6)

ϕ(0) =
∑

i+k≤2

(‖∂i
t v̄(0)‖2

k,Ω + ‖∂i
tH̄(0)‖2

k,Π). (2.7)Moreover if ϕ(0), β are su�iently small then we get
‖v̄t‖2

1,2,∞,ΩT + ‖v̄‖2
1,2,∞,ΩT + ‖v̄‖2

3,2,2,ΩT + ‖v̄t‖2
2,2,2,ΩT + ‖v̄tt‖2

1,2,2,ΩT

+ ‖p̄σ‖2
2,2,2,ΩT + ‖p̄tt‖2

0,2,2,ΩT + ‖p̄t‖2
1,2,2,ΩT + ‖H̄t‖2

1,2,∞,ΠT + ‖H̄‖2
1,2,∞,ΠT

+ ‖H̄‖2
3,2,2,ΠT + ‖v̄tt‖2

0,2,∞,ΩT + ‖H̄t‖2
2,2,2,ΠT + ‖H̄tt‖2

1,2,2,ΠT + ‖H̄tt‖2
0,2,∞,ΠT

≤ c(ϕ(0) + β). (2.8)First, in Setion 3, we derive di�erential inequality (3.62) whih makes possible anextension of the loal solution of (1.1)�(1.7) step by step from interval [0, T ] to [0,∞). InSetion 4 we show the Main Theorem.Main Theorem. Assume that f =
∫

Ω
v0dx =

∫

Ω
̺0v0 · ϕidx = 0, i = 1, 2, 3, where

ϕi, i = 1, 2, 3 are de�ned in Lemma 5.1, H∗ ∈ H3(B), H∗t ∈ H2(B), H∗tt ∈ H1(B),
St, B ∈ H

5
2 , (v(0), ̺(0), H(0)) ∈ N (0), ϕ(0) ≤ ε1 where ε1 is su�iently small. Assumealso that α(t) ≤ e−µt, where µ is su�iently large and α(t) is de�ned in Lemma 4.2.Then there exists a global solution of (1.1)�(1.7) suh that (v(t), ̺σ(t), H(t)) ∈ M(t),

t ∈ R+, where N (0) and M(t) are de�ned in Setion 4.3. Di�erential inequality. In this setion we obtain a speial di�erential inequalitywhih enables us to prove the global existene. In order to show the di�erential inequalitywe onsider the motion near the onstant state. Let
pσ = p− p0, ̺σ = ̺− ̺e,

2

H |B = 0, f = 0,
∫

Ω

̺(0)v0dx = 0,

∫

Ω

̺(0)v0 · ϕidx = 0, i = 1, 2, 3,
(3.1)

where ̺e is introdued in De�nition 1.1 and ϕi, i = 1, 2, 3 are de�ned in Lemma 5.1.Remark 3.1. Integrating (1.1)1 over Ωt we get
d

dt

∫

Ωt

̺vdx−
∫

Ωt

divT(v, pσ)dx+ µ1

∫

Ωt

(

− div(
1

H ⊗
1

H) + ∇
1

H2

2

)

dx =

∫

Ωt

fdx.Then from (3.1) we get
d

dt

∫

Ωt

̺vdx+

∫

St

(

µ1

1

H ⊗
1

H −µ1

1

H2

2
I

)

ndxSt
+µ1

∫

Ωt

(

−div(
1

H ⊗
1

H)+∇
1

H2

2

)

dx = 0.Integrating the last equality by parts we get
∫

Ωt

̺vdx =

∫

Ω

̺(0)v0dx = 0.



EQUATIONS OF MAGNETOHYDRODYNAMIC COMPRESSIBLE FLUID 111Remark 3.2. Let ϕi, i = 1, 2, 3 are de�ned in Lemma 4.1. Multiplying (1.1)1 by ϕi,
i = 1, 2, 3 and integrating over Ωt we get
d

dt

∫

Ωt

̺v · ϕidx−
∫

Ωt

div(T(v, pσ)ϕi)dx+ µ1

∫

Ωt

(

− div(
1

H ⊗
1

H ϕi) + ∇
1

H2

2
ϕi

)

dx

=

∫

Ωt

fdx.Then from (3.1) we get
d

dt

∫

Ωt

̺v · ϕidx+

∫

St

(

µ1

1

H ⊗
1

H −µ1

1

H2

2

)

ϕi · ndxSt

+ µ1

∫

Ωt

(

− div(
1

H ⊗
1

H) · ϕi + ∇
1

H2

2
· ϕi

)

dx = 0.Integrating last equality by parts we get
∫

Ωt

̺v · ϕidx =

∫

Ω

̺(0)v0 · ϕidx = 0, i = 1, 2, 3.Then we get the problem
̺[vt + (v · ∇)v] − divT(v, pσ) − µ1

1

H · ∇
1

H + µ1∇
1

H2

2
= 0 in Ωt, t ∈ [0, T ],

̺σt + div(̺v) = 0 in Ωt, t ∈ [0, T ],

T(v, pσ)n̄ =

(

− µ1

1

H ⊗
1

H +µ1

1

H2

2
I

)

n on St, t ∈ [0, T ],

̺σ

∣

∣

t=0
= ̺σ0 = ̺0 − ̺e, v

∣

∣

t=0
= v0, in Ω.

(3.2)

In the sequel we shall use the following Taylor formula for pσ

pσ = (̺− ̺e)

∫ 1

0

p′(̺e + s(̺− ̺e))ds = p1̺σ, (3.3)where the funtion p1 is positive.Lemma 3.1. Let v, ̺σ be a su�iently smooth solution of (3.2). Then
1

2

d

dt

∫

ΩT

(

̺v2 +
p1

̺
̺2

σ

)

dx+ c0‖v‖2
1,Ωt

≤ cX2
1 (1 +X1), (3.4)where X1 = ‖v‖2

2,Ωt
+ ‖̺σ‖2

2,Ωt
+ ‖

1

H‖2
1,Ωt

.Proof. Multiplying (3.2)1 by v, integrating over Ωt and using ontinuity equation (3.2)2,boundary ondition (3.2)3 and (3.3) we obtain
1

2

d

dt

∫

Ωt

̺v2dx+
µ

2
EΩt

(v) + (ν − µ)‖divv‖2
0,Ωt

−
∫

Ωt

p1̺σdivvdx

− µ1

∫

Ωt

1

H · ∇
1

Hvdx+ µ1

∫

Ωt

∇
1

H2

2
vdx− µ1

∫

St

(

−
1

H ⊗
1

H +

1

H2

2
I

)

dxS = 0, (3.5)where EΩt
(v) =

∫

Ωt

∑3
i,j=1(vixj

+ vjxi
)2dx.



112 P. KACPRZYKIn [21℄ it is proved that
µ

2
EΩt

(v) + (ν − µ)‖divv‖2
0,Ωt

≥
(

ν − 1

3
µ

)

EΩt
(v) for ν ≥ 1

3
µ. (∗)Next, by the ontinuity equation (3.2)2 we have

−
∫

Ωt

p1̺σdivvdx =
1

2

d

dt

∫

Ωt

p1̺
2
σ

̺
dx+ J, (3.6)where

|J | ≤ ε(‖̺σt‖2
0,Ωt

+ ‖v‖2
1,Ωt

) + cX2
1 (1 +X1). (3.7)By ontinuity equation (3.2)2

‖̺σt‖2
0,Ωt

≤ c‖v‖2
1,Ωt

+ c‖v‖2
1,Ωt

‖̺σ‖2
2,Ωt

, (3.8)and taking into aount (3.5)�(3.8) we get estimate (3.4).Next, we haveLemma 3.2. Let v, ̺σ be a su�iently smooth solution of (3.2). Then
1

2

d

dt

∫

Ωt

(

̺v2
t +

p̺σ

̺
̺2

σt

)

dx+ c0(‖vt‖2
1,Ωt

+ ‖̺σt‖2
0,Ωt

) ≤ c‖v‖2
1,Ωt

+ cY 2
1 (1 +X2), (3.9)where

X2 =
∑

i+k≤2

(‖∂i
tv‖2

k,Ωt
+‖∂i

t̺σ‖2
k,Ωt

)+

∫ t

0

‖v‖2
3,Ωτ

dτ+‖
1

Ht‖2
1,Ωt

+‖
1

H‖2
1,Ωt

+‖v‖2
1,Ωt

, (3.10)

Y1 = X2 −
∫ t

0

‖v‖2
3,Ωτ

dτ. (3.11)Proof. Di�erentiating (3.2)1 with respet to t, multiplying by vt and integrating over Ωtyields
1

2

d

dt

∫

Ωt

̺v2
t dx+

µ

2
EΩt

(vt) + (ν − µ)‖divvt‖2
0,Ωt

−
∫

Ωt

pσp̺σtdivvtdx

≤ cY 2
1 (1 +X2), (3.12)where we have used boundary ondition (3.2)3.By Lemma 5.2 and (∗),

‖vt‖2
1,Ωt

≤ c[EΩt
(vt) + Y 2

1 (1 + Y1)]. (3.13)Finally, using ontinuity equation (3.2)2 we get
−

∫

Ωt

pσ̺̺σtdivvtdx =
1

2

d

dt

∫

Ωt

pσ̺

̺
̺2

σtdx+ J, (3.14)where
|J | ≤ ε(‖vt‖2

1,Ωt
+ ‖̺σt‖2

0,Ωt
) + cY 2

1 (1 + Y1). (3.15)In view of inequalities (3.12)�(3.15) and (3.8) we obtain (3.9).Lemmas 3.1 and 3.2 yield
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1

2

d

dt

∫

Ωt

[

̺(v2 + v2
t ) +

p1

̺
̺2

σ +
pσ̺

̺
̺2

σt

]

dx+ c0(‖v‖2
1,Ωt

+ ‖vt‖2
1,Ωt

+ ‖̺σt‖2
0,Ωt

)

≤ cY 2
1 (1 +X2), (3.16)where X2 and Y1 are given by (3.10) and (3.11), respetively.Next, we obtainLemma 3.4. Let v, ̺σ be a su�iently smooth solution of (3.2). Then

1

2

d

dt

∫

Ωt

(

̺v2
tt +

pσ̺

̺
̺2

σtt

)

dx+ c0(‖vtt‖2
1,Ωt

+ ‖̺σtt‖2
0,Ωt

)

≤ c(‖v‖2
1,Ωt

+ ‖vt‖2
1,Ωt

) + cX2Y2(1 +X2
2 ), (3.17)where X2 is given by (3.10) and

Y2 =
∑

i+k≤3

i≤2

‖∂i
tv‖2

k,Ωt
+ ‖̺σ‖2

2,Ωt
+ ‖̺σt‖2

2,Ωt
+ ‖̺σtt‖2

1,Ωt
+ ‖

1

Htt‖2
1,Ωt

+ ‖
1

H‖2
2,Ωt

+ ‖
1

Ht‖2
1,Ωt

. (3.18)The above lemma an be proved in the same way as Lemmas 3.1 and 3.2. To estimate
EΩt

(vtt) we use here Lemma 5.3.In order to obtain estimates for derivatives with respet to x we rewrite problem (3.2)in the Lagrangian oordinates. We have
¯̺v̄t −∇vTv(v̄, pσ) − µ1

1

H̄ · ∇v

1

H̄ + µ1∇v

1

H̄2

2
= 0 in ΩT ≡ Ω × (0, T ),

¯̺+ ¯̺∇v · v̄ = 0 in ΩT ,

Tv(v̄, pσ)n̄v =

(

− µ1

1

H̄ ⊗
1

H̄ +µ1

1

H̄2

2

)

n̄v on ST = S × (0, T ),

v̄
∣

∣

t=0
= v0, ¯̺

∣

∣

t=0
= ̺σ0 in Ω.

(3.19)

Now, introdue a partition of unity ({Ω̄i}, {ζi}), Ω =
⋃

i Ω̃i. Let Ω̃ be one of the Ω̃i, sand ζ(ξ) = ζi(ξ) be the orresponding funtion. If Ω̃ is an interior subdomain then let ω̃be a set suh that ω̃ ⊂ Ω̃ and ζ(ξ) = 1 for ξ ∈ ω̃. Otherwise, we assume that ¯̃Ω ∩ S 6= ∅,
¯̃ω∩S 6= ∅, ¯̃ω ⊂ ¯̃Ω. Take any β ∈ ¯̃ω∩S = ¯̃

S and introdue loal oordinates {y} assoiatedwith {ξ} by
yk = αkl(ξl − βl), α3k = nk(β), k = 1, 2, 3, (3.20)where {αkl} is a onstant orthogonal matrix suh that S̃ is determined by the equation

y3 = F (y1, y2), F ∈ H
5
2 and

Ω̃ = {y : |yi| < d, i = 1, 2, F (y′) < y3 < F (y′) + d, y′ = (y1, y2)}.



114 P. KACPRZYKNext, we introdue v̄′, ¯̺′, ¯̺σ by
v̄′i(y) = αij v̄j(ξ)

∣

∣

ξ=ξ(y)
, i = 1, 2, 3,

¯̺′(y) = ¯̺(ξ)
∣

∣

ξ=ξ(y)
, ¯̺′σ(y) = ¯̺′(y) − ̺e,where ξ = ξ(y) is the inverse transformation to (3.20).Next, we introdue new variables by

zi = yi, i = 1, 2, z3 = y3 − F̃ (y), y ∈ Ω̃,whih will be denoted by z = Φ(y) (where F̃ ∈ H3 is an extension of F ). Let
Ω̂ = Φ(Ω̃) = {z : |zi| < d, i = 1, 2, 0 < z3 < d} and Ŝ = Φ(S̃). (3.21)De�ne
v̂(z) = v̄′(y)

∣

∣

y=Φ−1(z)
, ˆ̺(z) = ¯̺′(y)

∣

∣

y=Φ−1(z)
, ˆ̺σ(z) = ˆ̺(z) − ̺e.Set ∇̂k = ξlxk

ziξl
∇zi

∣

∣

ξ=χ−1(z)
, where χ(ξ) = Φ(ψ(ξ)) and y = ψ(ξ) is desribed by (3.20).We also introdue the following notation:

ṽ(ξ) = v̄(ξ)ζ(ξ), ˜̺(ξ) = ¯̺(ξ)ζ(ξ), ˜̺σ(ξ) = ¯̺σ(ξ)ζ(ξ),for ξ ∈ Ω̃, Ω̃ ∩ S = ∅ and
ṽ(z) = v̂(z)ζ̂(z), ˜̺(z) = ˆ̺(z)ζ̂(z), ˆ̺σ(z) = ˆ̺σ(z)ζ̂(z),for z ∈ Ω̂ = Φ(Ω̃), ¯̃Ω ∩ S 6= ∅, where ζ̂(z) = ζ(ξ)

∣

∣

ξ=χ−1(z)
.Using the above notation we rewrite problem (3.19) in the following form in an interiorsubdomain

¯̺ṽit −∇vj
Tvij(ṽ, p̃σ) = −∇vj

Bvij(v̄, ζ) − Tvij(v̄, pσ)∇vj
ζ + µ1(

1

H̃∇v

1

H̄i − (∇vi

1

H̄)
1

H̃)

≡ k1, i = 1, 2, 3,

˜̺σt + ¯̺∇v · ṽ = ¯̺v̄ · ∇vζ ≡ k2,where p̃σ = pσζ, Bv(v̄, ζ) = {Bij
v (v̄, ζ)}i,j=1,2,3 = {µ(v̄i∇vζ + v̄j∇vζ) +

(ν − µ)δij v̄∇vζ}i,j=1,2,3, Tv(v̄, pσ) = Dv(v̄) − I pσ = {Tvij(v̄, pσ)}i,j=1,2,3 and ∇vj
=

ξkxj
∂ξk

.In boundary subdomains we have
ˆ̺ṽit − ∇̂j T̂ij(ṽ, p̃σ) = ∇̂jB̂ij(v̂, ζ̂) − Tvij(v̂, p̂σ)∇̂j ζ̂ + µ1(

1

H̃∇̂
1

Ĥi − (∇̂i

1

Ĥ)
1

H̃)

≡ k3i, i = 1, 2, 3, ,

˜̺σt + ˆ̺∇̂ · ṽ = η̂v̂ · ∇̂ζ̂ ≡ k4,

T̂(ṽ, p̃σ)n̂ = k5,

(3.22)

where k5 = B̂ij(v̂, ζ̂)n̂+

(

−µ1

1

Ĥ ⊗
1

Ĥ+µ1

1

Ĥ2

2
I

)

n̂, ∇̂ = (∇̂j)j=1,2,3 and T̂ and B̂ indiatethat the operator ∇v is replaed by ∇̂.In Lemmas 3.5�3.7 below we denote z1, z2 by τ , i.e. τ = (z1, z2) and z3 by n.



EQUATIONS OF MAGNETOHYDRODYNAMIC COMPRESSIBLE FLUID 115Lemma 3.5. Let v, ̺σ be a su�iently smooth solution of (3.2). Then
1

2

d

dt

∫

Ωt

(

̺v2
x +

pσ̺

̺
̺2

σx

)

dx+ c0(‖v‖2
2,Ωt

+ ‖̺σx‖2
0,Ωt

)

≤ c(‖v‖2
1,Ωt

+ ‖vt‖2
1,Ωt

+ ‖̺σt‖2
0,Ωt

+ ‖pσ‖2
0,Ωt

) + cX2
2 (1 +X2), (3.23)where X2 is given by (3.10), v2

x =
∑3

i,j=1 v
2
ixj

, ̺2
σx =

∑3
i=1 ̺

2
σxi

.Proof. First, we onsider the following ellipti problem
µ∇2

v v̄ + ν∇v∇v · v̄ − pσ̺∇v ¯̺ = ¯̺v̄t + µ1

1

H̄ · ∇v

1

H̄ − µ1∇v

1

H̄2

2
in Ω,

divv v̄ = divv v̄ in Ω,

Tv(v̄, pσ)n̄v =

(

− µ1

1

H̄ ⊗
1

H̄ +µ1

1

H̄2

2
I

)

n̄v on S.

(3.24)

Sine the omplementary ondition to (3.24) is satis�ed we an apply to problem (3.24)the Agmon-Douglis-Nirenberg theory (see [1℄). Thus, we get
‖v̄‖2

2,Ω + ‖ ¯̺σ‖2
1,Ω ≤ c(‖ ¯̺v̄t‖2

0,Ω + ‖divv v̄‖2
1,Ω + ‖

1

H̄‖2
1,Ω)

≤ c(‖v̄t‖2
0,Ω + ‖divv̄‖2

1,Ω + cX2
2 (Ω)(1 +X2(Ω))) + ‖v̄‖2

0,Ω, (3.25)where we have used that ‖divuv̄ − divv̄‖2
1,Ω ≤ ε‖v̄‖2

2,Ω, (ε > 0 is su�iently small) and
X2(Ω) =

∑

i+k≤2

(‖∂i
t v̄‖2

k,Ω + ‖∂i
t ¯̺σ‖2

k,Ω) +

∫ t

0

‖v̄‖2
3,Ωdτ + ‖

1

H̄‖2
2,Ω. (3.26)

In view of (3.25) we see that in order to obtain inequality (3.23) it remains to getappropriate estimates for ‖divv̄‖2
1,Ω and for 1

2
d
dt

∫

Ωt

(

̺v2
x +

pσ̺

̺ ̺2
σx

)

dx. To do this we �rstonsider boundary subdomains. Di�erentiate (3.24)1 with respet to τ , multiply the resultby ṽτJ (J is the Jaobian of the transformation x = x(z)) and integrate over Ω̂. Heneusing the Korn inequality and equation (3.22)2 we obtain
1

2

d

dt

∫

Ω̂

ˆ̺ṽ2
τJdz + c0‖ṽτ‖2

1,Ω̂
−

∫

Ŝ

(T̂(ṽ, p̃σ)n̂)τ ṽτJdz

−
∫

Ω̂

p̃στ∇ · ṽτJdz ≤ ε(‖ ˆ̺σ‖2
0,Ω̂

+ ‖ṽτ‖2
1,Ω̂

)

+ c(‖v̂‖2
1,Ω̂

+ ‖pσ‖2
0,Ω̂

) + cX2
2 (Ω̂)(1 +X2(Ω̂)), (3.27)where

X2(Ω̂) =
∑

i+k≤2

(‖∂i
t v̂‖2

k,Ω̂
+ ‖∂i

t ˆ̺σ‖2
k,Ω̂

) +

∫ t

0

‖v̂‖2
3,Ω̂
dτ + ‖

1

Ĥ‖2
2,Ω̂
,

ṽ2
τ =

3
∑

i=1

2
∑

j=1

ṽ2
izj
.

(3.28)



116 P. KACPRZYKUsing boundary ondition (3.24)3 we have
−

∫

Ŝ

(T̂(ṽ, p̃σ)n̂)τ ṽτJdτ = −
∫

Ŝ

(B̂ij(ṽ, ζ̂)n̂j)τ ṽτJdτ

=

∫

Ŝ

∂1/2
τ (B̂ij(v̂, ζ̂)n̂j)∂

1/2
τ (ṽiτJ)dτ

≤ ε‖ṽτ‖2
1,Ω̂

+ ‖v̂‖2
1,Ω̂

+ cX2
2 (Ω̂), (3.29)where to use derivative ∂1/2

τ we have to apply the Fourier transform.Next,
−

∫

Ω̂

p̃στ∇v · ṽτJdz = −
∫

Ω̂

pσ ˆ̺ ˜̺στ ∇̂ · ṽτJdz + J1, (3.30)where |J1| ≤ ε‖ṽτ‖2
1,Ω̂

+ c‖pσ‖2
0,Ω̂

and
−

∫

Ω̂

pσ ˆ̺ ˆ̺στ ∇̂ · ṽτJdz =
1

2

d

dt

∫

Ω̂

pσ ˆ̺

ˆ̺
˜̺2
στJdz + J2, (3.31)where

|J2| ≤ ε‖ ˜̺στ‖2
0,Ω̂

+ c‖v̂‖2
1,Ω̂

+ cX2
2 (Ω̂). (3.32)Taking into aount (3.27), (3.29)�(3.32) and assuming that ε is su�iently small weobtain

1

2

d

dt

∫

Ω̂

(

ˆ̺ṽτ +
pσ ˆ̺

ˆ̺
˜̺2
στ

)

Jdz + c0‖ṽτ‖2
1,Ω̂

≤ ε‖ ˆ̺στ‖2
0,Ω̂

+ c(‖v̂‖2
1,Ω̂

+ ‖pσ‖2
0,Ω̂

) + cX2
2 (Ω̂)(1 +X2(Ω̂)). (3.33)Now, applying the operator (µ+ ν)∇zi

to (3.22)2, dividing the result by ˆ̺, adding to
(3.22)1 and multiplying both sides of the result by pσ ˆ̺ gives

(µ+ ν)

ˆ̺
pσ ˆ̺∇zi

ˆ̺σt
+ p2

σ ˆ̺∇zi
ˆ̺σ = p2

σ ˆ̺ ˆ̺σ∇zi
ζ̂ − p1pσ ˆ̺ ˆ̺σ∇zi

ζ̂

+ pσ ˆ̺k3i + µpσ ˆ̺(∇̂2ṽi − ∇̂i∇̂ · ṽ)

+ (µ+ ν)pση̂(∇̂i −∇zi
)∇̂ · ṽ +

(µ+ ν)

ˆ̺
pσ ˆ̺∇zi

(ˆ̺v̂ · ∇̂ζ̂)

− pσ ˆ̺ ˆ̺ṽit −
(µ− ν)

ˆ̺
pσ ˆ̺∇zi

ˆ̺∇̂ · ṽ, i = 1, 2, 3. (3.34)Multiplying the normal omponent of (3.34) by ˜̺σnJ , integrating over Ω̂ we obtain
1

2

d

dt

∫

Ω̂

pσ ˆ̺

ˆ̺
˜̺2
σnJdz + c0‖ ˜̺σn‖2

0,Ω̂
≤ (ε+ cd)‖ṽnn‖2

0,Ω̂

+ ε‖ ˜̺σn‖2
0,Ω̂

+ c(‖ṽzτ‖2
0,Ω̂

+ ‖v̂‖2
1,Ω̂

+ ‖ṽt‖2
0,Ω̂

+ ‖pσ‖2
0,Ω̂

) + cX2
2 (Ω̂)(1 +X2(Ω̂)), (3.35)where d is from formula (3.21).Now, we write (3.22)1 in the form

ˆ̺ṽit − µ∆ṽi − ν∇zi
∇ · ṽ = ∇̂ip̃σ + k3i − k6i, (3.36)where k6i = (µ∆ṽi + ν∇zi

∇ · ṽ) − (µ∇̂2ṽi + ν∇̂i∇̂ · ṽ).
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1

2

d

dt

∫

Ω̂

ˆ̺ṽ3nJdz + c0‖ṽ3nn‖2
0,Ω̂

≤ (ε+ cd)‖ṽnn‖2
0,Ω̂

+ c(‖ṽzτ‖2
0,Ω̂

+ ‖v̂‖2
1,Ω̂

+ ‖ṽt‖2
1,Ω̂

+ ‖ ˜̺σn‖2
0,Ω̂

+ ‖pσ‖2
0,Ω̂

)

+ cX2
2 (Ω̂)(1 +X2(Ω̂)). (3.37)For an interior subdomain the following estimate is obtained in the same way as (3.33)

1

2

d

dt

∫

Ω̂

(

¯̺ṽ2
ξ +

pσ ¯̺

¯̺
˜̺2
σξ

)

Adξ + c0‖ṽ‖2
2,Ω̃

≤ ε(‖ ˆ̺σξ‖2
0,Ω̄ + ‖ṽξξ‖2

0,Ω̄)

+ c(‖v̄‖2
1,Ω̄ + ‖pσ‖2

0,Ωt
) + cX2

2 (Ω̃)(1 +X2(Ω̃)), (3.38)where
X2(Ω̃) =

∑

i+k≤2

(‖∂i
t v̄‖k,Ω̃ + ‖∂i

t ¯̺σ‖2
k,Ω̃

) +

∫ t

0

‖v̄‖2
3,Ω̃
dτ + ‖

1

H̄‖2
2,Ω̃

(3.39)and A is the Jaobian of the transformation x = x(ξ).Finally, we have
1

2

d

dt

∫

Ω

̺v̄2
ξAdξ ≤ c(‖v̄‖2

1,Ω + ‖v̄t‖2
1,Ω), (3.40)where we have used (3.19)1.Going bak to the old variables ξ in estimates (3.33), (3.35), (3.37) and summing themand (3.38) over all neighbourhoods of the partition of unity, using (3.25) and (3.40),assuming that ε and d are su�iently small and passing to the variables x we obtain(3.23).This ompletes the proof.Lemma 3.6. Let v, ̺σ be a su�iently smooth solution of (3.2). Then

1

2

d

dt

∫

Ωt

(

̺v2
xt +

pσ̺

̺
̺2

xt

)

dx+ c0(‖vt‖2
2,Ωt

+ ‖̺σt‖2
1,Ωt

)

≤ c(‖v‖2
1,Ωt

+ ‖vt‖2
1,Ωt

+ ‖vtt‖2
1,Ωt

+ ‖̺σt‖2
0,Ωt

+ ‖pσ‖2
0,Ωt

) + cX2Y2(1 +X2
2 ),where X2 is given by (3.10) and Y2 is given by (3.18).Proof. Di�erentiating problem (3.24) with respet to t we get the following ellipti prob-lem

µ∇2
v v̄t + ν∇v∇v · v̄t − pσ̺∇v ¯̺σt = ¯̺v̄t + ¯̺v̄tt − ν(∇v∇v)t · v̄

+ µ1

(

1

H̄ ·∇v

1

H̄ −∇v

1

H̄2

2

)

− µ(∇2
v)tv̄ + pσ̺̺̺σt∇v̺σ + pσ̺(∇v)t̺σ ≡ K1 in Ω,

divv v̄t = divv v̄t in Ω,

Tv(v̄t, pσt)n̄v = −(Tv)t(v̄, pσ)n̄v − Tv(v̄, pσ)(n̄v)t

+

[(

− µ1

1

H̄ ⊗
1

H̄ +µ1

1

H̄2

2
I

)

n̄v

]

t

= K2 on S.



118 P. KACPRZYKBy the Agmon-Douglis-Nirenberg theory (see [1℄) we have the estimate
‖v̄t‖2

2,Ω + ‖ ¯̺σt‖2
1,Ω ≤ c(‖K1‖2

0,Ω + ‖K2‖2
1/2,S + ‖divv v̄t‖2

1,Ω),where
‖K1‖2

0,Ω + ‖K2‖2
1/2,S ≤ c(‖ ¯̺σξ‖2

0,Ω + ‖v̄tt‖2
0,Ω + ‖pσ‖2

0,Ω) +X2(Ω)Y2(Ω)(1 +X2
2 (Ω)),

X2(Ω) is given by (3.26) and
Y2(Ω) =

∑

i+k≤3

i≤2

‖∂i
t v̄‖2

k,Ωt
+ ‖ ¯̺σ‖2

2,Ω + ‖ ¯̺σt‖2
2,Ω + ‖ ¯̺σtt‖2

1,Ω. (3.41)

By the arguments similar to onsiderations from the proof of Lemma 3.5 we onlude theproof.Lemma 3.7. Let v, ̺σ be a su�iently smooth solution of (3.2). Then
1

2

d

dt

∫

Ωt

(

̺v2
xx +

pσ̺

̺
̺2

σxx

)

dx+ c0(‖v‖2
3,Ωt

+ ‖̺σx‖2
1,Ωt

)

≤ c(‖v‖2
2,Ωt

+ ‖vt‖2
1,Ωt

+ ‖̺σx‖2
0,Ωt

+ ‖pσ‖2
0,Ωt

)

+ ε‖vt‖2
2,Ωt

+ cX2Y2(1 +X2
2 ), (3.42)where X2 and Y2 are given by (3.10) and (3.18), respetively and

v2
xx =

3
∑

i,j,k=1

v2
ixjxk

, ̺2
σxx =

3
∑

j,k=1

̺2
σxjxk

.Proof. First, we onsider problem (3.24). By the Agmon-Douglis-Nirenberg theory (see[1℄) we have
‖v̄‖2

3,Ω + ‖ ¯̺σ‖2
2,Ω ≤ c(‖v̄t‖2

1,Ω + ‖divv̄‖2
2,Ω) + cX2(Ω)Y2(Ω)(1 +X2

2 (Ω)), (3.43)whereX2(Ω) and Y2(Ω) are given by (3.26) and (3.41), respetively. Thus, to obtain (3.42)we have to estimate ‖divv̄‖2
2,Ω and 1

2
d
dt

∫

Ωt
(̺v2

xx +
pσ̺

̺ ̺2
σxx)dx. To do this onsider �rstboundary subdomains. Di�erentiate (3.22)1 twie with respet to τ , multiply the resultby ũττJ and integrate over Ω̂. Using the Korn inequality, ontinuity equation (3.22)2,and boundary ondition (3.22)3 we get

1

2

d

dt

∫

Ω̂

(

ˆ̺ṽ2
ττ +

pσ ˆ̺

ˆ̺
˜̺2
σττ

)

Jdz + c0‖ṽττ‖2
1,Ω̂

≤ ε(‖ ˆ̺σττ‖2
0,Ω̂

+ ‖ṽττ‖2
1,Ω̂

)

+ c(‖v̂‖2
2,Ω̂

+ ‖ ˆ̺σz‖2
0,Ω̂

) + cX2(Ω̂)Y2(Ω̂)(1 +X2
2 (Ω̂)), (3.44)where X2(Ω̂) is given by (3.28) and

Y2(Ω̂) =
∑

i+k≤3

i≤2

‖∂i
t v̄‖2

k,Ω̂
+ ‖ ˆ̺σ‖2

2,Ω̂
+ ‖ ˆ̺σt‖2

2,Ω̂
+ ‖ ˆ̺σtt‖2

1,Ω̂
.

In the same way way we obtain the following estimate in an interior subdomain
1

2

d

dt

∫

Ω̂

(

¯̺ṽ2
ξξ +

pση

¯̺
˜̺2
σξξ

)

Adξ + c0‖ṽ‖2
3,Ω̃

≤ ε(‖ ˜̺σξξ‖2
0,Ω̃

+ ‖v̂ξξξ‖2
0,Ω̃

)

+ c(‖v̄‖2
2,Ω̃

+ ‖ ¯̺σξ‖2
0,Ω̃

+ ‖pσ‖2
0,Ω̃

) + cX2(Ω̃)Y2(Ω̃)(1 +X2
2 (Ω̃)), (3.45)
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Y2(Ω̃) =

∑

i+k≤3

i≤2

‖∂i
t v̄‖2

k,Ω̃
+ ‖ ¯̺σ‖2

2,Ω̃
+ ‖ ¯̺σt‖2

2,Ω̃
+ ‖ ¯̺σtt‖2

1,Ω̃
.

Now, we di�erentiate the third omponent of (3.34) by τ , multiply the result by ˜̺σnτJand integrate over Ω̂. We get
1

2

d

dt

∫

Ω̂

pσ ˆ̺

ˆ̺
˜̺2
σnτJdz +

∫

Ω̂

p2
σ ˆ̺ ˜̺2

σnτJdz ≤ ε‖ ˜̺σnτ‖2
0,Ω̂

+ c(‖v̂‖2
2,Ω̂

+ ‖v̂t‖2
1,Ω̂

+ ‖ ˆ̺σz‖2
1,Ω̂

+ ‖pσ‖2
0,Ω̂

) + cd‖ṽ‖2
3,Ω̂

+ c‖ṽzττ‖2
0,Ω̂

+ cX2(Ω̂)Y2(Ω̂)(1 +X2
2 (Ω̂)), (3.46)where d is from formula (3.21).In the same way we obtain

1

2

d

dt

∫

Ω̂

pσ ˆ̺

ˆ̺
˜̺2
σnnJdz +

∫

Ω̂

p2
σ ˆ̺ ˜̺

2
σnnJdz ≤ ε‖ ˜̺σnn‖2

0,Ω̂
+ c(‖v̂‖2

2,Ω̂

+ ‖v̂t‖2
0,Ω̂

+ ‖ ˆ̺σz‖2
1,Ω̂

+ ‖pσ‖2
0,Ω̂

) + cd‖ṽ‖2
3,Ω̂

+ c‖ṽznτ‖2
0,Ω̂

+ cX2(Ω̂)Y3(Ω̂)(1 +X2
2 (Ω̂)). (3.47)Next, di�erentiating the third omponent of (3.36) by τ , multiplying by ṽ3nnτJ andintegrating over Ω̂ we have

1

2

d

dt

∫

Ω̂

ˆ̺ṽ2
3nτJdz + c0‖ṽ3nnτ‖2

0,Ω̂
≤ ε‖ṽ3nnτ‖2

0,Ω̂
+ c(‖ṽ‖2

2,Ω̂
+ ‖ṽt‖2

2,Ω̃

+ ‖ṽzττ‖2
0,Ω̂

+ ‖ ˆ̺σnτ‖2
0,Ω̂

+ ‖ ˆ̺σz‖2
0,Ω̂

+ ‖pσ‖2
0,Ω̂

) + cd‖v̂‖2
3,Ω̂

+ ε‖ṽt‖2
2,Ω̂

+ cX2(Ω̂)Y2(Ω̂)(1 +X2
2 (Ω̂)). (3.48)In order to estimate ‖(divṽ)nn‖2

0,Ω̂
rewrite equation (3.22)1 in the form

(ν + µ)∇zi
divṽ = −µ(∆ṽi −∇zi

divṽ) + ˆ̺ṽit − k3i

+ (µ∆ṽi + ν∇zi
divṽ − µ∇̂2ṽi − ν∇̂i∇̂ · ṽ) + µ1(−

1

H̃∇̂
1

Ĥi + (∇̂i

1

Ĥ)
1

H̃)

+ p1 ˆ̺σ∇̂iζ̂ + ζ̂pσ ˆ̺∇̂i ˆ̺σ, i = 1, 2, 3. (3.49)Di�erentiating the third omponent of (3.49) with respet to n gives
‖(divṽ)nn‖2

0,Ω̂
≤ cd‖ṽnnn‖2

0,Ω̂
+ c(‖ṽτ‖2

2,Ω̂
+ ‖v̂‖2

2,Ω̂
+ ‖ṽt‖2

1,Ω̂

+ ‖ ˆ̺σz‖2
1,Ω̂

+ ‖pσ‖2
0,Ω̂

) + cX2(Ω̂)Y2(Ω̂). (3.50)To obtain an estimate for ‖ṽτ‖2
2,Ω̂

onsider the following ellipti problem
µ∇̂2ṽ + ν∇̂∇̂ · ṽ − pσ ˆ̺ ˆ̺σ = ˆ̺ṽt + (p1 − pσ ˆ̺)ˆ̺σ∇̂ζ̂

+ µ1

(

−
1

H̃ ·̂∇
1

Ĥ +
1

2
(∇̂(

1

H̃
1

Ĥ) − (∇̂ζ̂)
1

Ĥ2)

)

+ ∇̂ · B̂(v̂, ζ̂) + T̂(v̂, pσ) · ∇̂ζ̂,

∇̂ · ṽ = ∇̂ · ṽ,
T̂(ṽ, p̃σ)n̂ = k5,

(3.51)



120 P. KACPRZYKwhere ∇̂ · B̂(v̂, ζ̂) = {∇̂jB̂ij(v̂, ζ̂)}i=1,2,3, T̂(v̂, pσ) · ∇̂ζ̂ = {T̂vij(v̂, pσ)∇̂j ζ̂}i=1,2,3.Di�erentiating (3.51) with respet to τ and next using the Agmon-Douglis-Nirenbergtheory we get
‖ṽτ‖2

2,Ω̂
+ ‖ ˆ̺στ‖2

1,Ω̂
≤ c(‖ṽττ‖2

1,Ω̂
+ ‖v̂3nnτ‖2

0,Ω̂
+ ‖v̂‖2

2,Ω̂
+ ‖v̂t‖2

1,Ω̂

+ ‖ ˆ̺σz‖2
0,Ω̂

+ ‖pσ‖2
0,Ω̂

) + cX2(Ω̂)Y2(Ω̂)(1 +X2(Ω̂)). (3.52)Finally, we have
1

2

d

dt

∫

Ω

̺v̄2
ξξAdξ ≤ c‖v̄‖2

2,Ω + c‖v̄t‖2
1,Ω. (3.53)Going bak to the old variables ξ in estimates (3.44), (3.46), (3.49), (3.50), (3.52) andsumming them and (3.45) over all neighbourhoods of the partition of unity, using (3.43)and (3.53), assuming that ε and d are su�iently small and passing to the variables x weobtain (3.44). This onludes the proof.In [7℄ we proved the following lemmas for problem (1.1)�(1.7):Lemma 3.8. For a su�iently smooth solution (v, ̺σ, H) of (1.1)�(1.7), we have

d

dt
‖H‖2

0,Πt
+ ‖H‖2

1,Πt
≤ c‖H‖2

1,Πt
‖v‖2

1,Πt
. (3.54)Lemma 3.9. For a su�iently smooth solution (v, ̺σ, H) of (1.1)�(1.7), we have

d

dt
‖Ht‖2

0,Πt
+ ‖Ht‖2

1,Πt
≤ c(‖Ht‖2

1,Πt
‖v‖2

1,Πt
+ ‖vt‖2

1,Πt
‖H‖2

1,Πt
). (3.55)Lemma 3.10. For a su�iently smooth solution (v, ̺σ, H) of (1.1)�(1.7), we have

d

dt
‖Htt‖2

0,Πt
+ ‖Htt‖2

1,Πt
≤ c(‖Htt‖2

1,Πt
‖v‖2

1,Πt
+ ‖vtt‖2

1,Πt
‖H‖2

1,Πt

+ ‖vt‖2
1,Πt

‖Ht‖2
1,Πt

). (3.56)Lemma 3.11. For a su�iently smooth solution (v, ̺σ, H) of (1.1)�(1.7), we have
d

dt
‖Ht‖2

1,Πt
+ ‖Ht‖2

2,Πt
≤ cϕ(a)[‖Htt‖2

1,Πt
+ ‖Ht‖2

2,Πt
‖v‖2

1,Πt
+ ‖H‖2

2,Πt
(‖v‖2

3,Πt

+ ‖vt‖2
2,Πt

+ ‖v‖4
2,Πt

) + ‖v‖2
3,Πt

(‖Ht‖2
1,Πt

+ ‖H‖2
2,Πt

‖v‖2
2,Πt

+ ‖v‖2
2,Πt

+ ‖vt‖2
2,Πt

)

+ ‖v‖2
2,Πt

+ a2‖H‖2
3,Πt

]. (3.57)Lemma 3.12. For a su�iently smooth solution (v, ̺σ, H) of (1.1)�(1.7), we have
d

dt
‖H‖2

2,Πt
+ ‖H‖2

3,Πt
≤ cϕ(a)[‖H‖2

2,Πt
‖v‖2

2,Πt
+ ‖v‖2

2,Πt
+ ‖H‖2

2,Πt
‖v‖2

3,Πt
+

+ ‖Ht‖2
2,Πt

+ ‖H‖2
3,Πt

‖v‖2
2,Πt

]. (3.58)Lemma 3.13. For su�iently smooth solution (v, ̺σ, H) of (1.1)�(1.7), we have
d

dt
‖H‖2

1,Πt
≤ c(‖H‖2

1,Πt
+ ε‖Ht‖2

1,Πt
+ ‖H‖2

2,Πt
‖v‖2

0,Πt
). (3.59)Now let 2

H = H∗ on B, then from Lemmas 3.1�3.13 and inequalities
‖̺σtt‖2

1,Ωt
≤ c‖vt‖2

2,Ωt
+ c(‖̺σt‖2

2,Ωt
‖v‖2

2,Ωt
+ ‖̺σ‖2

2,Ωt
‖vt‖2

2,Ωt
),

‖̺σt‖2
2,Ωt

≤ c‖v‖2
3,Ωt

+ cX2Y2(1 +X2),



EQUATIONS OF MAGNETOHYDRODYNAMIC COMPRESSIBLE FLUID 121(whih follow from equations (3.2)2 and (3.19)2, respetively) we getTheorem 3.1. Let ν > 1
3µ > 0 and let Remarks 3.1 and 3.2 be satis�ed. Then for asu�iently smooth solution v, ̺σ, H of problem (1.1)�(1.7) we have

dφ̄

dt
+c0Φ ≤ c1

(

φ+

∫ t

0

‖v‖2
3,Ωτ

dτ

)[

1+

(

φ+

∫ t

0

‖v‖2
3,Ωτ

dτ

)2]

Φ+c2Ψ for t ≤ T, (3.60)where
φ̄(t) =

∫

Ωt

̺
∑

0≤|α|+i≤2

|Dα
x∂

i
tv|2dx+

∫

Ωt

p1

̺
̺2

σdx

+

∫

Ωt

pσ̺

̺

∑

1≤|α|+i≤2

|Dα
x∂

i
tpσ|2dx+

∑

i+k≤2

‖∂i
tH‖2

k,Πt
,

φ(t) =
∑

i+k≤2

(‖∂i
tv‖2

k,Ωt
+ ‖∂i

tH‖2
k,Πt

+ ‖∂i
t̺σ‖2

k,Ωt
),

Φ(t) = ‖̺σ‖2
2,Ωt

+ ‖̺σt‖2
2,Ωt

+ ‖̺σtt‖2
1,Ωt

+
∑

i+k≤3

i≤2

(‖∂i
tv‖2

k,Ωt
+ ‖∂i

tH‖2
k,Πt

)

Ψ(t) = ‖pσ‖2
0,Ωt

+ ‖H∗‖2
3,B + ‖H∗‖4

1,B + ‖H∗t‖2
2,B(1 + ‖H∗t‖2

2,B) + ‖H∗tt‖2
1,B ,

(3.61)

ci (i = 1, 2) are positive onstants depending on ϕ∗, ϕ∗, µ, ν, ∫ t

0
‖v‖2

3,Ωτ
dτ , ‖S‖ 5

2
, Tand onstants of the imbedding theorems and the Korn inequalities; c0 < 1 is a positiveonstant depending on µ and ν; ̺σ and pσ are given by (3.1).4. Global existene. Now, let φ̄(t), φ(t) and Φ(t) be de�ned by (3.61). Introdue thespaes

N (t) = {(v, ̺σ, H) : φ(t) <∞}and
M(t) =

{

(v, ̺σ, H) : φ(t) +

∫ t

0

Φ(τ )dτ <∞
}

.Notie that (v, ̺σ, H) ∈ N (t) i� φ̄(t) <∞ and (v, ̺σ, H) ∈ M(t) i� φ̄(t)+
∫ t

0
φ(τ )dτ <∞.Moreover,

c′φ(t) ≤ φ̄(t) ≤ c′′φ(t), (4.1)where c′, c′′ > 0 are onstants depending on ϕ∗, ϕ∗ given by (2.5).From Theorem 2.1 and (4.1) we getLemma 4.1. Let (v(0), ̺σ(0), H(0)) ∈ N (0) and ϕ(0) < ε1. Then (v(t), ̺σ(t), H(t)) ∈
M(t), t < T where T is the time of loal existene and

φ̄(t) +

∫ t

0

Φ(τ )dτ ≤ c

(

ε1 +

∫ t

0

(‖E∗‖2
0,B + ‖E∗t‖2

0,B + ‖H∗‖2
3,B + ‖H∗t‖2

2,B+

+ ‖H∗tt‖2
0,B)dτ

)

≡ c(ε1 + β).

(4.2)

Proof. From inequality
‖H̄‖2

2,Πt ≤ c(ε‖H̄t‖2
2,2,2,Πt + c(ε)‖H̄‖2

2,2,2,Πt + ‖H̄(0)‖2
2,Π)and Theorem 2.1 we get (4.2). Next we prove



122 P. KACPRZYKLemma 4.2. Assume that there exists a loal solution of (1.1)�(1.7) in M(t), 0 ≤ t ≤ Twith initial data in N (0) su�iently small and
α(t) = ‖pσ‖2

0,Ωt
+ ‖H∗‖2

3,B + ‖H∗‖4
1,B + ‖H∗t‖2

2,B(1 + ‖H∗t‖2
2,B) + ‖H∗tt‖2

1,B ≤ e−µt

0 ≤ t ≤ T , where µ > 1
2 . Then there exist onstants µ1 > 1, µ2 > 0 suh that

φ̄(t) ≤ µ1e
−µ2t

(

φ̄(0) +
c2

µ− µ2

)

, (4.3)if µ > µ2.Proof. Consider inequality (3.63) and assume that ε1 + β from (4.2) (see Lemma 4.1) isso small that
c1

(

φ+

∫ t

0

‖v‖2
3,Ωτ

dτ

)[

1 +

(

φ+

∫ t

0

‖v‖2
3,Ωτ

dτ

)2]

<
c0

4
. (4.4)Then inequality (3.61) implies

dφ̄

dt
+

3

4
c0Φ

< c2(‖pσ‖2
0,Ωt

+ ‖H∗‖2
3,B + ‖H∗‖4

1,B + ‖H∗t‖2
2,B(1 + ‖H∗t‖2

2,B) + ‖H∗tt‖2
1,B). (4.5)Applying the same argument as in the proof of Lemma 6.2 of [19℄ yields

‖pσ‖2
0,Ωt

≤ ε(‖pσx‖2
0,Ωt

+ ‖vxx‖2
0,Ωt

) + c(ε)(‖v‖2
0,Ωt

+ ‖vt‖2
0,Ωt

). (4.6)Sine
‖pσx‖2

0,Ωt
≤ c4‖̺σx‖2

0,Ωtinequalities (4.5) and (4.6) imply for su�iently small ε
dφ̄

dt
+

3

4
c0Φ < c5(‖v‖2

0,Ωt
+ ‖vt‖2

0,Ωt
) + c2(‖H∗‖2

3,B + ‖H∗‖4
1,B

+ ‖H∗t‖2
2,B(1 + ‖H∗t‖2

2,B) + ‖H∗tt‖2
1,B). (4.7)Now, multiplying (3.16) by a onstant c6 so large that c0c6 − c5 > 0 and c6 > 1,adding to (4.7) and using Lemma 4.1 we obtain

d

dt
(φ̄+ c6J) +

3

4
c0Φ + (c0c6 − c5)(‖v‖2

1,Ωt
+ ‖vt‖2

1,Ωt
+ ‖̺σt‖2

0,Ωt
) < c7(β + cε1)φ

+ c2(‖H∗‖2
3,B + ‖H∗‖4

3,B + ‖H∗t‖2
2,B(1 + ‖H∗t‖2

2,B) + ‖H∗tt‖2
1,B), (4.8)where J = 1

2

∫

Ωt

[

̺(v2 + v2
t ) + p1

̺ ̺
2
σ +

pσ̺

̺ ̺2
σt

]

dx. Sine φ̄
c′′ ≤ φ ≤ Φ and φ̄ ≥ J forsu�iently small β+cε1 (β+cε1 so small that c7(β+cε1) <

1
4c0) inequality (4.8) implies

d

dt
(φ̄+ c6J) + c8(φ̄+ c6J) ≤ c2e

−µt, (4.9)where c8 = c0

4c′′c6
(c′′ > 0 is a onstant from (4.1)).Inequality (4.9) yields (4.3) with µ1 = c6 + 1 and µ2 = c8. This ompletes the proofof Lemma 4.2.Lemma 4.3. Let the assumptions of Lemma 4.2 be satis�ed and φ̄(0) < ε1. Then φ̄(T ) ≤

ε1, where T > 0 is the time of loal existene.
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ϕ̄(T ) ≤ µ1e

−µ2T

(

ϕ̄(0) +
c2

µ− µ2

)

≤ ϕ̄(0).Proof of Main Theorem. The theorem is proved step by step using loal existene in a�xed time interval. Under the assumptions that
(v(0), ̺σ(0), H(0)) ∈ N (0). (4.10)Theorem 2.1 and Lemma 4.1 yield loal existene of solutions of (1.1)�(1.7).By (4.8), Lemma 4.1 implies that the loal solution belongs to M(t), t ≤ T . For small

ε1 and β the existene time T is orrespondingly large, so we an assume it is a �xedpositive number. The onstants in those theorems depend on Ωt and shape of St and
∫ t

0
‖v‖2

3,Ωτ
dτ , so generally they are funtions of t.But in view of (4.1) with su�iently small ε1, β we obtain

∣

∣

∣

∣

∫ t

0

vdτ

∣

∣

∣

∣

≤ cβ t ∈ [0, T ]. (4.11)Hene from the relation
x = ξ +

∫ t

0

v(x(ξ, τ), τ )dτ, ξ ∈ S, t ≤ T, (4.12)for su�iently small ε1, β and �xed T , the shape of Ωt, t ≤ T does not hange too muh,so the onstants from the immbeding theorems an be hosen independent of time. Nowwe wish to extend the solution to the interval [T, 2T ]. Using Lemma 4.3 we an prove theexistene of loal solution in M(t), T ≤ t ≤ 2T . To prove
φ̄(2T ) ≤ ε1, (4.13)we need inequality (3.61) where the onstans depend on the onstants from the imbeddingtheorems and Korn inequalities for t ∈ [T, 2T ]. Therefore we have to show that the shapeof St and ∫ t

0
‖v‖2

3,Ωτ
dτ , t ≤ 2T , do not hange more than for t ≤ T . Assume that thereexists a loal solution in the interval [0, kT ]. Then in view of Lemma 4.2, we have for

t ∈ [0, kT ]
∣

∣

∣

∣

∫ t

0

vdx

∣

∣

∣

∣

≤
∣

∣

∣

∣

∫ t

0

‖v‖2,Ωτ
dτ

∣

∣

∣

∣

≤ c1

k−1
∑

i=0

∫ (i+1)T

iT

‖v‖2,Ωt
dt ≤ c1T

1
2

k−1
∑

i=0

(
∫ (i+1)T

iT

‖v‖2
2,Ωt

dt

)
1
2

≤ c1T
1
2

k−1
∑

i=0

(
∫ (i+1)T

iT

φ̄(t)dt

)
1
2

≤ c1

(

T

µ2

)
1
2

k−1
∑

i=0

[

c2

µ− µ2
e−iTµ + φ̄(iT )

]
1
2

≤ c

(

T

µ2

)
1
2 1

1 − e−µ2T/2

[

1

(µ− µ2)
1
2

(

1 +
1

1 − e−µ2T/2

)

+ (φ̄(0)µ1)
1
2

]

(4.14)
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∫ t

0

‖v‖2
3,Ωτ

dτ ≤
k−1
∑

i=0

∫ (i+1)T

iT

‖v‖2
3,Ωτ

dτ ≤
k−1
∑

i=0

∫ (i+1)T

iT

Φdt

≤ 1

µ2

k−1
∑

i=0

(

c2

µ
e−µiT + µ2φ̄(iT )

)

≤ c

µ2(1 − e−µ2T )

(

1

µ
+ µ1φ̄(0) +

1

(µ− µ2)(1 − e−µ2T )

)

.sine from (4.9)
A((i+ 1)T ) ≤ c2

µ− µ2
e−µ2(i+1)T +A(iT )e−µ2T ,where A = φ̄+ c6I, then we have

k−1
∑

i=0

φ̄(iT ) ≤
k−1
∑

i=0

A(iT ) ≤ µ1φ̄(0)

1 − e−µ2T
+

c2

µ− µ2

e−µ2T

1 − e−µ2T
+

c2

µ− µ2

e−2µ2T

1 − e−µ2T

+ · · · + c2

µ− µ2

e−nµ2T

1 − e−µ2T
+ · · · ≤ 1

1 − eµ2T

(

µ1φ̄(0) +
c2e

−µ2T

(µ− µ2)(1 − e−µ2T )

)

,also
∫ (i+1)T

iT

A(t)dt ≤ c2

(µ− µ2)µ2
e−µiT +

1

µ2
A(iT )and

A((i+ 1)T ) + µ2

∫ (i+1)T

iT

A(t)dt ≤ c2

µ
e−µiT +A(iT ), i = 0, 1, . . . , k − 1.Taking k = 2, ε1 su�iently small and µ su�iently large we see that ∫ t

0
v(x(ξ, τ), τ )dτ issmall for any t ∈ [0, 2T ], so (4.14) implies that the shape of St and ∫ t

0
‖v‖2

3,Ωτ
dτ hange nomore than in [0, T ], and then the di�erential inequality (3.62) an also be shown for thisinterval with the same onstants. Hene in view of Lemma 4.1 the solutions of (1.1)�(1.7)belongs to M(t), t ∈ [T, 2T ]. Next Lemmas 4.1�4.3 imply (4.14).Repeating the above onsiderations for the intervals [kT, (k + 1)T ], k ≥ 2, we provethe existene for all t ∈ R+.5. Korn inequalityLemma 5.1. Let Ωt ⊂ R

3 be a bounded domain. Let (v, ̺σ) be a solution of (1.1)1, (1.1)2,
(1.5)1 and f =

∫

Ω
v0dx =

∫

Ω
̺0v0 · ϕidx, i = 1, 2, 3 and

EΩt
(v) =

∫

Ωt

(∂xi
vj + ∂xj

vi)
2dx <∞. (5.1)Then there exists a onstant c > 0 suh that

‖v‖2
1,Ωt

≤ c

(

EΩt
(v) +

(
∫

Ωt

|(̺− ̺e)||v|dx
)2)

(5.2)
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u =

3
∑

i=1

biϕi(x) + v, (5.3)where ϕi = (x − x̄) × ei, x̄ = 1
|Ωt|

( ∫

Ωt
x1dx,

∫

Ωt
x2dx,

∫

Ωt
x3dx

), ei = (δi1, δi2, δi3),
i = 1, 2, 3.De�ne b = (b1, b2, b3) by

b =
1

2|Ωt|

∫

Ωt

rotvdx. (5.4)Sine rot ϕi = 2ei, i = 1, 2, 3, equations (5.3) and (5.4) imply
∫

Ωt

rotudx = 0. (5.5)From (5.4) we have ∫

Ωt
ϕidx = 0, i = 1, 2, 3 so

∫

Ωt

udx =

∫

Ωt

vdx and EΩt
(ϕi) = 0, i = 1, 2, 3, (5.7)so

EΩt
(u) = EΩt

(v). (5.8)By Theorem 1 of [9℄ we have
∂xj

wi = εikl∂xk
Sjl, i = 1, 2, 3, w = rotu, (5.9)

Sij = ∂xi
uj + ∂xj

ui, so by (5.6) and Lemma 2.4 of [8℄ it follows that
‖rotu‖2

0,Ωt
≤ c

3
∑

i,j=1

‖Sij‖2
0,Ωt

= cEΩt
(u) = cEΩt

(v). (5.10)Employing the identity
∂xj

ui =
1

2
(∂xj

ui + ∂xi
uj) +

1

2
(∂xj

ui − ∂xi
uj)and (5.10) we have

‖∇u‖2
0,Ωt

≤ c(EΩt
(u) + ‖rotu‖2

0,Ωt
) ≤ cEΩt

(u) = cEΩt
(v). (5.11)Using 5.3 we obtain

‖∇v‖2
0,Ωt

≤ c(EΩt
(v) + |b|2). (5.12)From Remark 3.2 using (5.3) we get systems of equations

3
∑

i=1

bi

∫

Ωt

ϕi · ϕjdx =

∫

Ωt

uϕjdx+
1

̺e

∫

Ωt

(̺− ̺e)v · ϕjdx. (5.13)Sine det Γ 6= 0, where Γ = {Γij}, Γij =
∫

Ωt
ϕiϕjdx we an alulate b from (5.14), so

|b|2 ≤ c

(

‖u‖2
0,Ωt

+

(
∫

Ωt

|̺− ̺e| |v|dx
)2)

. (5.14)



126 P. KACPRZYKNow by Poinaré inequality and (5.7), (5.8), and Remark 3.1, we obtain
‖u‖2

0,Ωt
≤ 2

∥

∥

∥

∥

u− 1

|Ωt|

∫

Ωt

udx

∥

∥

∥

∥

2

0,Ωt

+ 2

∥

∥

∥

∥

1

|Ωt|

∫

Ωt

udx

∥

∥

∥

∥

2

0,Ωt

≤

≤ c

(

‖∇u‖2
0,Ωt

+

∥

∥

∥

∥

1

|Ωt|

∫

Ωt

vdx

∥

∥

∥

∥

2

0,Ωt

)

≤ c

(

EΩt
(u) +

(
∫

Ωt

|̺− ̺e| |v|dx
)2)

.

(5.15)From (5.3) and (5.14) we get
‖v‖2

0,Ωt
≤ c

(

‖u‖2
0,Ωt

+

(
∫

Ωt

|̺− ̺e||v|dx
)2)

. (5.16)Then from (5.8), (5.12), (5.15) and (5.16) we get (5.2)Lemma 5.2. Let Ωt ⊂ R
3 be a bounded domain. Let (v, ̺σ) be a solution of (1.1)1, (1.1)2,

(1.5)1 and f =
∫

Ω
v0dx =

∫

Ω
̺0v0 · ϕidx, i = 1, 2, 3 and

EΩt
(vt) =

∫

Ωt

(∂xi
vjt + ∂xj

vit)
2dx <∞. (5.17)Then there exists a onstant c > 0 suh that

‖vt‖2
1,Ωt

≤ c

(

EΩt
(vt) + ‖v‖4

2,Ωt
+

(
∫

Ωt

|̺− ̺e| |vt|dx
)2)

. (5.18)Proof. Introdue a funtion u by
u =

3
∑

i=1

biϕi(x) + vt, (5.19)

where ϕi = (x − x̄) × ei, x̄ = 1
|Ωt|

(

∫

Ωt
x1dx,

∫

Ωt
x2dx,

∫

Ωt
x3dx

), ei = (δi1, δi2, δi3),
i = 1, 2, 3.De�ne b = (b1, b2, b3) by

b =
1

2|Ωt|

∫

Ωt

rotvtdx. (5.20)Sine rot ϕi = 2ei, i = 1, 2, 3, equations (5.19) and (5.20) imply
∫

Ωt

rotudx = 0. (5.21)From (5.20) we have ∫

Ωt
ϕidx = 0, i = 1, 2, 3 so

∫

Ωt

udx =

∫

Ωt

vtdx and EΩt
(ϕi) = 0, i = 1, 2, 3, (5.22)so

EΩt
(u) = EΩt

(vt). (5.23)By Theorem 1 of [9℄ we have
∂xj

wi = εikl∂xk
Sjl, i = 1, 2, 3, w = rotu, (5.24)
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Sij = ∂xi

uj + ∂xj
ui, so by (5.21) and Lemma 2.4 of [8℄ it follows that
‖rotu‖2

0,Ωt
≤ c

3
∑

i,j=1

‖Sij‖2
0,Ωt

= cEΩt
(u) = cEΩt

(vt). (5.25)Employing the identity
∂xj

ui =
1

2
(∂xj

ui + ∂xi
uj) +

1

2
(∂xj

ui − ∂xi
uj)and (5.25) we have

‖∇u‖2
0,Ωt

≤ c(EΩt
(u) + ‖rotu‖2

0,Ωt
) ≤ cEΩt

(u) = cEΩt
(vt). (5.26)Using (5.19) we obtain

‖∇vt‖2
0,Ωt

≤ c(EΩt
(vt) + |b|2). (5.27)Integrating (3.2)1 over Ωt we get

∫

Ωt

vt̺edx = −
∫

Ωt

̺v · ∇vdx−
∫

Ωt

(̺− ̺e)vtdx (5.28)and multiplying (3.2)1 by ϕi, i = 1, 2, 3 and integrating over Ωt using (5.20) we getsystems of equations
3

∑

j=1

bj

∫

Ωt

̺eϕi · ϕjdx =

∫

Ωt

̺eu · ϕidx+

∫

Ωt

̺v · ∇v · ϕidx

+

∫

Ωt

(̺− ̺e)vt · ϕidx. (5.29)Sine det Γ 6= 0, where Γ = {Γij}, Γij =
∫

Ωt
ϕiϕjdx, we an alulate b from (5.29), so

|b|2 ≤ c

(

‖u‖2
0,Ωt

+ ‖v‖4
2,Ωt

+

(
∫

Ωt

|̺− ̺e||vt|dx
)2)

. (5.30)Now by Poinaré inequality and (5.22), (5.23), (5.28) we obtain
‖u‖2

0,Ωt
≤ 2

∥

∥

∥

∥

u− 1

|Ωt|

∫

Ωt

udx

∥

∥

∥

∥

2

0,Ωt

+ 2

∥

∥

∥

∥

1

|Ωt|

∫

udx

∥

∥

∥

∥

2

0,Ωt

≤
(

‖∇u‖2
0,Ωt

+

∥

∥

∥

∥

1

|Ωt|

∫

Ωt

vtdx

∥

∥

∥

∥

2

0,Ωt

)

≤ c

(

EΩt
(u) + ‖v‖4

2,Ωt
+

(
∫

Ωt

|̺− ̺e||vt|dx
)2)

. (5.31)From (5.19) we get
‖vt‖2

0,Ωt
≤ c(‖u‖2

0,Ωt
+ |b|2). (5.32)Then from (5.27), (5.30), (5.31) and (5.32) we get (5.18).Similarly as Lemma 5.2 we prove



128 P. KACPRZYKLemma 5.3. Let Ωt ⊂ R
3 be a bounded domain. Let (v, ̺σ) be a solution of (1.1)1, (1.1)2,

(1.5)1 and f =
∫

Ω
v0dx =

∫

Ω
̺0vo · ϕidx, i = 1, 2, 3 and

EΩt
(vtt) =

∫

Ωt

(∂xi
vjtt + ∂xj

vitt)
2dx <∞. (5.33)Then there exists onstant c > 0 suh that

‖vtt‖2
1,Ωt

≤ c

(

EΩt
(vtt) + ‖̺σt‖2

1,Ωt
‖v‖4

1,Ωt

+ ‖v‖4
1,Ωt

+ ‖v‖2
1,Ωt

‖vt‖2
1,Ωt

+ ‖vt‖2
0,Ωt

‖̺σt‖2
0,Ωt

+

(
∫

Ωt

|̺− ̺e| |vtt|dx
)2)

.
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