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Abstrat. Applying the Owen onstrution of value of games with a priori unions to the nor-malized Banzhaf value gives a new type of the normalized Banzhaf value for games with a prioriunions. Using a simple example of a four-person voting game with a priori unions, it is shownthat this value is di�erent from those known in the literature: the normalized Owen-Banzhafvalue, the Banzhaf share funtion de�ned by van der Laan and van den Brink and the Banzhafindex for simple games with a priori unions introdued by Malawski. Thus, all four notions aredistint.1. Introdution. The standard notion of value of ooperative games does not desribethe situation where some players prefer to at together. To deal with suh situations, Owen(1977) introdued the notion of game with a priori unions and de�ned the Shapley valueand later (1981) also the Banzhaf value for games with a priori unions. His onstrution ofvalues of games with a priori unions an be applied to any value de�ned for all ooperativegames (f. Mªodak 2003). In this paper we apply it to the normalized Banzhaf value.A question arises if the value for games with a priori unions whih obtains from thisonstrution oinides with the normalized Owen-Banzhaf value obtained by normalizingthe Owen's extension of the Banzhaf value. We demonstrate, using an example of a four-person weighted majority voting game with an appropriate a priori unions struture,that the answer is negative. Moreover, the same example lets us ompare our notion totwo other approahes to the normalized Banzhaf value of games with a priori unions: theBanzhaf oalition struture share funtions for monotone games, de�ned by van der Laanand van den Brink (2002), and the Banzhaf index for simple games with a priori unionsde�ned by Malawski (2004).The game in this example is both simple and monotone, and its normalized Owen-Banzhaf value is equal to both its Banhaf share funtion and to its Banzhaf index. Thus,2000 Mathematis Subjet Classi�ation: Primary 91A12.The paper is in �nal form and no version of it will be published elsewhere.
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268 H. SOSNOWSKAthe Owen onstrution applied to the normalized Banhaf value yields a value di�erentfrom all three previously known and, sine it is known that those three approahes led tothree di�erent normalized values, we onlude that all four values are di�erent even formonotone simple games.In the next setion we introdue the basi notions, the general Owen's onstrution ofvalue of games with a priori unions and four possible de�nitions of normalized Banzhafvalue for games with a priori unions. The main example is analyzed in setion 3. The lastsetion is devoted to onlusions.2. Values of games with a priori unions. An n-person game on the player set
N = {1, 2, . . . , n} is a funtion v : 2N → R satisfying v(∅) = 0. Let T = (T1, . . . , Tm) bea partition of the set N into oalitions whih are nonempty, pairwise disjoint and theirunion is N . The oalitions Tj , j = 1, . . . , m are alled a priori unions or preoalitions.Denote the set of a priori unions by M = {1, . . . , m}.The pair (v, T ) is alled a game with a priori unions. Every suh game determines thefollowing new games:

• the quotient game u = v/T with the player set M :
u(S) = v

(

⋃

j∈S

Tj

)

, where S ⊆ M (1)(the game played among the a priori unions),
• the family of altered games: for every j ∈ M and every K ⊆ Tj , uTj ,K is the gameon M given by.

uTj ,K(S) = u(S) if j 6∈ S (2)and
uTj ,K = v

(

K ∪
⋃

l∈S\{j}

Tl

) if j ∈ S. (3)�that is, Tj gets replaed by K in the quotient game.2.1. Extending values to games with a priori unions. Reall that a value is any mapping
q from the set (or subset) of ooperative games to ⋃∞

k=1 R
k suh that for any n-persongame v in the domain of q, q(v) = (q1(v), . . . , qn(v)) ∈ R

n. The following onstrution isa generalization of Owen's onstrution of Shapley value for games with a priori unionsto any value for ooperative games:Given a value q and a game with a priori unions (v, T ), de�ne the redued game wjon Tj by
wj(K) = qj(uTj ,K) (4)for every j = 1, . . . , m and any subset K ⊆ Tj , and the value of the game with a prioriunions, q(v, T ), by

qi(v, T ) = qi(wj), i ∈ Tj , i = 1, . . . , n , j = 1, . . . , m. (5)That is, the value of player i is his value in the redued game of the a priori union towhih i belongs.



BANZHAF VALUES 2692.2. Two types of normalized Banzhaf value based on Owen's onstrution. Let v be an
n-person ooperative game. The Banzhaf value (Banzhaf,1965) of v is de�ned by theformula

Bi(v) =

∑

K⊆N [v(K ∪ {i}) − v(K)]

2n−1
. (6)This is also known as the absolute Banzhaf value.Owen (1981) extended the absolute Banzhaf value to games with a priori unions bythe following formula:

Bi(v, T ) = 21−m21−tj

∑

S⊆M

∑

K⊆Tj

[v(QS ∪ K ∪ {i}) − v(QS ∪ K)], (7)where Tj ∋ i , tj = #Tj , QS =
⋃

r∈S Tr and i = 1, . . . , n. This extension is now knownas the Owen-Banzhaf value.While both the Banzhaf value and the Owen-Banzhaf value are de�ned for all oop-erative games, their normalized versions an only be de�ned for games in whih the sumof the value's omponents is not equal to 0. Therefore, throughout the rest of the paperwe restrit our attention to monotone games and de�ne all normalized values only forsuh games. The game v is monotone if and only if
S ⊆ T ⇒ v(S) ≤ v(T ) .The Banzhaf value and the Owen-Banzhaf value are not normalized: the sum of values ofall players may be di�erent from v(N). Normalizing them for non-null monotone gamesleads to the relative, or normalized Banzhaf value BZ:
BZi(v) =

Bi(v) · v(N)
∑n

i=1 Bi(v)
(8)and to the �rst type of normalized Banzhaf value of games with a priori unions, BN(obtained by normalizing the Owen-Banzhaf value):

BNi(v, T ) =
Bi(v, T )

∑n

i=1 Bi(v, T )
· v(N). (9)For the null game v0 (i.e., v0(E) = 0 for every E ⊆ N), we de�ne

BZi(v
0) = BNi(v

0, T ) = 0 , i = 1, . . . , n.However, a normalized Banzhaf value of (monotone) games with a priori unions may alsobe de�ned in another way � by applying the Owen onstrution to the normalized Banzhafvalue, as proposed in Mªodak (1999). We thus obtain the seond type of the normalizedBanzhaf value and denote it by BZi(v, T ). The exat formula is very ompliated but weshall not need it in what follows.2.3. The Banzhaf oalition struture share funtion. Van der Laan and van den Brink(2002) introdued the Banzhaf share funtion and the Banzhaf oalition struture sharefuntion. Let v be a monotone n-person game. The Banzhaf share funtion rB of a game
v is given by

rB
i (v) = BZi(v)/v(N) for v 6= v0, (10)

rB
i (v0) = 1/n, i = 1, . . . , n. (11)



270 H. SOSNOWSKAThe Banzhaf oalition struture share funtion is de�ned in the following way. Consideran n-person game v on N = {1, . . . , n} and a partition T = {T1, . . . , Tm} of set N . The�rst level game vT on the set M = {1, . . . , m} of a priori unions is de�ned by
vT (L) = v(P (L)) (12)for L ⊆ M and P (L) =

⋃

j∈L Tj . So, vT is exatly the quotient game u de�ned by formula(1). Then for every Tk and every L ⊂ M , k 6∈ L we de�ne the game vk,L on Tk :
vk,L(E) = v(E ∪ P (L)) − v(P (L)), E ⊆ Tk. (13)Then the seond level game vk on Tk is given by the formula

vk(E) =
∑

L⊂M,k 6∈L

vk,L(E)

2m−1
, E ⊆ T k. (14)The Banzhaf oalition struture share funtion is de�ned by the equation

BLi(v, T ) = rB
i (vk) · rB

k (vT ), i ∈ Tk. (15)Van der Laan and van den Brink (2002) proved the following properties of the Banzhafoalition struture share funtion:Theorem 2.1. (i) ∑

i∈N BLi(v, T ) = 1 (e�ieny).(ii) (a) ∑

i∈Tk
BLi(v) = rB

k (vT ) and(b) if T = {N} or T = {{i}, i = 1, . . . , n}, then BLi(v, T ) = rB
i (v) (onsisteny).(iii) Let v be a simple game and T = {C, {h}, h ∈ N − C}, where C is a majorityoalition. Then

BLi(v, T ) = rB
i (v)/

∑

j∈C

rB
j (v) if i ∈ C and BLi(v, T ) = 0 if i 6∈ C.

2.4. The ounting Banzhaf index with a priori unions. Malawski (2004) studied a lassof ounting power indies for simple games; the normalized Banzhaf index belongs to thislass.Let N = {1, . . . , n} be a set of players. A monotone game v : 2N → {0, 1} suh that
v(∅) = 0, v(N) = 1 is alled a simple n-person game. In this setion we shall onsidersimple games only. For a player k in a simple game v denote

D(k, v) = {U ⊆ N : v(U) = 1 and v(U − {k}) = 0}.A power index is any funtion p whih assigns to eah n-person simple game a vetor
p(v) ∈ R

n suh that ∑n

i=1 pi(v) = 1 and 0 ≤ pi(v) ≤ 1, i = 1, . . . n. A power index isalled a ounting index if it is of the form
pj(v) =

∑

S∋j cv(S)(v(S)− v(S \ {j})
∑n

k=1

∑

T∋k cv(T )(v(T ) − v(T \ {k}))
=

∑

S∈D(j,v) cv(S)
∑n

k=1

∑

T∈D(k,v) cv(T )where the oe�ients cv(T ) are nonnegative and depend only on the restrition of v to
T . For the normalized Banzhaf index cv(T ) ≡ 1.To extend any ounting index to simple games with a priori unions, take any suhgame (v, T ) and onsider the quotient game u on M de�ned by equation (1). Let us also



BANZHAF VALUES 271�x a player j ∈ M in this quotient game. For every oalition W ⊆ M suh that u(W ) = 1and u(W − {j}) = 0 (that is, W ∈ D(j, u)) we de�ne a game vj,W on Tj by
vj,W (S) = v

(

⋃

l∈W\{j}

Tl ∪ S
)

, S ⊆ Tj .Now, given an index p for simple games, we ompute a "pre-index"
p∗i (v, T ) =

∑

W∈D(j,u)

cu(j, W ) · pi(vj,W ), i ∈ Tj ,and normalize it to obtain a ounting index with a priori unions:
pi(v, T ) = p∗i (v, T )/

n
∑

k=1

p∗k(v, T ).We shall denote the normalized ounting Banzhaf index with a priori unions by BM . Itis given by the formula
BMi(v, T ) =

∑

W∈D(j,u)(#D(i, vj,W )/
∑

k∈Tj
#D(k, vj,W ))

∑n

k=1

∑

Y ∈D(l,u)(#D(k, vl,Y )/
∑

m∈Tl
#D(m, vl,Y ))

(16)where Tj ∋ i and Tl ∋ k.3. Comparing the normalized values. We �rst hek if
BN(v, T ) = BZ(v, T ). (17)We need weighted majority voting games to answer the question. An n-person weightedmajority voting game is determined by n (nonnegative) weights of players, d1, . . . , dn, anda positive number d ≤

∑n

i=1 di denoting the minimum winning majority. The game isde�ned as follows: for any oalition K ⊆ N , v(K) = 1 if and only if ∑

i∈K di ≥ d.Otherwise v(K) = 0.A weighted majority voting game is denoted by v = (d; d1, . . . , dn). Obviously, allmajority voting games are simple games.Theorem 3.1. There exists a weighted majority voting game v and a partition T suhthat BN(v, T ) 6= BZ(v, T ).Proof. Let us onsider the 4-person game v = (5; 4, 2, 2, 2) and the partition T =

{{1, 2}, {3}, {4}}. We ompute BZ(v, T ) and BN(v).i) The quotient game is U = (5; 6, 2, 2), so B(u) = BZ(u) = (1, 0, 0).ii) (a) The altered games for T1 = {1, 2} are:
uT1,∅ = (5; 0, 2, 2) � the null game;
uT1,{1} = (5; 4, 2, 2) , so

B(uT1,{1}) = (3/4, 1/4, 1/4) and BZ(uT1,{1}) = (3/5, 1/5, 1/5);

uT1,{2} = (5; 2, 2, 2) , so
B(uT1,{2}) = (1/4, 1/4, 1/4) and BZ(uT1,{2}) = (1/3, 1/3, 1/3);and uT1,T1

= u.



272 H. SOSNOWSKA(b) The altered games for T2 = {3} are
uT2,∅ = (5; 6, 0, 2) and uT2,T2

= u, so
B(uT2,∅) = BZ(uT2,∅) = B(uT2,T2

) = BZ(uT2,T2
) = (1, 0, 0).Analogously, we get the same values for the altered games for T2 = {3}.Therefore, the redued games w2 and w3 are null games.iii) The redued games on T1 are:the game w1 based on the Banzhaf value:

w1(∅) = 0) , w1({1}) = (B1(uT1,{1}) = 3/4 ,
w1({2}) = B1(uT1,{2}) = 1/4 , w1(T1) = B1(u) = 1 ,and so B(w1) = BZ(w1) = (3/4, 1/4);the game w′

1 based on the normalized Banzhaf value:
w′

1(∅) = 0 , w′
1({1}) = BZ1(uT1,{1}) = 3/5 ,

w′
1({2}) = BZ1(uT1,{2}) = 1/3 , w′

1({1, 2}) = BZ1(u) = 1and so B(w′
1) = BZ(w′

1) = (19/30, 11/30).iv) Together, the values of redued games give
BN(v, T ) = B(v, T ) = (3/4, 1/4, 0, 0)and

BZ(v, T ) = (19/30, 11/30, 0, 0) .Thus, BN(v, T ) 6= BZ(v, T ).The above example shows that the two types of the normalized Banzhaf value of agame with a priori unions are di�erent. The same example an also be used for omparing
BZ with BL and BM .It is obvious that in general BL 6= BN and BL 6= BZ, sine the omponents of BL, ashare funtion, always add to 1 while those of BN and BZ, the normalized values, add to
v(N). However, it makes sense to ask whether some of the two above values equals BL onthe lass of simple games (or, more generally, whether it equals BL · v(N) for monotonegames). The answer is negative. Van den Brink and van der Laan (2002) expliitly provedthat BL 6= BN · v(N). Moreover, the (simple) game v = (5; 4, 2, 2, 2) and the partition Tof example satisfy the assumptions of theorem 2.1 (iii), so BL(v, T ) ·v(N) = (3/4 ·1, 1/4 ·

1, 0, 0) · 1 6= BZ(v, T ).Also, Malawski (2004, example 1) omputed that for the majority voting game w =

(55; 40, 20, 20, 20) BM(v, T )=(3/4, 1/4, 0, 0). The game w is equivalent to v, so BM(v, T )

= BM(w, T ) 6= BZ(v, T ). Moreover, a diret onsequene of theorem 1 in Malawski(2004) is that BM 6= BN on the domain of BM .Finally, sine the Banzhaf oalition struture share funtion BL has the multipliationproperty (15), it follows that it is di�erent from the ounting Banzhaf index with a prioriunions for some simple games. Combining the above statements, we obtainCorollary. All the values BN , BZ, BL and BM on the lass of simple games aredi�erent.



BANZHAF VALUES 2734. Conluding remarks. We have formally shown that four ways of onstruting thenormalized Banzhaf value of games with a priori unions lead to four values whih areindeed di�erent. We have deliberately avoided the questions of intuitions behind, andinterpretations of these notions. Nevertheless, the fat that they all di�er even on thelass of monotone simple games (whih is the intersetion of their domains) suggests thatthe very idea of the normalized Banzhaf value of games with a priori unions relies ratheron formal onstrution than on sound intuition.A sharp ontrast between the Banzhaf value and the Shapley value is worth men-tioning here: for the Shapley value, all four onstrutions lead to the same value with apriori unions (some trivially, beause the value itself is normalized), whih, moreover, hasa lear probabilisti interpretation.
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