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Abstrat. Let X be a ompletely regular Hausdor� topologial spae and Cp(X) the spae ofontinuous real-valued maps on X endowed with the pointwise topology. A simple and naturalargument is presented to show how to onstrut on the spae Cp(X), if X ontains a homeo-morphi opy of the losed interval [0, 1], real-valued maps whih are everywhere disontinuousbut ontinuous on all ompat subsets of Cp(X).A topologial spae X is alled a kR-spae if eah real-valued map on X whih isontinuous on eah ompat subset of X is ontinuous. In [6℄ it has been proved that if
X is a Lindelof �eh omplete spae, then Cp(X) is a kR-spae i� X is sattered. Veryreently this result has been extended by Casales and Namioka in [3℄ to K-analytispaes X. Hene, if X is a ompat non-sattered spae, one gets on Cp(X) nonontin-uous real-valued maps whih are ontinuous on all ompat subsets of Cp(X). We referthe reader to [1℄, [2℄ for some other known results of this type. It is well-known that alinear map between topologial vetor spaes E and F is either ontinuous everywhereor disontinuous at eah point; for the bakground we refer the reader to [5℄. Any on-strution of everywhere disontinuous nonlinear maps whih are everywhere sequentiallyontinuous seems to be non-trivial. Even less evident is a onstrution of a real-valued2000 Mathematis Subjet Classi�ation: 54C05, 54C35.Key words and phrases: ompat spae, ompletely regular spae, ontinuous real-valuedmap, spaes of ontinuous funtions.This researh was supported by the projet MTM2005-01182 of the Spanish Ministry ofEduation and Siene, o-�naned by the European Community (Feder funds). The author isgrateful to Manuel López Pellier for some omments and suggestions about this paper. Finally,the author wishes to express his gratitude to the Tehnial University of Valenia for the �Bolsade viaje� given to Professor López Pellier to present jointly the results of this paper and otherrelated topis to the meeting �Funtion Spaes VIII� in B�dlewo, Pozna«, Poland, from 3 to 7July 2006.The paper is in �nal form and no version of it will be published elsewhere.[131℄ © Instytut Matematyzny PAN, 2008



132 S. MOLLmap whih is everywhere disontinuous but ontinuous on eah ompat subset. The aimof this self-ontained note is to present an elementary argument whih provides suhmaps on Cp(X). Although the reader ould also dedue the Proposition below readingarefully the proof of Corollary 4.2 ((vi) ⇒ (b)) of [3℄, we deided to present this diretargument.Proposition. Let X be a ompat spae with a nonzero nonnegative regular Borel prob-ability λ whih vanishes on singletons of X. Then there exists a map T : Cp(X) → Rdisontinuous at eah point of Cp(X) but ontinuous on every ompat subset Y of E.We will use the following fat, see also Proposition 3.29 and Corollary 12.2 of [4℄.Lemma. Let X be a ountably ompat topologial spae and H a relatively ompatountable subset of Cp(X). Then H is metrizable.Casales and Namioka [3, Theorem 4.1 and Corollary 4.2℄ have proved that a ompatspae X is sattered i� the losure (in RX) of any ountable subset of Cp(X) is metrizable.Proof. Let T be the weakest (pseudometrizable) topology on X that makes ontinuousthe elements of H and let D be a ountable T dense subset of X.If f ∈ H is not T -ontinuous at s ∈ X, then there exists some open neighbourhood
U of f(s) suh that f(W ) * U for eah T -neighbourhood W of s.Then, if f1 ∈ H suh that |f1(s) − f(s)| < 2−1, there exists s1 ∈ X suh that
|f1(s) − f1(s1)| < 2−1. But f(s1) /∈ U . An easy indution provides sequenes (fn) in
H and (sn) in X suh that |fn(s) − f(s)| < 2−n, |fn(sm) − f(sm)| < 2−n, for m <

n, |fp(s) − fp(sn)| < 2−n, for p ≤ n, and f(sn) /∈ U for eah n ∈ N. Let t and gbe aumulation points of (sn) and (fn), respetively. Then g(s) = f(s), g(t) = f(t),
g(s) = g(t) and f(t) /∈ U . The ontradition f(s) /∈ U implies that f is T -ontinuous.The topology TD of pointwise onvergene in D indues a metrizable topology on Hbeause if f, g ∈ H and f(x) = g(x) when x ∈ D, then the T -ontinuity implies that
f(x) = g(x) for eah x ∈ X. It is lear, by ompatness, that on H the topology induedby Cp(X) is equal to the metrizable topology indued by TD.Now we are ready to prove the Proposition.Proof of the Proposition. As Cp(X) is homeomorphi to Cp(X, (0, 1)) it is enough toprove that the map T : Cp(X, (0, 1)) → R de�ned by T (f) :=

∫
X

fdλ is disontinuousat eah point of E := Cp(X, (0, 1)) but it is ontinuous on every ompat subset Y of
E. For f ∈ E one has T (f) =

∫
X

fdλ = α > 0. If T is ontinuous at f and 0 < ε < 1,we �nd a �nite subset {xj : 1 ≤ j ≤ n} ⊂ X suh that 2−1α < T (h) for eah h ∈ Everifying that |f(xj) − h(xj)| < ǫ, when 1 ≤ j ≤ n. As µ(xj) = 0 there exist opendisjoint neighbourhoods Vj of xj , 1 ≤ j ≤ n, suh that λ(Vj) < (4n)−1α. Let k =

max{f(xj), 1 ≤ j ≤ n} and let g ∈ C(X, [0, k]) be suh that g(xj) = f(xj), 1 ≤ j ≤ n,and g(X −
⋃n

j=1
Vj) = {0}. Fix 0 < β < min{2−1(1 − k), 4−1α, ε}. Then h = g + β ∈ Esatis�es |f(xj) − h(xj)| < ǫ, 1 ≤ j ≤ n, and T (h) < T (g) + β < 4−1α + 4−1α = 2−1α,whih provides a ontradition.Sequential ontinuity of T follows from the Lebesgue dominated onvergene theoremand the rest of the Proposition easily follows from the laim below.



SOME REMARKS PROVIDING DISCONTINUOUS MAPS ON SOME. . . 133Claim. If F ⊂ Y and f ∈ F , then f is the limit of some sequene in F .Indeed, if p ∈ N and x = (xi) ∈ Xp there exists gx ∈ F suh that |f(xi)− gx(xi)| < p−1,
1 ≤ i ≤ p, and therefore there exists an open neighbourhood Vx of x suh that |f(yi) −

gx(yi)| < p−1, 1 ≤ i ≤ p, when (yi) ∈ Vx. By ompatness there exists a �nite subset
Sp in the produt Xp suh that Xp =

⋃
x∈Sp

Vx. Let Fp := {gx : x ∈ Sp}. Then f ∈ H ,where H =
⋃

p∈N
Fp. Now the laim is a simple onsequene of the preeding lemma.We omplete with the following orollary, whih an also be dedued from the proofof [3℄, Corollary 4.2 ((vi) ⇒ (b)).Corollary. If a ompletely regular Hausdor� spae X ontains a homeomorphi opy

K of [0, 1], then Cp(X) admits a disontinuous everywhere real-valued map whih isontinuous on every ompat subset of Cp(X).Proof. Proposition applies for K endowed with the indued Lebesgue measure; let T :

Cp(X) → R be the map onsidered in the Proposition. The restrition map T1 : f → f |K,
f ∈ C(X), is a ontinuous and open map of Cp(X) onto Cp(K). Then the omposition
Q := T ◦ T1 is everywhere disontinuous on Cp(X) but ontinuous on every ompatsubset of Cp(X). This provides a map as required.Let X be a ompletely regular Hausdor� spae, E := Cp(X) and DK(E) the set ofeverywhere disontinuous real-valued maps on E whih are ontinuous on every ompatsubset of E. We have seen that DK(E) 6= ∅ if X ontains a opy of [0, 1]. Althoughalgebraially the set DK(E) might be large, we note that if DK(E) 6= ∅ and X ontainsan in�nite ompat subset, then it is straightforward to show that DK(E) is a densesubset of RE of the �rst Baire ategory (so topologially it is small). We refer the reader,for example, to [1℄, the proof of Theorem 1.3.4 with possible obvious hanges. The sametehnique an be used to show that if X ontains a non-trivial onvergent sequenethen the set of everywhere disontinuous real-valued maps on E whih are sequentiallyontinuous is also of �rst Baire ategory.
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