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Abstrat. We study linear operators from a non-loally onvex Orliz spae LΦ to a Banahspae (X, ‖ · ‖X). Reall that a linear operator T : LΦ → X is said to be σ-smooth whenever
un

(o)
−→ 0 in LΦ implies ‖T (un)‖X → 0. It is shown that every σ-smooth operator T : LΦ → Xfators through the inlusion map j : LΦ → LΦ, where Φ denotes the onvex minorant of Φ. Weobtain the Bohner integral representation of σ-smooth operators T : LΦ → X. This extendssome earlier results of J. J. Uhl onerning the Bohner integral representation of linear operatorsde�ned on a loally onvex Orliz spae.1. Introdution and preliminaries. The theory of linear operators on Banah fun-tion spaes (in partiular, Lp-spaes and Orliz spaes LΦ) has been developed by manyauthors (see [D℄, [G℄, [DP℄, [Ph℄, [Z℄, [DS℄, [D1℄, [D2℄, [D3℄, [U℄, [C℄, [W℄). Linear operatorson non-loally onvex Orliz spaes LΦ have been studied in [P℄, [T1℄, [T2℄, [K℄.We denote by σ(L, K) and τ (L, K) the weak topology and the Makey topology on

L with respet to the dual pair (L, K). Given a topologial vetor spae (L, τ) we willdenote by (L, τ)∗ its topologial dual. For terminology onerning vetor latties andfuntion spaes we refer to [AB℄, [KA℄, [Z℄.Let (Ω, Σ, µ) be a σ-�nite atomless measure spae, and let L0 denote the set of µ-equivalene lasses of real valued measurable funtions de�ned on Ω. Then L0 is a superDedekind omplete Riesz spae under the ordering u ≤ v whenever u(ω) ≤ v(ω) µ-a.e.on Ω. By S(Σ) we will denote the set of all Σ-simple funtions de�ned on Ω.Now we reall notation and some basi results onerning Orliz spaes (see [MO1℄,[MaO℄, [M℄, [RR℄). By an Orliz funtion we mean here a mapping Φ : [0,∞) →

[0,∞) that is non-dereasing, left ontinuous, ontinuous at 0, vanishing only at 0 and2000 Mathematis Subjet Classi�ation: 46E30, 47B38.Key words and phrases: Orliz spaes, Lebesgue topology, modular topology, σ-smooth op-erators, Bohner integral representation, Radon-Nikodym property.The paper is in �nal form and no version of it will be published elsewhere.[157℄ © Instytut Matematyzny PAN, 2008
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lim inft→∞
Φ(t)

t
> 0. By Φ∗ we denote the onvex Orliz funtion omplementary to

Φ in the sense of Young, i.e., Φ∗(s) = sup{st − Φ(t) : t ≥ 0} for s ≥ 0. Note that
Φ∗ takes only �nite values whenever lim inft→∞

Φ(t)
t

= ∞ and jumps to ∞ whenever
lim inft→∞

Φ(t)
t

< ∞ (see [N3, Lemmas 2.2 and 2.3℄). The funtion Φ(t) = (Φ∗)∗(t) for
t ≥ 0 is alled the onvex minorant of Φ, beause it is the largest onvex Orliz funtionsmaller than Φ on [0,∞). Reall that Φ satis�es the ∆2-ondition (in symb. Φ ∈ ∆2) if
Φ(2t) ≤ cΦ(t) for all t ≥ 0 and some c > 0. An Orliz funtion Φ determines a funtional
̺Φ : L0 → [0,∞] by

̺Φ(u) =

∫

Ω

Φ(|u(ω)|) dµ.The Orliz spae LΦ is an ideal of L0 de�ned by
LΦ = {u ∈ L0 : ̺Φ(αu) < ∞ for some α > 0}and equipped with the omplete topology TΦ of the F -Riesz norm

||u||Φ := inf{α > 0 : ̺Φ(u/α) ≤ α}.The spae (LΦ, TΦ) is loally onvex if and only if LΦ = LΦ0 for some onvex Orlizfuntion Φ0 (see [MaO℄). In ase Φ is a onvex Orliz funtion TΦ an be generated bytwo Riesz norms:
‖u‖Φ := inf {α > 0 : ̺Φ(u/α) ≤ 1}and
‖u‖0

Φ := sup

{ ∫

Ω

|u(ω)v(ω)| dµ : v ∈ LΦ∗

, ̺Φ∗(u) ≤ 1

}
.Let (LΦ)′ stand for the Köthe dual of LΦ. Then (LΦ)′ = LΦ∗ (see [N3, Theorem 3.3℄,[MW℄). Let (LΦ)∼n denote the order ontinuous dual of LΦ. Then (LΦ)∼n an be identi�edwith LΦ∗ through the mapping: LΦ∗

∋ v 7→ ϕv ∈ (LΦ)∼n , where
ϕv(u) =

∫

Ω

u(ω)v(ω) dµ for all u ∈ LΦ.The funtional ̺Φ restrited to LΦ is a modular (see [MO1℄, [MO2℄, [M℄). Reall thata sequene (un) in LΦ is said to be modularly onvergent to u ∈ LΦ (in symb. un
̺Φ

−→ u)if ̺Φ(α(un − u)) → 0 for some α > 0.For ε > 0 let UΦ(ε) = {u ∈ LΦ : ̺Φ(u) ≤ ε}. Then the family of all sets of the form:⋃∞
n=1(

∑n
i=1 UΦ(εi)), where (εi) is a sequene of positive numbers, forms a loal base at0 (onsisting of solid subsets of LΦ) for a topology T ∧

Φ on LΦ, and alled the modulartopology (see [N1℄, [N2℄, [N4℄). The basi properties of T ∧
Φ are inluded in the followingtheorem (see [N1, Theorem 1.1℄, [N2, Theorem 2.5 and 3.2℄, [N4, Theorem 2.2℄).Theorem 1.1. Let Φ be an Orliz funtion. Then the following statements hold:(i) T ∧

Φ is the �nest of all linear topologies ξ on LΦ for whih un
̺Φ

−→ 0 implies
un

ξ
→ 0.(ii) T ∧

Φ is the �nest Lebesgue topology on LΦ.(iii) T ∧
Φ ⊂ TΦ, with equality if and only if Φ ∈ ∆2.(iv) (LΦ, T ∧

Φ )∗ = (LΦ)∼n = {ϕv : v ∈ LΦ∗

}.
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) is equal to the restrition of the modular topology T ∧
Φ

i.e., τ (LΦ, LΦ∗

)

= T ∧
Φ

↾LΦ . In partiular, τ (LΦ, LΦ∗

) = T ∧
Φ whenever Φ is onvex.In view of [O℄ the dual spae (LΦ)∗(= (LΦ, TΦ)∗) is a Banah spae under the norm

‖ϕ‖Φ = sup{|ϕ(u)| : u ∈ LΦ, ̺Φ(u) ≤ 1}for ϕ ∈ (LΦ)∗. Moreover, by [O, 1.31℄ the following inequality holds:
(1.1) |ϕ(u)| ≤ ‖ϕ‖Φ(̺Φ(u) + 1) for all u ∈ LΦ.From now on we assume that (X, ‖ · ‖X) is a real Banah spae, and X∗ stands forits Banah dual. We distinguish two lasses of linear operators T : LΦ → X (see [OW℄).Dfinition 1.1. A linear operator T : LΦ → X is said to be σ-smooth (resp. modularlyontinuous) if un

(o)
−→ 0 (resp. un

̺Φ

−→ 0) in LΦ implies ‖T (un)‖X → 0.In Setion 2, we study a relationship between σ-smooth operators, modularly ontin-uous operators and (T ∧
Φ , ‖ · ‖X)-ontinuous linear operators T : LΦ → X. It is shownthat every σ-smooth linear operator T : LΦ → X fators through the inlusion map

j : LΦ → LΦ, where Φ stands for the onvex minorant of Φ. In Setion 3, we obtain aBohner integral representation of σ-smooth operators T : LΦ → X. This extends someearlier results due to J. J. Uhl [U, Theorem 1℄, where Φ is supposed to be onvex and
Φ ∈ ∆2.2. Smooth operators. We �rst establish a relationship between di�erent lasses oflinear operators T : LΦ → X.Theorem 2.1. Let Φ be an Orliz funtion. Then for a linear operator T : LΦ → X thefollowing statements are equivalent:(i) T is modularly ontinuous.(ii) T is σ-smooth.(iii) x∗ ◦ T ∈ (LΦ)∼n for all x∗ ∈ X∗.(iv) T is (σ(LΦ, LΦ∗

), σ(X, X∗))-ontinuous.(v) T is (τ (LΦ, LΦ∗

), ‖ · ‖X)-ontinuous.(vi) T is (T ∧
Φ

↾LΦ , ‖ · ‖X)-ontinuous.(vii) T is (T ∧
Φ , ‖ · ‖X)-ontinuous.Proof. (i)⇒(ii). Assume that T is modularly ontinuous and let un

(o)
−→ 0 in LΦ. Then bythe Lebesgue dominated onvergene theorem un

̺Φ

−→ 0, so ‖T (un)‖X → 0. This meansthat T is σ-smooth.(ii)⇒(iii). Assume that T is σ-smooth. Hene x∗ ◦ T ∈ (LΦ)∼c = (LΦ)∼n for every
x∗ ∈ X∗.(iii)⇔(iv). See [AB, Theorem 9.26℄.(iv)⇔(v). See [Wi, Corollary 11-1-3, Corollary 11-2-6℄.(v)⇔(vi). It is obvious, beause τ (LΦ, LΦ∗

) = T ∧
Φ

↾LΦ (see [N4, Theorem 2.2℄).(vi)⇒(vii). Clear, beause T ∧
Φ

↾LΦ⊂ T ∧
Φ .(vii)⇒(i). It is obvious, beause un

̺Φ

−→ 0 in LΦ implies un → 0 for T ∧
Φ .



160 M. NOWAK AND A. OELKENow, we onsider the problem of extension of linear operators T : LΦ → X.Theorem 2.2. Let Φ be an Orliz funtion. Assume that T : LΦ → X is a (T ∧
Φ , ‖ · ‖X)-ontinuous linear operator. Then there exists a (T ∧

Φ
, ‖ · ‖X)-ontinuous linear operator

T : LΦ → X suh that T (u) = T (u) for all u ∈ LΦ.Proof. In view of Theorem 2.1, T is (T ∧
Φ

↾LΦ , ‖ · ‖X)-ontinuous. Now let u ∈ LΦ. Thenthere exists a sequene (sn) in S(Σ) suh that sn(ω) → u(ω) µ-a.e., and |sn(ω)| ≤ |u(ω)|

µ-a.e., that is, sn

(o)
−→ 0 in LΦ. Hene sn → u for T ∧

Φ
, beause T ∧

Φ
is a Lebesgue topologyon LΦ. Then (sn) is a Cauhy sequene in (LΦ, T ∧

Φ
↾LΦ), so (T (sn)) is a Cauhy sequenein (X, ‖ · ‖X). Let us put T (u) := limT (sn) in (X, ‖ · ‖X). Note that if u ∈ LΦ, then

T (u) = limT (sn) in (X, ‖ · ‖X) and T (u) = T (u).Now we shall show that if (s1
n) and (s2

n) are sequenes in S(Σ) suh that s1
n

(o)
−→ uand s2

n

(o)
−→ u in LΦ, then limT (s1

n) = lim T (s2
n) in (X, ‖ · ‖X). Indeed, we have s1

n → ufor T ∧
Φ

and s2
n → u for T ∧

Φ
, so s1

n − s2
n → 0 for T ∧

Φ
↾LΦ . Hene ‖T (s1

n) − T (s2
n)‖X → 0.Set x1 = limT (s1

n) and x2 = lim T (s2
n) in (X, ‖ · ‖X). Then

‖x1 − x2‖X ≤ ‖x1 − T (s1
n)‖X + ‖T (s1

n) − T (s2
n)‖X + ‖T (s2

n) − x2‖X ,and it follows that ‖x1 − x2‖X = 0, so x1 = x2.We shall now show that a linear operator T : LΦ → X is (T ∧
Φ

, ‖ · ‖X)-ontinuous.Indeed, let BT ∧

Φ

stand for the loal base at 0 for T ∧
Φ
, and let ε > 0 be given. Sine Tis (T ∧

Φ
↾LΦ , ‖ · ‖X)-ontinuous, there exists W ∈ BT ∧

Φ

suh that T (LΦ ∩ W ) ⊂ BX(ε)

(= {x ∈ X : ‖x‖X ≤ ε}). It is enough to show that T (W ) ⊂ BX(ε). In fat, let w ∈ W .Then there exists a sequene (sn) in S(Σ) suh that sn → w for T ∧
Φ
. Hene there exists

n0 ∈ N suh that sn ∈ LΦ ∩ W for all n ≥ n0; so T (sn) ∈ BX(ε) for n ≥ n0. It followsthat T (w) ∈ BX(ε), as desired.As a onsequene of Theorem 2.1 and Theorem 2.2 we obtain the following fatoriza-tion of σ-smooth operators T : LΦ → X.Corollary 2.3. Let Φ be an Orliz funtion and let T : LΦ → X be a σ-smooth linearoperator. Then T may be fatorized: T = T ◦ j, where j : LΦ → LΦ is the inlusion mapand T : LΦ → X is a σ-smooth linear operator.3. Integral representation of smooth operators. In this setion we obtain a Boh-ner integral representation of σ-smooth linear operators T : LΦ → X, where Φ is an Orlizfuntion (not neessarily onvex) and X has the Radon-Nikodym Property. We extendsome earlier results due to J. J. Uhl (see [U, Theorem 1℄), where Φ is supposed to beonvex and Φ ∈ ∆2. The problem of Bohner integral representation of linear operators
T : Lp → X (p > 1) has been studied in [DU, Theorem 3.4.8℄, [D1℄, [D2℄, [D3℄.For terminology onerning vetor measures and Banah-spae valued funtion spaeswe refer to [DU, Chap. 3.1℄, [L℄. Denote by L0(X) the set of µ-equivalene lasses of allstrongly Σ-measurable funtions g : Ω → X. For g : Ω → X let us put g̃(ω) = ‖g(ω)‖Xfor ω ∈ Ω. For an Orliz funtion Φ the Orliz-Bohner spae LΦ(X) is de�ned by

LΦ(X) = {g ∈ L0(X) : g̃ ∈ LΦ}.



LINEAR OPERATORS ON NON-LOCALLY CONVEX ORLICZ SPACES 161A linear operator T : LΦ → X is said to be regular if there exists 0 ≤ v ∈ LΦ∗ suhthat ‖T (u)‖X ≤ ϕv(|u|) =
∫
Ω
|u(ω)|v(ω) dµ for all u ∈ LΦ (see [Bu, Def. 1.2℄).From now on we will assume that (Ω, Σ, µ) is a �nite atomless measure spae. Reallthat a Banah spae X has the Radon-Nikodym property (with respet to µ) (brie�y

X ∈ RNP (µ)) if for eah µ-ontinuous vetor measure m : Σ → X of bounded variation(i.e., |m|(Ω) < ∞) there exists g ∈ L1(X) suh that
m(A) =

∫

A

g(ω) dµ for all A ∈ Σ.Then |m|(A) =
∫

A
‖g(ω)‖X dµ for all A ∈ Σ. Motivated by the variation |m|(Ω) andfollowing [D1℄, [D3℄ we an de�ne a norm funtional of operators T : LΦ → X by

|||T |||Φ := sup
{ n∑

i=1

‖αiT (1Ai
)‖X : s =

n∑

i=1

αi1Ai
∈ S(Σ), ̺Φ(s) ≤ 1

}
.Now we are in a position to state our main result.Theorem 3.1. Let Φ be an Orliz funtion and let X ∈ RNP (µ). Then for a linearoperator T : LΦ → X the following statements are equivalent:(i) |||T |||Φ < ∞ and T is modularly ontinuous.(ii) |||T |||Φ < ∞ and T is σ-smooth.(iii) |||T |||Φ < ∞ and T is (τ (LΦ, LΦ∗

), ‖ · ‖X)-ontinuous.(iv) |||T |||Φ < ∞ and T is (T ∧
Φ , ‖ · ‖X)-ontinuous.(v) There exists g ∈ LΦ∗

(X) suh that
T (u) = Tg(u) =

∫

Ω

u(ω)g(ω) dµ for all u ∈ LΦand
|||Tg|||Φ = ‖ϕg̃‖Φ = sup

{∣∣∣∣
∫

Ω

u(ω)g̃(ω) dµ

∣∣∣∣ : u ∈ LΦ, ̺Φ(u) ≤ 1

}
.In partiular, if Φ is a onvex Orliz funtion, then

|||Tg|||Φ = ‖g̃‖0
Φ∗ = ‖g‖0

LΦ∗ (X).(vi) T is regular.Proof. (i)⇔(ii)⇔(iii)⇔(iv) follow from Theorem 2.1.(i)⇒(v). Assume that |||T |||Φ < ∞ and T is modular ontinuous.De�ne a vetor measure mT : Σ → X by mT (A) = T (1A) for A ∈ Σ. We shall nowshow that mT is µ-ontinuous. Indeed, let µ(An) → 0 with An ∈ Σ. Then
̺Φ(1An

) =

∫

Ω

Φ(1An
(ω)) dµ = Φ(1)µ(An) → 0,so

‖mT (An)‖X = ‖T (1An
)‖X → 0.It follows that mT is ountably additive and µ-ontinuous. Now, hoose α > 0 suh that

̺Φ(α1Ω) ≤ 1. For any �nite Σ-partition {Ai : 1 ≤ i ≤ n} of Ω we have α1Ω =
∑n

i=1 α1Ai
,
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α

n∑

i=1

‖mT (Ai)‖X =

n∑

i=1

‖αT (1Ai
)‖X ≤ |||T |||Φ.Hene |mT |(Ω) < ∞, and sine X ∈ RNP (µ) there exists g ∈ L1(X) suh that

mT (A) =

∫

A

g(ω) dµ and |mT |(A) =

∫

A

‖g(ω)‖X dµ for A ∈ Σ.Then for s =
∑n

i=1 αi1Ai
∈ S(Σ) we have

T (s) =

n∑

i=1

αiT (1Ai
) =

n∑

i=1

αimT (Ai)

=

n∑

i=1

αi

∫

Ai

g(ω) dµ =

∫

Ω

s(ω)g(ω) dµ. (3.1)We now show that for s =
∑n

i=1 αi1Ai
∈ S(Σ) with ̺Φ(s) ≤ 1 we have

n∑

i=1

|αi|

∫

Ai

‖g(ω)‖X dµ =

n∑

i=1

|αi| |mT |(Ai) ≤ |||T |||Φ.Indeed, let ε > 0 be given. Then for eah 1 ≤ i ≤ n there exists a Σ-partition (Ai,j)
ki

j=1of Ai suh that
|mT |(Ai) ≤

ki∑

j=1

‖mT (Ai,j)‖X +
ε

n|αi|
=

ki∑

j=1

‖T (1Ai,j
)‖X +

ε

n|αi|
.Hene

n∑

i=1

|αi| |mT |(Ai) ≤
n∑

i=1

( ki∑

j=1

‖αiT (1Ai,j
)‖X

)
+ ε ≤ |||T |||Φ + ε,beause

n∑

i=1

( ki∑

j=1

αi1Ai,j

)
=

n∑

i=1

αi 1Ai
.Then

n∑

i=1

‖αiT (1Ai
)‖X =

n∑

i=1

|αi|‖mT (Ai)‖X ≤
n∑

i=1

|αi| |mT |(Ai)

=
n∑

i=1

|αi|

∫

Ai

‖g(ω)‖X dµ =

∫

Ω

( n∑

i=1

|αi|1Ai
(ω)

)
‖g(ω)‖X dµ

=

∫

Ω

|s(ω)|g̃(ω) dµ ≤ |||T |||Φ.Taking suprema on the left, we get
|||T |||Φ = sup

{∫

Ω

|s(ω)|g̃(ω) dµ : s ∈ S(Σ), ̺Φ(s) ≤ 1

}
. (3.2)Now we are ready to show ug̃ ∈ L1 for every u ∈ LΦ, i.e., g̃ ∈ (LΦ)′ = LΦ∗ . Indeed,let u ∈ LΦ. Then there exists a sequene (sn) in S(Σ) suh that 0 ≤ sn(ω) ↑ |u(ω)| for
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ω ∈ Ω (see [KA, Corollary I.6℄). Choose α > 0 suh that ̺Φ(αu) ≤ 1. Then by Fatou'slemma and (3.2) we get∫

Ω

α|u(ω)|g̃(ω) dµ ≤ sup
n

∫

Ω

αsn(ω)g̃(ω) dµ ≤ |||T |||Φ,and this means that g̃ ∈ (LΦ)′ = LΦ∗ and ug ∈ L1(X). Thus we an de�ne a linearoperator Tg : LΦ → X by
Tg(u) =

∫

Ω

u(ω)g(ω) dµ for u ∈ LΦ.We shall now show that Tg(u) = T (u) for u ∈ LΦ. Indeed, let u ∈ LΦ and hoose
α > 0 suh that ̺Φ(2αu) < ∞. Then there exists a sequene (sn) in S(Σ) suh that
sn(ω) → u(ω) µ-a.e. and |sn(ω)| ≤ |u(ω)| µ-a.e. ([KA, Corollary I.6℄). By the dominatedonvergene theorem ̺Φ(α(sn − u)) → 0, and sine T is modularly ontinuous, we get
‖T (sn) − T (u)‖X → 0.On the other hand, sn(ω)g̃(ω) → u(ω)g̃(ω) µ-a.e. and |sn(ω)|g̃(ω) ≤ |u(ω)|g̃(ω) µ-a.e.,where ug̃ ∈ L1. Using (3.1) we get

‖T (sn) − Tg(u)‖X =

∥∥∥∥
∫

Ω

sn(ω) g(ω) dµ −

∫

Ω

u(ω)g(ω) dµ

∥∥∥∥
X

≤

∫

Ω

|sn(ω) − u(ω)|g̃(ω) dµ −−→
n

0.It follows that
T (u) = Tg(u) =

∫

Ω

u(ω)g(ω) dµ for u ∈ LΦ.Now assume that Φ is a onvex Orliz funtion. Then ̺Φ(u) ≤ 1 if and only if ‖u‖Φ ≤ 1and it follows that |||Tg |||Φ = ‖g̃‖0
Φ = ‖g‖0

LΦ∗ (X)
.(v)⇒(vi). Assume that there exists g ∈ LΦ∗

(X) suh that
T (u) = Tg(u) =

∫

Ω

u(ω)g(ω) dµ for all u ∈ LΦ.Then for u ∈ LΦ we have
‖T (u)‖X ≤

∫

Ω

|u(ω)| ‖g(ω)‖X dµ = ϕg̃(|u|),where g̃ ∈ LΦ∗ , i.e., T is regular.(vi)⇒(ii). Assume that T is regular, i.e., there exists 0 ≤ v ∈ LΦ∗ suh that
‖T (u)‖X ≤

∫

Ω

|u(ω)|v(ω) dµ = ϕv(|u|) for all u ∈ LΦ.Let s =
∑n

i=1 αi1Ai
∈ S(Σ) with ̺Φ(s) ≤ 1. Then using (3.1) we get

n∑

i=1

‖αiT (1Ai
)‖X =

n∑

i=1

|αi|‖T (1Ai
)‖X ≤

n∑

i=1

|αi|

∫

Ω

1Ai
(ω)v(ω) dµ

=

∫

Ω

( n∑

i=1

|αi|(1Ai
)(ω)

)
v(ω) dµ = ϕv(|s|)

≤ ‖ϕg̃‖Φ(̺Φ(s) + 1) ≤ 2‖ϕg̃‖Φ.



164 M. NOWAK AND A. OELKEHene |||Tg|||Φ ≤ 2‖ϕg̃‖Φ. Now assume that un

(o)
−→ 0 in LΦ. Sine ϕv ∈ (LΦ)∼n , we obtainthat ‖T (un)‖X → 0, i.e., T is σ-smooth.
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