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Abstract. We study the solvability in anisotropic Besov spaces B
σ
2

,σ

p,q (ΩT ), σ ∈ R+, p, q ∈ (1,∞)

of an initial-boundary value problem for the linear parabolic system which arises in the study
of the compressible Navier-Stokes system with boundary slip conditions.

The proof of existence of a unique solution in B
σ
2

+1,σ+2

p,q (ΩT ) is divided into three steps:

1◦ First the existence of solutions to the problem with vanishing initial conditions is proved
by applying the Paley-Littlewood decomposition and some ideas of Triebel. All consider-
ations in this step are performed on the Fourier transform of the solution.

2◦ Applying the regularizer technique the existence is proved in a bounded domain.
3◦ The problem with nonvanishing initial data is solved by an appropriate extension of initial

data.

1. Introduction. In some cases the analysis of the compressible Navier-Stokes equations

requires the study of the following linear parabolic system (see for example [7])

(1.1) ut − divD(u) = f in ΩT = (0, T ) × Ω,

where u(t, x) = (u1(t, x), u2(t, x), u3(t, x)) is an unknown function, t ∈ (0, T ), 0 < T <∞,

x = (x1, x2, x3) ∈ Ω ⊂ R
3, and Ω is a bounded domain with boundary S.
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Moreover,

D(u) = {µ(∂xi
uj + ∂xj

ui) + (ν − µ)divuδij}i,j=1,2,3

and µ, ν are constant viscosity coefficients. From thermodynamic considerations it follows

that ν > 1
3µ > 0.

We associate with system (1.1) the following boundary slip conditions and initial

condition:

(1.2) τ̄α · D(u)n̄ = bα, α = 1, 2 on ST = (0, T ) × S,

(1.3) u · n̄ = b3 on ST ,

(1.4) u|t=0 = u0 in Ω,

where n̄, τ̄α, α = 1, 2, are unit orthonormal vectors such that n̄ is the outward normal

vector and τ̄1, τ̄2 are tangent to S. By dot we denote the scalar product in R
3.

In this paper we shall examine the solvability of problem (1.1)–(1.4) in anisotropic

Besov spaces B
σ
2 ,σ
p,q (ΩT ), σ ∈ R+, p, q ∈ (1,∞) (see Section 2).

We treat problem (1.1)–(1.4) as a model problem because the methods used in the

paper can be extended to other boundary problems and to other more general linear

parabolic equations and systems.

In order to formulate the main result of the paper we need some compatibility condi-

tions on the data.

Let u0 ∈ B
σ+2− 2

p
p,q (Ω). Assume that ũ0 ∈ B

σ
2 +1,σ+2
p,q (ΩT ) is an extension of u0 on

(0, T ) × Ω such that ũ0|t=0 = u0. Next, let bk ∈ B
(σ+1− 1

p )/2,σ+1− 1
p

p,q (ST ), k = 1, 2, b3 ∈

B
σ
2 +1− 1

2p ,σ+2− 1
p

p,q (ST ). We extend bk (k = 1, 2, 3) onto a neighbourhood Ω′ ⊂ R
3 of S to

functions b̃k ∈ B
(σ+1)/2,σ+1
p,q (Ω

′T ), k = 1, 2 and b̃3 ∈ B
σ
2 +1,σ+2
p,q (Ω

′T ) satisfying: b̃k|S = bk,

k = 1, 2, 3.

Then, we define the functions

f0 = f − (ũ0t − divD(ũ0)),

b0k = b̃k − τ̄k · D(ũ0)n̄, k = 1, 2,

b03 = b̃3 − ũ0 · n̄.

Assumption 1.1. We assume that:
∫ T

0

‖∂m1
t f0‖

q
Lp(Ωt)

t1+qλ1
dt <∞,

∫ T

0

‖∂m2
t b0k|S‖

q
Lp(St)

t1+qλ2
dt <∞, k = 1, 2,

∫ T

0

‖∂m3
t b03|S‖

q
Lp(St)

t1+qλ3
dt <∞,

where

m1 =

{ [

σ
2

]

if σ
2 is noninteger,

σ
2 − 1 if σ

2 ∈ N,

m2 =

{

[

σ
2 + 1

2 − 1
2p

]

if σ
2 + 1

2 − 1
2p is noninteger,

σ
2 − 1

2 − 1
2p if σ

2 + 1
2p − 1

2p ∈ N,
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m3 =

{

[

σ
2 + 1 − 1

2p

]

if σ
2 + 1 − 1

2p is noninteger,

σ
2 − 1

2p if σ
2 + 1 − 1

2p ∈ N,

λ1 =

{ σ
2 −

[

σ
2

]

if σ
2 is noninteger,

1 if σ
2 ∈ N,

λ2 =

{ σ
2 + 1

2 − 1
2p −

[

σ
2 + 1

2 − 1
2p

]

if σ
2 + 1

2 − 1
2p is noninteger,

1 if σ
2 + 1

2 − 1
2p ∈ N,

λ3 =

{ σ
2 + 1 − 1

2p −
[

σ
2 + 1 − 1

2p

]

if σ
2 + 1 − 1

2p is noninteger,

1 if σ
2 + 1 − 1

2p ∈ N.

Assumption 1.2. We assume the following compatibility conditions:

Dα
x∂

i
tf0|t=0 = 0 for |α| + 2i ≤ l1,

(1.5) Dα
x∂

i
tb0k|t=0 = 0 for k = 1, 2, |α| + 2i ≤ l2,

(1.6) Dα
x∂

i
tb03|t=0 = 0 for |α| + 2i ≤ l3,

where

l1 =

{

σ − 2
p − 1 if σ − 2

p ∈ N,
[

σ − 2
p

]

if σ − 2
p > 0 and σ − 2

p 6∈ N,

l2 =

{

σ − 3
p if σ + 1 − 3

p ∈ N

[

σ + 1 − 3
p

]

if σ + 1 − 3
p > 0 and σ + 1 − 3

p 6∈ N,

l3 =

{

σ + 1 − 3
p if σ + 2 − 3

p ∈ N,
[

σ + 2 − 3
p

]

if σ + 2 − 3
p > 0 and σ + 2 − 3

p 6∈ N,

and [l] denotes the integer part of l.

Now, we formulate the main result of the paper.

Theorem 1.1. Let σ ∈ R+, p, q ∈ (1,∞), 0 < T < ∞, Ω ⊂ R
3 be a bounded

domain. Assume that f ∈ B
σ
2 ,σ
p,q (ΩT ), bk ∈ B

(σ+1− 1
p )/2,σ+1− 1

p
p,q (ST ), k = 1, 2, b3 ∈

B
σ
2 +1− 1

2p ,σ+2− 1
p

p,q (ST ), u0 ∈ B
σ+2− 2

p
p,q (Ω), S ∈ C2+σ. Let Assumption 1.1 hold. More-

over, let in the case of σ > 2
p Assumption 1.2 be satisfied. If 3

p − 1 < σ ≤ 2
p we assume

conditions (1.5)–(1.6), and if 3
p − 2 < σ ≤ 3

p − 1 we assume only (1.6). Then there exists

a unique solution u ∈ B
σ
2 +1,σ+2
p,q (ΩT ) to problem (1.1) such that

∫ T

0

‖∂m4
t (u− ũ0)‖

q
Lp(Ωt)

t1+qλ4
dt <∞,

where λ4 = λ1,

m4 =

{
[

σ
2 + 1

]

if σ
2 is noninteger,

σ
2 if σ

2 ∈ N ∪ {0}.
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Moreover,

(1.7) ‖u‖
B

σ
2

+1,σ+2
p,q (ΩT )

+

∫ T

0

‖∂m4
t (u− ũ0)‖

q
Lp(Ωt)

t1+qλ4
dt

≤ c

[

‖f‖
B

σ
2

,σ
p,q (ΩT )

+

2
∑

k=1

‖bk‖
B

(σ+1− 1
p

)/2,σ+1− 1
p

p,q (ST )
+ ‖b3‖

B
σ
2

+1− 1
2p

,σ+2− 1
p

p,q (ST )

+‖u0‖
B

σ+2− 2
p

p,q (Ω)
+

(
∫ T

0

‖∂m1
t f0‖

q
Lp(Ωt)

t1+qλ1
dt

)
1
q

+
2

∑

k=1

(
∫ T

0

‖∂m2
t b0k|S‖

q
Lp(St)

t1+qλ2
dt

)
1
q

+

(
∫ T

0

‖∂m3
t b03|S‖

q
Lp(St)

t1+qλ3
dt

)
1
q
]

.

The existence of an extension ũ0 of u0 such that the compatibility conditions of

Assumption 1.2 are satisfied, follows from Lemma 2.3. However, Lemma 2.3 does not

guarantee the fulfillment of Assumption 1.1. Therefore, we use Lemma 2.5 in virtue of

which if q ≥ p and σ, p, q satisfy some additional conditions, we can estimate the integrals

from Assumption 1.1 by the norms of f , bi (i = 1, 2, 3) and u0. In the case of q < p we

can show that these integrals are finite if we assume that u0 ∈ B
σ+ 2ε

p +2− 2
p

p,q (Ω), where

ε > 0 is sufficiently small. Therefore, an immediate consequence of Theorem 1.1 and

Lemmas 2.3, 2.5 is the following theorem.

Theorem 1.2. Let σ ∈ R+, p, q ∈ (1,∞), 0 < T < ∞, Ω ⊂ R
3 be a bounded

domain. Assume that f ∈ B
σ
2 ,σ
p,q (ΩT ), bk ∈ B

(σ+1− 1
p )/2,σ+1− 1

p
p,q (ST ), k = 1, 2, b3 ∈

B
σ
2 +1− 1

2p ,σ+2− 1
p

p,q (ST ), u0 ∈ B
σ+2− 2

p
p,q (Ω), S ∈ C2+σ.

1◦ Let q ≥ p, σ
2 6= 1

p +
[

σ
2

]

, σ
2 −

[

σ
2

]

> 1
p − 1

q , σ
2 6= 3

2p − 1 +
[

σ
2 + 1 − 1

2p

]

, σ
2 >

3
2p −1− 1

q +
[

σ
2 +1− 1

2p

]

, σ
2 6= 3

2p −
1
2 +

[

σ
2 + 1

2 −
1
2p

]

, σ
2 >

3
2p −

1
2 −

1
q +

[

σ
2 + 1

2 −
1
2p

]

.

Let in the case of σ > 2
p Assumption 1.2 be satisfied. If 3

p − 1 < σ ≤ 2
p we assume

conditions (1.5)–(1.6), and if 3
p −2 < σ ≤ 3

p −1 we assume only (1.6). Then there

exists a unique solution u ∈ B
σ
2 +1,σ+2
p,q (ΩT ) of problem (1.1) and

‖u‖
B

σ
2

+1,σ+2
p,q (ΩT )

≤ c
(

‖f‖
B

σ
2

,σ
p,q (ΩT )

+
2

∑

k=1

‖bk‖
B

(σ+1− 1
p

)/2,σ+1− 1
p

p,q (ST )

+ ‖b3‖
B

σ
2

+1− 1
2p

,σ+2− 1
p

p,q (ST )
+ ‖u0‖

B
σ+2− 2

p
p,q (Ω)

)

2◦ Let q < p and ε > 0 be so small that σ
2 −

[

σ
2

]

< 1 − ε
p , σ

2 + 1 − 1
2p −

[

σ
2 + 1 −

1
2p

]

< 1 − ε
p and σ

2 + 1
2 − 1

2p −
[

σ
2 + 1

2 − 1
2p

]

< 1 − ε
p . Let σ

2 6=
[

σ
2

]

+ 1
q − ε

p ,
σ
2 6=

[

σ
2 + 1 − 1

2p

]

+ 1
2p − 1 + 1

q − ε
p , σ

2 6=
[

σ
2 + 1

2 − 1
2p

]

+ 1
2p − 1

2 + 1
q − ε

p .

Moreover, assume that f ∈ B
σ
2 + ε

p ,σ+ 2ε
p

p,q (ΩT ), bk ∈ B
(σ+1+ ε

p− 1
p )/2,σ+1+ 2ε

p − 1
p

p,q (ST ),

k = 1, 2, b3 ∈ B
σ
2 + ε

p +1− 1
2p ,σ+ 2ε

p +2− 1
p

p,q (ST ), u0 ∈ B
σ+ 2ε

p +2− 2
p

p,q (Ω) and in the case of
σ
2 + ε

p >
1
p assume the conditions of Assumption 1.2 with li (i = 1, 2, 3) replaced
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by

l′1 =

{

σ + 2ε
p − 2

p − 1 if σ + 2ε
p − 2

p ∈ N,
[

σ + 2ε
p − 2

p

]

if σ + 2ε
p − 2

p > 0 and σ + 2ε
p − 2

p 6∈ N,

l′2 =

{

σ + 2ε
p − 3

p if σ + 1 + 2ε
p − 3

p ∈ N,
[

σ + 2ε
p + 1 − 3

p

]

if σ + 1 + 2ε
p − 3

p > 0 and σ + 1 + 2ε
p − 3

p 6∈ N

and

l′3 =

{

σ + 2ε
p + 1 − 3

p if σ + 2ε
p + 2 − 3

p ∈ N,
[

σ + 2ε
p + 2 − 3

p

]

if σ + 2ε
p + 2 − 3

p > 0 and σ + 2ε
p + 2 − 3

p 6∈ N,

respectively. If 3
p − 1 < σ + 2ε

p ≤ 2
p we assume conditions (1.5)–(1.6) with l2 and

l3 replaced by l′2 and l′3, and if 3
p − 2 < σ < σ + 2ε

p ≤ 3
p − 1 we assume only (1.6)

with l3 replaced by l′3. Then there exists a unique solution u ∈ B
σ
2 +1,σ+2
p,q (ΩT ) with

∫ T

0

‖∂
m4
t u‖q

Lp(Ωt)

t1+qλ4
dt <∞ of problem (1.1) and

‖u‖
B

σ
2

+1,σ+2
p,q (ΩT )

+

(
∫ T

0

‖∂m4
t u‖q

Lp(Ωt)

t1+qλ4
dt

)1/q

≤ c
[

‖f‖
B

σ
2

+ ε
p

,σ+ 2ε
p

p,q (ΩT )
+

2
∑

k=1

‖bk‖
B

(σ+1+ ε
p
− 1

p
)/2,σ+1+ ε

p
− 1

p
p,q (ST )

+ ‖b3‖
B

σ
2

+1+ ε
p
− 1

2p
,σ+2+ 2ε

p
− 1

p
p,q (ST )

+ ‖u0‖
B

σ+2+2ε
p

− 2
p

p,q (Ω)

]

,

where m4, λ4 are defined in Theorem 1.1.

In order to prove Theorem 1.1 we consider several auxiliary problems. First, in Sec-

tion 3 we examine problem (1.1) with f = 0, u0 = 0 in the halfspace R
3
+ = {x ∈ R

3 :

x3 > 0}. The main result of Section 3 is formulated in Theorem 3.4. Namely, assum-

ing that bk ∈ B
(σ−1− 1

p )/2,σ−1− 1
p

p,q,γ (R+ × R
2), k = 1, 2 and b3 ∈ B

(σ− 1
p )/2,σ− 1

p
p,q,γ (R+ × R

2)

(see Definition 2.5) we prove the existence of a unique solution u ∈ B
σ
2 ,σ
p,q,γ(R+ × R

3
+) of

the considered problem. To prove Theorem 3.4 we transform problem (1.1) with f = 0,

u0 = 0 to a system of ordinary differential equations with respect to x3 by applying

the Fourier transform with respect to x′ = (x1, x2) and the Laplace transform with re-

spect to t (see (3.2)). We estimate a solution of the system in Besov spaces using the

definition by the Fourier-Laplace transform and the Paley-Littlewood decomposition in

the directions x′, t and the classical one by differences with respect to x3 (see Def. 2.4).

Using the above existence and appropriate estimate we prove the existence of solutions

to problem (1.1) with u0 = 0 in a bounded domain by applying the regularizer technique

(see Section 5). Finally, in Section 6 we prove the existence of solutions to problem (1.1)

by an appropriate extension of the initial data and using the result from Section 5.

The crucial point of the paper is the proof of Theorem 3.4 which relies on estimating

solution (3.3) of the ordinary differential system (3.2) directly in Besov spaces defined

by means of the dyadic decomposition of a partition of unity. The proof bases on deli-

cate scaling arguments connected with the decomposition and estimates of compositions
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of the Fourier and the inverse Fourier transforms. In fact, we prove Theorem 3.4 by

a modification and adaptation to the anisotropic case same ideas of Triebel (see [23],

Sect. 2.3.6).

In contrast to our existence theorem most of known existence results for linear para-

bolic or nonstationary Stokes equations have been proved by using either the technique

of potentials or the resolvent estimates or the interpolation. Let us recall some of them.

Solonnikov [20] considered initial-boundary value problems for general linear parabo-

lic systems with variable coefficients. He examined the solvability of these problems in

anisotropic Hölder and Sobolev spaces W σ,2σ
p ((0, T ) × Ω)) with σ ∈ N ∪ {0}.

In [19] Solonnikov obtained estimates for solutions of the heat-equation with appro-

priate initial and boundary conditions in Besov spaces B
σ
2 ,σ
p (ΩT ), σ > 2. The results of

[19] and [20] are shown by the potential technique.

The methods presented in [1, 21] give the existence in spaces H
σ
2 ,σ, σ ∈ R+. Using

the existence of solutions in W σ,2σ
p , σ ∈ N, p ∈ (1,∞) (see [20]) and applying the

interpolation (see [22]), the existence both in H
σ
2 ,σ

p (Bessel potential spaces) and in B
σ
2 ,σ
p

(Besov spaces), σ ∈ R+, can be proved. The existence of solutions in Besov and Sobolev-

Slobodetskii spaces is proved in [2]. The above interpolation technique is applied only in

a half space and for solutions with vanishing initial data. The existence of solutions in a

bounded domain follows from the regularizer technique.

In [8, 9] some existence and uniqueness results in Besov spaces for parabolic equations

arising from the compressible Navier-Stokes equations are formulated.

Paper [26] is devoted to the existence result in Besov spaces of the Cauchy problem

for abstract parabolic equations of higher order in time.

There are some results concerning the solvability of linear parabolic equations in

Besov spaces via semigroups. The most general results are obtained by Amann [3–5],

who considered in [3] the following problem

ut +Au = f in ΩT ,

Bu = 0 on ST ,

u|t=0 = u0 in Ω,

where A =
∑

|α|≤m aα(x)Dα and m = 2.

The above Cauchy problem in the case of m ∈ N, m even, is examined in [5]. Amann

proves the estimate

‖(λ+A)−1‖L(Bs
p,q ,Bs

p,q) ≤
k

|λ|
, Reλ ≥ w > 0,

where L(X,Y ) is the space of all continuous linear maps from X into Y , so – A generates

an analytic semigroup.

Paper [3] is concerned with the existence of a semigroup in Bessel potential spaces Hσ
p ,

while in [4] the existence of solutions to evolution equations via semigroup theory in

general Banach spaces is examined.

The methods of this paper were applied by the authors to obtain the solvability result

for the Cauchy-Dirichlet problem for the heat equation (see [27]).
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There are also some existence results for parabolic pseudo-differential initial-boundary

value problems. The following problem is considered in [10, 11, 13, 14]:

(1.8) ut + PΩu+Gu = f for (t, x) ∈ Q = I × Ω,

(1.9) Tu = φ for (t, x) ∈ S = I × Ω,

(1.10) u|t=0 = u0 for s ∈ Ω,

where Ω is a smooth bounded open set in R
n with boundary Γ, I = (a, b), b ≤ +∞; P

is a pseudo-differential operator on R
n of order d ∈ Z having the transmission property

(see [10]), and PΩ is its restriction to Ω;G is a singular Green operator of order and class

≤ d. The operators act in C∞ vector bundle E over Ω̄.

Moreover, T = {T0, . . . , Td−1} is a normal system of trace operators Tj of orders j < d

and it is assumed that the system {∂t + PΩ +G, T} is parabolic.

The above pseudo-differential formulation contains the usual parabolic operator prob-

lems as well as the initial-boundary value problems for the Stokes system.

In [11] the solvability of the problem (1.8)–(1.10) in Sobolev-Slobodetskii spacesH
σ
d ,σ,

σ > 2, is proved, while paper [13] gives the existence results in Bessel-potential H
σ
d ,σ
p and

Besov B
σ
d ,σ
p spaces.

The proofs of the above results base on the study of parameter-dependent ellip-

tic pseudo-differential problems which yield appropriate resolvent estimates (see also

[10, 12]). The next step of these proofs relies either on using the Laplace transform

method described by Lions, Magenes [16], Agranovič, Višik [1] and Solonnikov [21] (in

the case of paper [11]) or on proving some mapping properties for pseudo-differential

operators defined by means of compositions of the inverse Laplace transforms, resolvent

opertors and Laplace transforms (see [13]).

Finally, the results of [11] are applied in [14] to study the solvability of different

boundary-value problems including Dirichlet, Neumann and intermediate problems for

the Navier-Stokes equations in spaces H
σ
2 +1,σ+2(Q) for σ + 2 ≥ n

2 , σ ≥ 0.

In [24, 25] the Besov and Lizorkin-Triebel spaces are used to show the existence of

solutions to initial-boundary value problem for the heat equation in W 2,1
p,q (Ω × (0, T )).

2. Notation and preliminaries. Let x = (x1, x2, x3) ∈ R
3. Throughout the paper we

use the following notation: x′ = (x1, x2), x̄ = (x0, x
′) = (x0, x1, x2).

For a derivative with respect to x′ we use the notation: ∂k′

x′ = ∂k1
x1
∂k2

x2
, where k′ =

k1 + k2 ∈ N ∪ {0}.

Definition 2.1. Let ā = (a0, a1, a2) = (2, 1, 1) ≡ a ∈ R
3. For x̄ ∈ R

3 we introduce the

anisotropic distance from zero:

|x̄|a =
(

2
∑

i=0

|xi|
2

ai

)1/2

=
(

|x0| +

2
∑

i=1

|xi|
2
)1/2

.

Let S = S(R3) be the Schwartz space of all complex-valued rapidly decreasing infinitely

differentiable functions on R
3.
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Definition 2.2. By Φa(R3) we denote the collection of all systems φ = {φk(x̄)}∞k=1 ⊂

S(R3) with the properties:

1◦ supp φ0 ⊂ {x̄ : |x̄|a ≤ 2};

2◦ supp φk ⊂ {x̄ : 2k−1 ≤ |x̄|a ≤ 2k+1}, k = 1, 2, . . .

3◦ for every multi-index ᾱ = (α0, α1, α2) there exists a positive number cᾱ such that

2k(2α0+α1+α2)|Dᾱφk(x̄)| ≤ cᾱ

for all k ∈ N ∪ {0} and all x̄ ∈ R
3;

4◦
∑∞

k=0 φk(x̄) = 1 for all x̄ ∈ R
3.

In the sequel we use the anisotropic Besov spaces B
σ
2 ,σ
p,q (R×R

2) and B
σ
2 ,σ
p,q (R×R

3
+).

Definition 2.3 (see [22, 23]). Let p, q ∈ (1,∞), σ ∈ R+. The anisotropic Besov space

B
σ
2 ,σ
p,q (R × R

2) is the space of functions u = u(t, x′) with the finite norm

‖u‖
B

σ
2

,σ
p,q (R×R2)

=

[ ∞
∑

k=0

(
∫

R×R2

|2σk(F−1φkFu)(t, x
′)|pdtdx′

)

q
p
]

1
q

,

where (F−1φkFu)(t, x
′) = (F−1(φkFu))(t, x

′),

(Fu)(ξ0, ξ
′) =

∫

R×R2

e−i(tξ0+x′·ξ′)u(t, x′)dtdx′ =

∫

R3

e−ix̄·ξ̄u(x̄)dx̄,

x̄ = (t, x′) = (x0, x
′), x̄ · ξ̄ =

2
∑

i=0

xiξi, φ = {φk(ξ̄)}∞k=1 ∈ Φa(R3).

Let R
3
+ = {x ∈ R

3 : x3 > 0}.

Definition 2.4. Let p, q ∈ (1,∞), σ ∈ R+. The anisotropic space B
σ
2 ,σ
p,q (R × R

3
+) is the

space of functions u = u(t, x) with the finite norm

‖u‖
B

σ
2

,σ
p,q (R×R

3
+)

= ‖u‖Lp(R×R
3
+)

+

[ ∞
∑

k=0

(

∑

j≤[σ]

∫

R×R
3
+

|2(σ−j)k(F−1
t,x′φkFt,x′∂j

x3
u)(t, x)|pdtdx

)

q
p
]1/q

+

[ ∞
∑

k=0

(
∫

R

dt

∫

R+

dx3

∫

R

dz

∫

R2

dx′
|F−1

t,x′φkFt,x′(∂
[σ]
x3 u(x̄, x3 +z)−∂

[σ]
x3 u(x̄, x3))|

p

|z|1+p(σ−[σ])

)

q
p
]

1
q

,

where

(F−1
t,x′φkFt,x′∂j

x3
u)(t, x) = (F−1

t,x′(φkFt,x′∂j
x3
u))(t, x),

(Ft,x′u)(ξ̄, x3) =

∫

R×R2

e−i(tξ0+x′ξ′)u(t, x)dtdx′ =

∫

R×R2

e−ix̄·ξ̄u(x̄, x3)dx̄.

Let u = u(t, x′) or u = u(t, x) be a function vanishing for t < 0. We define the function

uγ =

{

e−γtu for t > 0,

0 for t < 0.
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Using uγ we can introduce spaces B
σ
2 ,σ
p,q,γ(R+×Q) (where Q = R

2 or Q = R
3
+) of functions

u = u(t, x′) or u = u(t, x) as follows.

Definition 2.5.

B
σ
2 ,σ
p,q,γ(R+ ×Q) = {u : uγ ∈ B

σ
2 ,σ
p,q (R ×Q)}, ‖u‖

B
σ
2

,σ
p,q,γ(R+×Q)

= ‖uγ‖
B

σ
2

,σ
p,q (R×Q)

.

Since F−1(φk(Fuγ)) = e−γtF−1
1 (φkF1u), F

−1
t,x′(φkFt,x′uγ) = e−γtF−1

2 (φkF2), for a

sufficiently regular and rapidly decreasing function u which vanishes for t < 0, where

F1, F2 are the Fourier-Laplace transforms, i.e. for s = γ + iξ0, Re s = γ > 0,

(F1u)(s, ξ
′) =

∫

R+

e−stdt

∫

R2

e−ix′·ξ′

u(t, x′)dx′,

(F2u)(s, ξ
′, x3) =

∫

R+

e−stdt

∫

R2

e−ix′·ξ′

u(t, x)dx′,

the norm ‖u‖
B

σ
2

,σ
p,q,γ(R+×Q)

can be written in the following way:

‖u‖
B

σ
2

,σ
p,q,γ(R+×R2)

= ‖uγ‖Lp(R+×R2) +

[ ∞
∑

k=0

(
∫

R+×R2

|e−γt2σk(F−1
1 φkF1u)(t, x

′)|pdtdx′
)

q
p
]

1
q

if Q = R
2 or

‖u‖
B

σ
2

,σ
p,q,γ(R+×R

3
+)

= ‖uγ‖Lp(R+×R
3
+)

+

[ ∞
∑

k=0

(

∑

j≤[σ]

∫

R×R
3
+

|e−γt2(σ−j)k(F−1
2 φkF2u)(t, x)|

pdtdx

)

q
p
]

1
q

+

[ ∞
∑

k=0

(
∫

R

dt

∫

R+

dx3

∫

R

dz

∫

R2

dx′
|e−γtF−1

2 φkF2(∂
[σ]
x3 u(x̄, x3 + z) − ∂

[σ]
x3 u(x̄, x3))|

p)

|z|1+p(σ−[σ])

)

q
p
]

1
q

= ‖uγ‖Lp(R+×R
3
+) + ‖u‖

1,B
σ
2

,σ
p,q,γ (R+×R

3
+)

+ ‖u‖
2,B

σ
2

,σ
p,q,γ (R+×R

3
+)

if Q = R
3
+.

Now, we shall introduce definitions of Besov spaces Bσ
p,q(Ω) and B

σ
2 ,σ
p,q (ΩT ), where

Ω ⊂ R
n is an open domain. In the special cases of Ω = R × R

2 or Ω = R × R
3
+ these

definitions are equivalent to Definitions 2.3 and 2.4, respectively.

Let σ ∈ R+, p, q ∈ (1,∞) and let

∆m
i (h)u(x) =

m
∑

j=0

(−1)m−j

(

m

j

)

u(x+ jhei),

∆m
i (h,Ω)u(x) =

{

∆m
i (h)u(x) if [x, x+ hmei] ⊂ Ω,

0 otherwise,

where x = (x1, . . . , xn), m ∈ N, ei is the unit vector directed along the xi axis.
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Definition 2.6 (see [6, 17]). The Besov space Bσ
p,q(Ω) is the space of functions u = u(x)

with the finite norm

‖u‖Bσ
p,q(Ω) = ‖u‖Lp(Ω) +

n
∑

i=1

(
∫ h0

0

‖∆m
i (h,Ω)∂k

xi
u‖q

Lp(Ω)

h1+q(σ−k)
dh

)
1
q

,

where h0 > 0, m > σ − k > 0, k ∈ N ∪ {0}, σ ∈ R+.

Now, for m0 ∈ N let

∆m0
t (h)u(t) =

m0
∑

j=0

(−1)m0−j

(

m0

j

)

u(t+ jh),

∆m0
i (h, (τ, T ))u(t) =

{

∆m0

i (h)u(t) if [t, t+m0h] ⊂ (τ, T ),

0 otherwise.

Definition 2.7 (see [6, 17]). The Besov space B
σ
2 ,σ
p,q ((τ, T ) × Ω) (−∞ < τ < T < ∞) is

the space of functions u = u(t, x) with the finite norm

‖u‖
B

σ
2

,σ
p,q ((τ,T )×Ω)

= ‖u‖Lp((τ,T )×Ω)

+

n
∑

i=1

(
∫ h0

0

‖∆m
i (h,Ω)∂k

xi
u‖q

Lp((τ,T )×Ω)

h1+q(σ−k)
dh

)
1
q

+

(
∫ h0

0

‖∆m0
t (h, (τ, T ))∂k0

t u‖q
Lp((τ,T )×Ω)

h1+q(σ/2−k0)
dh

)
1
q

,

where h0 > 0, m > σ − k, m0 >
σ
2 − k0, k0 ∈ N ∪ {0}, σ ∈ R+, σ > k, σ

2 > k0.

The Besov space B
σ
2 ,σ
p,q ((τ, T ) × S), where S is the boundary of a bounded domain

Ω ⊂ R
n is defined in a standard way by using local coordinates and a partition of unity.

The following lemma holds.

Lemma 2.1. In the case of Ω = R
3 and (τ, T ) = (−∞,+∞) the norms in B

σ
2 ,σ
p,q ((τ, T )×

Ω) introduced in Definitions 2.3 and 2.7 are equivalent.

Similarly, in the case of (τ, T ) = (−∞,+∞) and Ω = R
3
+ the norms introduced in

Definitions 2.4 and 2.7 are equivalent.

Now, we define a collection AaL(R3) containing the system φ = {φj(x̄)}
∞
j=0 ∈ Φa(R3).

In Section 3 we use the properties of this collection.

Definition 2.8 (see [23]). Let L > 0 be a given natural number. By AaL(R3) we denote

the collection of systems φ = {φj(x̄)}
∞
j=0 ⊂ S(R3) of functions with compact supports

such that

C(φ) = sup
x̄∈R3

|x̄|2a
∑

|ᾱ|≤L

|Dᾱ
x̄φ0(x̄)|

+ sup
x̄∈R3\{0}
j=1,2,...

(|x̄|La + |x̄|−L
a )

∑

|ᾱ|≤L

|Dᾱ
x̄φj(2

2jx0, 2
jx′)| <∞,

where Dᾱ
x̄ = ∂α0

x0
∂α1

x1
∂α2

x2
,
∑2

i=0 αi = |ᾱ|.

To prove Lemma 4.1 we need the extension lemma.
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Lemma 2.2 (see [6], Ch. 4, Sect. 18). Let σ ∈ R+, p, q ∈ (1,∞), f ∈ B
σ
2 ,σ
p,q (R × R

3
+),

R3
+ = {x ∈ R

3 : x = (x1, x2, x3), x3 > 0}. Then there exists an extension of f onto

R × R
3 denoted by f ′ such that f ′|R×R

3
+

= f and

‖f ′‖
B

σ
2

,σ
p,q (R×R3)

≤ c‖f‖
B

σ
2

,σ
p,q (R×R

3
+)
,

where c > 0 does not depend on f .

We also use the following trace lemma:

Lemma 2.3 (see [17]). Let u ∈ B
σ
2 ,σ
p,q (ΩT ), σ ∈ R+, σ > 2

p , p, q ∈ (1,∞). Then u|t=0 =

φ ∈ B
σ− 2

p
p,q (Ω) and

‖φ‖
B

σ− 2
p

p,q (Ω)
≤ c‖u‖

B
σ
2

.σ
p,q (ΩT )

.

Let φ(k) ∈ B
σ− 2

p−2k
p,q (Ω), where k = 0, 1, . . . , l,

l =

{

σ
2 − 1

p − 1 if σ
2 − 1

p ∈ N,
[

σ
2 − 1

p

]

if σ
2 − 1

p 6∈ N.

Then there exists a function u ∈ B
σ
2 ,σ
p,q (ΩT ) such that ∂k

t u
∣

∣

t=0
= φ(k), k = 0, 1, . . . , l and

‖u‖
B

σ
2

,σ
p,q (ΩT )

≤ c

l
∑

k=0

‖φ(k)‖
B

σ− 2
p
−2k

p,q (Ω)
.

In order to prove Theorem 1.1 we also need the following lemma.

Lemma 2.4 (see [27], Lemma 2.5). Let σ ∈ R+, p, q ∈ (1,∞), f ∈ B
σ
2 ,σ
p,q (ΩT ) and let

f ′ =

{

f for t ∈ (0, T ),

0 for t < 0.

Then f ′ ∈ B
σ
2 ,σ
p,q ((−∞, T ) × Ω) if and only if the following conditions are satisfied:

(1◦)

∫ T

0

‖∂m
t f‖

q
Lp(Ωt)

t1+qλ
dt <∞,

where

m =

{

[σ/2] if σ/2 is noninteger,

σ
2 − 1 if σ

2 ∈ N,
λ =

{

σ/2 − [σ/2] if σ/2 is noninteger,

1 if σ
2 ∈ N;

(2◦) ∂l
tf |t=0 = 0,

where

l =

{

[σ/2] − 1 if σ
2 is noninteger and

[

σ
2

]

≥ 1,

σ
2 − 2 if σ

2 − 2 ∈ N ∪ {0}.

Moreover, for f ′ ∈ B
σ
2 ,σ
p,q ((−∞, T ) × Ω) we have the estimate

c1

[

‖f‖
B

σ
2

,σ
p,q (ΩT )

+

(
∫ T

0

‖∂m
t f‖

q
Lp(Ωt)

t1+qλ
dt

)
1
q
]

≤ ‖f ′‖
B

σ
2

,σ
p,q ((−∞,T )×Ω)

≤ c2

[

‖f‖
B

σ
2

,σ
p,q (ΩT )

+

(
∫ T

0

‖∂m
t f‖

q
Lp(Ωt)

t1+qλ
dt

)
1
q
]

,
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Remark 1. The result similar to Lemma 2.4 can be proved for a function b ∈ B
σ
2 ,σ
p,q (ST )

extended by zero on t < 0.

Finally, we present a lemma which in some cases guarantees together with Lemma 2.3

the possibility of constructing an extension ũ0 of ũ0 such that Assumption 1.1 holds.

Lemma 2.5 (see [27], Lemma 2.6). Let p, q ∈ (1,∞), σ ∈ R+,

m =

{

[σ
2

]

if σ
2 is noninteger,

σ
2 − 1 if σ

2 ∈ N,
λ =

{

σ
2 − [σ

2

]

if σ
2 is noninteger,

1 if σ
2 ∈ N,

1◦ Let q ≥ p, σ
2 6= 1

p + [σ
2

]

, σ
2 > [σ

2

]

+ 1
p − 1

q , f ∈ B
σ
2 ,σ
p,q (ΩT ). Moreover, in the case

of σ
2 >

1
p assume that

∂i
tf |t=0 = 0 for 2i ≤ m′,

where

m′ =

{

σ − 2
p − 1 if σ − 2

p ∈ N,

[σ − 2
p

]

if σ − 2
p > 0 and σ − 2

p 6∈ N.

Then
∫ T

0

‖∂m
t f‖

q
Lp(Ωt)

t1+qλ
dt ≤ c‖f‖q

B
σ
2

,σ
p,q (ΩT )

.

2◦ Let q < p and let ε > 0 be so small that σ
2 −

[

σ
2

]

< 1 − ε
p . Let σ

2 6=
[

σ
2

]

+ 1
q − ε

p

and f ∈ B
σ
2 + ε

p ,σ+ 2ε
p

p,q (ΩT ). Moreover, in the case of σ
2 + ε > 1

p assume that

∂i
tf |t=0 = 0 for 2i ≤ m′′,

where

m′′ =

{

σ + 2ε− 2
p − 1 if σ + 2ε− 2

p ∈ N,
[

σ + 2ε− 2
p

]

if σ + 2ε− 2
p > 0 and σ + 2ε− 2

p 6∈ N.

Then
∫ T

0

‖∂m
t f‖

q
Lp(Ωt)

t1+qλ
dt ≤ c‖f‖

B
σ
2

+ ε
p

,σ+ 2ε
p

p,q (ΩT )
.

To define a regularizer and to prove the existence theorem for problem (1.1), where

Ω ⊂ R
3 is bounded domain, we need a partition of unity. To introduce this we define

two families of open sets {w(k)} and {Ω(k)}, k ∈ M ∪ N, such that w̄(k) ⊂ Ω(k) ⊂ Ω,
⋃

k w
(k) =

⋃

k Ω(k) = Ω, Ω̄(k) ∩ S = φ for k ∈ M and Ω̄(k) ∩ S 6= φ for k ∈ N. We

assume that at most N0 of the Ω(k) have nonempty intersection and supk diamΩ(k) ≤ 2λ,

supk diamw(k) ≤ λ for some λ > 0. Let ζ(k)(x) be a smooth function with the properties:

0 ≤ ζ(k)(x) ≤ 1 for x ∈ Ω, ζ(k)(x) = 1 for x ∈ w(k), ζ(k)(x) = 0 for x ∈ Ω \ Ω(k) and

|Dα
x ζ

(k)(x)| ≤ c
λ|α| , α = (α1, α2, α3). Then 1 ≤

∑

k∈M∪N
(ζ(k)(x))2 ≤ N0. Introducing

the function

η(k)(x) =
ζ(k)(x)

∑

l∈M∪N
(ζ(l)(x))2

,

we have that η(k)(x) = 0 for x ∈ Ω\Ω(k),
∑

k∈M∪N
η(k)(x)ζ(k)(x) = 1 and |Dα

xη
(k)(x)| ≤

c/λ|α|.
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Considering problems invariant with respect to translations and rotations we associate

with each Ω(k), k ∈ N, a local system of coordinates y = (y1, y2, y3) with center at

ξ(k) ∈ S(k) = S ∩ Ω̄(k) such that w(k) and Ω(k) are described by the inequalities

|yi| < λ, i = 1, 2, 3, 0 < y3 − F (y1, y2) < λ

and

|yi| < 2λ, i = 1, 2, 3, 0 < y3 − F (y1, y2) < 2λ,

respectively. Then S(k) can be written as

S(k) = {y : y3 = F (y1, y2), |yi| < 2λ, i = 1, 2}.

We straighten the boundary S(k) by introducing the new coordinates

zi = yi, i = 1, 2, z3 = y3 − F (y1, y2).

We denote the above transformation by Φk, i.e.

z = Φk(y) for y ∈ S(k).

Then, denote: Ŝ(k) = Φk(S(k)), Ω̂(k) = Φk(Ω(k)), ŵ(k) = Φk(w(k)). The sets ŵ(k) and

Ω̂(k) are described by the inequalitites:

|zi| < λ, i = 1, 2, 0 < z3 < λ,

|zi| < 2λ, i = 1, 2, 0 < z3 < 2λ,

respectively. Let y = Yk(x) be the transformation from the coordinates x to the local

coordinates y, which is a composition of a translation and a rotation. We set

û(k)(t, z) = u(t, Y −1
k ◦ Φ−1

k (z)).

3. The parabolic problem with f = 0, bk 6= 0, u0 = 0 in the half space. The aim

of this section is to prove the existence of solutions to the problem

(3.1)

ut − divD(u) = 0 in R+ × R
3
+,

µ

(

∂uk

∂x3
+
∂u3

∂xk

)

= bk, k = 1, 2, in R+ × R
2,

u3 = b3 in R+ × R
2,

u|t=0 = 0 in R
3
+,

where R
3
+ = {x ∈ R

3 : x = (x1, x2, x3), x3 > 0}.

In order to solve (3.1) we apply the Fourier-Laplace transform F2. Then (3.1) implies

(3.2)

µ
d2ûk

dx2
3

+ νiξk
dû3

dx3
− (s+ µξ

′2)ûk − νξkξjûj = 0, k = 1, 2, for x3 > 0,

(µ+ ν)
d2û3

dx2
3

+ νiξj
dûj

dx3
− (s+ µξ

′2)û3 = 0 for x3 > 0,

µ
dûk

dx3
+ µiξkû3 = b̂k, k = 1, 2, for x3 = 0,

û3 = b̂3 for x3 = 0,
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where ξ′ = (ξ1, ξ2), ξ
′2 = ξ21 + ξ22 , s = γ + iξ0, γ > 0, ûk = F2uk, k = 1, 2, 3 and the

summation convention over repeated indices is assumed.

We are looking for a solution to (3.2) which vanishes for x3 → ∞. Such a solution to

(3.2) vanishing for x3 → ∞ has the form (see [7])

(3.3) û = Φ(ξ̄)e−τ1x3 + Ψ(ξ̄)(ξ1, ξ2, iτ2)e
−τ2x3 ,

where ξ̄ = (ξ0, ξ
′), Φ(ξ̄) =

(

Φ1,Φ2,
i

τ1
ξ′ · Φ′), Φk = Φk(ξ̄), k = 1, 2, Φ′ = (Φ1,Φ2),

τ1 =
√

s
µ + ξ′2, τ2 =

√

s
µ+ν + ξ′2, arg τk ∈

(

− π
4 ,

π
4

)

, k = 1, 2, ξ′ · Φ′ = ξ1Φ1 + ξ2Φ2.

Inserting (3.3) into (3.2) yields

(3.4)
τ1Φk + τ2ξkΨ = ib̂3ξk −

b̂k
µ
, k = 1, 2,

ξ′ · Φ′ + τ1τ2Ψ = −iτ1b̂3.

Solving (3.4) we obtain (see [7])

Φk = −
1

sτ1
b̂′ · ξ′ξk −

1

µτ1
b̂k, k = 1, 2,

Ψ =
1

τ2

(

ib̂3 +
1

s
b̂′ · ξ′

)

.

Let

ei = e−τix3 , i = 1, 2, e0 =
e1 − e2
τ1 − τ2

.

Then (3.3) can be written as

û = V e0 +We1,

where V = (V1, V2, V3), W = (W1,W2,W3), and

Vk =
1

τ2

(

ib̂3 +
1

s
b̂′ · ξ′

)

(τ2 − τ1)ξk =
−c0

τ2(τ1 + τ2)
(ib̂3s+ b̂′ · ξ′)ξk, k = 1, 2,

V3 = i

(

ib̂3 +
1

s
b̂′ · ξ′

)

(τ2 − τ1) = −
ic0

τ1 + τ2
(isb̂3 + b̂′ · ξ′),

Wk = Φk + Ψξk =
1

s

(

1

τ2
−

1

τ1

)

b̂′ · ξ′ξk −
1

µτ1
b̂k +

i

τ2
b̂3ξk

=
c0

τ1τ2(τ1 + τ2)
b̂′ · ξ′ξk −

1

µτ1
b̂k +

i

τ2
b̂3ξk, k = 1, 2,

W3 = b̂3,

where c0 = ν
µ(ν+µ) . Hence

(3.5) ûm =
3

∑

r=1

(gmre0b̂r + hmre1b̂r), m = 1, 2, 3,
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where

g11 =
−c0ξ

2
1

τ2(τ1 + τ2)
, g22 =

−c0ξ
2
2

τ2(τ1 + τ2)
, g12 = g21 =

−c0ξ1ξ2
τ2(τ1 + τ2)

,

g13 =
−c0ξ1si

τ2(τ1 + τ2)
, g23 =

−c0ξ2si

τ2(τ1 + τ2)
,

g31 =
−ic0ξ1
τ1 + τ2

, g32 =
−ic0ξ2
τ1 + τ2

, g33 =
−c0s

τ1 + τ2
,

h11 = −
1

µτ1
+

c0ξ
2
1

τ1τ2(τ1 + τ2)
, h12 = h21 =

c0ξ1ξ2
τ1τ2(τ1 + τ2)

,

h22 = −
1

µτ1
+

c0ξ
2
2

τ1τ2(τ1 + τ2)
, h13 =

iξ1
τ2
,

h23 =
iξ2
τ2
, h31 = h32 = 0, h33 = 1.

Lemma 3.1. Let τ =
√

γ + ξ′2 + iξ0. Then the following estimates hold:

|∂r′

ξ′ ∂r
ξ0
gjk| ≤

c

|τ |r′+2r
, r′, r ∈ N ∪ {0}, j = 1, 2, 3, k = 1, 2;

|∂r′

ξ′ ∂r
ξ0
gj3| ≤

c

|τ |r′+2r−1
, r′, r ∈ N ∪ {0}, j = 1, 2, 3;

|∂r′

ξ′ ∂r
ξ0
hjk| ≤

c

|τ |r′+2r+1
, r′, r ∈ N ∪ {0}, j, k = 1, 2;

|∂r′

xi′
∂r

ξ0
hj3| ≤

c

|τ |r′+2r
, r′, r ∈ N ∪ {0}, j = 1, 2.

Proof. First, notice that

(3.6) c1|τ | ≤ |τ1| ≤ c2|τ |,

(3.7) c3|τ | ≤ |τ2| ≤ c4|τ |,

where cj > 0 (j = 1, . . . , 4) are constants, and τj , j = 1, 2, can be written as

τj = |τj |(cosϕj + i sinϕj),

where ϕj = arg τj ∈
(

− π
4 ,

π
4

)

, j = 1, 2. This implies that

|τ1 + τ2| =
√

|τ1|2 + |τ2|2 + 2|τ1||τ2| cos(ϕ1 − ϕ2).

Hence

(3.8) c5|τ | ≤ |τ1 + τ2| ≤ c6|τ |,

where cj > 0 (j = 5, 6) are constants and we used that cos(ϕ1 −ϕ2) > 0 and (3.6)–(3.7).

Moreover

(3.9) |∂r′

ξ′ ∂r
ξ0
τj | ≤

c

|τj |r
′+2r−1

, j = 1, 2.

In view of (3.6)–(3.9) we can replace calculation of derivatives of the functions gjk and
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hjk (j, k = 1, 2, 3) by calculating derivatives of the following functions:

g1
11 =

ξ21
τ2
, g1

22 =
ξ22
τ2
, g1

12 = g1
21 =

ξ1ξ2
τ2

, g1
13 =

ξ1s

τ2
, g1

23 =
ξ2s

τ2
,

g1
31 =

ξ1
τ
, g1

32 =
ξ2
τ
, g1

33 =
s

τ
, h1

11 =
1

τ
+
ξ21
τ3
,

h1
12 = h1

21 =
ξ1ξ2
τ3

, h1
22 =

1

τ
+
ξ22
τ3
, h1

13 =
ξ1
τ
, h1

23 =
ξ2
τ
.

To calculate the derivatives of the above functions we use the formula:

(3.10) ∂r′

ξ′ ∂r
ξ0

(τ−m) =

r+r′−1
∑

l=0

al+1τ
−m−(l+1)

·
∑

n1+···+nq=l+1

m1n1+···+mqnq=r

m′
1n1+···+m′

qnq=r′

(∂m1

ξ0
∂

m′
1

ξ′ τ )
n1 · · · · · (∂

mq

ξ0
∂

m′
q

ξ′ τ )
nq ,

where m ∈ R \ {0}, al+1 (l = 0, . . . , r + r′ − 1) are real constnts depending on k + k′,

∂k′

ξ′ = ∂
k′
1

ξ1
∂

k′
2

ξ2
; mj , m

′
j and nj (j = 1, . . . , q) are nonnegative integer numbers. Using (3.10)

and the Leibniz formula we get

|∂r′

ξ′∂r
ξ0
g1
11| =

∣

∣

∣

∣

r′
∑

l=0

(

r′

l

)

∂l
ξ1

(ξ21)∂r′−l
ξ′ ∂r

ξ0
(τ−2)

∣

∣

∣

∣

≤ c
r′

∑

l=0

(|τ |−2−(l+1)|τ |l+1−(2r+r′)|ξ1|
2 + |τ |−2−(l+1)|τ |l+1−(2r+r′−1)|ξ1|

+ |τ |−2−(l+1)|τ |l+1−(2r+r′−2)) ≤
c

|τ |2r+r′ ,

where we used that

|∂
mj

ξ0
∂

m′
j

ξ′ τ |
nj ≤ c|τ |nj−nj(m

′
j+2mj), j = 1, . . . , q.

Hence

|∂r′

ξ′ ∂r
ξ0
g11| ≤

c

|τ |2r+r′ .

Using (3.6)–(3.9), the formula (3.10) and the Leibniz formula we estimate the other

functions gjk and hjk in the same way.

This concludes the proof.

We also need some estimates of derivatives ∂j
x3
∂k

ξ0
∂k′

ξ′ ei, i = 0, 1 which will be proved

in Lemmas 3.2 and 3.3 below.

Lemma 3.2. Let τ2 = s+ ξ
′2, s = γ + iξ0, ξ

′ = (ξ1, ξ2) ∈ R
2, ξ0 ∈ R, γ > 0. Then

(3.11)

∫ ∞

0

|∂j
x3
∂k

ξ0
∂k′

ξ′ e1|
pdx3 ≤ c|τ |pj−p(2k+k′)−1,

(3.12)

∫ ∞

0

|∂j
x3
∂k

ξ0
∂k′

ξ′ e0|
pdx3 ≤ c|τ |pj−p(2k+k′)−p−1,

where p ∈ (1,∞), j, k, k′ ∈ N ∪ {0}, ∂k′

ξ′ = ∂k1

ξ1
∂k2

ξ2
, k′ = k1 + k2; c > 0 does not depend

on τ .
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Proof. By Lemma 2.2 of [27]
∫ ∞

0

|∂j
x3
∂k

ξ0
∂k′

ξ′ e−τ1x3 |pdx3 ≤ c|τ1|
pj−p(2k+k′)−1,

and in view of (3.6), estimate (3.11) follows. In order to prove (3.12) notice that

(3.13) ∂j
x3
e0 = (−τ2)

je0 + (−1)j(τ j−1
1 + τ j−2

1 τ2 + · · · + τ j−1
2 )e1 ≡ A1 +A2,

where A1 = (−τ2)
je0. First, using relations (3.7), (3.8), (3.10) it suffices to estimate

∂k
ξ0
∂k′

ξ′ ((−1)jτ j−1e−τx3) instead of ∂k
ξ0
∂k′

ξ′A2. Since for j ∈ N,

∂k
ξ0
∂k′

ξ′ ((−1)jτ j−1e−τx3) = −∂j−1
x3

∂k
ξ0
∂k′

ξ′ e−τx3 ,

in view of (3.11) we have

(3.14)

∫ ∞

0

|∂k
ξ0
∂k′

ξ′A2|
pdxx ≤ c|τ |pj−p(2k+k′)−p−1.

If j = 0 we apply the Leibniz formula together with (3.10) for m = 1 and the formula

∂k
ξ0
∂k′

ξ′ e−τx3 = e−τx3

k+k′−1
∑

l=0

al+1x
l+1
3

·
∑

n1+···+ns=l+1
m1n1+···+msns=k

m1n1+···+m′
sns=k′

(∂m1

ξ0
∂

m′
1

ξ′ τ )
q1 · · · · · (∂ms

ξ0
∂

m′
s

ξ′ τ )
qs ,

where ai (i = 1, . . . , k + k′) are nonnegative constants. Then it follows that (3.14) holds

also for j = 0.

In order to estimate ∂k
ξ0
∂k′

ξ′A1 we represent e0 in the form

e0(x3) = −

∫ x3

0

e−τ1(x3−y)e−τ2ydy.

Then

∂ξ′e0(x3) = −

∫ x3

0

(∂ξ′e−τ1(x3−y)e−τ2y + e−τ1(x3−y)∂ξ′e−τ2y)dy

= ∂ξ′τ1

∫ x3

0

(x3 − y)e−τ1(x3−y)e−τ2ydy + ∂ξ′τ2

∫ x3

0

ye−τ2ye−τ1(x3−y)dy.

Therefore, using (3.6)–(3.7), (3.9) we get

|∂ξ′e0(x3)| ≤ |∂ξ′τ1| sup
0<y<∞

(|x3 − y|e−
Reτ1|x3−y|

2 )

∫ x3

0

e−
Reτ1

2 (x3−y)e−Reτ2ydy

+ |∂ξ′τ2| sup
0<y<∞

(ye−
Reτ2

2 y)

∫ x3

0

e−
Reτ2

2 ye−Reτ1(x3−y)dy

≤ |∂ξ′τ1| sup
0<z<∞

(ze−
Reτ1

2 z)

∫ x3

0

e−
Reτ1

2 (x3−y)e−Reτ2ydy

+ |∂ξ′τ2| sup
0<y<∞

(ye−
Reτ2

2 y)

∫ x3

0

e−Reτ1(x3−y)e−
Reτ2

2 ydy

≤
c

|τ |

(
∫ x3

0

e−
Reτ1

2 |x3−y|e−Reτ2|y|dy +

∫ x3

0

e−
Reτ2

2 |y|e−Reτ1|x3−y|dy

)

.
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Hence by the Young inequality we obtain
∫ ∞

0

|∂ξ′e0(x3)|
pdx3 ≤

c

|τ |p

[(
∫ ∞

0

e−Reτ2ydy

)p ∫ ∞

0

e−p
Reτ1

2 x3dx3

+

(
∫ ∞

0

e−
Reτ2

2 ydy

)p ∫ ∞

0

e−pReτ1x3dx3

]

≤
c

|τ |2p+1
,

where we also used that |τi| <
√

2
2 Reτi, i = 1, 2. In the same way we get

∫ ∞

0

|∂ξ0
e0(x3)|

pdx3 ≤
c

|τ |3p+1
.

Now, we estimate
∫ ∞
0

|∂k′

ξ′ ∂k
ξ0
e0(x3)|

pdx, where k + k′ ≥ 2, k, k′ ∈ N ∪ {0}.

To do this we use the formulas

(3.15) ∂r
ξ0
∂r′

ξ′ e−τ1(x3−y) = e−τ1(x3−y)
r′+r−1
∑

l=0

bl+1(x3 − y)l+1

·
∑

n1+···+ns=l+1
m1n1+···+msns=r

m′
1n1+···+m′

sns=r′

(∂m1

ξ0
∂

m′
1

ξ′ τ1)
n1(∂ms

ξ0
∂

m′
s

ξ′ τ1)
ns

and

∂k−r
ξ0

∂k′−r′

ξ′ e−τ2y = e−τ2y
k+k′−r−r′−1

∑

m=0

cm+1y
m+1

·
∑

n1+···+nq=m+1

m1n1+···+mqnq=r−k

m′
1n1+···+m′

qnq=r′−k′

(∂m1

ξ0
∂

m′
1

ξ′ τ2)
n1 . . . (∂

mq

ξ0
∂

m′
q

ξ′ τ2)
nq ,

where r < k, r′ < k′, r − k ∈ N, r′ − k′ ∈ N, bi and cj (i = 1, . . . , r(1) + r; j =

1, . . . , k+ k′ − r− r′) are nonnegative constants. Then applying also the Leibniz formula

and estimates (3.6), (3.7), (3.9) we obtain

|∂k
ξ0
∂k′

ξ′ e0(x3)| ≤ c

∫ x3

0

(|∂k
ξ0
∂k′

ξ′ e−τ1(x3−y)||e−τ2y| + |e−τ1(x3−y)||∂k
ξ0
∂k′

ξ′ e−τ2y|)dy

+
k+k′−1

∑

r+r′=1

∫ x3

0

|∂r
ξ0
∂r′

ξ′ e−τ1(x3−y)||∂r−k
ξ0

∂r′−k′

ξ′ e−τ2y|dy

≤ c|τ |−k′−2k

[
∫ x3

0

e−Reτ1(x3−y)e−Reτ2y
k+k′−1

∑

l=0

(x3 − y)l+1|τ |l+1dy

+

∫ x3

0

e−Reτ1(x3−y)e−Reτ2y
k+k′−1

∑

l=0

yl+1|τ |l+1dy

]

+
k+k′−1

∑

r+r′=1

∫ x3

0

[

e−Reτ1(x3−y)
r+r′−1
∑

l=0

(x3 − y)l+1|τ |−r′−2r+(l+1)

·e−Reτ2y
k+k′−r−r′−1

∑

m=0

ym+1|τ |−(k′−r′)−2(k−r)+m+1
]

dy.
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Continuing, we have

|∂k
ξ0
∂k′

ξ′ e0(x3)| ≤ c|τ |−k′−2k

{ k+k′−1
∑

l=0

|τ |l+1

[
∫ x3

0

e−Reτ1(x3−y) · e−Reτ2y(x3 − y)l+1dy

+

∫ x3

0

e−Reτ1(x3−y)e−Reτ2yyl+1dy

]

+

k+k′
∑

m=1

k+k′−m
∑

l=1

∫ x3

0

e−Reτ1(x3−y)e−Reτ2y(x3 − y)myl|τ |m+ldy

}

.

Hence

|∂k
ξ0
∂k′

ξ′ e0(x3)| ≤ c|τ |−k′−2k

{ k+k′−1
∑

l=0

|τ |l+1

·

[

sup
0<y<∞

(|x3 − y|l+1e−
Reτ1

2 (x3−y))

∫ x3

0

e−
Reτ1

2 (x3−y)e−Reτ2ydy

+ sup
0<y<∞

(yl+1e−
Reτ1

2 y)

∫ x3

0

e−Reτ1(x3−y)e−
Reτ2

2 ydy

]

+
k+k′
∑

m=1

k+k′−m
∑

l=1

|τ |m+l sup
0<y<∞

(|x3 − y|me−
Reτ1

2 (x3−y))

· sup
0<y<∞

(yle−
Reτ2

2 y)

∫ x3

0

e−
Reτ1

2 (x3−y)e−
Reτ2

2 ydy

}

.

Since

sup
0<t<∞

(tre−
Reτi

2 t) ≤ c|τ |−r, r ∈ N, i = 1, 2,

we get

|∂k
ξ0
∂k′

ξ′ e0(x3)| ≤ c|τ |−k′−2k

[
∫ x3

0

e−
Reτ1

2 (x3−y)e−Reτ2ydy

+

∫ x3

0

e−
Reτ2

2 ye−Reτ1(x3−y)dy +

∫ x3

0

e−
Reτ1

2 (x3−y)e−
Reτ2

2 ydy

]

.

Therefore, using as before the Young inequality yields

(3.16)

∫ ∞

0

|∂k
ξ0
∂k′

ξ′ e0(x3)|
pdx3 ≤ c|τ |−(2k+k′)p−p−1, k, k′ ∈ N ∪ {0}.

Now, applying once more the Leibniz formula and (3.16) we obtain

∫ ∞

0

|∂k
ξ0
∂k′

ξ′A1|
pdx3 ≤ c

k
∑

r=0

k′
∑

r′=0

∫ ∞

0

|τ |p[j−(k−r)−2(k′−r′)]|∂r
ξ0
∂r′

ξ′ e0(x3)|
pdx3(3.17)

≤ c|τ |pj−p(2k+k′)−p−1.

In view of (3.14) and (3.17) estimate (3.12) follows.

We will also use the following lemma:
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Lemma 3.3. Let the assumptions of Lemma 3.2 be satisfied. Then
∫ ∞

0

∫ ∞

0

|∂j
x3
∂k

ξ0
∂k′

ξ′ e1(x3 + z) − ∂j
x3
∂k

ξ0
∂k′

ξ′ e1(x3)|
p

z1+pκ
dx3dz(3.18)

≤ c|τ |p(j+κ)−p(2k+k′)−1,
∫ ∞

0

∫ ∞

0

|∂j
x3
∂k

ξ0
∂k′

ξ′ e0(x3 + z) − ∂j
x3
∂k

ξ0
∂k′

ξ′ e0(x0)|
p

z1+pκ
dx3dz(3.19)

≤ c|τ |p(j+κ)−p(2k+k′)−p−1,

where κ ∈ (0, 1).

Proof. By Lemma 2.2 of [27] and (3.6),

∫ ∞

0

∫ ∞

0

|∂j
x3
∂k

ξ0
∂k′

ξ′ e−τ1(x3+z) − ∂j
x3
∂k

ξ0
∂k′

ξ′ e−τ1x3 |p

z1+pκ
dx3dz ≤ c|τ |p(j+κ)−p(2k+k′)−1,

so estimate (3.18) follows. It remains to prove (3.19). First, let k = k′ = j = 0. Then

e0(x3 + z) − e0(x3) = e−τ1x3e0(z) + e0(x3)(e
−τ2z − 1)

and we have
∫ ∞

0

∫ ∞

0

|e0(x3 + z) − e0(x3)|
p

z1+pκ
dx3dz ≤

∫ ∞

0

e−pReτ1x3dx3 ·

∫ ∞

0

|e0(z)|
p dz

z1+pκ

+

∫ ∞

0

|e0(x3)|
pdx3

∫ ∞

0

|e−τ2z − 1|p

z1+pκ
dz

≤
c

|τ |

∫ ∞

0

|e0(z)|
p

z1+pκ
dz +

c

|τ |p+1

∫ ∞

0

|e−τ2z − 1|p

z1+pκ
dz.

Since
∫ ∞

0

|e0(z)|
p

z1+pκ
dz =

∫ ∞

0

e−pReτ2z

z1+pκ

∣

∣

∣

∣

e−(τ1−τ2)z − 1

τ1 − τ2

∣

∣

∣

∣

p

dz ≤

∫ ∞

0

zp−1−pκe−pReτ2zdz ≤ c|τ |pκ−p

and
∫ ∞

0

|e−τ2z − 1|p

z1+pκ
dz ≤ c|τ |pκ

we obtain
∫ ∞

0

|e0(x3 + z) − e0(x3)|
p

z1+pκ
dx3dz ≤ c|τ |pκ−p−1.

Now, let k, k′, j ∈ N. By (3.13)

∂j
x3
e0(x3 + z) − ∂j

x3
e0(x3) = (−τ2)

j [e0(x3 + z) − e0(x3)]

+ (−1)j(τ j−1
1 + τ j−1

1 τ2 + · · · + τ j−1
2 )[e1(x3 + z) − e1(x3)]

= A1(x3 + z) −A1(x3) +A2(x3 + z) −A2(x3).

Instead of ∂k
ξ0
∂k′

ξ′ (A2(x3 + z) − A2(x3)) we estimate ∂k
ξ0
∂k′

ξ′ (A1
2(x3 + z) − A1

2(x3)), where

A1
2 = (−1)jτ j−1e−τx3 . Then, in view of (3.18) with j replaced by j − 1 and τ1 replaced
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by τ we get

(3.20)

∫ ∞

0

∫ ∞

0

|∂k
ξ0
∂k′

ξ′A2(x3 + z) − ∂k
ξ0
∂k′

ξ′A2(x3)|
p

z1+pκ
dx3dz

≤ c|τ |p(j+κ)−p(2k+k′)−p−1.

To estimate ∂k
ξ0
∂k′

ξ′ (A1(x3 + z) −A1(x3)) we write

e0(x3 + z) − e0(x3) = −

∫ x3+z

0

e−τ1(x3+z−y)e−τ2ydy +

∫ x3

0

e−τ1(x3−y)e−τ2ydy

= −

∫ x3+z

x3

e−τ1(x3+z−y)e−τ2ydy −

∫ x3

0

(e−τ1(x3+z−y) − e−τ1(x3−y))e−τ2ydy.

Hence, by using the Leibniz formula we get

|∂k
ξ0
∂k′

ξ′ (e0(x3 + z) − e0(x3))|

≤ c

∫ x3

0

|∂k
ξ0
∂k′

ξ′ (e−τ1(x3+z−y) − e−τ1(x3−y))|e−Reτ2ydy

+ c

∫ x3

0

|e−τ1(x3+z−y) − e−τ1(x3−y)||∂k
ξ0
∂k′

ξ′ e−τ2y|dy

+ c

k+k′−1
∑

r+r′=1

∫ x3

0

|∂r
ξ0
∂r′

ξ′ e−τ1(x3+z−y) − ∂r
ξ0
∂r′

ξ′ e−τ1(x3−y)||∂r−k
ξ0

∂r′−k′

ξ′ e−τ2y|dy

+ c

∫ x3+z

x3

|∂k
ξ0
∂k′

ξ′ e−τ1(x3+z−y)|e−Reτ2ydy

+ c

∫ x3+z

x3

e−Reτ1(x3+z−y)|∂k
ξ0
∂k′

ξ′ e−τ2y|dy

+ c
k+k′−1

∑

r+r′=1

∫ x3+z

x3

|∂r
ξ0
∂r′

ξ′ e−τ1(x3+z−y)||∂r−k
ξ0

∂r′−k′

ξ′ e−τ2y|dy ≡
6

∑

i=1

Ii.

First, using the formulas (3.15) and (3.12) we estimate

|I1| ≤ c|τ |−(2k+k′)

∫ x3

0

∣

∣

∣

[

e−τ1(x3+z−y)e−Reτ2y
k+k′−1

∑

l=0

(x3 − y + z)l+1·

· |τ |l+1 − e−τ1(x3−y)e−Reτ2y
k+k′−1

∑

l=0

(x3 − y)l+1|τ |l+1
]
∣

∣

∣
dy

≤ c|τ |−(2k+k′)

∫ x3

0

e−Reτ1(x3−y)e−Reτ1ze−Reτ2y
k+k′−1

∑

l=0

((x3 − y)l|z|

+ (x3 − y)l−1|z|2 + · · · + (x3 − y)2|z|l−1 + (x3 − y)|z|l)|τ |l+1dy

+ c|τ |−(2k+k′)

∫ x3

0

e−Reτ1(x3−y)e−Reτ2y|e−Reτ1z − 1| ·
k+k′−1

∑

l=0

(x3 − y)l+1|τ |l+1dy.
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Hence
∫ ∞

0

∫ ∞

0

|I1|
p

z1+pκ
dx3dz ≤ c|τ |−(2k+k′)

[
∫ ∞

0

zpe−pReτ1z

z1+pκ
dz

·

k+k′−1
∑

l=0

∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)e−Reτ2y(x3 − y)l|τ |l+1dy

)p

dx3

+

∫ ∞

0

z2pe−pReτ1z

z1+pκ
dz

k+k′−1
∑

l=0

∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)e−Reτ2y(x3−y)
l−1|τ |l+1dy

)p

dx3

+ · · · +

∫ ∞

0

zp(l−1)e−Reτ1z

z1+pκ
dz

k+k′−1
∑

l=0

∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)e−Reτ2y(x3 − y)2

· |τ |l+1dy

)p

dx3 +

∫ ∞

0

zple−pReτ1z

z1+pκ
dz

k+k′−1
∑

l=0

∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)

· e−Reτ2y(x3 − y)|τ |l+1dy

)p

dx3

]

+ c|τ |−(2k+k′)

∫ ∞

0

1 − e−pReτ1z

z1+pκ
dz

k+k′−1
∑

l=0

∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)

· e−Reτ2y(x3 − y)l+1|τ |l+1dy

)p

dx3.

Using as before the Young inequality we calculate
∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)e−Reτ2y(x3 − y)rdy

)p

dx3(3.21)

≤ c|τ |−rp−p−1, r = 1, . . . , l,

where we also used that |τi| <
√

2
2 Reτi, i = 1, 2 and (3.6)–(3.7).

Moreover,

(3.22)

∫ ∞

0

zpre−pReτ1z

z1+pκ
dz ≤ c|τ |pκ−pr, r = 1, . . . , l + 1.

By (3.21)–(3.22) we get
∫ ∞

0

∫ ∞

0

|I1|
p

z1+pκ
dx3dz ≤ c|τ |−(2k+k′)p+p(κ−1)−1.

Exactly in the same way we estimate
∫ ∞

0

∫ ∞

0

|I2|
p

z1+pκ
dx3dz.
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Next, we have

|I3| ≤ c|τ |−(2k+k′)
k+k′−1

∑

r+r′=1

∫ x3

0

∣

∣

∣
e−τ1(x3+z−y)·

·

r+r′−1
∑

l=0

(x3 + z − y)l+1|τ |l+1e−Reτ2y
k+k′−r−r′−1

∑

m=0

ym+1|τ |m+1

− e−τ1(x3−y)
r+r′−1
∑

l=0

(x3 − y)l+1|τ |l+1
k+k′−r−r′−1

∑

m=0

ym+1|τ |m+1
∣

∣

∣
dy

≤ c|τ |−(2k+k′)
k+k′
∑

m=1

k+k′−m
∑

l=1

∫ x3

0

e−Reτ1(x3+z−y)e−Reτ2y·

· [(x3 − y)m−1|z| + (x3 − y)m−2|z|2 + · · · + (x3 − y)|z|m−1 + |z|m]yl|τ |m+ldy

+ c|τ |−(2k+k′)
k+k′
∑

m=1

k+k′−m
∑

l=1

∫ x3

0

e−Reτ1(x3−y)e−Reτ2y

· |e−Reτ1z − 1|(x3 − y)myl|τ |m+ldy.

Hence
∫ ∞

0

∫ ∞

0

|I3|
p

z1+pκ
dx3dz ≤ c|τ |−(2k+k′)p(3.23)

·
k+k′
∑

m=1

k+k′−m
∑

l=1

[
∫ ∞

0

zpe−pReτ1z

z1+pκ
dz

∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)e−Reτ2y

· (x3 − y)m−1yl|τ |m+ldy

)p

dx3

+

∫ ∞

0

z2pe−pReτ1z

z1+pκ
dz

∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)e−Reτ2y

· (x3 − y)m−2yl|τ |m+ldy

)p

dx3 + · · · +

∫ ∞

0

z(m−1)pe−pReτ1z

z1+pκ
dz

·

∫ ∞

0

(
∫ x3

0

e−Reτ1(x3−y)e−Reτ2y(x3 − y)yl|τ |m+ldy

)p

dx3

]

.

Using in (3.23) estimates (3.21)–(3.22) we get
∫ ∞

0

∫ ∞

0

|I3|
p

z1+pκ
dzdx3 ≤ c|τ |−(2k+k′)p+p(κ−1)−1.

Next, we consider
∫ ∞

0

∫ ∞

0

|I4|
p

z1+pκ
dzdx3 ≤ c|τ |−p(2k+k′)

∫ ∞

0

dz

z1+pκ

·
k+k′−1

∑

l=0

∫ ∞

0

∣

∣

∣

∣

∫ x3+z

x3

(x3 + z − y)l+1|τ |l+1e−Reτ1(x3+z−y) · e−Reτ2ydy

∣

∣

∣

∣

p

dx3dz
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≤ c|τ |−p(2k+k′)

∫ ∞

0

e−pReτ1z

z1+pκ
dz

·

k+k′−1
∑

l=0

sup
0≤y<∞

(yl+1e
−pReτ2y

2 )p|τ |p(l+1)

∫ ∞

0

(
∫ x3+z

x3

e−p
Reτ2y

2 dy

)

·

(
∫ x3+z

x3

e−pReτ1(x3−y)dy

)p−1

dx3

≤ c|τ |−p(2k+k′)−1

∫ ∞

0

e−pReτ1z(1 − e−p
Reτ2

2 z)

z1+pκ
dz

·

∫ ∞

0

e−p
Reτ2

2 x3

(
∫ x3+z

x3

e−pReτ1(x3−y)dy

)p−1

dx3

≤ c|τ |−p(2k+k′)+p(κ−1)−1.

The integrals
∫ ∞
0

∫ ∞
0

|Ii|p
z1+pκ dzdx3, i = 5, 6, we estimate in the same way.

Summarizing the above considerations we get

∫ ∞

0

∫ ∞

0

|∂k
ξ0
∂k′

ξ′ (e0(x3 + z) − e0(x3))|
p

z1+pκ
dx3dz ≤ c|τ |−p(2k+k′)+pκ−p−1.

Hence, by the Leibniz formula

∫ ∞

0

∫ ∞

0

|∂k
ξ0
∂k′

ξ′ (A1(x3 + z) −A1(x3))|
p

z1+pκ
dx3dz(3.24)

≤ c

k
∑

r=0

k′
∑

r′=0

∫ ∞

0

∫ ∞

0

|τ |p[j−(k−r)−2(k′−r′)] ·
|∂r

ξ0
∂r′

ξ′ (e0(x3 + z) − e0(x3))|
p

z1+pκ
dx3dz

≤ c|τ |pj−p(2k+k′)−p−1.

Inequalities (3.20) and (3.24) yield (3.19).

This completes the proof.

Now, we can prove the main result of this section.

Theorem 3.4. Let p, q ∈ (1,∞), σ ∈ R+, σ > 1+ 1
p , bk ∈ B

(σ−1− 1
p )/2,σ−1− 1

p
p,q,γ (R+ ×R

2),

k = 1, 2, b3 ∈ B
(σ− 1

p )/2,σ− 1
p

p,q,γ (R+ × R
2). Then there exists a unique solution to problem

(3.1) such that u ∈ B
σ
2 ,σ
p,q,γ(R+ × R

3) and

‖u‖
B

σ
2

,σ
p,q,γ(R+×R

3
+)

≤ c
(

2
∑

k=1

‖bk‖
B

(σ−1−1/p)/2,σ−1− 1
p

p,q,γ (R+×R2)
+ ‖b3‖

B
(σ− 1

p
)/2,σ− 1

p
p,q,γ (R+×R2)

)

.

The proof of Theorem 3.4 follows from the lemmas below.
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Lemma 3.5. Let the assumptions of Theorem 3.4 be satisfied. Then

‖u‖
1,B

σ
2

,σ
p,q,γ(R+×R

3
+)

≤ c
(

2
∑

k=1

‖bk‖
B

(σ−1− 1
p

)/2,σ−1− 1
p

p,q,γ (R+×R2)
(3.25)

+ ‖b3‖
B

(σ− 1
p

)/2,σ− 1
p

p,q,γ (R+×R2)

)

,

where u = (u1, u2, u3) and

‖um‖
1,B

σ
2

,σ
p,q,γ(R+×R

3
+)

=

[ ∞
∑

k=0

(

∑

j≤[σ]

∫

R×R
3
+

|e−γt2(σ−j)kF−1
2 φkF2∂

j
x3
um|pdtdx

)

q
p
]1/q

,

m = 1, 2, 3.

Proof. Using (3.5) we have

‖um‖
1,B

σ
2

,σ
p,q,γ (R+×R

3
+)

=

[ ∞
∑

k=0

(

∑

j≤[σ]

∫

R×R
3
+

|e−κ2(σ−j)kF−1
2 φk

3
∑

r=1

(gmr∂
j
x3
e0

+ hmr∂
j
x3
e1)b̂r|

pdtdx

)

q
p
]

1
q

≤ c
(

∞
∑

k=0

∑

j≤[σ]

3
∑

r=1

Iq
1kjr

)1/q

,

where

I1kjr =

(
∫

R×R
3
+

|e−γt2(σ−j)kF−1
2 φk(gmr∂

j
x3
e0 + hmr∂

j
x3
e1)F2br|

pdtdx

)1/p

.

Introduce the family of functions {ψj(ξ̄)}, ξ̄ = (ξ0, ξ
′), ξ′ = (ξ1, ξ2) such that supp ψ0

⊂ {ξ̄ : |ξ̄|a ≤ 4}, supp ψj ⊂ {ξ̄ : 2j−2 ≤ |ξ̄|a ≤ 2j+2} and ψj(ξ̄) = 1 for ξ̄ ∈ suppφj . Then

I1kjr =

(
∫

R×R
3
+

∣

∣

∣

∞
∑

l=0

2(σ−j)ke−γtF−1
2 ψl(gmr∂

j
x3
e0 + hmr∂

j
x3
e1)φkφlF2br

∣

∣

∣

p

dtdx

)1/p

=

(
∫

R3×R+

∣

∣

∣

∞
∑

l=0

2(σ−j)ke−γx0(F−1
2 ψl(gmr∂

j
x3
e0 + hmr∂

j
x3
e1)

· F2F
−1
2 φkF2F

−1
2 φlF2br)(x̄, x3)

∣

∣

∣

p

dx̄dx3

)1/p

,

where x̄ = (t, x′) = (x0, x
′), x′ = (x1, x2) ∈ R

2. Continuing, we can rewrite I1kjr as

I1kjr =

(
∫

R3×R+

∣

∣

∣

∞
∑

l=0

2(σ−j)ke−γx0 [F−1
2 ψl(gmr∂

j
x3
e0

+ hmr∂
j
x3
e1)F2F

−1
2 φk ∗ F−1

2 φlF2br](x̄, x3)
∣

∣

∣

p

dx̄dx3

)1/p

=

(
∫

R3×R+

∣

∣

∣

∞
∑

l=0

2(σ−j)ke−γx0

∫

R3

dȳ[F−1
2 ψl(gmr∂

j
x3
e0 + hmr∂

j
x3
e1)

· F2F
−1
2 φk](ȳ, xn)(F−1

2 φlF2br)(x̄− ȳ)
∣

∣

∣

p

dx̄dx3

)1/p

.
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Similarly as in [27] (see the proof of Lemma 3.2) we shall use in the sequel the formulas:

F−1
2 [ψl(gmr∂

j
x3
e0 + hmr∂

j
x3
e1)F2F

−1
2 φk](ȳ, x3)(3.26)

= [F−1
2 ψl(gmr∂

j
x3
e0 + hmr∂

j
x3
e1) ∗ F

−1
2 φk](ȳ, x3)

and

(3.27) [F−1
2 (f(22l·, 2l·)) ∗ F−1

2 (g(22l·, 2l·))](ȳ) = 2−4l(F−1
2 f ∗ F−1

2 g)(2−lỹ),

where f = ψl(gmr∂
j
x3
e0 + hmr∂

j
x3
e1), g = φk, ỹ = (2−ly0, y

′), y′ = (y1, y2).

Moreover, we used in (3.27) the notation

h(ξ0, ξ
′) = h̃(γ + iξ0, ξ

′), h ∈ {f, g}

and the relation

(F−1
2 h̃(γ + i22lξ0, 2

lξ′))(y0, y
′) = 2−4l(F−1

2 h̃(γ + iξ0, ξ
′))(2−lỹ).

Applying (3.26), the expression I1kjr takes the form

I1kjr =

[
∫

R3×R+

∣

∣

∣

∣

∞
∑

l=0

2(σ−j)ke−γx02−4l

∫

R3

dw̄[F−1
2 ψl(gmr∂

j
x3
e0

+ hmr∂
j
x3
e1) ∗ F

−1
2 φk](2−lw̃, xn)(F−1

2 φlF2br)(x̄− 2−lw̃)

∣

∣

∣

∣

p

dx̄dxn

]1/p

,

where we used the change of variables yi = 2−lwi, i = 1, 2, y0 = 2−2lw0 and the notation

w̃ = (2−lw0, w
′), w′ = (w1, w2), w̄ = (w′, w0). Then (3.27) yields

I1kjr =

{
∫

R3×R+

dx̄dx3

∣

∣

∣

∣

∞
∑

l=0

2(σ−j)ke−γx0

∫

Rn

dw̄[F−1
2 (ψl(gmr∂

j
x3
e0

+ hmr∂
j
x3
e1)(2

2l·, 2l·)) ∗ F−1
2 (φk(22l·, 2l·))](w̄, x3)(F

−1
2 φlF2br)(x̄− w̄)

∣

∣

∣

∣

p}1/p

=

{
∫

R+

dx3

∫

R3

dx̄

∣

∣

∣

∣

∞
∑

l=0

2(σ−j)k

∫

R3

dw̄e−γw0 [F−1
2 (ψl(gmr∂

j
x3
e0 +hmr∂

j
x3
e1)(2

2l·, 2l·))

∗ F−1
2 (φk(22l·, 2l·))](w̄, x3)e

−γ(x0−w0)(F−1
2 φlF2br)(x̄− w̄)

∣

∣

∣

∣

p}1/p

.

Next, the Minkowski inequality with respect to x̄ gives

I1kjr ≤

[
∫

R+

dx3

∣

∣

∣

∣

∞
∑

l=0

2(σ−j)k

∫

R3

dw̄e−γw0 [F−1
2 (ψl(gmr∂

j
x3
e0

+ hmr∂
j
x3
e1)(2

2l·, 2l·)) ∗ F−1
2 (φk(22l·, 2l·))](w̄, x3)

·

(
∫

R3

dx̄|e−γ(x0−w0)(F−1
2 φlF2br)(x̄− w̄)|p

)1/p∣
∣

∣

∣

p]1/p

≡ I1
1kjr.
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The change of variables z̄ = x̄− w̄ in the integral with respect to x̄ implies

I1
1kjr =

{
∫

R+

dx3

∣

∣

∣

∣

∞
∑

l=0

2(σ−j)k

∫

R3

dw̄e−γw0 [F−1
2 (ψl(gmr∂

j
x3
e0

+ hmr∂
j
x3
e1)(2

2l·, 2l·)) ∗ F−1
2 (φk(22l·, 2l·))](w̄, x3)

·

(
∫

R3

dz̄|e−γz0(F−1
1 φlF1br)(z̄)|

p

)1/p∣
∣

∣

∣

p}1/p

,

where z̄ = (z0, z
′), and we used the fact that F2br = F1br.

Next, using the Hölder inequality in the integral with respect to w̄ and replacing w̄

by ȳ and z̄ by w̄ we obtain

I1
1kjr ≤

{
∫

R+

dx3

∣

∣

∣

∣

∞
∑

l=0

2(σ−j)k

(
∫

R3

dȳ
1

(1 + |ȳ|a)d

)1/2

·

(
∫

R3

dȳ|e−γy0 [F−1
2 (ψl(gmr∂

j
x3
e0 + hmr∂

j
x3
e1)(2

2l·, 2l·))∗

∗ F−1
2 (φk(22l·, 2l·))](ȳ, x3) · (1 + |ȳ|a)

d
2 |2

)1/2∣
∣

∣

∣

p}1/p

·

(
∫

R3

dx̄|e−γx0(F−1
2 φlF2br)(x̄)|

p

)1/p

≡ I2
1kjr.

Assuming that d > 3 we get that
(

∫

R3

dȳ
1

(1 + |ȳ|a)d

)1/2

≤ c.

Hence, in view of the Parseval identity we have

I3
1kjr = c

{
∫

R+

dx3|
∞
∑

l=0

2(σ−j)(k−l)2(σ−j)l‖ψl(gmr∂
j
x3
e0

+ hmr∂
j
x3
e1))(2

2l·, 2l·, x3)φk(22l·, 2l·)‖
W

d
2

,d

2 (R3)
|p

}1/p

·

(
∫

R3

dx̄|e−γx0(F−1
1 φlF1br)(x̄)|

p

)1/p

≤ c
∞
∑

l=0

2(σ−j)(k−l)2(σ−j)l

(
∫

R+

‖ψl(gmr∂
j
x3
e0

+ hmr∂
j
x3
e1))(2

2l·, 2l·, x3)φk(22l·, 2l·)‖
W

d
2

,d

2 (R3)

)1/p

·

(
∫

R3

dx̄|e−γx0(F−1
1 φkF1br)(x̄)|

p

)1/p

≡ I4
1kjr.

Using inequality (3.29) (see Lemma 3.5 below) we get

(3.28) I1kjr ≤ c
∞
∑

l=0

2(δ−j+d+4−L)|l−k|2(δ− 1
p−cr)l‖e−γx0F−1

1 φlF1br‖Lp(R3)
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where cr = 1 for r = 1, 2, cr = 0 for r = 3. Therefore, by the Hölder inequality

‖um‖
1,B

σ
2

,σ
p,q,γ(R+×R

3
+)

≤ c
{

∞
∑

k=0

3
∑

r=1

∣

∣

∣

∞
∑

l=0

2(δ−L)|l−k|2(σ− 1
p +cr)l

· ‖e−γx0F−1
1 φlF1br‖Lp(R3)

∣

∣

∣

q}1/q

≤ c
(

∞
∑

k=0

3
∑

r=1

∞
∑

l=0

2(δ+ε−L)|l−k|q2(σ− 1
p−cr)lq‖e−γtF−1

2 φlF2br‖
q
Lp(R3)

)1/q

,

where δ = σ + d+ 4, t = x0 and ε > 0 is arbitrarily small. Assuming that L > δ + ε we

obtain (3.25).

This ends the proof.

To prove (3.28) we need

Lemma 3.6. Let d be an even number such that d > 3. Then

Jmr ≡

(
∫

R+

dx3‖[ψl(gmr∂
j
x3
e0 + hmr∂

j
x3
e1)](2

2l·, 2l·, x3)(3.29)

· φk(22l·, 2l·)‖p

W
d
2

,d

2 (R×R2)

)1/p

≤ c2l(j− 1
p−cr)2(d+4−L)|l−k|,

where for l = 0 the constant c depends on γ, cr = 1 for r = 1, 2; cr = 0 for r = 3;

m = 1, 2, 3; L > 0 can be chosen sufficiently large.

Proof. Jmr can be written as

Jmr =

(
∫

R+

dx3

∑

P4
i=1(s

′
i+2si)≤d

‖(∂
s′
1

ξ′ ∂
s1

ξ0
ψl)(2

2l·, 2l·)(∂
s′
2

ξ′ ∂
s2

ξ0
gmr∂

s′
3

ξ′ ∂
s3

ξ0
∂j

x3
e0

+ ∂
s′
2

ξ′ ∂
s2

ξ0
hmr∂

s′
3

ξ′ ∂
s3

ξ0
∂j

x3
e1)(2

2l·, 2l·, x3)(∂
s′
4

ξ′ ∂
s4

ξ0
φk)(22l·, 2l·)‖p

L2(R3)

)1/p

.

Applying the Minkowski inequality we get

Jmr ≤ c
∑

P4
i=1(s

′
i+2si)≤d

‖(∂
s′
1

ξ′ ∂
s1

ξ0
ψl)(2

2l·, 2l·)∂
s′
2

ξ′ ∂
s2

ξ0
gmr(2

2l·, 2l·)

· ‖∂
s′
3

ξ′ ∂
s3

ξ0
∂j

x3
e0‖Lp(R+)(2

2l·, 2l·)(∂
s′
4

ξ′ ∂
s4

ξ0
φk)(22l·, 2l·)‖L2(R3)

+ ‖(∂
s′
1

ξ′ ∂
s1

ξ0
ψl)(2

2l·, 2l·)∂
s′
2

ξ′ ∂
s2

ξ0
hmr(2

2l·, 2l·)‖∂
s′
3

ξ′ ∂
s3

ξ0
∂j

x3
e1‖Lp(R+)(2

2l·, 2l·)

· (∂
s′
4

ξ′ ∂
s4

ξ0
φk)(22l·, 2l·)‖L2(R3)) ≡ J1mr.

From the properties of ψl it follows that

suppψl(2
2l·, 2l·) ⊂ {ξ̄ : |ξ̄|a ≤ 4} for l = 0,

suppψl(2
2l·, 2l·) ⊂ {ξ̄ : 1/4 ≤ |ξ̄|a ≤ 4} for l 6= 0

and

(3.30) |∂
s′
1

ξ′ ∂
s1

ξ0
ψl(2

2l·, 2l·)| ≤ c for ξ̄ ∈ A,
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where
A = {ξ̄ : |ξ̄|a ≤ 4} for l = 0 or

A = {ξ̄ : 1/4 ≤ |ξ̄|a ≤ 4} for l 6= 0.

Therefore, we obtain

J1mr ≤ c
∑

P4
i=1(s

′
i+2si)≤d

(‖∂
s′
2

ξ′ ∂
s2

ξ0
gmr(2

2l·, 2l·)‖∂
s′
3

ξ′ ∂
s3

ξ0
∂j

x3
e0‖Lp(R+)(2

2l·, 2l·)(3.31)

· (∂
s′
4

ξ′ ∂
s4

ξ0
φk)(22l·, 2l·)‖L2(A) + ‖∂

s′
2

ξ′ ∂
s2

ξ0
hmr(2

2l·, 2l·)

· ‖∂
s′
3

ξ′ ∂
s3

ξ0
∂j

x3
e1‖Lp(R+)(2

2l·, 2l·)(∂
s′
4

ξ′ ∂
s4

ξ0
φk)(22l·, 2l·)‖L2(A)).

By Lemma 3.1

(3.32) |∂
s′
2

ξ′ ∂
s2

ξ0
gmr(2

2l·, 2l·)| ≤
c2l(s′

2+2s2)

|τ |s
′
2+2s2

for r = 1, 2,

(3.33) |∂
s′
2

ξ′ ∂
s2

ξ0
gm3(2

2l·, 2l·)| ≤
c2l(s′

2+2s2)

|τ |s
′
2+2s2−1

,

(3.34) |∂
s′
2

ξ′ ∂
s2

ξ0
hmr| ≤

c2l(s′
2+2s2)

|τ |s
′
2+2s2+1

for r = 1, 2,

(3.35) |∂
s′
2

ξ′ ∂
s2

ξ0
hm3| ≤

c2l(s′
2+2s2)

|τ |s
′
2+2s2

,

where now τ2 = γ + 22lξ
′2 + 22lξ0i. Lemma 3.2 yields the estimates

(3.36) ‖∂j
x3
∂

s′
3

ξ′ ∂
s3

ξ0
e0‖Lp(R+)(2

2l·, 2l) ≤
c2l(s′

3+2s3)

|τ |s
′
3+2s3

|τ |j−
1
p−1

and

(3.37) ‖∂j
x3
∂

s′
3

ξ′ ∂
s3

ξ0
e1‖Lp(R+)(2

2l·, 2l·) ≤
c2l(s′

3+2s3)

|τ |s
′
3+2s3

|τ |j−
1
p ,

where now τ2 = γ + 22lξ
′2 + 22lξ0i. Moreover,

(3.38) c12
l ≤ |τ | ≤ c22

l for ξ̄ ∈ A,

if we assume that γ < 22l+r| for l ∈ N ∪ {0} and some r ∈ N ∪ {0}.

Finally, since {φk} ∈ Aal(R
3) (see Section 2) we have

(3.39) ‖∂
s′
4

ξ′ ∂
s4

ξ0
φk(22l·, 2l·)‖L2(A) = ‖∂

s′
4

ξ′ ∂
s4

ξ0
φk(22k · 22(l−k)·, ·2k · 2(l−k) · ‖L2(A)

≤ c2(d+2)|l−k|‖∂
s′
4

y′ ∂
s4
y0
φk(22k·, 2k·)‖L2(B) ≤ c2(d+4−L)|l−k|,

where L is chosen sufficiently large,

B = {ȳ : 2l−k−2 ≤ |ȳ|a ≤ 2l−k+2} for l 6= 0,

B = {ȳ : |ȳ|a ≤ 2l−k+2} for l = 0

and where we have used the change of variables y0 = 22(l−k)ξ0, y
′ = 2(l−k)ξ′.

In view of estimates (3.31)–(3.39), inequality (3.29) follows.
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Now, we shall derive the estimate for

‖u‖
2,B

σ
2

,σ
p,q,γ (R+×R

3
+)

≡

[ ∞
∑

k=0

(
∫

R

∫

R×R
3
+

|e−γx0(F−1
2 φkF2U)(x̄, x3, z)|

p

|z|1+p(σ−[σ])
dx̄dx3dz

)

q
p
]

1
q

,

where U(x̄, x3, z) = ∂
[σ]
x3 u(x̄, x3 + z) − ∂

[σ]
x3 u(x̄, x3).

Lemma 3.7. Let the assumptions of Theorem 3.4 be satisfied. Then

‖u‖
2,B

σ
2

,σ
p,q,γ(R+×R

3
+)

≤ c
(

2
∑

k=1

‖bk‖
B

(σ−1− 1
p

)/2,(σ−1− 1
p

)

p,q,γ (R+×R2)
(3.40)

+ ‖b3‖
B

(σ− 1
p

)/2,σ− 1
p

p,q,γ (R+×R2)

)

.

Proof. Since

F2Um =

3
∑

r=1

(gmr∂
[σ]
x3
E0 + hmr∂

[σ]
x3
E1)b̂r,

where E0 = e0(ξ̄, x3 + z) − e0(ξ̄, x3), E1 = e1(ξ̄, x3 + z) − e1(ξ̄, x3), we have

‖u‖
2,B

σ
2

,σ
p,q,γ(R+×R

3
+)

=

[ ∞
∑

k=0

(
∫

R

∫

R×R
3
+

|e−γx0F−1
2 φk

∑3
r=1(gmr∂

[σ]
x3 E0 + hmr∂

[σ]
x3 E1)b̂r|

p

z1+p(σ−[σ])

)

q
p
]

1
q

≤ c
(

∞
∑

k=0

3
∑

r=1

Jq
kr

)1/q

,

where

J2kr ≡

(
∫

R

∫

R×R
3
+

|e−γx0F−1
2 φk(gmr∂

[σ]
x3 E0 + hmr∂

[σ]
x3 E1)b̂r|

p

z1+p(σ−[σ])
dx̄dx3dz

)1/p

.

Introducing the same family of functions {ψl(ξ̄)} as in the proof of Lemma 3.5 we get

J2kr =

(
∫

R

∫

R×R
3
+

∣

∣

∣

∣

∞
∑

l=0

e−γx0 [F−1
2 ψl(gmr∂

[σ]
x3 E0 + hmr∂

[σ]
x3 E1)

|z|1/p+(σ−[σ])

·
F2F

−1
2 φkF2F

−1
2 φlF2br](x̄, x3, z)

|z|1/p+(σ−[σ])

∣

∣

∣

∣

p

dx̄dx3dz

)1/p

=

(
∫

R

∫

R3×R+

∣

∣

∣

∣

∞
∑

l=0

e−γx0 [F−1
2 ψl(gmr∂

[σ]
x3 E0 + hmr∂

[σ]
x3 E1)

|z|1/p+(σ−[σ])

·
F2F

−1
2 φk ∗ F2F

−1
2 φlF2br](x̄, x3, z)

|z|1/p+(σ−[σ])

∣

∣

∣

∣

p

dx̄dx3dz

)1/p

=

(
∫

R

∫

R3×R+

∣

∣

∣

∣

∞
∑

l=0

e−γx0

∫

R3

dȳ
[F−1

2 ψl(gmr∂
[σ]
x3 E0 + hmr∂

[σ]
x3 E1)F2F

−1
2 φk](ȳ, x3)

|z|1/p+(σ−[σ])

·
(F−1

2 φlF2br)(x̄− ȳ)

|z|1/p+(σ−[σ])

∣

∣

∣

∣

p

dx̄dx3dz

)1/p

.
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Now, using formula (3.26) from Lemma 3.5 with ∂j
x3
ei (i = 0, 1) replaced by ∂j

x3
Ei

(i = 0, 1) we obtain

J2kr =

[
∫

R

∫

R3×R+

∣

∣

∣

∣

∞
∑

l=0

e−γx02−4l

∫

R3

dw̄
[F−1

2 ψl(gmr∂
[σ]
x3 E0 + hmr∂

[σ]
x3 E1)∗

|z|1/p+σ−[σ]

∗F−1
2 φk](2−lw̃, x3, z) · (F

−1
2 φlF2br)(x̄− 2−lw̃)

|z|1/p+σ−[σ]

∣

∣

∣

∣

p

dx̄dx3dz

]1/p

,

where we used the change of variables yi = 2−lwi, i = 1, 2, y0 = 2−2lw0 and the notation

w̃ = (2−lw0, w
′), w′ = (w1, w2), w̄ = (w′, w0).

Next, formula (3.27) from Lemma 3.5 yields

J2kr =

[
∫

R+

dx3

∫

R3

dx̄

∫

R

dz

|z|1+p(σ−[σ])

∣

∣

∣

∣

∞
∑

l=0

∫

R3

dw̄e−γw0

· {[F−1
2 ψl(gmr∂

[σ]
x3
E0 + hmr∂

[σ]
x3
E1)](2

2l·, 2l·) ∗ (F−1
2 φk)(22l·, 2l·)}(w̄, x3, z)

· e−γ(x0−w0)(F−1
2 φkF2br)(x̄− w̄)

∣

∣

∣

∣

p] 1
p

≤

{
∫

R+

dx3

∫

R

dz

|z|1+p(σ−[σ])

∣

∣

∣

∣

∞
∑

l=0

∫

R3

dw̄e−γw0{[F−1
2 ψl(gmr∂

[σ]
x3
E0

+ hmr∂
[σ]
x3
E1)](2

2l·, 2l·) ∗ (F−1
2 φk)(22l·, 2l·)(w̄, x3, z)}

(
∫

R3

dx̄|e−γ(x0−w0)

· (F−1
2 φlF2br)(x̄− w̄)|p

)1/p∣
∣

∣

∣

p}1/p

≡ J1
2kr,

where we also used the Minkowski inequality. Applying the change of variables ζ̄ = x̄− w̄

in the integral with respect to x̄ gives

J1
2kr =

{
∫

R+

dx3

∫

R

dz

|z|1+p(σ−[σ])

∣

∣

∣

∣

∞
∑

l=0

∫

R3

dw̄e−γw0{[F−1
2 ψl(gmr∂

[σ]
x3
E0

+ hmr∂
[σ]
x3
E1)](2

2l·, 2l·) ∗ (F−1
2 φk)(22l·, 2l·)}(w̄, x3, z)

·

(
∫

R3

dζ̄|e−γζ0(F−1
2 φlF2br)(ζ̄)|

p

)1/p∣
∣

∣

∣

p}1/p

,

where ζ̄ = (ζ0, ζ
′). Using the Hölder inequality in the integral with respect to w̄ and

replacing w̄ by ȳ and ζ̄ by x̄ we get

J1
2kr ≤

{
∫

R+

dx3

∫

R

dz

|z|1+p(σ−[σ])

∣

∣

∣

∣

∞
∑

l=0

(
∫

R3

dȳ
1

(1 + |ȳ|a)d

)1/2

·

(
∫

R3

dȳ|e−γy0{[F−1
2 ψl(gmr∂

[σ]
x3
E0 + hmr∂

[σ]
x3
E1)](2

2l·, 2l·)

∗ (F−1
2 φk)(22l·, 2l·)}(ȳ, x3, z)(1 + |ȳ|a)

d
2 |2

)1/2∣
∣

∣

∣

p}1/p

· ‖e−γx0F−1
1 φlF1br‖Lp(R3).



598 E. ZADRZYŃSKA AND W. M. ZAJĄCZKOWSKI

Hence, assuming that d > 3 and applying the Parseval identity we obtain

J2
2kr ≤ c

(
∫

R+

dx3

∫

R

dz

|z|1+p(σ−[σ])

∣

∣

∣

∞
∑

l=0

‖[ψl(gmr∂
[σ]
x3
E0

+ hmr∂
[σ]
x3
E1)](2

2l·, 2l·, x3, z)φk(22l·, 2l·)‖
W

d
2

,d

2 (R3)

∣

∣

∣

p
)1/p

· ‖e−γx0F−1
1 φlF1br‖Lp(R3).

Lemma 3.8 below implies

J2
2kr ≤ c

∞
∑

l=0

2l(σ− 1
p−cr)2(d+4−L1)|l−k|‖e−γx0F−1

1 ψlF1br‖Lp(R3),

where cr = 1 for r = 1, 2, cr = 0 for r = 3. Hence

‖um‖
2,B

σ
2

,σ
p,q,γ (R+×R

3
+)

≤ c
(

∞
∑

k=0

3
∑

r=1

∞
∑

l=0

2l(σ− 1
p−cr)q2(ε+d+4−L1)|l−k|q‖e−γx0F−1

1 φlF1br‖
q
Lp(R3)

)1/q

,

where ε > 0 is arbitrarily small. Let L1 > d+ 4 + ε. Then (3.40) follows.

Now, we prove

Lemma 3.8. Let d > 3. Then

Kmr ≡

(
∫

R+

dx3

∫

R

dz

|z|1+p(σ−[σ])
‖[ψl(gmr∂

[σ]
x3
E0(3.41)

+ hmr∂
[σ]
x3
E1)](2

2l·, 2l·, x3, z)φk(22l·, 2l·)‖p

W
d
2

,d

2 (R×R2)

)1/p

≤ c2l(σ− 1
p−cr)2(d+4−L1)|l−k|,

where for l = 0 the constant c depends on γ, L1 can be chosen sufficiently large.

Proof. Using the Minkowski inequality as in Lemma 3.6 we obtain

Kmr ≤ c

(
∫

R+

dx3

∫

R

dz

|z|1+p(σ−[σ])

∑

P

4
i=1(s

′
i+2si)≤d

‖(∂
s′
1

ξ′ ∂
s1

ξ0
ψl)(2

2l·, 2l·)

· (∂
s′
2

ξ′ ∂
s2

ξ0
gmr∂

s′
3

ξ′ ∂
s3

ξ0
∂[σ]

x3
E0 + ∂

s′
2

ξ′ ∂
s2

ξ0
hmr∂

s′
3

ξ′ ∂
s3

ξ0
∂[σ]

x3
E1)(2

2l·, 2l·, x3)

· (∂
s′
4

ξ′ ∂
s4

ξ0
φk)(22l·, 2l·)‖p

L2(R3)

)1/p

≤ c
∑

P4
i=1(s

′
i+2si)≤d

‖(∂
s′
1

ξ′ ∂
s1

ξ0
ψl)(2

2l·, 2l·)∂
s′
2

ξ′ ∂
s2

ξ0
gmr(2

2l·, 2l·)

·

∥

∥

∥

∥

∂
s′
3

ξ′ ∂
s3

ξ0
∂

[σ]
x3 E0

|z|1/p+(σ−[σ])

∥

∥

∥

∥

Lp(R+×R)

(22l·, 2l·)(∂
s′
4

ξ′ ∂
s4

ξ0
φk)(22l·, 2l·)‖L2(R3)
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+ c
∑

P4
i=1(s

′
i+2si)≤d

‖(∂
s′
1

ξ′ ∂
s1

ξ0
ψl)(2

2l·, 2l·)∂
s′
2

ξ′ ∂
s2

ξ0
hmr(2

2l·, 2l·)

·

∥

∥

∥

∥

∂
s′
3

ξ′ ∂
s3

ξ0
∂

[σ]
x3 E1

|z|1/p+(σ−[σ])
‖Lp(R+×R)(2

2l·, 2l·)(∂
s′
4

ξ′ ∂
s4

ξ0
φk)(22l·, 2l·)‖L2(R3).

Lemma 3.3 implies

∥

∥

∥

∥

∂
s′
2

ξ′ ∂
s2

ξ0
∂

[σ]
x3 E0

|z|1/p+(σ−[σ])

∥

∥

∥

∥

Lp(R+×R)

(22l·, 2l·) ≤ c2l(s′
2+2s2)|τ |σ−s′

2−2s2− 1
p−1

and
∥

∥

∥

∥

∂
s′
2

ξ′ ∂
s2

ξ0
∂

[σ]
x3 E1

|z|1/p+(σ−[σ])

∥

∥

∥

∥

Lp(R+×R)

(22l·, 2l·) ≤ c2l(s′
2+2s2)|τ |σ−s′

2−2s2− 1
p .

Hence
∥

∥

∥

∥

∂
s′
2

ξ′ ∂
s2

ξ0
∂

[σ]
x3 E0

|z|1/p+(σ−[σ])

∥

∥

∥

∥

Lp(R+×R)

(22l·, 2l·) ≤ c2l(σ− 1
p−1) for ζ̄ ∈ A if l 6= 0,

∥

∥

∥

∥

∂
s′
2

ξ′ ∂
s2

ξ0
∂

[σ]
x3 E1

|z|1/p+(σ−[σ])

∥

∥

∥

∥

Lp(R+×R)

(22l·, 2l·) ≤ c2l(σ− 1
p ) for ξ̄ ∈ A if l 6= 0,

1
∑

i=0

∥

∥

∥

∥

∂
s′
2

ξ′ ∂
s2

ξ0
∂

[σ]
x3 Ei

|z|1/p+(σ−[σ])

∥

∥

∥

∥

Lp(R+×R)

(22l·, 2l·) ≤ c(γ) for ζ̄ ∈ A if l = 0,

where A is defined in Lemma 3.6. Now, by the above estimates and estimates

(3.30)–(3.39), inequality (3.41) follows.

4. The parabolic problem with f 6= 0, bk 6= 0, u0 = 0 in the half-space. In this

section we consider the problem

(4.1)

ut − divD(u) = f in R+ × R
3
+,

µ

(

∂uk

∂x3
+
∂u3

∂xk

)

= bk, k = 1, 2, in R+ × R
2,

u3 = b3 in R+ × R
2,

u|t=0 = 0 in R
3
+.

Lemma 4.1. Let f ∈ B
σ
2 −1,σ−2
p,q,γ (R+ × R

3
+), bk ∈ B

(σ−1− 1
p )/2,σ−1− 1

p
p,q,γ (R+ × R

2), k = 1, 2,

b3 ∈ B
(σ− 1

p )/2,σ− 1
p

p,q,γ (R+ × R
2), 2 < σ ∈ R, p, q ∈ (1,∞). Then there exists a unique

solution to problem (4.1) such that u ∈ B
σ
2 ,σ
p,q,γ(R+ × R

3
+) and

‖u‖
B

σ
2

,σ
p,q,γ(R+×R

3
+)

≤ c(‖f‖
B

σ
2

−1,σ−2
p,q,γ (R+×R

3
+)

(4.2)

+
2

∑

k=1

‖bk‖
B

(σ−1− 1
p

)/2,σ−1− 1
p

p,q,γ (R+×R2)
+ ‖b3‖

B
(σ− 1

p
)/2,σ− 1

p
p,q,γ (R+×R2)

),

where c > 0 is a constant independent of u.
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Proof. Since f ∈ B
σ
2 −1,σ−2
p,q,γ (R+×R

3
+), we can extend f by zero to the function f ′ defined

in R×R
3
+, and then by Lemma 2.2 we can extend fγ = e−γtf ′ onto R×R

3 to a function

f̃γ satisfying

(4.3) ‖f̃γ‖
B

σ
2

−1,σ−2
p,q (R×R3)

≤ c‖fγ‖
B

σ
2
−1,σ−2

p,q (R×R
3
+)

= ‖f‖
B

σ
2

−1,σ−2
p,q,γ (R+×R

3
+)
.

Let f̃ = f̃γe
γt. Then (4.3) yields

(4.4) ‖f̃‖
B

σ
2

−1,σ−2
p,q,γ (R+×R3)

≤ c‖f‖
B

σ
2

−1,σ−2
p,q,γ (R+×R

3
+)
.

Consider the Cauchy problem

ũt − divD(ũ) = f̃ in R+ × R
3,

ũ|t=0 = 0 in R
3.

By Lemma 4.3 below and (4.4)

(4.5) ‖ũ‖
B

σ
2

,σ
p,q,γ(R+×R3)

≤ c‖f‖
B

σ
2
−1,σ−2

p,q,γ (R+×R
3
+)
.

Let v = u− ũ. Then v is a solution of the problem

vt − divD(v) = 0 in R × R
3
+,

µ

(

∂v2
∂x3

+
∂v3
∂xk

)
∣

∣

∣

∣

x3=0

= bk − µ

(

∂ũk

∂x3
+
∂ũ3

∂xk

)
∣

∣

∣

∣

x3=0

, k = 1, 2, on R × R
2,

v3|x3=0 = b3 − ũ3|x3=0 on R × R
2,

v|t=0 = 0 in R
3
+.

Let

ũγ =

{

ũe−γt for t > 0,

0 for t < 0.

By the traces theorems (see [6]), estimate (4.5) and the fact that
(

µ

(

∂ũk

∂x3
+
∂ũ3

∂xk

)
∣

∣

∣

∣

x3=0

)

γ

= µ

(

∂ũkγ

∂x3
+
∂ũ3γ

∂xk

)
∣

∣

∣

∣

x3=0

and (ũ3|x3=0)γ = ũγ3|x3=0 we have

‖ũ3|x3=0‖
B

σ
2

− 1
2p

,σ− 1
p

p,q,γ (R+×R2)
= ‖ũ3γ |x3=0‖

B
σ
2

− 1
2p

,σ− 1
p

p,q (R×R2)
(4.6)

≤ c‖ũγ‖
B

σ
2

,σ
p,q (R×R3)

≤ c‖f‖
B

σ
2
−1,σ−2

p,q,γ (R+×R
3
+)

and
∥

∥

∥

∥

µ

(

∂ũk

∂x3
+
∂ũ3

∂xk

)
∣

∣

∣

∣

x3=0

∥

∥

∥

∥

B
σ
2
− 1

2
− 1

2p
,σ−1− 1

p
p,q,γ (R+×R2)

(4.7)

=

∥

∥

∥

∥

µ

(

∂ũkγ

∂x3
+
∂ũ3γ

∂xk

)
∣

∣

∣

∣

x3=0

∥

∥

∥

∥

B
σ
2

− 1
2
− 1

2p
,σ−1− 1

p
p,q (R×R2)

≤ c‖ũγ‖
B

σ
2

,σ
p,q (R×R3)

≤ c‖f‖
B

σ
2

−1,σ−2
p,q,γ (R+×R

3
+)
.

Theorem 3.4 and estimates (4.6)–(4.7) imply the existence of a unique solution to problem

(4.1) and estimate (4.2).

This ends the proof.
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From Lemma 4.1 the corollary follows.

Corollary 4.2. Let f ∈ B
σ
2 −1,σ−2
p,q ((0, T ) × R

3
+), bk ∈ B

(σ−1− 1
p )/2,σ−1− 1

p
p,q ((0, T ) × R

2),

k = 1, 2, b3 ∈ B
(σ− 1

p )/2,σ− 1
p

p,q ((0, T ) × R
2), 2 < σ ∈ R, p, q ∈ (1,∞), 0 < T <∞. Assume

also that

f ′ ∈ B
σ
2 −1,σ−2
p,q ((−∞, T ) × R

3
+),

b′k ∈ B
(σ−1− 1

p )/2,σ−1− 1
p

p,q ((−∞, T ) × R
2), k = 1, 2,

b′3 ∈ B
(σ− 1

p )/2,σ− 1
p

p,q ((−∞, T ) × R
2),

where

h′ =

{

h for t ∈ (0, T ),

0 for t < 0,
h ∈ {f, b1, b2, b3}.

Then there exists a unique solution u ∈ B
σ
2 ,σ
p,q ((0, T ) × R

3
+) to the problem

(4.8)

ut − divD(u) = f in (0, T ) × R
3
+,

µ

(

∂uk

∂x3
+
∂u3

∂xk

)

= bk, k = 1, 2 on (0, T ) × R
2,

u3 = b3 on (0, T ) × R
2,

u|t=0 = 0 in R
3
+.

Moreover, u′ ∈ B
σ
2 ,σ
p,q ((−∞, T ) × R

3
+) and we have the estimate

‖u′‖
B

σ
2

,σ
p,q ((−∞,T )×R

3
+)

≤ c(T )
(

‖f ′‖
B

σ
2
−1,σ−2

p,q ((−∞,T )×R
3
+)

(4.9)

+

2
∑

k=1

‖b′k‖
B

(σ−1− 1
p

)/2,σ−1− 1
p

p,q ((−∞,T )×R2)
+ ‖b′3‖

B
(σ− 1

p
)/2,σ− 1

p
p,q ((−∞,T )×R2)

)

,

where c = c(T ) is an increasing function of T .

Proof. Using the extension theorem, we extend the functions f ′γ = e−γtf ′, b′kγ = e−γtb′k
(k = 1, 2, 3) to functions f̃γ and b̃k such that

‖f̂γ‖
B

σ
2

−1,σ−2
p,q (R×R

3
+)

≤ c‖f ′γ‖B
σ
2
−1,σ−2

p,q ((−∞,T )×R3)

≤ c‖f ′‖
B

σ
2

−1,σ−2
p,q ((−∞,T )×R

3
+)
,

‖b̃kγ‖
B

(σ−1− 1
p

)/2,σ−1− 1
p

p,q (R×R
3
+)

≤ c‖b′kγ‖
B

(σ−1− 1
p

)/2,σ−1− 1
p

p,q ((−∞,T )×R
3
+)

≤ c‖b′k‖
B

(σ−1− 1
p

)/2,σ−1− 1
p

p,q ((−∞,T )×R
3
+)
, k = 1, 2,

‖b̃3γ‖
B

(σ− 1
p

)/2,σ− 1
p

p,q (R×R
3
+)

≤ c‖b′3γ‖
B

(σ− 1
p

)/2,σ− 1
p

p,q ((−∞,T )×R
3
+)

≤ c‖b′3‖
B

(σ− 1
p

)/2,σ− 1
p

p,q ((−∞,T )×R
3
+)
.
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Let ũ ∈ B
σ
2 ,σ
p,q,γ(R+×R

3
+) be a solution to problem (4.1) with f = eγtf̃γ |R+

, bk = eγtb̃kγ |R+
,

k = 1, 2, 3. Then the function u = ũ|(0,T ) ∈ B
σ
2 ,σ
p,q ((0, T ) × R

3
+) satisfies problem (4.8).

Moreover, u′ ∈ B
σ
2 ,σ
p,q ((−∞, T ) × R

3
+) and u′ fulfills estimate (4.9).

Now, we consider the Cauchy problem

(4.10)
ut − divD(u) = f in R+ × R

3,

u|t=0 = 0 in R
3.

We have

Lemma 4.3. Let f ∈ B
σ
2 −1,σ−2
p,q,γ (R+ × R

3), 2 < σ ∈ R, p, q ∈ (1,∞). Then there exists a

unique solution of problem (4.10) such that u ∈ B
σ
2 ,σ
p,q,γ(R+ × R

3) and

‖u‖
B

σ
2

,σ
p,q,γ(R+×R3)

≤ c‖f‖
B

σ
2

−1,σ−2
p,q,γ (R+×R3)

.

Proof. We use the same argument as in Theorem 3.1. The Fourier-Laplace transform

applied to (4.10) yields

(4.11)
(s+ µξ2)F1uk + νξkξ3F1u3 + νξkξjF1uj = F1fk, k = 1, 2

[s+ µξ
′2 + (µ+ ν)ξ23 ]F1u3 + νξjξ3F1uj = F1f3,

where (F1u)(s, ξ) =
∫

R+
e−stdt

∫

R3 e
−ix·ξu(t, x)dx, s = γ + iξ0, ξ = (ξ1, ξ2, ξ3). Solving

(4.11) we get

F1um =

3
∑

r=1

1

s+ µξ2
amrF1fr, m = 1, 2, 3,

where

a11 =
s+ µξ2 + νξ22 + 2νξ23

A
, a12 =

−νξ1ξ2
A

, a13 = −
2νξ1ξ3
A

,

a21 =
−νξ1ξ2
A

, a22 =
s+ µξ2 + νξ21 + 2νξ23

A
, a23 =

−2νξ2ξ3
A

,

a31 =
−νξ1ξ3
A

, a32 =
−νξ2ξ3
A

, a33 =
s+ νξ2 + νξ

′2

A
,

A = s+ µξ2 + νξ2 + νξ23 .

As in Lemma 3.5 we consider

‖um‖
B

σ
2

,σ
p,q,γ(R+×R3)

≡

[ ∞
∑

k=0

(
∫

R×R3

∣

∣

∣

∣

e−γt2σkF−1
1 φk

3
∑

r=1

1

s+ µξ2
amrF1fr

∣

∣

∣

∣

p

dtdx

)

q
p
]

1
q

,

where {φk}
∞
k=1 ⊂ Φa(R4) (see Definitions 2.2 and 2.1 with x̄, ᾱ, |x̄|a replaced by

x̄ = (x0, x1, x2, x3), ᾱ = (α0, α1, α2, α3), |x̄|a =
(

|x0| +

3
∑

i=1

|xi|
2
)1/2

.

We also introduce a family of functions {ψj(ξ0, ξ)} with the properties:
∑∞

j=1 ψj(ξ0, ξ)

= 1, suppψ0 ⊂ {(ξ0, ξ) : |(ξ0, ξ)|a ≤ 4}, suppψj ⊂ {(ξ0, ξ) : 2j−2 ≤ |(ξ0, ξ)|a ≤ 2j+1},
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ψj(ξ0, ξ) = 1 for (ξ0, ξ) ∈ suppφj , |(ξ0, ξ)|a = (|ξ0| +
∑3

i=1 |ξi|
2)1/2. Then

‖um‖
B

σ
2

,σ
p,q,γ(R+×R3)

≤ c
(

∞
∑

k=0

3
∑

r=1

Iq
2kr

)1/q

,

where

I2kr =

(
∫

R×R3

∞
∑

l=0

2σke−γtF−1
1 ψlφlφk

1

s+ µξ2
amrF1fr

∣

∣

∣

∣

p

dtdx

)
1
p

.

Repeating the same considerations as in the proof of Lemma 3.5 we get

I2kr ≤ c

∞
∑

l=0

2σ(k−l)2σl

∥

∥

∥

∥

ψl(2
2lξ0, 2

lξ)
1

γ + i22lξ0 + µ(2lξ)2

· amr(2
2lξ0, 2

lξ)φk(22lξ0, 2
lξ)

∥

∥

∥

∥

W
d
2

d

2 (R×R3)

· ‖e−γx0F−1
1 φkF1fr‖Lp(R×R3)

≤ c
∞
∑

l=0

∑

P4
i=1(si+2s0

i )≤d

∥

∥

∥

∥

(∂s1

ξ ∂
s0
1

ξ0
ψl)(2

2l·, 2l·)∂s2

ξ ∂
s0
2

ξ0

(

1

γ + i22lξ0 + µ(2lξ)2

)

· (∂s3

ξ ∂
s0
3

ξ0
amr)(2

2l·, 2l·)(∂s4

ξ ∂
s0
4

ξ0
φk)(22l·, 2l·)

∥

∥

∥

∥

L2(R×R3)

,

where d > 4.

By formula (3.10) we obtain
∣

∣

∣

∣

∂s2

ξ ∂
s0
2

ξ0

(

1

γ + i22lξ0 + µ(2lξ)2

)∣

∣

∣

∣

≤ c
2l(s2+2s0

2)

|τ |s2+2s0
2+2

,

where τ2 = γ + i22lξ0 + (2lξ)2. Moreover,

|∂s3

ξ ∂
s0
3

ξ0
amr(2

2lξ0, 2
lξ)| ≤ c

2l(s3+2s0
3)

|τ |s3+2s0
3

.

Therefore, for l 6= 0
∣

∣

∣

∣

∂s2

ξ ∂
s0
2

ξ0

(

1

γ + i22lξ0 + µ(2lξ)2

)
∣

∣

∣

∣

≤ c2−2l,

|∂s3

ξ ∂
s0
3

ξ0
amr(2

2lξ0, 2
lξ)| ≤ c for (ξ0, ξ) ∈ A,

where a = {(ξ0, ξ) : 1
4 ≤ |(ξ0, ξ)|a ≤ 4}, and for l = 0

∣

∣

∣

∣

∂s2

ξ ∂
s0
2

ξ0

(

1

γ + i22lξ0 + µ(2lξ)2

)
∣

∣

∣

∣

+ |∂s3

ξ ∂
s0
3

ξ0
amr(2

2lξ0, 2
lξ)| ≤ c(γ) for (ξ0, ξ) ∈ A,

where A = {(ξ0, ξ) : |(ξ0, ξ)|a ≤ 4}.

The derivatives of ψl and φk are estimated as in Lemma 3.6.

By the above considerations we have

I2kr ≤ c
∞
∑

l=0

2(σ+d+ 5
2−L)|l−k|2(σ−2)l‖e−γx0F−1

1 φlF1fr‖Lp(R×R3).
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Next, the Hölder inequality implies

‖um‖
B

σ
2

,σ
p,q,γ(R+×R3)

≤ c
{

∞
∑

k=0

∣

∣

∣

∞
∑

l=0

3
∑

r=1

2(δ−L)|l−k|2(σ−2)l‖e−γx0F−1
1 φlF1fr‖Lp(R×R3)

∣

∣

∣

q}1/q

≤ c
(

∞
∑

k=0

∞
∑

l=0

3
∑

r=1

2(δ+ε−L)|l−k|q2(σ−2)lq‖e−γtF−1
1 φlF1fr‖

q
Lp(R×R3)

)1/q

,

where δ = σ + d + 5
2 , t = x0, ε > 0 is arbitrarily small. Assuming that L > δ + ε we

obtain

‖um‖
B

σ
2

,σ
p,q,γ(R+×R3)

≤ c‖f‖
B

σ
2
−1,σ−1

p,q,γ (R+×R3)
, m = 1, 2, 3.

This ends the proof.

An immediate consequence of Lemma 4.3 is the corollary below.

Corollary 4.4. Let f ∈ B
σ
2 −1,σ−2
p,q ((0, T ) × R

3), 2 < σ ∈ R, p, q ∈ (1,∞), 0 < T <∞.

Assume also that f ′ ∈ B
σ
2 −1,σ−2
p,q ((−∞, T ) × R

3), where

f ′ =

{

f for t ∈ (0, T ),

0 for t < 0.

Then there exists a unique solution u ∈ B
σ
2 ,σ
p,q ((0, T ) × R

3) of the problem

ut − divD(u) = f in (0, T ) × R
3,

u|t=0 = 0 in R
3.

Moreover, u′ ∈ B
σ
2 ,σ
p,q ((−∞, T ) × R

3) and

‖u′‖
B

σ
2

,σ
p,q ((−∞,T )×R3)

≤ c‖f ′‖
B

σ
2
−1,σ−2

p,q ((−∞,T )×R3)
,

where c = c(T ) is an increasing function of T .

5. Problem (1.1) with homogenous initial condition in a bounded domain.

Consider the problem

(5.1)

L(∂t, ∂x)u ≡ ut − divD(u) = f in ΩT ,

Bku ≡ τ̄k · D(u)n̄ = bk, k = 1, 2 on ST ,

B3u ≡ u · n̄ = b3 on ST ,

u|t=0 = 0 in Ω,

where Ω ⊂ R
3 is a bounded domain with boundary S, 0 < T <∞.

The main result of this section is the following theorem

Theorem 5.1. Let σ ∈ R+, p, q ∈ (1,∞), S ∈ Cσ+2, f ∈ B
σ
2 ,σ
p,q (ΩT ),

bk ∈ B
(σ+1− 1

p )/2,σ+1− 1
p

p,q (ST ), k = 1, 2, b3 ∈ B
σ
2 +1− 1

2p ,σ+2− 1
p

p,q (ST ).

Let Assumption 1.1 hold with f0, b0k (k = 1, 2) and b03 replaced by f , b̃k (k = 1, 2) and

b̃3. Moreover, assume that in the case of σ > 2
p the function f and b̃k ∈ B

σ
2 + 1

2 ,σ+1
p,q (Ω

′T ),
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k = 1, 2, b̃3 ∈ B
σ
2 +1,σ+2
p,q (Ω

′T ), extensions of bk, k = 1, 2, and b3 to a neighbourhood

Ω′ ⊂ R
3 of S, satisfy Assumption 1.2. If 3

p − 1 < σ ≤ 2
p we assume that b̃k (k = 1, 2)

and b̃3 fulfill conditions (1.5) and (1.6), respectively. In the case of 3
p − 2 < σ ≤ 3

p − 1

we assume only that b̃3 satisfies condition (1.6). Then there exists a unique solution

u ∈ B
σ
2 +1,σ+2
p,q (ΩT ) to problem (5.1) such that

∫ T

0

‖∂m4
t u‖q

Lp(Ωt)

t1+qλ4
dt <∞,

where λ4 = λ1,

m4 =

{
[

σ
2 + 1

]

if σ
2 is noninteger,

σ
2 if σ

2 ∈ N ∪ {0}.

Moreover,

‖u‖
B

σ
2

+1,σ+2
p,q (ΩT )

+

∫ T

0

‖∂m4
t u‖q

Lp(Ωt)

t1+qλ4
dt(5.2)

≤ c

[

‖f‖
B

σ
2

,σ
p,q (ΩT )

+
2

∑

k=1

‖bk‖
B

(σ+1− 1
p

)/2,σ+1− 1
p

p,q (ST )

+ ‖b3‖
B

σ
2

+1− 1
2p

,σ+2− 1
p

p,q (ST )
+

(
∫ T

0

‖∂m1
t f‖q

Lp(Ωt)

t1+qλ1
dt

)
1
q

+

2
∑

k=1

(
∫ T

0

‖∂m2
t bk‖

q
Lp(St)

t1+qλ2
dt

)
1
q

+

(
∫ T

0

‖∂m3
t b3‖

q
Lp(St)

t1+qλ3
dt

)
1
q
]

.

To prove Theorem 5.1 we consider the covering {Ω(k)}, k ∈ M ∪ N, of Ω introduced

in Section 2 and associate with it two families of functions {ζ(k)(x)}, {η(k)(x)} such that

{ζ(k)(x)η(k)(x)} is a partition of unity (see Section 2).

Let f (k)(t, x) = ζ(k)(x)f(t, x). Denote by R(k), k ∈ M, the operator such that

u(k)(t, x) = R(k)f (k)(t, x),

where u(k)(t, x) is a solution to the Cauchy problem

(5.3)
L(∂t, ∂x)u(k)(t, x) = f (k)(t, x) in (0, T ) × R

3,

u(k)|t=0 = 0 in R
3.

For k ∈ N we denote by R(k) the operator such that

û(k)(t, z) = R(k)(f̂ (k)(t, z), b̂(k)(t, z′)), z′ = (z1, z2),

where b̂(k)(t, z′) = (b̂
(k)
1 (t, z′), b̂(k)

2 (t, z′), b̂(k)
3 (t, z′)) and û(k)(t, z) is a solution to the initial-

boundary value problem

(5.4)

L(∂t, ∂z)û
(k)(t, z) = f̂ (k)(t, z) in (0, T ) × R

3
+,

Bû(k)(t, z) = b̂(k)(t, z′) on (0, T ) × {z ∈ R
3 : z3 = 0},

û(k)|t=0 = 0,
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where B = (B1, B2, B3). Then, the operator R called the regularizer is defined as follows

(see [15, 19]):

Rg =
∑

k∈M∪N

η(k)(x)u(k)(t, x),

where g = (f, b), b = (b1, b2, b3),

u(k)(t, z) =

{

R(k)f (k)(t, x) for k ∈ M,

ZkR
(k)(Z−1

k f (k)(t, x), Z−1
k b(k)(t, x)) for k ∈ N,

and Zk is the operator such that Zkv̂(t, z) = v(t, x).

By Corollaries 4.4, 4.2 and Lemma 2.4 there exist solutions to problems (5.3) and

(5.4) such that u(k)′ ∈ B
σ
2 +1,σ+2
p,q ((−∞, T ) × R

3) and û(k)′ ∈ B
σ
2 +1,σ+2
p,q ((−∞, T ) × R

3
+),

respectively. Moreover, we have the estimates

(5.5) ‖u(k)′‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×R3)

≤ c(T )‖f (k)′‖
B

σ
2

,σ
p,q ((−∞,T )×R3)

, k ∈ M,

(5.6) ‖û(k)′‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×R3)

≤ c(T )(‖f̂ (k)′‖
B

σ
2

,σ
p,q ((−∞,T )×R3)

+

2
∑

j=1

‖b̂
(k)′

j ‖
B

(σ+1− 1
p

)/2,σ+1− 1
p

p,q ((−∞,T )×R2)

+‖b̂
(k)′

3 ‖
B

σ
2

+1− 1
2p

,σ+2− 1
p

p,q ((−∞,T )×R2)
), k ∈ N,

where

v′ =

{

v for t ∈ (0, T ),

0 for t < 0,
v ∈ {u(k), û(k), f (k), f̂ (k), b̂

(k)
1 , b̂

(k)
2 , b̂

(k)
3 }.

Introduce the spaces:

Hσ
p,q(−∞, T ) ≡ B

σ
2 ,σ
p,q ((−∞, T ) × Ω) ×B

σ
2 + 1

2− 1
2p ,σ+1− 1

p
p,q ((−∞, T ) × S)

×B
σ
2 + 1

2− 1
2p ,σ+1− 1

p
p,q ((−∞, T ) × S),

Hσ
p,q ≡ {(f, b1, b2, b3) ∈ B

σ
2 ,σ
p,q (ΩT ) ×B

σ
2 + 1

2− 1
2p ,σ+1− 1

p
p,q (ST ) ×B

σ
2 + 1

2− 1
2p ,σ+1− 1

p
p,q (ST )

×B
σ
2 +1− 1

2p ,σ+2− 1
p

p,q (ST ) : (f ′, b′1, b
′
2, b

′
3) ∈ Hσ

p,q(−∞, T )},

V σ
p,q ≡ {u ∈ B

σ
2 +1,σ+2
p,q (ΩT ) : u′ ∈ B

σ
2 +1,σ+2
p,q ((−∞, T ) × Ω)}

with the norms:

‖(f, b1, b2, b3)‖Hσ
p,q

= ‖(f ′, b′1, b
′
2, b

′
3)‖Hσ

p,q(−∞,T ),

‖u‖V σ
p,q

= ‖u′‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×Ω)

.

Then by (5.5)–(5.6) the following lemma holds.

Lemma 5.2. Let σ ∈ R+, p, q ∈ (1,∞), S ∈ Cσ+2, g ∈ Hσ
p,q. Then the regularizer

R : Hσ
p,q → V σ

p,q is a bounded linear operator, i.e.

‖Rg‖V σ
p,q

≤ c‖g‖Hσ
p,q
,

where c > 0 does not depend on g.
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Problem (4.1) can be written as

Au = g, A = (L,B).

Now, our aim is to show the existence of left and right inverse operators to A generated

by R.

First, we prove

Lemma 5.3. Let σ ∈ R+, p, q ∈ (1,∞), S ∈ Cσ+2, g ∈ Hσ
p,q. Then

ARg = g + Sg,

where S is a bounded operator in Hσ
p,q with small norm for small λ = supk diam Ω(k) and

small T . More precisely,

‖Sg‖Hσ
p,q

≤ c

(

εδ1 + c1

(

1

ε
,
1

λ

)

T δ2 + c2(‖F‖Cσ+2)λδ3

)

‖g‖Hσ
p,q
,

where ε ∈ (0, 1), c1 is an increasing positive function of its arguments; c2 is a polynomial

of the second order and δi > 0, i = 1, 2, 3.

Proof. Exactly as in [27] we have

ARg = (S1g + f, S2g + b),

where
S1g =

∑

k∈M∪N

(L(∂t, ∂x)η(k)u(k) − η(k)L(∂t, ∂x)u(k))

+
∑

k∈N

η(k)Zk(L(∂t, ∂z −∇F∂x3
) − L(∂t, ∂z))Z

−1
k u(k)(t, x),

S2g = 0.

Hence ARg = g + Sg, where Sg = (S1g, S2g) = (S1g, 0).

First, we consider
∥

∥

∥

∑

k∈M∪N

(L(∂t, ∂x)η(k)u(k)′ − η(k)L(∂t, ∂x)u(k)′)
∥

∥

∥

B
σ
2

,σ
p,q ((−∞,T )×Ω)

≤
∑

k∈M∪N

(

c

(

1

λ

)

‖u(k)′

x ‖
B

σ
2

,σ
p,q ((−∞,T )×Ω(k))

+ c

(

1

λ

)

‖u(k)‖
B

σ
2

,σ
p,q ((0,T )×Ω(k))

)

, where ux = [uixj
]i,j=1,2,3.

We have
‖u(k)′

x ‖
B

σ
2

,σ
p,q ((−∞,T )×Ω(k))

= ‖u(k)
x ‖Lp((0,T )×Ω(k))

+

3
∑

i=1

(
∫ h0

0

‖∆m
i (h,Ω)u

(k)
x ‖q

Lp((0,T )×Ω(k))

h1+qσ
dh

)1/q

+

(
∫ h0

0

‖∆m0
t (h, (−∞, T ))u

(k)′

x ‖q
Lp((−∞,T ))×Ω(k)

h1+q σ
2

dh

)1/q

≡ K1 +K2 +K3,

where we assume that m > σ, m0 >
σ
2 + 1 and mh0 < λ, m0h0 < T , λ = supk diamΩ(k).
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First, we estimate

K1 ≤ ε1−κ1

(
∫ T

0

‖u(k)‖W 2
p (Ω(k))dt

)1/p

+ cε−κ1

(
∫ T

0

‖u(k)‖p
Lp(Ω(k))

dt

)1/p

≤ cε1−κ1

(
∫ T

0

‖u(k)‖p

B2+σ
p,q (Ω(k))

dt

)1/p

+ cε−κ1

(
∫ T

0

∥

∥

∥

∥

∫ t

0

u(k)
τ (τ )dτ

∥

∥

∥

∥

p

Lp(Ω(k))

)1/p

≤ cε1−κ1‖u(k)‖
B

σ
2

+1,σ+2
p,q ((0,T )×Ω(k))

+ cε−κ1T

(
∫ T

0

‖u
(k)
t (t)‖p

Lp(Ω(k))
dt

)1/p

≤ c(ε1−κ1 + Tε−κ1)‖u(k)′‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×Ω(k))

,

where 0 < κ1 < 1 and we have used the imbedding lemma, the interpolation inequality

and the fact that u(k)|t=0 = 0. Next, we have

K2 ≤ ε1−κ2

3
∑

i=1

(
∫ h0

0

(
∫ T

0
‖∆m

i (h,Ω)u(k)‖W 2
p (Ω(k))dt)

q/p

h1+qσ

]1/q

+ cε−κ2

3
∑

i=1

[
∫ h0

0

(
∫ T

0
‖

∫ t

0
∆m

i (h,Ω)u
(k)
τ dτ‖p

Lp(Ω(k))
dt)q/p

h1+qσ

]1/q

≤ cε1−κ2‖u(k)‖
B

σ
2

+1,σ+2
p,q ((0,T )×Ω(k))

+ cε−κ2T
3

∑

i=1

[
∫ h0

0

(
∫ T

0
‖∆m

i (h,Ω)u
(k)
τ dτ‖p

Lp(Ω(k))
)q/p

h1+qσ

]1/q

≤ c(ε1−κ2 + ε−κ2T )‖u(k)′‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×Ω(k))

,

where 0 < κ2 < 1 and we used that u(k)′ |t=0 = 0. Finally,

K3 ≤ h
1/2
0

(
∫ h0

0

‖∆m0
t (h, (−∞, T ))u

(k)′

x ‖q
Lp((−∞,T )×Ω(k))

h1+q( σ
2 + 1

2 )
dh

)1/q

≤ cT 1/2‖u(k)′‖
B

1+ σ
2

,2+σ
p,q ((−∞,T )×Ω(k))

.

Taking into account the estimates of K1,K2,K3 we obtain

‖u(k)′

x ‖
B

σ
2

,σ
p,q ((−∞,T )×Ω(k))

≤ c(ε1−κ + T 1/2 + Tε−κ) · ‖u(k)′‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×Ω(k))

.

Similarly, we estimate ‖u(k)‖
B

σ
2

,σ
p,q ((0,T )×Ω(k))

. Next, we have

∥

∥

∥

∑

k∈N

η(k)Zk(L(∂t, ∂z −∇F∂x3
) − L(∂t, ∂z))Z

−1
k u(k)′(t, x)

∥

∥

∥

B
σ
2

,σ
p,q ((−∞,T )×Ω)

≤ c
∑

k∈N

‖Fyû
(k)′

zz |z=Φk(y(x))‖
B

σ
2

,σ
p,q ((−∞,T )×Ω(k))

+ ‖FyFyû
(k)′

zz |z=Φk(y(x))‖
B

σ
2

,σ
p,q ((−∞,T )×Ω(k))
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+ ‖Fyyû
(k)′

z |z=Φk(y(x))‖
B

σ
2

,σ
p,q ((−∞,T )×Ω(k))

+ ‖FyFyyû
(k)′

z |z=Φk(y(x))‖
B

σ
2

,σ
p,q ((−∞,T )×Ω(k))

≤ cλā sup
k
c̄(‖F‖Cσ+2(Ω(k)))

∑

k∈N

‖u(k)′‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×Ω(k))

,

where ā > 0, and c̄ is a polynomial of degree 2.

The above estimates and inequalities (5.8)–(5.9) imply the assertion of the lemma.

We also need

Lemma 5.4. Let σ ∈ R+, p, q ∈ (1,∞), S ∈ Cσ+2, v ∈ V σ
p,q. Then

(5.7) RAv = v +Wv,

where W is a bounded operator in V σ
p,q with a small norm for λ and T small. More

precisely,

‖Wv‖V σ
p,q

≤ c(εδ̄1 + c3

(

1

ε
,
1

λ

)

T δ̄2 + c4(‖F‖Cσ+2)λδ̄3)‖v‖V σ
p,q
,

where ε ∈ (0, 1), c3 is an increasing positive function; c4 is a polynomial of degree 2 and

δ̄i > 0, i = 1, 2, 3.

Proof. As in [27] (see Lemma 4.3) RAv can be represented in the form (5.7), where

Wv =
∑

k∈M

η(k)R(k)(ζ(k)L(∂t, ∂x) − L(∂t, ∂x)ζ(k))v

+
∑

k∈N

η(k)ZkR
(k)[Z−1

k (ζ(k)L(∂t, ∂x) − L(∂t, ∂x)ζ(k))v, 0]

+
∑

k∈N

η(k)ZkR
(k)[(Z−1

k L(∂t, ∂x) − L(∂t, ∂x)Z−1
k )ζ(k)v,

(Z−1
k B −BZ−1

k )ζ(k)v|s] ≡ I1 + I2 + I3.

First, we have

‖I1 + I2‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×Ω)

≤ c
∑

k∈M∪N

(

c

(

1

λ

)

‖v′x‖B
σ
2

,σ
p,q ((−∞,T )×Ω(k))

+ c

(

1

λ

)

‖v‖
B

σ
2

,σ
p,q ((0,T )×Ω(k))

)

≤ c(ε1−κ + T 1/2 + Tε−κ)‖v‖V σ
p,q
,

where we applied the same calculations as in the proof of Lemma 5.3.

Next, we obtain

‖I3‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×Ω)

≤ cλâ sup
k
ĉ(‖Fk‖Cσ+2(Ω(k)))

∑

k∈N

‖v(k)′‖
B

σ
2

+1,σ+2
p,q ((−∞,T )×Ω(k))

,

where â > 0, and ĉ is a polynomial of degree 2.

By the above considerations, the assertion of the lemma follows.

Proof of Theorem 5.1. Lemmas 5.3–5.4 imply the existence of right and left inverse opera-

tors to A which are bounded operators equal to R(I+S)−1 and (I+W )−1R, respectively.

Therefore,
R(I + S)−1 = (I +W )−1R = A−1.

This yields the assertion of Theorem 5.1 for T > 0 sufficiently small.
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In the case of arbitrary 0 < T <∞ we divide the interval (0, T ) into a finite number

of subintervals: (0, t̄),
(

1
2 t̄,

3
2 t̄

)

, . . . , (Nt̄, T ) with sufficiently small t̄ > 0. By using the

standard argument (see [15]) we extend the solution step by step from (0, t̄) onto (0, T ).

This ends the proof.

6. Problem (1.1) with nonhomogeneous initial condition in a bounded do-

main. This section is devoted to the proofs of Theorems 1.1 and 1.2. Let u0 ∈

B
σ+2− 1

p
p,q (Ω). By Lemma 2.3 there exists a function ũ0 ∈ B

σ
2 +1,σ+2
p,q (ΩT ) such that

ũ0|t=0 = u0,

∂k
t ũ0

∣

∣

t=0
= ∂k−1

t f
∣

∣

t=0
+ divD(∂k−1

t ũ0|t=0), k = 1, 2, . . . ,m, 2m ≤ l1

where l1 is defined in Assumption 1.2 and

(6.1) ‖ũ0‖
B

σ
2

+1,σ+2
p,q (ΩT )

≤ c(‖u0‖
B

σ+2− 2
p

p,q (Ω)
+ ‖f‖

B
σ
2

,σ
p,q (ΩT )

).

Let v = u− ũ0. Then v is a solution of the problem

(6.2)

vt − divD(v) = f − (ũ0t − divD(ũ0)) ≡ f0,

τ̄α · D(v)n̄|S = (b̃α − τ̄ · D(ũ0)n̄)|S

= bα − τ̄α · D(ũ0)|S · n̄ ≡ b0α|S , α = 1, 2,

v · n̄ = (b̃3 − ũ0 · n̄)|S = b3 − ũ0|S · n̄ ≡ b03|S ,

v|t=0 = 0.

By (6.1)

‖f0‖
B

σ
2

,σ
p,q (ΩT )

≤ c(‖f‖
B

σ
2

,σ
p,q (ΩT )

+ ‖ũ0‖
B

σ
2

+1,σ+2
p,q (ΩT )

)(6.3)

≤ c(‖f‖
B

σ
2

,σ
p,q (ΩT )

+ ‖u0‖
B

σ+2− 2
p

p,q (Ω)
),

‖b0α|S‖
B

(σ+1− 1
p

)/2,σ+1− 1
p

p,q (ST )
(6.4)

≤ c(‖bα‖
B

(σ+1− 1
p

)/2,σ+1− 1
p

p,q (ST )
+ ‖ũ0‖

B
σ
2

+1,σ+2
p,q (ΩT )

)

≤ c(‖bα‖
B

(σ+1− 1
p

)/2,σ+1− 1
p

p,q (ST )

+ ‖u0‖
B

σ+2− 2
p

p,q (Ω)
+ ‖f‖

B
σ
2

,σ
p,q (ΩT )

), α = 1, 2

and

(6.5) ‖b03|S‖
B

σ
2

+1− 1
2p

,σ+2− 1
p

p,q (ST )

≤ c(‖b3‖
B

σ
2

+1− 1
2p

,σ+2− 1
p

p,q (ST )
+ ‖u0‖

B
σ
2

+2− 2
p

p,q (Ω)
+ ‖f‖

B
σ
2

,σ
p,q (ΩT )

).

Therefore, Theorem 5.1 implies the existence of a unique solution v ∈ B
σ
2 +1,σ+2
p,q (ΩT ) of

problem (6.3), and this yields the existence of a solution of problem (1.1).

The uniqueness of u follows from (1.7), while the estimate (1.7) is a consequence of

(6.3)–(6.5) and estimate (5.2) for v.

This ends the proof of Theorem 1.1.

Theorem 1.2 is an immediate corollary of Theorem 1.1 and Lemmas 2.3 and 2.5.
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