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Abstract. We classify generators of quantum Markov semigroups 7 on B(h), with h finite-
dimensional and with a faithful normal invariant state p satisfying the standard quantum
detailed balance condition with an anti-unitary time reversal § commuting with p, namely
tr(pt2zp*Ti(y)) = tr(p*/ 20y 0p /2 T;(02*0)) for all 2,y € B(h) and t > 0.

Our results also show that it is possible to find a standard form for the operators in the
Lindblad representation of the generators extending the standard form of generators of quantum
Markov semigroups satisfying the usual quantum detailed balance condition with non-symmetric
multiplications & — p*xp' ™ (s € [0,1], s # 1/2) whose generators must commute with the
modular group associated with p. This supports our conclusion that the most appropriate non-
commutative version of the classical detailed balance condition is the above standard quantum
detailed balance condition with an anti-unitary time reversal.

1. Introduction. A Markov semigroup on a commutative algebra satisfies the classical
detailed balance condition, also called reversibility, when it is symmetric in the L? space
of an invariant measure.

Several non-commutative versions have been proposed. The best known one, for a
norm continuous Quantum Markov Semigroup (QMS) 7 on the algebra B(h) of linear
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bounded operators on a complex separable Hilbert space h, with a faithful normal in-
variant state p, was introduced by Alicki [3] (see also Frigerio, Gorini, Kossakowski, and
Verri [12]): a QMS T generated by L satisfies the quantum detailed balance condition
(QDB) if

tr(pzL(y)) — tr(pL(x)y) = 2i tr(p K, z]y), (1)
for some self-adjoint operator K € B(h) and all z,y € B(h).

This implies that the conditionally completely positive map L defined by Z(a:) =
L(z) — 2i[K, x] coincides with the adjoint of £ with respect to the pre-scalar product
(z,9)0 := tr(pz*y) on B(h). As a consequence, both £ and £ commute with the modular
group (o¢)ier associated with p given by o4(a) = p‘tap~=® ([12], Proposition 2.1), which
is quite a restrictive condition (see e.g. [9], Theorems 3, 4 and 8, and also [I4]). Moreover,
the norm continuous semigroup T = ('Z)tzo generated by Z, called the dual semigroup
of T, satisfies the corresponding equation tr(pzT;(y)) = tr(pZ;(z)y) for all t > 0. The
picture does not change if we consider pre-scalar products (x,y), := tr(p!=*z*py) with
s €[0,1], s # 1/2, as shown in [7], Section 8.

Complete positivity of the maps 7; of the dual semigroup follows immediately without
any additional condition if we consider the dual semigroup with respect to the above pre-
scalar product on B(h) with s = 1/2 as in [4], [II]. The QDB condition obtained with the
dual quantum Markov semigroup T defined with respect to this scalar product is called
standard detailed balance condition (SQDB) (see [5]).

Agarwal’s original definition of quantum detailed balance [2], however, as well as
its generalisations studied by Majewski [13], also keeps into account the parity of the
observables z,y. This goal is achieved in physical applications by introducing an anti-
unitary time reversal § and considering time-reversed observables fz*6. It is reasonable
to assume that § commutes with p because p is typically a function of the energy of the
system and thus it is invariant under time reversal (see [16]), i.e. 0p*0 = 0pf = p. The
quantum detailed balance condition with time reversal § (QDB-0) is then defined by

tr(prTi(y)) = tr(pby 6T, (62"6)) (2)

for all z,y € B(h) and ¢ > 0. This, however, implies again commutation with the modular
group that can be avoided by considering, as we proposed in [9,[I0], the standard quantum
detailed balance condition with time reversal 6 (SQDB-6) defined by

tr(p?xp' *Ti(y)) = tr(p'/*0y"0p" T, (0270)) (3)

for all z,y € B(h) and ¢ > 0.

There are then essentially four types of quantum detailed balance conditions depend-
ing on the choice of the pre-scalar product with s # 1/2 or s = 1/2 and on the inclusion
or exclusion of an anti-unitary time reversal 6 in the definition. In a series of papers
(see e.g. [7, 9, [T0]) we studied the structure of generators satisfying these four types of
quantum detailed balance conditions. The results give several reasons to think that the
best non-commutative version is obtained by considering the standard quantum detailed
balance condition with an anti-unitary time reversal.

This paper brings another argument to support this conclusion. Indeed, we give a full
classification and representation in a standard form of generators of quantum Markov
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semigroups on B(h), with h n-dimensional, satisfying the standard quantum detailed
balance condition with an anti-unitary time reversal, which generalises similar results for
generators, commuting with the modular group, of QMSs satisfying the QDB-6 condition
(see e.g. [9], Theorem 8).

The paper is organised as follows. In Section 2] we review our results on the structure of
generators of QMSs satisfying one of the above quantum versions of the detailed balance
condition. Standard forms of their generators, when the Hilbert space is finite-dimensional
and the invariant state p is generic (in a sense that will be clarified later), are given in
Section [3] Theorem [I0] and Section [l Theorem [T4]

As a consequence, we show that the convex cone of generators of QMSs satisfying
the SQDB-6 (resp. QDB-6) condition, when looked at as a real manifold, has dimension
growing as n*/2 (resp. 3n%/2).

We would like to stress here that understanding the quantum versions of the classical
detailed balance conditions is the first step in the study of their generalisations for systems
out of equilibrium like the Accardi-Imafuku dynamical detailed balance condition defined
in [1].

2. Notation and preliminaries. Let h be a complex separable Hilbert space and con-
sider a norm continuous quantum Markov semigroup (QMS) 7 = (7;);>0 on B(h) with a
faithful normal invariant state p with spectral representation ;- pjle;)(e;| with respect
to an orthonormal basis (e;);>1 of h.

We recall (Parthasarathy [I5], Theorem 30.10) that the generator £ of 7 admits a
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) representation with respect to p of the
form

. 1 * * *
L(x) =ilH,a] - 5 > (LjLyz — 2LjwLy + xLjLy) (4)
k
by means of operators H = H* and (Lj),>1 in B(h) such that

(i) tr(pLk) =0 for each k > 1,
(ii) > >y LjLy is strongly convergent,
(iii) if 3,50 ex]? < 00 and co+ 3,5, cx Ly = 0 for complex scalars (cx)r>o then ¢, =0
for every k > 0. -

A GKSL representation with the above properties will be called special.

Another family {H’, L}, : k > 1} of bounded operators in B(h) with H' self-adjoint
satisfies equation and conditions (i)—(iii) if and only if the lengths of the sequences
(Lg)k>1, (L}, )k>1 are equal and

H=H+a,  Ly=)Y wuyL;
J
for some real scalar o and a unitary matrix (ug;)x; on a Hilbert space k, called the

multiplicity space of the completely positive part of L.
Introducing the bounded operator

o1 .
G:—zH—izk:LkLk
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on h, we can also write L as

L(a)=G*a+ Y LjaLg + aG. (5)
k

We call such a representation special if the operators H = (G* — G) /2i and Ly give a
special GKSL representation of £. In this case, G is unique up to a purely imaginary
multiple of the identity operator. Indeed, if G’, {L}.} give another special representation
of £, then G' = —iH' — 33", Li*Lj, fulfils

G' = —iH —ia — % Z Ugjugm L L = G — ia
k,j,m
for some o € R, since the matrix (uy;)x; is unitary.

Following the terminology of [7], a special GKSL representation of £ is called privileged
if H commutes with p and the operators L, satisfy pL; = A\¢Lgp for some Ay > 0. In
an equivalent way we can say that a special GKSL representation is privileged if its
operator H commutes with p and the L, are eigenvectors of the modular group satisfying
ot(Le) = Nt Ly.

A special GKSL representation of the generator £ of a norm-continuous QMS with
respect to a given state p always exists. This is not the case for privileged representations.
Indeed, we have the following (see [7], Theorem 4.3).

THEOREM 1. The following conditions are equivalent:

(1) the generator L commutes with the modular group,

(2) there exists a privileged GKSL representation of L,

(3) the dual semigroup T with respect to pre-scalar products (-,-)s with s # 1/2 is a
QMS.

We now list the characterisations of generators satisfying the QDB, SQDB, QDB-6
and SQDB-0 conditions referring to [, [9, [10] for the proofs.

THEOREM 2. The QMS T satisfies the QDB condition if and only if there exists a
privileged GKSL representation of L, by means of operators H, L, such that

(1) H= K +c for some c € R,
(2) /\21/21);7 = >, ueiLj for some A\¢ > 0 and some U = (ugj)¢; unitary operator on k
which is also symmetric (i.e. ujr = u; for all 3, k).
It can be shown that all privileged GKSL representations enjoy the above properties.

The proof can be found in 7], Theorem 5.1 and also [9], Theorem 14. The unitary U is
symmetric by the following algebraic argument. Noting that o;/o(L¢) = )\;1/ 2Lg, we can

write )\;1/2[,’5 = p'/2L5p~'/? and the identity )\21/2L}‘ = >, ug;Lj becomes

p' 2Ly = uiLip'?, (6)

J

Taking the adjoint we find L,p'/? = >, ’L_ngpl/2L;, i.e., by a change of indices, L;p'/? =
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Sk Wjkp/ L. Replacing this in the right-hand side of (6) we have
p P = ugtp L
J:k
and the linear independence of the operators (pl/ 2LZ)421 implies that U U is the iden-

tity operator, i.e. U = U* because U is unitary. This implies that U coincides with its
transpose.

THEOREM 3. The QMS T satisfies the SQDB condition
(M 2up 2L () = tr(p 2L (@)pM2y)  and  L() - E(a) = 2i[K,a]  (T)

for some self-adjoint operator K if and only if there exists a special GKSL representation
of the generator L by means of operators G, Ly and there exists a unitary (u;i)x on k
which is also symmetric (i.e. ujr = ug; for all j, k) such that, for all £ > 1, we have
pY2Ly = 3, ue Lip*/?.

We refer to [I0], Theorem 5 and Remark 4 for the proof (see also [9], Theorem 19).

We now consider quantum detailed balance conditions with an anti-unitary time re-
versal 0. Recall that it satisfies 00* = 6*0 = 1, 6* = =1 and (v, 0u) = (u,0*v) for all
u,v € h.

THEOREM 4. The QMS T satisfies the QDB-0-condition if and only if there exists a
privileged GKSL representation of the generator L, by means of operators H and Ly such
that

(1) H=0"YHO+ c for some c € R,
(2) /\21/29’le9 =>_jue;L; for some A¢ > 0 and some U = (ug;)e; unitary operator
on k which is also self-adjoint.

The proof is given in [8], Theorem 9. Self-adjointness of U follows from an argument
similar to the above proof of symmetry (Theorem [2) recalling that 6, as an anti-unitary
operator, is anti-linear.

THEOREM 5. The QMS T satisfies the SQDB-6 condition if and only if there exists
a special GKSL representation of L, with operators G, Ly, such that

(1) p1/2971G*9 _ Gpl/z,

(2) p'/207 L0 = > ug;Ljp''? for a self-adjoint unitary (ugj)e; on k.

We refer to [10], Theorem 8 for the proof.

Standard quantum detailed balance conditions do not imply commutation with the
modular group, which is a purely algebraic constraint on the dynamics. However, when
this algebraic condition holds, the SQDB and QDB, as well as the SQDB-6 and QDB-6
conditions, coincide (see e.g. [7], Theorem 7.1 and [4], Theorem 6.6).

There are two reasons convincing us that the anti-unitary time reversal § must play
some role. The first one is the physical motivation exposed in the introduction, namely
keeping into account the parity of the observables ([2], [I6]). The second one is the
possibility to define, as discussed in [6], a natural notion of entropy production for QMS
which is zero if and only if the SQDB-6 holds. Moreover, the following remark allows us
to find a simple standard form for generators of QMSs satisfying the SQDB-6 condition.
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REMARK 6. Let V' = (vji);x be a unitary on the multiplicity space k of the com-
pletely positive part of £ and define L; := >~ v;x M. Then the identity p 207 L0 =
> ug; Ljp*/? becomes ,01/29_1M;9 = >, wjprMyp'/? where W = (wji,) ;1 is the self-
adjoint unitary W = V*UV. In particular, since U = (uy;)¢; is unitary and self-adjoint,
for a suitable choice of V', W is a diagonal matrix with eigenvalues +1 and —1 and then
either p1/29_1Mj*9 = M;p'/? or p*/2071 M0 = —M;p'/? for all j.

Exploiting this simple remark, we shall describe explicitly the structure of generators
L of QMS satisfying the SQDB-6 condition, generalising the analogous result for QMS
satisfying the QDB and QDB-6 condition (see [9], Theorem 8 and Section 4| here).

Throughout the paper, for the sake of simplicity and concreteness, we shall consider
a finite-dimensional Hilbert space C" and QMS acting on the algebra M, (C) of n x
n complex matrices. Ej denotes the rank one matrix |ex)(e;|. We choose a canonical
orthonormal basis (ey)}_,; where p = Z?Zl ijg is diagonal. Clearly 0 < p; < 1 for all
k=1,...,n since p is faithful.

The anti-unitary time reversal 6 will be just conjugation with respect to this basis, i.e.
QZJ- zjej = Zj Zjej. As a consequence #~1X*0 is the transpose XT and 671 X*0 = X,
the matrix obtained by X complex conjugating its entries.

3. SQDB-0 condition. In this section, we find a standard form of a special GKSL
representation of the generator £ of a QMS 7T satisfying the SQDB-6#. Since 6 and p
commute, Theorem [5| says that this property holds if and only if the operators G, Ly
satisfy

(i) G = p1/2GTp—1/2

(i) Lk =2 ez ukjpl/zL;pr_l/z for some unitary self-adjoint U = (ug; )k, jes-

In order to determine the structure of the operators G and Ly fulfilling (i) and (ii),
we choose the basis {Ell,Xi]?YZ 2 i, =1,...,n,% < j} of eigenvectors of the linear
map on M, (C)

R(X)=p'2XTp~1/2, (8)
given by
Xi = g (B B, Y] = i (B - )
for h < j. In fact
R(E)=E}, RX])=X], RY])=-Y] (9)

forall [,h,j7=1,...,n, h < j.
With respect to this basis we can write

H= ZhlEll + Z (miji + wijkj) (10)
=1

1<k<j<n

for some h;, my;, wi; € C.
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LEMMA 7. The operator H given by is self-adjoint if and only if hy € R and

1/2 1/2 1/2 1/2
P — Py Pi — Pg
%mkj = 172 i/? %U/kj7 %U}k] = ﬁ %mk‘] (11)
B TP Pr TP

foralll,j,k=1,...,n with k < j.

Proof. Set Zi = mij,z + wijkj = pi/z (M — twy;) Ei + p]l-/2 (M + twy;) Ejk for

k < j.Since H =", hE}l + Dok<j le and

1/2 1/2

(Z})* = p/* (Fk; + iwky) EY + p;’” (Mg — iwy;) B,

H is self-adjoint if and only if every h; is real and

1/2 , 1/2,— o
{Pk/ (s — iwiy) = p’* (T — i)
1/2 , 1/2,— o
pi' (M + iwig) = py " (M + W)
for all £ < j. This system is easily solvable giving the equations as unique solution. m
DEFINITION 8. Let {Lj }xe s be in a special representation of £. We say that the operators

Ly, are expressed in a standard form with respect to p if R(Ly) = €Ly with €, € {—1,1}
for all £ € J. In this case, the special representation of L is called standard.

Clearly every family of operators {Ly }rcs expressed in a standard form satisfies con-
dition (ii) with U = diag(ey, ..., €)7|), where |J| denotes the cardinality of 7. Conversely,
if Ly’s fulfil condition (ii) for some unitary self-adjoint matrix U, then we can suppose
that they are expressed in a standard form. Indeed, by Remark [6] we have U = V*DV
for some unitary matrix V' = (v;;); jes and some diagonal matrix D of the form

diag(e1,...,€7)), e €{-1,1}. (12)
Thus, replacing the L’s by operators L), := Zjej vi; L; if necessary, we can take U as
in .

REMARK 9. Let {Li}res and {L} }res  be operators giving the same special standard
representation of £ such that

= wisLy (13)

JjeT

for some unitary matrix W = (wg;)keg jes- If R(L}) = €}, L}, and R(L;) = ¢;L; with
€j, €, € {—1,1} for all k, 7, then

wij(e, —€)=0 foralljeJ, ke T (14)

Indeed, applying the operator R to both sides of equation , we get
E;C Z wkij = E;CL/ = Z wkjeij,
JjET JjET

which clearly gives condition by the linear independence of L;’s.

We can now characterise the Hamiltonian H and the standard form of operators Ly
in a special GKSL representation of the generator under the SQDB-6.
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THEOREM 10. The QMS T satisfies the SQDB-0 with respect to p if and only if there
ezists a special standard GKSL representation of L given by operators

H=2 B+ (mnX) +wY}) (15)
=1 h<j
Zvlk)El—i-Zgh] Xi  forkegtc{i,... et _qy (16)
h<j
Lk_zg(k}” forke g C{Mnt 21}, (17)
h<j
with
k k k k k k
{(’Ug )7 M ’v£21’£§2)7 R g’ﬂ)7 M 76127)2?’7,717 27747551 )11’L) : k € "7+}
k k k) k k _
{( {2)7"" {n)’ ’r(L 2n— 174( )2n’<(31n)k€j }
sets of linearly independent vectors in C*("+t1/2=1 gnd C*("=1/2 respectively,
n—1
S ooyt forke gt (18)
=1
hi € R, mp; given by for all h < j, and
1 _ _
Whj = itf(Ph Y2 (Go)ng — Pj 1/2(G0)jh) = itr(Y “2Gep 1), (19)
where Go == =213, 7o ;- LiLg.

Proof. Assume that SQDB-6 holds and let {Ly,H : k € J} be in a special GKSL
representation of £, with L’s expressed in a standard form. The Hamiltonian H is clearly
given by with h; € R and my,;, wy; satisfying equations thanks to Lemma [7]

Since condition (ii) gives either Ly = p'/2LE p=/2 = R(Ly) or Ly, = —p*/2LT p=1/2 =
—R(L), expanding Ly on the basis {Ell,Xij,Yf 2L, j=1,...,n,1 < j} and recalling
equation @D, we get,

Ly = pl/QLZ:pfl/Q & L= Z k)El + Zg(k)XJ (20)
h<j
Ly = 7p1/2L£p71/2 & L= Z C(k)YJ (21)
h<j

for some vl(k),éh , ,sk) € C, with [,h,j = 1,...,n and h < j. Assume that and
hold for k € J+ and k € J, respectively, with J and J~ disjoint subsets of J
such that J* U J~ = J. Therefore, condition tr(p L) = 0 is clearly always satisfied if
k € J~, while it means

n—1
Z prof =0, e o == vt
=1

for each k € J 7. Finally, by the linear independence of {1, Ly, : k € J}, the inequalities
TI<n?—1, [T <n—14nm—1)/2=nm+1)/2-1, [T <nln—1)/2
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hold and the vectors in C™*("t1)/2=1 apnd C*("=1)/2 regpectively
k k k k k
{( ()7"'7 2)17552)""’ 1n7" ££L)Zn—1’§n 2n7€7(z—)1n):k€j+}
k k k _
{( 12 ""7C1n7"" ’r(L—)2n—1’ 1(1—)271’ 7(1—)171) tkeJ}

must be linearly independent.
Now, since

G=—iH-2"" Z LiLy = —i [Z ME} + Y (mn; X3, +wn; Y} ) | + Go,
=1 h<j
in view of (9), condition (i), i.e. G = R(G), reads —2i(zh<j wij}f) + Go = R(Go),
that is
21 thjY,f =Gy — p?GLp~1/2, (22)
h<j

Note that

tr((Elm - ETI’)’L)(E;L - Ei)) = 25mj5lh - 25mh51j
and so, left multiplying both sides of equation by (Elm — Effn)p_l/2 with m < [ and
tracing, we get

—diwy = tr((E™ — EL) (p~Y2Go — GEp~1/?)).
Now, since tr(EJ"p~/%Gy) = tr(GE p~1/2EL)) = tr(EL,GE p~1/?), we can write the pre-
vious relation as

i B 1 ) )
Wit = 5 (B = By, )p 2Go) = 3 (Ve Y2Gop~t?)

7 _
= i(p'r_nl/z(GO)ml -p 1/2<G0)lm)- "

COROLLARY 11. If T satisfies the SQDB-0, then every special standard representation
of L is of the form given in Theorem [I0]
Proof. Let {H,Ly,L; : k€ J*,1 € J} beaspecial standard representation of £ defined
as in 7 with h; € R, mp;, wh; given for all h < j by and respectively,
k k k k
{('Ug )7"'7’0’57,—)1’5](.2)7"'7 in 7"'761’7, 2n— 1’571/ 21’7,757(1—)11’7,) : k € “7+}
k k k k k _
{( {2)""74-{77,)7"'7 7(1)277, I’C( )27’L7C() ) kej }
sets of linearly independent vectors in C™"*t1/2=1 and C™"~1/2 respectively and let

v,(Lk) forkeJgt be as in .

If we consider {H, Ly}, 7 another special standard representation of £, then we have
[T+ +17~| =T and
fk: Z ukij—i— Z ’LijLj, I:’:H—FO[
JETT JjET~

for some unitary matrix U = (ux;) and real constant «. Since R(Ek) = ¢ Ly

with €, € {—1,1}, and

keJ.jeg

L, ifjeJgt
R(Lg?:{ !

—L; ifjeJg,
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defining 7+ := {k e J & = 1} and T~ ={keJ:& =—1} we get u; = 0 for all
(k,j) € (jJr X J~ ) (j X j*) thanks to Remark@ This means that

S uL;y ifkeJt

JjETT

Z ukij if ke 577

Jj€ET~

Ly =

i.e.

L= (S wl)E 4 (S wield)xi ke dn

=1 jeJgt h<l jeg+
L= (Y wydid)vi ifhed
h<l jeJg+

with J+ C {1,..., w — 1} and J- C {@7...,% — 1} by linear independence
of Zk. Set now
W= el W= Y ) frkedt,
jeJ* jeTt
6,(1];) = Z uij,g) forkeJ .
jeTt
Therefore, by equation (18]) we have

n—1
- > Z v ot = =30 ot
=1

JjETT
Moreover, by the invertibility of U,

{(~<k>,...ﬁgwlfggn...,gk v e 6 601 ke T

(k k k _
{( 12 7""C1n""7 7(17)2717174( )271’ 7(17)171) ke J}
are sets of linearly independent vectors in C*("t1/2=1 and C*("=1/2 respectively.

_ Finally, since H=H+a, it clearly has the form of equation with real coeflicients
hi=h +aforalll=1,...,nand mp; = mp;, Wy = wp; forallh <j. m

REMARK 12. Theorem [I0] shows that, in the generic case when the p;’s are all different,
generators of QMSs with a faithful invariant state p satisfying the SQDB-6 condition are
parametrised by

(a) a set of "(n2+1) 1= (”_1)2(n+2) linearly independent vectors in C(?—1(n+1)/2,

(b) a set of n(n — 1)/2 linearly independent vectors in C™("~1)/2

(¢) n—1real parameters h for the Hamiltonian H, since one of the h; can be eliminated
by adding a constant multiple of the identity operator without changing £, constants
my; are completely determined by wy,; through (for the eigenvalues of p are
all different) and any wp; is given by Gy through .

Two sets of linearly independent vectors u = (ug,...,uq), v’ = (u},...,u};) in C¢ (with
d=(n—-1)(n+2)/2 or d = n(n — 1)/2) lead to the same generator if there exists a
unitary operator U on C¢ such that Uu = u'. Therefore the L;’s with k € J* (resp.
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k € J7) are parametrized by the linear manifold GL(d,C)/U(d) of invertible matrices
modulo unitary matrices with d = (n — 1)(n + 2)/2 (resp. d = n(n — 1)/2).

The real dimension GL(d, C) is clearly 2d?. Moreover, norm preservation of d vectors
and scalar products preservation of pairs of d(d — 1) pairs of vectors give d and d(d — 1)
respectively identities involving the real and imaginary parts of these vectors. Thus we
remain with 2d? — d(d — 1) — d = d? free real parameters.

It follows then that the convex cone of generators of QMSs satisfying the SQDB-6
condition, when the invariant state p is non-degenerate, is a manifold with real dimension

_ 2 _ 2 2(n2 —
((n+2)2(n 1)) n (n(n2 1)) Fn—1)= n (n2 1) .

4. QDB-60 condition in the generic case. In this section we analyse the QDB-6
condition for 7 under the hypothesis that the faithful invariant density p is generic, i.e.
its eigenvalues are all different and so are their ratios p;/py for j # k. The time reversal
0 is still the usual conjugation on C™.
We recall that, by Theorem [4] the QDB-6 condition holds if and only if there exists
a special GKSL representation of £, by operators H, Lj such that
(i) [H,p] =0,
(ii) ka = )\kLkp for some A\, € R,
(iil) H
(iv) A 1/2Lk =2, up; L] for some Ay > 0 and some unitary self-adjoint matrix U =
(ukj) kjedg-
A special representation satisfying (i) and (ii) is called privileged; moreover, see e.g. [1],
the existence of a privileged representation of £ is equivalent to the commutation of every
7; with the modular automorphism o_; defined by p, o_;(z) = pxp~?! for z € M, (C). In
particular, condition (ii) means that each Ly is an eigenvector of the modular automor-
phism with eigenvalue Ay = pjp; * for each j,I € {1,...,n} for which (e;, Lye;) # 0; it
follows that, in the generic case, there can exist a unique pair (j,1) with j # [ such that

<€j, Lkel> 75 0.
This remark allows us to characterise privileged GKSL representations of L.

PRrROPOSITION 13. Ewvery privileged GKSL representation of L with respect to the generic
and faithful state p is of the form

1
L(a)=ilH.a] — 5 > (LiLra—2LiaLy +aLiLy)
keg+

1 B ,
_72')/]1 a—2ElaEJ—|—CLE] —§ZVU(E11G_2EIJGE§+GE1[)7
J<l J<li

with 7;1»71; >0 forall j <,

H=Y hkE], hi eR  foralli=1,...,n,

LkzzzkjEJj fO’f'k‘Ejlg{l,...,n—l},
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where
n—1
Zen == Y Zkipipy
i=1
and{zy 1k € N1} (21 = (211, .- - Zen_1)) is a set of linearly independent vectors in C* 1.

Moreover, the state p is invariant if and only if the constants Vjil satisfy

n

> (povi — p1) =0

i1 . (23)
> (pivi; — piv) = D (o — pivif)
J=1 I=i+1

fori=2,...,n—1.

Proof. Let {H, Ly, : k € J} be operators of a special GKSL representation of £; the linear
independence of {1,Ly, : k € J} immediately gives card(J) < n? — 1. Moreover, if we
write H with respect to the basis {Elj }?,3:17 its commutation with p is clearly equivalent
to having H = E?Zl hng, with h; € R for H = H*.

We fix now k € J and suppose pLy = AgLp for some A\; € R; this means

pilej, Lyer) = Apiej, Lier) forall j,l=1,...,n.

Since Ly, # 0, there exists at least a pair (4, 1) such that (e;, Lye;) # 0, and so A\, = pjpl_l.
If j =1 (ie. Ay = 1), L, must be diagonal with respect to the basis {E7}; ;, since the
eigenvalues of p are all distinct; therefore, we get

L = ZZkJE]j, Rkj € (C, (24)
j=1

with 0 = tr(pLy) = Z?’Zl pj2kj, namely

n—1
_ Pj
Zkn = — 2k -
=1 Pn

We denote by J; the set of indexes k € J such that the corresponding L; has the form
(24); the linear independence condition gives then card(J;) < n —1 with {2, : k € 71}
linearly independent vectors in C*~!, where we defined zj := (Zk1y -y Zln—1)-

If, otherwise, j # [, as already mentioned before, the assumption on p;’s forces to
have a unique pair (j,1) satisfying A\, = pjpfl, so that Ly is a multiple of Eg We set

CEEL = LF i1
Lkz{“ A (25)

. l . —
alej =: L

o i <li,

with aﬁ € C. Note that the operators le, Lj_l are linearly independent for all j < [, and
they satisfy tr(pL}';) =0= tr(pLj_l). Moreover, up to a suitable choice of the phase factor
for each L;tl, we can suppose a;tl € R. We define

'y;; = (ozj'l)2, Vi = (ozj_l)2 for all j <. (26)
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Conversely, it can easily be shown that the representation given by the operators
H = Y7 hjE] with h; € R, L, and L3 defined as in (24), respectively, with
Zkn = — Z; 11 PiPn 2y @ jil € R and vﬁ satisfying , is a privileged representation of
L with respect to p.

Finally, we analyse the condition of the invariance of p. Since p is faithful and the
equalities [H,p] = 0, pLyLy = LjLyp, LypLy = A 1LkL p hold for every privileged
representation, it follows that p is an invariant state 1f and only if

> (LiLe = A\ 'L L) =0.
keJ
Since A\ = 1 for all k € J;, this gives

* Pj * —\k T — Pl 4, — —\ %
0= Z((L;rl) Lj+l - FZL;(L;FZ) + (le) le - ;ijz(le) )

j<li
i.e.
= P
+ L= —
Z(Vu *%1) =0
1=2 P
n p i—1 p
- .
Z(’le_*f’yli)Jr (fy”f—]’y]t):() fori=2,...,n—1 (27)
I=i+1 pi j=1 pi
n—1 p
- _Pi_+
< T opn

Denoting by R; for i = 1,...,n the left-hand side of the i-th equation in the above
system, we can easily see that R, = —p1p,,* (R1 + Z?:}l Ri), and so the last equation
in is superfluous. Therefore, the condition of invariance can be read as

- o

> (v - i) =0
I—2 P1

i—1

Z(%J - %]'VJJ;) - Z (,01%; 7:?)

j=1 1=iq1 P
fori=2,....n—1. m
We can now characterise generators of QMSs satisfying the QDB-6. Recall that, by
Theorem [ this condition is fulfilled if and only if there exists a privileged GKSL repre-

sentation of £, by means of operators H and Ly, such that: (1) H = H, (2) /\,:1/2Lk =
PP ukjLJT for some A\; > 0 and some unitary self-adjoint matrix U = (ug;)k, jes-
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THEOREM 14. The QMS T satisfies the QDB-0 with respect to the generic, faithful and
imwvariant state p if and only if there exists a privileged GKSL representation of L given
as in Proposition |13| with positive constants vjil fulfilling

pj'yﬁ:plfyl; foralll<j<l<n-1 (28)
Proof. Consider a privileged representation

1
L(a) =i[H,a] - 5 > (LjLra—2LjaLy + aLj L)
keJ1
_*Z%l a—ZElan+aE] Z’yl] El 2EljaE§-+aEll),
g<l ]<l

given as in Proposition with vjil satisfying . Clearly we have H = H. We recall
that, by setting

le = ’yﬁ Elj, Ly =/ E Aji = plpj_1 for all j <1,
there holds
pLy = Lip forall k € b
pL;'l = /\le;'lp, pL; = /\j_lle_lp for all j <.
Therefore, condition (2) of Theorem 4| can be rewritten as
L7 |0 0 L. Lt
0 Al O LY | =U| (LHT (29)
0 [0]AT L~ (LT

for some unitary self-adjoint matrix U = (ug;)x,jes, where 1,7, denotes the | 71| x [J1]-
identity matrix and we define

A = diag(\p %, A
T
L' = (L15""L‘\71|) 3

L.i:(Lﬂv . Li Lg:da"'aLg:nv" Lrjz: ln)T’

In>

1/2 Ao 1/27 g 1/2, 3 _7)\71/2 )

n—1ln

Since (LE)T = 7;; E; and (Lj_l)T =/ Elj for every j < [, condition implies

vjl = 0 if and only if v;; = 0; otherwise we have

AP

i

for all (j,1) € N :={(h,k) : 1 < h < k < n such that v;;, # 0}.
As a consequence, since LT = Ly, for all k € J;, equation holds if and only if

]1|J1| 0 0
U= 0 0 | U
o [U;'|o

where

+ + +
Up:=diag (/22212 2000 [Pl Tncin ) (30)
P2 Y21 Pn Tn1 Pn Vnn—1
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with the convention that terms corresponding to (j,1) € N are set equal to 1. Hence, U
is unitary and self-adjoint if and only if Uy is unitary, i.e.

P it

PL Y
Finally, by condition it is enough to have the previous equality only for (j,1) € N
with 1 < j <1 <n—1. This is clearly equivalent to (28). m

=1 for all (4,1) € N.

Analysing the proof of the previous theorem, we can immediately see that under the
QDB-6 condition the matrix Uy given by is the identity matrix, since the constants
7;-? and Vi satisfy Pj7j+z = Py, for all j <1 (by and ) Therefore, we can rewrite
Theorem [14] in the following way.

COROLLARY 15. The QMS T satisfies the QDB-0 if and only if there exists a privileged
representation of L given by operators

H=> hE, hj€R  forallj=1,...,n,
j=1

Lk:ZZkJEJ] fO’FkEjlg{l,...,n—l},
j=1

Ly =\/viEl,  Ly=+\lpjpr "(L})"  forall ()€ N,
where 7;1 are positive constants for all j <1, N ={(j,1): 5 <, vjﬁ # 0},

n—1
Zkn = — Z ZhipiPy
i=1
and {(zx1, - 2kn_1) 1 k € J1} is a set of linearly independent vectors in C"~1.

REMARK 16. Corollary shows that the generator of a QMS satisfying the QDB-6
condition admits a privileged GKSL representation determined by

(a) n — 1 real parameters h; for the Hamiltonian H, since H is uniquely determined
up to a real multiple of the identity operator;

(b) n—1 complex parameters z1, ..., 2k n—1 for each Ly with k € Jy, and | /1] <n—1;

(¢) n(n —1)/2 positive parameters {%t cj <}

Moreover, two sets {zx = (2k1,...,2kn-1) 1k € it and {2}, = (24, .., 21 ,_1) k€ T1}
of vectors in C"~! lead to a privileged GKSL representation of the same generator if and
only if there exists a unitary U on C"~! such that Uz = 2}, for all k=1,...,n — 1. By
the arguments of Remark [12| we remain then with (n — 1)? free real parameters.

Thus the convex cone of generators of QMS satisfying the QDB-0 condition is a
manifold with real dimension

n(n—1 3n(n—1
(n—1)+m-1)72+ (2 )= (2 )

This, compared with the computation of Remark [I2] shows that the QMS satisfying the

SQDB-0 condition are much more numerous.
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