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A NEW VERSION OF LOCAL-GLOBAL PRINCIPLE
FOR ANNIHILATIONS OF LOCAL COHOMOLOGY MODULES

BY

K. KHASHYARMANESH (Tehran), M. YASSI (Mashhad) and A. ABBASI (Mashhad)

Abstract. Let R be a commutative Noetherian ring. Let a and b be ideals of R and
let N be a finitely generated R-module. We introduce a generalization of the b-finiteness
dimension of fb

a (N) relative to a in the context of generalized local cohomology modules
as

fb
a (M,N) := inf{i ≥ 0 | b ⊆

√
(0 :R H

i
a(M,N)) },

where M is an R-module. We also show that fb
a (N) ≤ fb

a (M,N) for any R-module M .
This yields a new version of the Local-Global Principle for annihilation of local cohomology
modules. Moreover, we obtain a generalization of the Faltings Lemma.

1. Introduction. Let R be a commutative Noetherian ring, let N be a
finitely generated R-module, let a and b be ideals of R and let s be a positive
integer. We use N and N0 to denote the sets of positive and non-negative
integers respectively.

Consider the following statement:

(†) f
bRp

aRp
(Np) > s for all p ∈ Spec(R) ⇔ f b

a (N) > s,

where fb
a (N) denotes the b-finiteness dimension of N relative to a. We say

that the Local-Global Principle (for annihilation of local cohomology mod-
ules) holds at level s for R-module N if statement (†) holds for any ideals a
and b of R.

This Local-Global Principle has been investigated by Faltings in [7,
Satz 1], in the particular case where the ideals a and b coincide, and in this
case he has proved that the Principle holds at all levels s ∈ N. In [14], Ragha-
van showed that the Local-Global Principle holds at level 1; he deduced from
the Faltings Annihilator Theorem [6] that if R is a homomorphic image of
a regular (commutative Noetherian) ring, then the Principle holds at all
levels s ∈ N. Furthermore, Brodmann, Rotthaus and Sharp [4] established
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the Principle over an arbitrary commutative ring at level 2. They have also
established it at all levels over an arbitrary commutative Noetherian ring of
dimension not exceeding 4. They explored interrelations between the Local-
Global Principle and the Annihilator Theorem for local cohomology, and
showed that if R is universally catenary and all formal fibers of all localiza-
tions of R satisfy a certain Serre condition, then the Annihilator Theorem for
local cohomology holds at level s over R if and only if the Local-Global Prin-
ciple for annihilation of local cohomology modules holds at level s over R.

To specify our main results, let us begin with a definition which is a
natural generalization of the b-finiteness dimension f b

a (N) of N relative to
a in the context of generalized local cohomology modules.

Suppose that a and b are ideals of R and that M, N are R-modules.
Then we define

fb
a (M,N) := inf{i ∈ N0 | b *

√
(0 :R H

i
a(M,N))}

= inf{i ∈ N0 | bnH i
a(M,N) 6= 0 for all n ∈ N}.

We will show that fb
a (N) ≤ fb

a (M,N) for every R-module M . This leads to
a new version of the Local-Global Principle as follows:

(‡) f
bRp

aRp
(Np) > s for all p ∈ Spec(R)

⇔ fb
a (M,N) > s for any R-module M.

Hence, statement (†) implies (‡) and vice versa. Also, statement (‡) enables
one to extend the Local-Global Principle (see for example 2.5 and 2.8). Our
results yield a generalization of the Faltings Lemma (see 2.9). Finally, we
obtain a generalization of the main result of [3] and [11] (see 2.10).

Throughout this note, let R be a Noetherian ring, let a and b be ideals
of R, let M, N be R-modules, and suppose N is finitely generated. If i ∈ N0

we write H i
a(N) for the ith local cohomology module of N with respect to a.

For convenience, we write Hj
a(N) = 0 whenever j is a negative integer. For

unexplained terminology we refer to [5].

2. Finiteness properties of generalized local cohomology mod-
ules. First of all, we mention a generalization of the concept of regular
sequence which is needed in this paper.

A sequence x1, . . . , xn of elements of an ideal a is said to be an a-filter
regular sequence on N if

SuppR

(
(x1, . . . , xi−1)N :N xi

(x1, . . . , xi−1)N

)
⊆ V (a)

for all i = 1, . . . , n, where V (a) denotes the set of all prime ideals of R
containing a. This concept is a generalization of the one of a filter regular
sequence which has been studied in [15], [16] and [8], and has led to some
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interesting results. Note that both concepts coincide if a is the maximal
ideal of a local ring. Also note that x1, . . . , xn is a weak sequence on N if
and only if it is an R-filter regular sequence on N . It is easy to see that the
analogue of [16, Appendix 2(ii)] holds for the ideal a whenever R is Noether-
ian and N is finitely generated; so that, if x1, . . . , xn is an a-filter regular
sequence on N , then there is an element y ∈ a such that x1, . . . , xn, y is an
a-filter regular sequence on N . Thus, for a positive integer n, there exists
an a-filter regular sequence on N of length n.

Proposition 2.1 (see [12, 3.4] and [10, 1.2]). Suppose that n ≥ 1 and
that x1, . . . , xn is an a-filter regular sequence on N . Then

(i) H i
a(N) ∼= H i

(x1,...,xn)(N) whenever 0 ≤ i < n.

(ii) H i
a(N) ∼= H i−n

a (Hn
(x1,...,xn)(N)) whenever i ≥ n.

The definition of the b-finiteness dimension f b
a (N) of N relative to a (cf.

[5, 9.1.5]) provides some motivation for the following definition. Here, we
adopt the convention that the infimum of the empty set of integers is ∞.

Definition 2.2. Given two ideals a and b of R and two R-modules M
and N , we set

fb
a (M,N) := inf{i ∈ N0 | b *

√
(0 :R H

i
a(M,N))}

= inf{i ∈ N0 | bnH i
a(M,N) 6= 0 for all n ∈ N}.

Lemma 2.3. Suppose that a and b are ideals of R, and N is a finitely
generated R-module. Then, for every R-module M , f b

a (N) ≤ fb
a (M,N).

Moreover , if fb
a (N) is infinite, then so also is fb

a (M,N).

Proof. Let M be an R-module and t ∈ N0. It is enough to show that
fb

a (M,N) ≥ t whenever fb
a (N) ≥ t. We proceed by induction on t.

To begin, note that the case t = 0 is clear. Now suppose, inductively, that
t > 0 and the result is proved for non-negative integers less than t. So, there
exists u ∈ N such that buH i

a(N) = 0 for all i = 0, . . . , t − 1. Our inductive
hypothesis ensures that there exists v ∈ N such that bvH i

a(M,N) = 0 for
all i = 0, . . . , t− 2. Thus it remains to show that H t−1

a (M,N) is annihilated
by some power of b.

Let x1, . . . , xt be an a-filter regular sequence on N (the existence of such
sequences is shown at the beginning of this section). Put S0 := N and
Si := H i

(x1,...,xi)
(N) for all i = 1, . . . , t. By [5, 2.2.17], for all i = 0, . . . , t− 1,

we obtain the exact sequence

0→ H0
(xi+1)(Si)→ Si → (Si)xi+1 → H1

(xi+1)(Si)→ 0.

Now, using [5, 2.1.9], in the light of 2.1, we have the isomorphisms
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H0
(xi+1)(Si)

∼= H0
(x1,...,xi+1)(Si)

∼= H i
(x1,...,xi+1)(N) ∼= H i

a(N),

H1
(xi+1)(Si)

∼= H i+1
(x1,...,xi+1)(N) = Si+1.

Summing up, we deduce the exact sequence

0→ H i
a(N)→ Si

fi→ (Si)xi+1 → Si+1 → 0,

and hence the exact sequences

(∗) 0→ H i
a(N)→ Si → Im fi → 0,

(∗∗) 0→ Im fi → (Si)xi+1 → Si+1 → 0,

for all i = 0, . . . , t−1. We use the facts that the R-module H j
a(M, (Si)xi+1) is

a-torsion for j ∈ N0, and multiplication by xi+1 provides an automorphism

of (Si)xi+1 . Applying the functor Hj
a(M, ·) to (∗∗) in conjunction with the

above properties ensures that Hj
a(M,Si+1) ∼= Hj+1

a (M, Im fi) for all j ∈ N0.

Therefore, by applying again Hj
a(M, ·) to (∗), we get the exact sequence

Hj
a(M,H i

a(N))→ Hj
a(M,Si)→ Hj−1

a (M,Si+1)

for all j ∈ N. Now, by [5, 9.1.1] and the telescoping method for the above
exact sequence, it is enough to show thatH0

a (M,St−1) is annihilated by some
power of b. To this end, apply the functor H0

a (M, ·) to the exact sequence

0→ Ht−1
a (N)→ St−1

ft−1→ (St−1)xt

to obtain an isomorphism H0
a (M,St−1) ∼= H0

a (M,H t−1
a (N)). Also it is well

known that H0
a (M,H t−1

a (N)) ∼= H0
a (HomR(M,H t−1

a (N))). Hence, the result
follows since H t−1

a (N) is annihilated by some power of b.

We are now in a position to present one of the main theorems which is
an immediate consequence of Lemma 2.3.

Theorem 2.4. Assume that R is a Noetherian ring , a and b ideals of
R, N a finitely generated R-module, and s a positive integer. The following
statements are equivalent :

(†) fbRp

aRp
(Np) > s for all p ∈ Spec(R) if and only if f b

a (N) > s;

(‡) fbRp

aRp
(Np) > s for all p ∈ Spec(R) if and only if f b

a (M,N) > s for

any R-module M .

Theorem 2.4 shows that in studying statement (‡), it suffices to examine
the Local-Global Principle for annihilation of local cohomology modules.
For instance, we have the following consequences (see [4]).

Corollary 2.5. Statement (‡) holds in the following cases:

(i) dimR is finite and s ≥ dimR− 1.
(ii) dimR ≤ 4.
(iii) s = 1 or s = 2.
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Remark 2.6. Suppose that k, n ∈ N are such that bkH i
a(N) = 0 for

all i = 0, . . . , n − 1. By a little work on the proof of 2.3, one can conclude
that bknH i

a(M,N) = 0 for all i = 0, . . . , n − 1. This gives an analogue to
what Raghavan [13] calls “uniform annihilation of local cohomology”; we
are going to present it in Corollary 2.8 below.

Now we recall the definition of the b-minimum a-adjusted depth λb
a(N)

of N and we introduce some notations (see [13, 2.1]).

Definition 2.7. Let a and b be ideals of R, and N be a finitely gener-
ated R-module. Let D(b) denote the set of all prime ideals of R which do
not contain b. Define

λb
a(N) = min

p∈D(b)

{depth(Np) + ht(a + p/p)}.

The depth of the zero module and the height of the unit ideal are ∞ by
convention. If D(b) is empty, then define λb

a(N) =∞.

Corollary 2.8 (Uniform annihilation of generalized local cohomol-
ogy). Let R be a homomorphic image of a biequidimensional regular ring
of finite Krull dimension, and N be a finitely generated R-module. Then
there exists an integer k (depending only on N) such that , given any two
ideals a and b of R, an R-module M , and an integer j less than λb

a(N), we

have bkHj
a(M,N) = 0.

Proof. Apply [13, 3.1] and Remark 2.6.

One of the interesting results in the theory of local cohomology is the
Faltings Lemma [6, Lemma 3]. The following theorem provides a generaliza-
tion of the Faltings Lemma in the context of generalized local cohomology
modules.

Theorem 2.9. Let R be a Noetherian ring and a be an ideal of R. Let
M, N be finitely generated R-modules, and t ∈ N0. Then the following
statements are equivalent :

(a) H i
a(M,N) is finitely generated for all i ≤ t;

(b) H i
aRp

(Mp, Np) is finitely generated for all i ≤ t and all p ∈ Spec(R);

(c) there exists k ∈ N such that akH i
a(M,N) = 0 for all i ≤ t.

Proof. The implication (a)⇒(b) is clear.
(c)⇒(a). Consider the exact sequence

0→ Γa(N)→ N → N/Γa(N)→ 0

yielding the exact sequence

H i
a(M,Γa(N))→ H i

a(M,N)→ H i
a(M,N/Γa(N))→ H i+1

a (M,Γa(N))

for each i ∈ N0. First, since Γa(N) is finitely generated, by [1, 1.1], so is
H i

a(M,Γa(N)), and hence, it is annihilated by some power of a for all i ∈ N0.
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Thus, in view of [5, 9.1.1], we can replace N by N/Γa(N) and assume that
there exists x ∈ a which is a non-zerodivisor on N . Therefore, if we consider
the long exact sequence of generalized local cohomology modules induced

by the exact sequence 0→ N
xk→ N → N/xkN → 0, we see that there exists

u ∈ N such that auH i
a(M,N/xkN) = 0 for all i < t. Another use of that

short exact sequence shows that H i+1
a (M,N) is a homomorphic image of

H i
a(M,N/xkN) for all i < t, and so it is finitely generated.

(b)⇒(c). We argue by induction on t. When t = 0, the result is clear.
We therefore suppose, inductively, that t > 0 and that the result has been
proved for smaller values of t. By inductive hypothesis, there exists k ∈ N
such that akH i

a(M,N) = 0 for all i < t. Hence, by the implication (c)⇒(a),
H i

a(M,N) is finitely generated for all i < t. So, by [1, 1.3], AssRH
t
a(M,N)

is finite. The result now immediately follows from [4, 2.1].

The following corollary is a generalization of the main results of [3] and
[11].

Corollary 2.10. Let M and N be finitely generated R-modules and
a be an ideal of R. Let n be a positive integer such that H i

a(N) is finitely
generated for all i = 0, 1, . . . , n− 1. Then HomR(R/a,Hn

a (M,N)) is finitely
generated and the set of associated prime ideals of Hn

a (M,N) is finite.

Proof. Apply [5, 9.1.2], Lemma 2.3, Theorem 2.9 and [1, 1.2 and 1.3].

We also note that Theorem 2.9 provides some motivation for definition
of the finiteness dimension of generalized local cohomology modules.

Definition 2.11. Let a be an ideal ofR, andM, N be finitely generated
R-modules. Define the finiteness dimension fa(M,N) of (M,N) relative to a
by

fa(M,N) := inf{i ∈ N | H i
a(M,N) is not finitely generated}

= inf{i ∈ N | a *
√

(0 :R H
i
a(M,N))}

= inf{i ∈ N | anH i
a(M,N) 6= 0 for all n ∈ N}.

Note that fa(M,N) = fa
a (M,N) and that

fa(N) = inf{i ∈ N | H i
a(N) is not finitely generated} = fa(R,N).

Finally, we obtain the following proposition.

Proposition 2.12. Suppose that R is a Noetherian ring , a is an ideal
of R, and M, N are finitely generated R-modules. Then fa(N) ≤ fa(M,N).
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