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GLOBAL EXISTENCE OF AXIALLY SYMMETRIC SOLUTIONS
TO NAVIER-STOKES EQUATIONS
WITH LARGE ANGULAR COMPONENT OF VELOCITY

BY

WOJCIECH M. ZAJACZKOWSKI (Warszawa)

Abstract. Global existence of axially symmetric solutions to the Navier—Stokes equa-
tions in a cylinder with the axis of symmetry removed is proved. The solutions satisfy the
ideal slip conditions on the boundary. We underline that there is no restriction on the
angular component of velocity. We obtain two kinds of existence results. First, under as-
sumptions necessary for the existence of weak solutions, we prove that the velocity belongs
to Wj/é(_(? x (0,T)), so it satisfies the Serrin condition. Next, increasing regularity of the

external force and initial data we prove existence of solutions (by the Leray—Schauder

fixed point theorem) such that v € WE’I(Q x (0,T)) with » > 4/3, and we prove their
uniqueness.

1. Introduction. We consider the motion of a viscous incompressible
fluid described by the Navier—Stokes equations in a bounded cylinder, with
ideal boundary slip conditions (see [17]):

vi+v-Vo—divT(v,p) = f in 27 =02 x(0,T),

dive =0 in 7,
(1.1) v-n=0 on ST =8 x (0,7),

n-T(v,p) Ta=0, a=12 onST,

V=0 = v(0) in 2,
where v = v(x,t) = (vi(z,t),v2(x,t),v3(x,t)) € R3 is the velocity vector,
p= p(l’,t) € R the pressure, f = f(.’E,t) = (fl(flf,t),fQ(CC,t),f?)(IE,t)) € R?
the external force field, 7 is the unit outward vector normal to S, T, a =

1,2, are tangent vectors to S.
By T(v,p) we denote the stress tensor of the form

(1.2) T(v,p) = vD(v) — pI,
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where v is the constant viscosity coefficient, D(v) = {vi e, +vja, }i,j=1,2,3 is
the dilatation tensor and I is the unit matrix.
Finally, dot denotes the scalar product in R3.

To describe the domain {2 and the motion, we introduce the cylindrical
coordinates r, ¢, z by the relations x1 = rcos p, xo = rsinp, rs = 2z, where
1, X2, x3 are the Cartesian coordinates.

We assume that 2 = {r € R3: Ry <r < Ry, —a < 2z < a, ¢ € [0,27]}.
Then 02 = S = S; U Sy, where S; = {z € R3 : r is either R; or Rs,
—a < z < a, p € [0,2r]} and S; = {x € R3 : 2 is either —a or a and
Ri<r<Ry p€ [0,271']}.

Let u be any vector. We introduce the cylindrical coordinates of u in the
following way: u, = u-€,, u, = u-€,, u, = u-€,, where €, = (cos ¢, sin ¢, 0),
€, = (—sing,cosp,0), e, = (0,0,1).

DEFINITION 1.1. By an azially symmetric solution to (1.1) we mean
a solution such that the cylindrical components of v, f,v(0) and p do not
depend on . Then, instead of {2 and S, we consider the intersections of {2
and S with the plane ¢ = const € [0, 27].

Following [17] we introduce the following notation. We distinguish the
angular component of the velocity, v,, by writing v, = w. Let a = rotwv
be the vorticity vector. Its cylindrical coordinates in the case of the axially
symmetric solution take the form

w
(1.3) O = —W,, Qu="Up,—Up=X, Q= = +w,.

To prove the existence of global axially symmetric solutions to (1.1) more
regular than weak solutions, we follow the ideas of Ladyzhenskaya [5] and
Ukhovskii—Yudovich [16] to obtain an energy estimate for y. For this purpose
we need

LEMMA 1.2 (see also [17, 18]). Let v, w, F,, = (rot f), be given. Then x
is a solution to the problem

X,t v VX A+ (Urr +022)X

A(()), )]

) ) )

(1.4) 2
+ —ww , + F, mn QT,
r

X = on ST,
X|t=0 = x(0) in §2.
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Proof. First we show (1.4);. For axially symmetric solutions we express
the r and z components of (1.1); in the form
2
v 2v
Urt + UpUrp + VaUr 2 — 790 +Dpr= vAv, — 7’_2 Uy + fr,

(1.5)

Uzt + UrVzp + 020, +p = VAU, + [,
where
(1.6) Au = % (rug) r + U 2z

Differentiating (1.5); with respect to z, (1.5)2 with respect to r and sub-
tracting yields (1.4);.

To find the boundary condition (1.4)y we express the boundary condi-
tions (1.1)3 4 for axially symmetric solutions in cylindrical coordinates. They
take the form

Uy = 07
1
(1.7) Vpr — =V = 0,
T
Vpr + Upz = 0,
on S1, and
Vy = 07
(18) Vp,z = Oa

Uz r + Vr,z = 07

on Sy. Since x = v, ,—v, ,, we have x|s, =0 in view of (1.7); 3 and v, .|s, =0.
Next, in view of (1.8); 3, we see that x|s, = 0 because v, ,|s, = 0. Hence
(1.4)5 is established, which ends the proof.

LEMMA 1.3 (see also [17, 18]). Let v and f, be given. Then w is a solu-
tion to the problem

(S w .
wi+v-Vu+ —w—vAw+v— = f, in 27,
r r

1

(19) w,r’r:Ri = E w’T:Riv 1=1,2, on S’ira
w, =0 on S5,
wli=o = w(0) in £2.

Proof. Taking the p-component of (1.1); we obtain (1.9);. The condi-
tions (1.7)2, (1.8)2 imply (1.9)2 and (1.9)3, respectively. This ends the proof.

There are numerous results concerning axially symmetric motions with
v, = 0. The first results were established by Ladyzhenskaya [5] and
Ukhovskii—Yudovich [16]. Ladyzhenskaya proved the global existence of ax-
ially symmetric solutions with v, = 0 in a cylinder with the axis of sym-
metry removed. To prove the global existence, Ladyzhenskaya assumed that
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v-7lsg =0, X = vp, — Vsr|ls = 0, which follows from the ideal boundary
slip conditions (1.1)3 4 (see Lemma 1.2). However, the boundary condition
(1.4)2 is crucial for the proof of global existence in [5] as well as in this pa-
per. Global existence for the Cauchy problem only was proved in [16]. In this
case the behaviour of solutions in a neighbourhood of the axis of symmetry
was described in weighted Sobolev spaces. An improved version of the proof
in [16] was given in [7, 8]. Again, we underline that all the above results
were obtained for axially symmetric solutions with v, = 0 (see also [4]).

In this paper we consider the case v, # 0. By the abstract technique
of semigroups, global existence of regular solutions to the Navier—Stokes
equations with Dirichlet boundary conditions was proved by Strohmer—
Zajaczkowski [15]. The result was obtained for solutions with some invari-
ance property. In particular, the case of axial symmetry was covered. After
small modifications, that result is also valid for problem (1.1). In this paper
we remove the axis of symmetry for simplicity only. The existence in a full
cylinder will be considered elsewhere. Finally, the slip boundary conditions
were also considered in [3, 9, 17, 18].

Now we formulate the main results of this paper.

THEOREM 1 (existence and uniqueness). Let kg € Ry and T > 0 be
given. Let | € Lo(0,00; Lir(2)), 1 > 1, v(0) € W,2(2), x(0) € La(92),
f € Lay3(02 x (ko ko + T)), sup, | § 0 frdxdt'] < oo, |§,v,(0)dz| < oo,
N =rey, fn=[fn, vy, =v-1. Then there exists a unique solution to problem

(1.1) such that v € W55(2 % (ko, ko+T)), Vp € Las(2 % (ko, ko +T)) and
(1.10)  [[vll2,4/3,2x (ko,ko+T) T IV Play3,2x (ko ko+T)
< ¢ (T, I 2o (0,005, (2))5 | f 43,25 (ko ko+T)

S vy (0) dx
9]

)=4

HU(O)||1/2,4/3,97 ,sgp

\ fydadt’
Qt

where 1 1S an increasing positive function.

THEOREM 2 (existence and regularity). Let the assumptions of The-
orem 1 hold. Let f' € Loo(0,00;La(R2)), f' = (fr, f2), x(0) € La(£2),
f € L.(2 x (ko,ko +T)), v(0) € WTQ*Q/T(Q), r > 4/3. Then there ex-
ists a solution to problem (1.1) such that v € W22 x (ko,ko + T)),
Vp € L.(2 x (ko,ko+T)) and
(L11)  lll2,m 2% (ko ko+T) T [V Plr 2 (ko ko+T)

< @2 (A, 1 L (0,00 L2(2))5 1X(0) 2,02,
|17, 02x (ko ko115 10(0) |2—2/7r,2) 5

where o is an increasing positive function.
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THEOREM 3 (uniqueness). Assume that there exists a solution to prob-
lem (1.1) such that v € Ly(0,00; Loo(£2)). Then uniqueness of solutions to
problem (1.1) holds in this class.

Theorem 3 implies that uniqueness holds for v € W21(027T), r > 4/3.
Hence, Theorem 2 yields uniqueness too. Uniqueness in Theorem 1 follows
from the Serrin argument (see [11]). The following lemma corresponds to
the results from [12, 13] (see [1]).

LEMMA 1.4. Assume that f € L.(027T), v(0) € WT272/T(Q), S e C%
r > 1. Then there exists a solution to the problem

vy —divT(v,p) = f in 27,
dive =0 in 27,
(1.12) v-m=0 on ST,
n-T(v,p) Ta=0 a=12on ST,
v]i=0 = v(0) in 02,
such that v € W2Y(0T), Vp € L.(21) and
(1.13) [vll2,r0r + VDl or < c([fror + [[0(0)[2—2/r,r,2)-

The same result holds for cylindrical domains.

2. Notation and auxiliary results. To simplify notation we introduce

lulp,o = lullz, @) Q € {02,5,07,57}, pel,o00,

lulls,@ = llull s (@) Qe {0, 5}, 0<secRy,

lulls, = lullysergy, Q€ {R7,8T} 0<seRy,

ulls,p.@ = lullws @), Q € {02, 5}, 0<seRy, pefl, oo,
[ullsp. = llullyyssrz gy, Q€ {07,571}, 0<seRy, pe[l, o],
(Ulpy,po, 07 = HUHLPQ(QT;LPI(Q))-

By ¢ we denote generic constants. To distinguish a certain constant we
denote it by ¢, k € N.
For bounded 2 CR? the following interpolation inequality holds (see [2]):
/2, (1/2
(2.1) [wls.o < clVul/glwlld + culs.o.

For functions from W2:1(027), 2 ¢ R?, s > 1, we have the interpolation
inequality

(2.2) V7 ul g 0r < clull Srllu|

0,07

%
2,5,027
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where r is either 1 or 0, and

gt 4/0 —4/q
2+4/0c—4/s
Moreover, 6 satisfies the condition
(2.3) r/2 <60 <1
In the case r = 1, the left inequality in (2.3) takes the form
(2.4) 4/q—2/s < 2/o.

The inequality (2.2) is equivalent to
(25) |vru’q,QT < 6179”’&”2’5797“ + CE?Q|U|G,QTa

where ¢ is any positive parameter.
To examine the existence of weak solutions we need the space

VQI(QT) = {u : esssup |u(t)
t<T

2,02 + |VU|27QT < 00}7

where u is a scalar or vector-valued function.
By Lh.s. (r.h.s.) we denote the left-hand side (right-hand side), respec-
tively.

3. A priori estimates. In this section we find some a priori estimates
for axially symmetric solutions to problem (1.1).

LEMMA 3.1. Assume that w € Loo(0,T; La(£2)) N La(0,T; HY($2)), f' =
(frs f2) € La(27) and x(0) € Lo(£2). Then

2 2 t
31 X +efvy ar< %supmgﬂs|Vw(t/)|§’gdt/
"l2,0 ol Tlan 1t 0
e sup ol o § IR 0+l e+ [
Y 02 2 2 ot T T
R} 2 o ! Ry 2 " 2.0
forallt <T.
Proof. Multiplying (1.4); by x/r? and integrating over {2 we get
Ld x|’ x| 1 X X
_ 2
(3.2) 552 - dm—i—u}z V; dm—}z;(w )7Zr—2dx+§2FLpﬁdx,

where the last integral equals

S (fr,z - fz,r) 7,_X2 dx = S(fr,z — fz,r) % drdz

-1 ()5 (), )
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Integrating by parts in the first term on the r.h.s., using x|s = 0 and ap-
plying the Holder and Young inequalities we obtain

1d 2 3 X 2
-z Sulva
2 dt 1 ”‘ r

X
,

(3.3)

c c
< =plwlie+ 53 [

= P4 4,0 2,0

2,02 20 M Ry ’

where the structure of {2 was utilized. Using (2.1) in (3.3) and integrating
the result with respect to time, we obtain (3.1), which concludes the proof.

To prove the Korn inequality we introduce

(34) EQ(’U) = S (Ui,a:j + U]‘7wi)2 dl‘,
o}
where summation over repeated indices is assumed.

LeEMMA 3.2. Suppose |, v, dz| < oo and Eq(v) < co. Then
2
(3.5) vl 2 < e(Ea)+ | fvyda| ).
9]

where v, = v -n and n = re,.

Proof. Multiplying (1.1); by n = (=2, z1,0), integrating the result over
2", using n-n|s = 0 and (1.1)34, and the fact that Vy is an antisymmetric
tensor, we obtain

(3.6) Sv-nda:: Sf-nda:dt'—l—Sv(O)-nde‘.
2 o Q
To show (3.5), we express v in the form
(3.7) v=1v"+ # n,
|77|2,Q

where
! — ar — - " « - "
V =Vplp+ | Vo — 75— |+ V6, =V + |Vp, — —5—7T |€,b =V + Uy,
2 | |2 @ ¥ ’ ’2 ¥
32,0 M2,

a:Sv-nd:c, Sv’-ndsz.
Q Q
First, we shall obtain a relation between Eq,(v) and [Vula . Write
38)  Eo) = (s, +vje)?dr =207, do+2{vie v do,
Q Q Q

where the second integral equals

S(vmj V)0, dT = S NiVie,vj dS = S NiViq, V7o Taj AS = 1,

Q s s

where v, = v - T, and summation over all repeated indices is assumed.
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In view of (1.1)3 we have

I= — Sni@jvﬂajvm dS = — S nmjvﬂajvm dSl - S ni,mjvﬂajvm dSQ
S S1 Sa
= Il + IQ.

Since 71|, = (cosp,sinp,0) = &, T1|s, = (—sing,cosp,0) = €,, Ta|s, =
(0,0,1) = e,, nls, = (0,0,1) = €., Ti|ls, = (cosg,siny,0) = €,, and
Ta|s, = (—singp,cos ¢, 0) = €,, we have Iy = 0 and

2

1
I = Z(_1)0+1 S R_ eri,gavivcp’r:RoRg dpdz
o=1 Sq T
27 a

=30 e § asitlon,

—a

where e,;, i = 1,2,3, are the Cartesian coordinates of €,. Summing (3.8)
implies

2 a

(3.9) Vo3, = —EQ +Z 1)+t § dp | dzvl|—r,.
Hence, by the trace theorem we have

(3.10) Vol3 .0 < c(Bo(v) +[v]3 o).

Since vy|s, = 0 and v,|g, = 0 we obtain

(3.11) |2, < c|Orvrl2,.0 < c0p02.0 < ¢ VV'|2,0,
(3.12) [vz]2,0 < €|0:vz]2.0 < 0020 < |V |2.0.

To obtain an estimate for |v,|2,«» we have to prove that there exists constant
M = M(d) such that

(3.13) V(3.0 < 6|VV'[5.+ MEq(v),

where ¢ > 0 can be chosen as small as we wish.

Assume that such an M does not exist. Then for any m € N there exists
v'™ € HY(§2) such that

013 0 = 8|V 3 o + mBEa(v™) = G (v™).
For u™ = v /|v/™|2. » we have
Gm(vlm)

[l = 1 (") V'™ 2,0

<1

Therefore, we can choose a subsequence {u™*} which converges weakly in
H(£2) and strongly in Ly(£2) to a limit u € H'(§2). Moreover, Eq(u™*) <
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1/mj — 0. Hence Eq(u) =0, so u = cn. But ¢ = 0 because u L n in Lo(12).
This contradicts
[ulz,0 = lim |u™ |20 =1.

Hence, (3.13) holds.
In view of (3.7) inequality (3.13) takes the form
2

)

(3.14) |v|§g Sd‘vv|379+MEQ(U)+C‘ Svnd:ﬁ
Q
where we used the fact that Eq(v") = Eq(v). Utilizing (3.14) in (3.10) yields

(3.15) ‘VU’§7Q < C(EQ('U) + ‘ évn dxr).

From the form of v’ we have

2
(3.16)  |upB3e < c(lvBo+loBo+ 10 Bo+ | fode])
k9]

<e(mator+ | i)

where we used (3.11), (3.12), (3.13) and (3.15) to obtain the last inequality.
Summing up, from (3.11), (3.12), (3.15) and (3.16) we obtain (3.5), which
ends the proof.

LEMMA 3.3. Assume that there exist constants ay,as such that
sup, | f(t)|1,0 = a1 < oo, 1" > 1 but close to 1, and sup, |§,, f, dxdt'| =
as < 00. Then there exist constants

2 =5 0) de|’ 0)|2
1 aj + a3 + Svn( )dz| )+ |v(0)3, 0,
M1 Q

d3(T) = (" +3)di,
independent of kg = kT such that

(3.17)

[v(t)]2,0 < dy for any t > 0,
(3.18) ‘ 1/2
o(t)2.0+ ( § I@)30dt) " <ds  for te (KT, (k+1)T).
kT

Proof. Multiplying (1.1); by v and integrating over (2 we obtain

1d

(3.19) — v} o+ vEo() =\ f vdx.

2
Utilizing (3.5) yields

1d 2
(3.20) oo+ vlvl2o <c( £ vdx+( vndm‘ ).
P

2dt
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Expressing (3.6) in the form
(3.21) S vy dr = S [ dxdt’ + X vy (0) dx
Q o Q
we replace (3.20) by
‘2

1d 2
(3.22) 5o B otvlvli g < ch-vdaH—c‘ | 7 da:dt" +c‘ { 04(0) da
2 nt P

Applying the Holder and Young inequalities to the first term on the r.h.s. of
(3.22) and using the imbedding |v|4,o < c||v]1, for any finite ¢, we rewrite
the estimate (3.22) in the form

d ? 2
329 GloBo+rlolto < lffoo+e § fdoar| +of§moaf’
Qt Q
where 1’ is any number greater than 1 but close to 1.
For v = 11 + 1, (3.23) takes the form
d
(3.24) = ole+wnlvlae +w2lvlie
2 2
< c|f|%,79 + c‘ S fn da:dt" + c‘ S vy (0) dx‘
Qt Q
Now, (3.24) implies
d
(3.25) = ([vl3,0¢"") + val[v][7 o™
2 2
< c|fl3 ge”t + ‘ S fpdzdt'| e + c‘ S vy, (0) dx’ et
Qt Q
Integrating (3.25) with respect to time yields
t
(326)  [v(t)[5.0 + vae " [ [o()IIF e dt’
0
t ’ t 2 /
< ce*”tS |FA)3 get dt' + ceil’ltH S fpdzdt”| et dt’
0

0 nt'
t 2 ,

e §| Jog(0) da| et at' + e (0) 3 .
0

Dropping the second term on the Lh.s. of (3.26) and utilizing the assump-
tions of the lemma we obtain



NAVIER-STOKES EQUATIONS 253

t
2 ’
(3.27) ()i, < c(a§+a§+( g 0y (0) d:c‘ )e*wtgem dt’ +e 1 |o(0)[3. 0
0

[
< — - (a1 —|—a2+‘ 0y, (0 dm‘ )Jre*”l'fyv(o)@Q
1

D

< 1/01 (a1+a2+‘ Svn daz‘ > +]v(0)|§’95d%.

Taking into account estimate (3.27), we consider (3.26) for t € (KT, (k+1)T),
which yields

t
(3.28)  |o(t)[3,0 +vae™ " | ()3 e dt

kT

t

2 /7
< c(a% + a2 + ‘ S vy (0) dac‘ )e’”lt S et dt’ + e*”l(t*kT)]v(kT)@’Q.
12 kT

Continuing, we get
t

(329)  [v(t)[5.0 +vae D | Jlu(t)|7 o dt’
kT

2
< Z(ad+ a3+ | fun@da| ) + e O DRET g
1
2

for t € (KT, (k+ 1)T')). Finally, this leads to
¢

(3.30)  |o(t)5.0+ve | [lo()IF o dt’
kT

2
< (@ T+ )(at + a3+ | §og(0)da| ) + 20T g
1
2

< (T +1)d} + 2d} = d5(T).
This ends the proof.

The fact that dq and da do not depend on k¢ and estimates (3.18) suggest
that the proof of global existence can be done step by step.

LEMMA 3.4. Assume that v(0), x(0) € La(£2). Assume that sup, |f’|2.0
=a3 < 00. Then

ﬂ Sd?n
LD
ko+t N2 1/2
t t
(3.31) ‘&) +( | x(#) dt’> < dy(T),
LA DY) P T e
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where t € (ko, ko +T), ko € Ry,

0
d3 = cdy(di + |v(0)|2,0) + cas + ‘%)

)
2.0

(3.32)
d4(T) = C(d% + CL3)6V1T + Cd3
and ¢ is a constant.

Proof. In view of (1.6)3, (2.1), and the Poincaré inequality, we write

(3.3) in the form
2 y I
+ (— + 1/2> ’
2.0 2 r

dX2
dt

r

X

r

+
2,0

< w3 pllwlli o +clf'5.0,
1,0

Ult

where v = v; + vo. Multiplying by e
yields

and integrating with respect to time

2

e”lt =+ Vs
2,02

x(t)

(3.33) ’@

’
et qt’
1,0

: o

lw ()13 et dt’ + caal { e dt’ +

< c1 sup lw(t)3.0
0

O ™ S O e

where v3 = v9 + /2. Integrating (3.25) with respect to time yields
t
(334)  |o()30e”! + | o)} pent dt
0
C( 2 2 N ot 2
< Z(ad +ad+| [un@da] )et + o(0) 3 g
141 0
< die”t + [v(0)[3 o

Applying this inequality to estimate the second factor in the first term on
the r.h.s. of (3.33) we obtain

2 t N2
t t '
(335> ‘X() eylt+V3§ X( ) elllt dt/
T 2.0 T 0
) 0] )
2/ 12 2 C o x(0) ?
< BB+ O ) + oot + MO
’ 141 r 2,0

Omitting the second term on the 1.h.s. of (3.35) we obtain for any ¢ > 0 the
estimate

(t) 2 2/ 12 2 it C 2 x(0) ? —u1t
(3.36) £or <ecdi(di + [v(0)]5 pe” ")+ —az + |[7—=| e
T ' v 3 T
2,02 1 2,02
) 2 C 9 x(0) ? — 2
< cdy(di + [v(0)[3,0) + 8 + = = d3.
1 T 2,0
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Now we consider (3.33) in (kT (k + 1)T"). For t in this interval, we get

2 t 2
t t/ ’
(3.37) ’—Xi) et + v | XE) ™ e gy
2,0 kT 1,02
t
<c  sup lw(t")]3.0 S [w(t)||3 et dt’
KT<t'<(k+1)T o7
¢ 2
/ kT
+ ca3 S et dt’ + ’—X( ) e/ kT
kT r 2,02

Considering (3.34) in (KT, (k + 1)T") we obtain

t
(3:38)  [o(t)3,0¢"" +v2 | [[o(®)IIF e dt
kT
< cdiet + |v(kT)]§796”1kT < cdie’t,

Applying (3.36) and (3.38) in (3.37) yields

(3.39) ‘%t)

2 2

/

x(t

)
ylt S

2,02 kT

’
et gt < c(d‘ll—l—ag)eQ”lthcdge’/lkT.
1,0

Hence (3.39) implies

x(t)

(3.40) |
kT

Inequalities (3.36) and (3.40) give (3.31). This ends the proof.

2

dt’ < c(df + a2)e ™ + cdi = dy(T).
1,0

Expressing (1.1), in polar coordinates

Uy
Ur +vz,z + 7 =0

we obtain the following elliptic problem:
Urz — Uz = X,
(3.41) Upp + 0, = =0 /7,
n- U|S =0.
If we introduce new quantities u, = rv,, u, = rv,, then (3.41) takes the
form
Up,r + Uz, z = 0)
(342) ur,z - uz,r =TX — Uz,
n- u’s = 0.
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Equation (3.42); implies the existence of a potential ¢ such that u, = .,
uy = —1,, and (3.42)3 gives

(ny, —notp,)|s =7-Vo|g =0, so |s = const.

Since 1 is determined up to an arbitrary constant, we can assume that
¥|s = 0. Therefore (3.42) implies the following problem:
A =ry — v,
(3.43) v=rx
Yls =0,

where A = 92 + 2.

Let us consider the interval J, = (KT, (k 4+ 1)T') = (ko, ko + T'). From
(3.18) and (3.31) we have the estimates

(3.44) [0l Lo (2)) + 10l La(rspa2) + 10 L (s 12(02)) < d2(T),
XN 2o 2)) + XN 2acrsza2) T XL (70i22(02)) < da(T).
Then we have
LEMMA 3.5. Let the assumptions of Lemmas 3.3 and 3.4 hold. Let t €
Ji = (koyko +T), ko = kT, k € N. Then (3.43) implies
(3.45) [Vl Lysmz(2) + 1V | La(aswi )
NV M L (swi (2)) < c(d2(T) + da(T)),

where v' = (v, v,).
From (3.45) we have
(3.46) 10| L (ris2q(2)) < €(d2(T) +du(T)), g€ (1,00).

REMARK 3.6. Since we examine problem (3.43) in a rectangle in the
(r, z)-plane, some compatibility conditions at its vertices must be satisfied.
Since ¢, = v, and ¢, = —v,, we have ¢ ,, = v, , =0and ¢ ., = —v,, =0
at vertices, S0 At|yvertex = 0. On the other hand x = v, ., —v; ,, S0 X|vertex = 0
and v, |vertex = 0. Hence (3.43); is satisfied in the rectangle.

To prove global existence we need additional estimates for w.

LEMMA 3.7. Suppose the assumptions of Lemma 3.5, f,(0) € Ls(£2),
(1.6)1, and w(kT) € WS2_2/S(Q), hold for some s > 1. Then there exists
a solution to problem (1.5) such that w € W21(Q x (kT,(k + 1)T)), and
there exist positive increasing functions ¢1(o), cs(o), o € Ry such that
(3.47)  wllas,ox k1)) < €3(T)[@1(d2 + da)da + | f,(0)]s,2

+ Hw(kT)HQ—Z/s,s,Q]'

Proof. The existence of w follows from potential theory. We only show
the estimate. Set again Jy = (kT (k + 1)T'). For solutions of (1.5) we have
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(3.48)  wll2,s,0x 5 < e(T)[|v - Vwls o1,

w

2
s,QXJk

(%3
—w
r

+ +

S,QXJk

+ Hle—l/s,s,SXJk + ||w(kT)||2—2/s,s,Q + ’fga’s,QXJk]~

In virtue of (3.46) and by the interpolation inequality (2.5), the first two
terms on the r.h.s. of (3.48) are estimated by

e1llwlle,s,ox g, +c(1/e1, Ty da + da)|wls ox.5, = 1,
for any 1 € (0,1), where ¢ is an increasing function and o < s. If we choose
o < 4 and apply (3.18)3, the second term is bounded by cds.
Similarly, by (3.18)2 and (2.5), the third and the fourth terms on the

r.h.s. of (3.48) are bounded by I. Hence for sufficiently small £; we conclude
the proof.

Finally, we examine problem (1.1).

LEMMA 3.8. Let the assumptions of Lemma 3.7, v(kT) € WE_Q/T(Q)
and fli—o = f(0) € L(£2), (1.6)1 hold. Assume that o < r and v € L,(£2 x
(kT,(k+1)T)), o < 4. Then there ezist increasing positive functions cq, 2
such that

(3.49)  [Jvll2,m@x (b7, (k+1)T)
< ca(T)[p2(da + da, T)do + | f(0)| .2 + [[0(ET) l2—2/rr 2]

Proof. For solutions of (1.1) we have (see Lemma 1.4)

(3.50)  vllzr2xn < e(Dlv-Volraxs +1f(0)re+ [v(ET)l2—2/rr 0]

We estimate the first term on the r.h.s. by |v’- V|, 2., , which is bounded
in the same way as the first term on the r.h.s. of (3.48). This concludes the
proof.

To prove global existence we need global estimates for ||w(kT)|2—2/s.s,0
and [[v(KT)|l2—2/r,r, for any k € N.

To show this, we introduce a smooth function (; = (x(t) such that
Cu(t) = 0 for t < kT — Ty, ((t) = 1 for kT — 4Ty <t < kT + 1Ty, and
Ck(t) =0 for t > kT + Ty, where T} is small compared to T

Let us introduce wy, = w¢, and v, = v(. In view of (1.1) and (1.5), they
solve the problems

vk7t+v‘Vvk—divT(vk,pk) :fk+vék in 2 x J;IC,

divo, =0 in 2 x Jp,
(3.51) v =0 on S x Jj,
n-T(vk,pr) Ta =0, a=1,2 on S x Jp,

Vglt=kr—1, =0 in £,
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where
J,IC = (kT — Tl,kT-i-Tl).

Here px = pCx, fr = fCk, Ck is the derivative of (i, and
v w .
Wyt +v - Vwy + %wk —yAwk+1/r—§ = for +w(; in 2 X J,’f,

1

) /
(352) wk,T|r:Ri = ﬁ’wk‘r:R” 1= 1,2, on Sl X Jk?
(2
wk, =0 on S x Jj,
Wk |t=kr—1, =0 in £2,

with for = foCr- Repeating the proofs of Lemmas 3.7 and 3.8 we obtain
(3.53) will2,s,0x 57 < c(T1)(p1(da + da)da + d2 + [ f(0)]s,0) = I1,

(3.54) [vkll2,r0x0; < c(Th)(p2(dz + da)dz + do + | f(0)|r.2) = I2,
where s < 4 and r < 4. Hence
(3.55) lwkD)ll2—2/55.20 < T1,  [v(kT)|l2—2/rr0 <12, k€N

In view of (3.55), Lemmas 3.7 and 3.8 give global estimates for w and v.

4. Existence and uniqueness. To prove the existence of solutions to
problem (1.1), we shall distinguish two approaches. First we introduce weak
solutions to (1.1) and prove their existence. We follow Ladyzhenskaya [6,
Ch. 6].

DEFINITION 4.1. By a weak solution to problem (1.1) we mean a function
v satisfying the integral identity
41)  §[=v-op —vivjpja, + D) - D(p)] da dt’
nt
+ S vl dr — S v(0)p|t=o dz = S fpdxdt
Q Q ot
for any ¢ € W,' (2T) with
-n|g =0,
(4.2) 3 s
dive = 0.

LEMMA 4.2. Suppose the assumptions of Lemma 3.3 hold. Then there ex-
ists a weak solution to problem (1.1) such that conditions (3.18) are satisfied.

Proof. To prove the existence we use the Galerkin method. Hence, we
are looking for approximate solutions in the form

(4.3) v = an(t)ae),
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where the functions a; form a fundamental system in H'({2), orthonormal
in Lo(£2), and such that max,cp |a;(x)] < oco. Moreover, the functions a;
satisfy

diva; = 0,
(4.4) a; - ﬁ‘s =0,
n-D(a;) Tals =0, a=1,2.
The functions «,; = ayi(t), ¢ = 1,...,n, are solutions of the following
Cauchy problem:
wy ) = ) = (R, ) + (),

ani(0) = (v(0), a;),
i=1,...,n,and (-,-) is the scalar product in Lo({2).
The remainder of the proof is exactly the same as in [6, Ch. 6, proof
of Theorem 20]. However, to prove the global existence we use Lemma 3.3.
Hence, we have to consider system (4.5) in the interval (ko,ko + 1), ko €
R, U{0}, ko = kT, k € N. Therefore, we need appropriate initial conditions
for t = kg. For this purpose, we examine the functions

Una(t) = (" (1), ai(-)).
For a fixed [, and n > [, they form a set of uniformly bounded and uni-

formly continuous functions on [kg, kg + T]. The boundedness follows from
the estimate (3.18)s:

(4.6) [0 vy (o) < e

To show the uniform continuity we integrate (4.5) with respect to time
from t to t + At. Applying the Cauchy inequality we obtain

|¢n,l(t + At) - wn,l(t)‘
t+At t+ At

<v | [0 ]2,0la12]2,0 dt’ + max|a| (0" 2elvhlon +1f
t t

2.0)dt’

< V’al,x’2,Q|U:r;:‘2,9><(ko,ko+T) VAt

t+ At

+ma?X’al‘(Slzp‘vn’2,Q’UZ‘2,Q><(ko,ko+T)VAt+ | !f(t')b,ndt')
t

t+ At
<) (VAt+ | 1 )adt).
t
In view of the uniform continuity of the sequence {1}, we can choose
a subsequence {t, ;} which converges uniformly to a continuous function
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i (t). We see that v is determined for all ¢ € [kT, (k 4+ 1)T] in the form
v(z,t) = > dhi(t)a().
1

In view of the above construction, we can determine initial data for the
interval ((k+ 1)T, (k + 2)T) having proved the existence of weak solutions
in (KT, (k+1)T). This way of proving the existence of global weak solutions
is motivated by the proof of Lemma 3.3, where estimate (3.18) is obtained
step by step. This ends the proof.

Proof of Theorem 1. To increase regularity of the weak solutions we
consider problem (1.1) in the form

vy —divT(v,p) = —v"- Vo + f,
dive =0,
(4.7) v-7ils =0,
n-T(v,p) Tals =0, a=1,2,
vli=0 = v(0),
where v' = (v,,v,). By Lemmas 4.1 and 3.3 we have
0" Vulyss0r < |V']4.0r|Volyor < d5.

Hence from (4.7) we have existence of weak solutions such that v e Wf/é (07).

However, this implies only that v € L,(£27), ¢ < 4, so there is no increase of

regularity. Since Wf/;(_QT) C Ly(027), [11] yields uniqueness. This implies

Theorem 1.

To increase regularity of the weak solutions, we are looking for solutions
to problem (1.4) in the form x™ = Y7 | Bn:i(t)bi(x), where §,;, i < n, are
solutions to the Cauchy problem

d
(4.8) (X", bi) + (" - VX", b)) + (v, + 02 ,)X", bi)

dt
—V(<T<X—> > +anz+2<x_> 7bi>
T /o ’ T -

and the functions b; such that b;|g = 0 form a basis in H!(§2), and v™, w"
are approximate solutions of v.
In view of Lemma 3.4 we have the estimate

(4.9) X" vz ory < da.
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Hence, by the usual passage to the limit we have, for a weak solution v €
V3(027), also a solution of (1.4) such that x € Vi (£27).

We prove the existence of solutions to problem (1.1) by the Leray—
Schauder fixed point theorem. For this purpose, we consider the problem

vy —divT(v,p) = = v-Vu+ f in 2 x Jy,

diveo =0 in 2 x Jy,
(4.10) ven= on S x Jy,

n-D) - To =0, a=1,2, on S x Jy,

Vlt=0 = v(ko) in £2,

where \ € [O, 1], ko € Ry and Jy = (k?o,ko ‘l-T)
We shall try to prove existence of a fixed point of (4.10) for A = 1 with
the least possible regularity. Let

(4.11) v="T(T,\)
be the transformation determined by (4.10).

LEMMA 4.3. Assume that U € Lq(Jo; Wy (£2)) with 1/p —1/4 = 1/q,
p>8/5, q>8/3, f(0) € L(2), v(ky) € W2~ 2/"(2), r > 4/3. Then the
transformation

T+ Ly(Jo; W, (12)) % [0,1] — Ly(Jo; W, (£2))
is compact for 4/r —2/p—2/q < 1.

Proof. Applying [1] we have (see Lemma 1.4)

(412)  [ollaman < (T Tolnars + 1£O)lra + 100ko) 2202,
where the first term is bounded by

|5’>\1T,M1T,QXJ0 |VE‘A2T7/J/2T,Q><JO = IJ
where 1/A1 +1/Aa =1, 1/p1 + 1/pua = 1, and \ir = 2p/(2 — p), Aor = p,
pir = q = por. In the above we used the fact that v € L,(Jo; Ly (£2)) with
o = 2p/(2—p) for p < 2 and 0 = oo for p > 2. In view of the compact
imbedding

W22 x Jo) C Le(Jo; W,y (£2))
(which holds under the assumptions of the lemma) and
=12
I'< CHUHLq(JO;WI}(_Q))v

the transformation (4.11) is compact. This concludes the proof.

Proof of Theorem 2. The uniform continuity of T" with respect to ¥ in
Lq¢(Jo; W, (£2)) and with respect to A € [0,1] is evident. The a priori bound
for a fixed point of (4.11) with A = 1 is found in Lemma 3.8. For A =
0 we have the unique existence (see [1]). Compactness of T' follows from
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Lemma 4.3. Hence, by the Leray—Schauder fixed point theorem, we have
existence of solutions to problem (1.1). This ends the proof.

Proof of Theorem 3. We assume that we have two solutions v;, p;, i =
1,2, of problem (1.1). Then V = vy — vy, P = p; — po are solutions to the
problem

Vi—divT(V,P) = —(V - Vv +v2-VV) in 2 x Jy,

divV =0 in 2 x Jy,
(4.13) V-n=0 on S x Jy,
n-D) To =0, a=1,2, on S x Jy,
Vl]i=k, =0 in £2.
Multiplying (4.13); by V and integrating over {2 implies
1d

(4.14) V3o +2IVIR e < ol oV o

2dt
From (4.14) we have uniqueness of solutions of problem (1.1) such that
v € La(Jo; Loo(£2)) for any ko € Ry. This proves Theorem 3.

REMARK 4.4. Weak solutions determined by Lemma 4.2 satisfy the Ser-
rin condition (see [10]).
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