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ON WINGS OF THE AUSLANDER-REITEN QUIVERS
OF SELFINJECTIVE ALGEBRAS

BY

MARTA KWIECIEN and ANDRZEJ SKOWRONSKI (Torur)

Abstract. We give necessary and sufficient conditions for a wing of an Auslander—
Reiten quiver of a selfinjective algebra to be the wing of the radical of an indecomposable
projective module. Moreover, a characterization of indecomposable Nakayama algebras of
Loewy length > 3 is obtained.

Introduction and the main results. Throughout the paper, by an
algebra we mean a finite-dimensional associative K-algebra with an identity
over a fixed (commutative) field K. For an algebra A, we denote by mod A
the category of finite-dimensional (over K) right A-modules, by D the stan-
dard duality Homg(—, K) on mod A, by Iy the Auslander—Reiten quiver
of A, and by 74 and 7, the Auslander-Reiten translations D Tr and Tr D,
respectively. We identify an indecomposable module from mod A with the
corresponding vertex of I'4. For a module M in mod A, we denote by P4 (M)
the projective cover of M and by I4(M) the injective envelope of M.

An algebra A is called selfinjective if A = D(A) in mod A, that is,
the projective A-modules are injective. Further, A is called symmetric if A
and D(A) are isomorphic as A-A-bimodules. The classical examples of self-
injective algebras are provided by the group algebras K G of finite groups G,
or more generally finite-dimensional Hopf algebras. An important class of
selfinjective algebras is formed by the orbit algebras B /G where B is the
repetitive algebra (locally finite-dimensional, without identity)

B\ = @(Bm S D<B)m)
mez
of an algebra B, where B,, = B and D(B),, = D(B) for all m € Z, and the
multiplication in B is defined by

(am; fm)m : (bm; gm)m = (ambm7 AmGm + fmbm—l)m
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for am,bm € Bm, fm,gm € D(B)m, and G is an admissible group of auto-
morphisms of B.In particular, for the infinite cyclic group (I/E) generated
by the Nakayama automorphisms vz of B, T(B) = E/(V@) is the trivial
extension algebra B x D(B) of B by the injective cogenerator D(B) of B
(see [5], [7], [9], [10], [12], [17] for a theory of orbit algebras of repetitive
algebras).

The Auslander—Reiten quiver is an important combinatorial and homo-
logical invariant of selfinjective algebras. We are concerned with the dis-
tribution of indecomposable projective modules in the Auslander—Reiten
quivers of selfinjective algebras. By general theory, for any indecompos-
able projective module P over a selfinjective algebra A, there is a canonical
Auslander—Reiten sequence in mod A of the form

0 — rad P — (rad P/soc P) & P — P/soc P — 0

(see [3, (V.5.5)]), and H(P) = rad P/soc P is called the heart of P.
A full translation subquiver W (M) of an Auslander—Reiten quiver I'4 of
the form

)

Moo My Mo My 9n—2 My_1pn-1 Mpp
NSNS NN S \ NS
My, M 2 My 2n-1 Mu_1p
AN SN S
Moy,2 . . M, _2n

with n > 1 is said to be a wing (of length n+ 1) induced by an indecompos-
able A-module M [11, (2.3)]. We note that a wing W (M) of length n + 1
is isomorphic to the Auslander—Reiten quiver of the path algebra of the
equioriented quiver 1 - 2 — --- — n —n+ 1 of type A, 41.

A module X over an algebra A is called uniserial if the set of submodules
of X is linearly ordered by inclusion. An algebra A is said to be a Nakayama
algebra if both the indecomposable projective and indecomposable injective
A-modules are uniserial.

The following theorems are the main results of the paper.
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THEOREM A. Let A be a selfinjective algebra and W (M) a wing of length
n+1>2in I'y induced by an indecomposable A-module M. The following
statements are equivalent:

(i) M is the radical of an indecomposable projective A-module P.
(ii) Mia,..., My, are simple modules and Py(M; 1), ..., Pa(M,y) are
of Loewy length n + 2.
(iii) Mia,...,Mpy are simple modules and Io(Mi1),...,1a(Mpy) are
of Loewy length n + 2.

(iv) My, is a uniserial module and Po(M 1), ..., Pa(Myy) are uniserial
modules of length n + 2.
(v) My is a uniserial module and 1o(Mi ), ...,1a(My) are uniserial

modules of length n + 2.

Moreover, if one of the above statements holds, then the wing W (M ) in-
duced by My, consists of uniserial modules.

THEOREM B. Let A be an indecomposable selfinjective algebra and
m > 3 a natural number. The following statements are equivalent:

(i) A is a Nakayama algebra of Loewy length m.

(i1) s admits a wing W (M) of length m —1 induced by the radical M of
an indecomposable projective A-module P such that the module My o
s simple.

As a direct consequence of Theorems A and B we obtain the following
fact.

CoOROLLARY C. Let A be an indecomposable selfinjective algebra and
W (M) a wing of length n + 1 > 2 in I'y induced by the radical M of an
indecomposable projective A-module P. Moreover, assume that A is not a
Nakayama algebra. Then M 1, ..., M, are pairwise nonisomorphic simple
modules, and oM 1, T, M, are not simple.

The paper is organized as follows. In Section 1 we present preliminary
results applied in the proofs of Theorems A and B. Sections 2 and 3 are de-
voted to the proofs of Theorems A and B, respectively. In the final Section 4
we present examples illustrating both theorems.

For basic background in the representation theory applied here we refer
to [2], [3] and [18].

1. Preliminary results. Let A be a selfinjective algebra. We denote
by mod A the stable category of mod A. Recall that the objects of mod A
are the objects of mod A without nonzero projective direct summands, and
for any two objects M and N of mod A the space of morphisms from M to
N in mod A is the quotient Hom 4 (M, N) = Homu (M, N)/P(M, N), where
P(M, N) is the subspace of Hom 4 (M, N) consisting of all morphisms which
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factor through projective A-modules. Then the Auslander—Reiten transla-
tions induce two mutually inverse functors

TA, T, :mod A — mod A.
We also have two mutually inverse Heller’s syzygy functors [3, (IV.3.5)]
24,42, :mod A — mod A,
which assign to any object M of mod A respectively the kernel £24(M) of
the projective cover Po(M) — M and the cokernel {2, (M) of the injec-
tive envelope M — I4(M). Consider also two mutually inverse Nakayama

functors
va,v, :mod A — mod A

defined as the compositions of functors vy = DHomu(—, A) and v, =
Hom gop(—, A)D. We note that for any simple A-module T', the modules
vA(T) and v (T') are simple, and vo(Pa(T)) = 14(T) = Ps(va(T)), v, 1a(T)
= Po(T) = 1a(v, (T)).

PROPOSITION 1.1. Let A be a selfinjective algebra. Then
(i) The functors Ta, 23va,va2%4 : mod A — mod A are isomorphic.
(ii) The functors T, QEQVZ, n 922 :mod A — mod A are isomorphic.

Proof. See [3, (IV.3.7)]. m

For a selfinjective algebra A, we denote by I'§ the stable Auslander—
Reiten quiver of A, obtained from 'y by removing the projective vertices
and the arrows attached to them.

PROPOSITION 1.2. Let A be an indecomposable nonsimple selfinjective
algebra. Then the syzygy functors 24 and (2, induce two mutually inverse
automorphisms of the stable Auslander—Reiten quiver I'.

Proof. See [3, (X.1.10)].

Let A be an algebra and M a module in mod A. We denote by ¢(M) the
length of M (the number of simple composition factors of M) and by ¢¢(M)
the Loewy length of M (the length of the radical series of M). We note that
a module M is uniserial if and only if the radical series of M is the unique
composition series of M [3, (IV.2.1)].

An important role in the proof of our main theorems will be played by
the following known lemma.

LEMMA 1.3. Let A be an algebra and

(%)
0—X2yaezuy o

be an Auslander—Reiten sequence in mod A. Then the following statements
hold.
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(i) If the irreducible morphism v : Y — U is a monomorphism then the
irreducible morphism 8 : X — Z is a monomorphism and Coker vy =2
Coker 3.

(ii) If the irreducible morphism 0 : Z — U is an epimorphism then the
irreducible morphism o : X — Y is an epimorphism and Ker § =
Ker a.

Proof. For the convenience of the reader we present the proof of (i). The
proof of (ii) is dual.

Assume v : Y — U is a monomorphism. Since # : X — Z is an irre-
ducible morphism, it follows from [3, (V.5.1)] that ( is either a monomor-
phism or an epimorphism. Then /(X )+4(U) =4(Y)+4(Z) and £(Y) < £(U)
force ¢(X) < ¢(Z), and consequently (3 is a monomorphism. Moreover, we
have the commutative diagram with exact rows

O—>Xi>Zi>CokerﬁH0

o b

0—Y — U -5 Cokery — 0
where § : Z — Z/B(X) = Coker and  : U — U/~v(Y) = Coker~ are
the canonical epimorphisms. Further, U = v(Y') + §(Z) implies U + v(Y)
= §(Z) + v(Y), and hence f is an epimorphism. Finally, ¢(Coker ) =
UZ)—4(X)=20U)—L(Y) = £(Coker~y) implies that f is an isomorphism. m
Recall that a path of irreducible morphisms

A8 x5 xS X

between indecomposable modules in mod A is called sectional if 74X;490
2 X, forie{1,...,r—1}. Then we have the following useful fact.

LEMMA 1.4. Let A be an algebra and

B O AL L o

be a sectional path of irreducible morphisms in mod A. Then the composition
fr ... fof1 is nonzero.
Proof. See [4] or [3, (VII.2.4)]. m

We also need the following characterization of indecomposable Nakayama
algebras.

PROPOSITION 1.5. Let A be an indecomposable algebra. Then A is a
Nakayama algebra if and only if I'a contains a Ta-orbit consisting entirely
of simple A-modules.

Proof. See [3, (IV.2)]. m
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2. Proof of Theorem A. Let A be a selfinjective algebra and W (M)
a wing of length n > 2 in the Auslander—Reiten quiver I'4 of A, induced by
an indecomposable module M from mod A. Without loss of generality we
may assume that A is indecomposable. Then A is of Loewy length at least 3,
because I'4 admits the wing W (M) of length at least 2 (see [3, (X.1.8)]).

Observe first that the equivalences (ii)«(iii) and (iv)<(v) follow from
the fact that the Nakayama functors v4 and v are mutually inverse auto-
equivalences of the category mod A and vaPA(T) = I4(T) = Pa(va(T)) for
any simple A-module T

We prove now that (i) implies (iii) and (v). Assume that M is the radical
of an indecomposable projective A-module P. Denote by S the top of P.
Then we have an Auslander—Reiten sequence

0—radP — H(P)® P — P/v,(S) — 0.

Observe that the modules M; ;, 0 < i < j < n, occurring in the wing W (M)
are neither projective nor injective, because A is selfinjective, and W (M) is a
full translation subquiver of I'y, M, is a direct summand of H(P), and the
irreducible monomorphism H(P) — P/v, (S) is not splittable. Moreover, in-
voking Lemma 1.3 and the fact that W (M) is a full translation subquiver of
I'y, we conclude that all irreducible morphisms M; j — M; j11 (respectively,
M; j — M;41 ;) in mod A are monomorphisms (respectively, epimorphisms).
Applying the functor 2, to W (M) we obtain, by Proposition 1.2, a wing
W (S) in the stable Auslander-Reiten quiver I} of A

QX/’\X/”\ /”\2“/"\1;1/
’\X/ . / \X/

where X;; = 2, (M;;), 0 < i < j < n. Moreover, we have in mod A the
Auslander—Relten sequences

0— Xij — Xit1; © Xij+1 = Xiy15+1 — 0
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for all 0 < i < j < n — 1. Indeed, if X;11 41 = Pa(T)/v,(T) for some
indecomposable projective A-module P4(T) and 0 < ¢ < j < n — 1, then
M;11,j41 is a simple module isomorphic to v, (7). On the other hand, we
have in mod A a proper monomorphism M1 ;41 — M;y1 j4+1 which is a
composition of irreducible monomorphisms corresponding to the arrows

Mivii41 — Mig1i42 — - — Mg

in W (M), a contradiction.
We prove now that there exist simple A-modules T71,...,7T;, such that
the indecomposable projective A-modules

Py = PA(Th), Po = Pa(Tz), ..., P= Pa(Ty)

are uniserial and X; 1,1 =rad P;, X;; = P;/soc P; for 1 < i < n. We mod-
ify arguments from [8, Section 1], applied there for the symmetric algebras.
Choose irreducible morphisms «; ; : X;; — Xy15 and 35+ Xi; — X; 41
in mod A corresponding to the arrows of the wing W (.S). Observe that aq ,, :
Xo,n — X1, is a monomorphism, because S is simple. Applying Lemma 1.3,
we infer that there is an irreducible monomorphism X1 — X7 1, and conse-
quently there is an indecomposable projective module Py with Xq 9 = rad Py
and X1 1 = Py/socP;. Let T1 be a simple A-module with P; = P4(T1).
Then soc P = v, (T1) and X = rad P /v, (T1). Observe that, for n = 1,
Py = P4(T1) is a uniserial module of length 3, and so I4(v,(T1)) = Pa(T1)
is a uniserial module of length 3. Moreover, My = 24(X11) = v, (T1) is
simple. Thus (iii) and (v) hold.

Assume n > 2. Invoking Lemma 1.3 again, we conclude that Coker g p,
is isomorphic to the cokernel Coker ag ;1 = 17 of the canonical irreducible
monomorphism «g; : rad P;/soc P — P;/soc P;. Dually, the irreducible
morphism 3y ,—1 : Xopn—1 — Xo, = S is an epimorphism, and then it fol-
lows from Lemma 1.3 that we have an irreducible epimorphism X,,_1 ,-1 —
Xn—1,n- Hence, there exists an indcomposable projective A-module P, such
that X,,_1 -1 =rad P, and X,, ,, = P, /soc P,,. Let T}, be a simple A-module
with P, = Ps(T},). Thus

socP, =v,(T,) and Xn_1,=radP,/v,(Ty).

Moreover Ker 3y ,—1 is isomorphic to the kernel Ker 8,1 ,-1 = v, (T5,) of
the canonical epimorphism $,_1,—1 : rad P, — rad P, /v (T},). Therefore,
Xo,n—1 and Xy, are uniserial modules of length 2 with the simple composi-

tion factors
S T
Xopn-1= B and Xi, = .
vy (Tn) S
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Moreover, agp—1 : Xopn—1 — X1,—1 is an irreducible monomorphism with
Coker ag -1 = Cokerag; = T1, and so Xi,—1 is a uniserial module of
length 3 with the simple composition factors

T
Xin-1= S
va(Th)
Assume now that, for some i with 1 <1i < n —1, there exist indecomposable
projective A-modules P, = P4(T1),...,P; = Ps(T;), with T, ..., T; simple
modules, such that the following statements hold:
(a) Xj_1,-1 =rad Pj and X;; = Pj/soc Pj for 1 < j <1;
(b) Xjn—1 and Xj,, 1 < j < i, are uniserial modules with the simple
composition factors

T; T;
: Tj
Xjn-1= T and Xj, = :
S Ty
va(Th) S

We claim now that the irreducible morphism o, : X;, — X141, is also
a monomorphism. Suppose it is not the case. Then «;, is an irreducible
epimorphism, and consequently Ker o, contains the simple socle of X; ,,
which is the image of o;_1,---agy,. On the other hand, by Lemma 1.4,
the composition o poi—1, - @ppn : S — X;p1,, of irreducible morphisms
corresponding to the sectional path

S=Xon—= Xin——=Xicin— Xin = Xigin

of I'4 is nonzero, a contradiction. Thus «; , is indeed a monomorphism. Ap-
plying Lemma 1.3 we deduce that o; ;1 : X; 41 — Xj41,i+1 is an irreducible
monomorphism, and hence there exists an indecomposable projective mod-
ule Py = PA<Ti+1) such that Xm‘ =rad ;41 and Xi+1,z'+1 = PZ'_H/SOC Pii1.
Moreover, Coker o;,, = Coker o it1 = Tj41. Further, a1 @ Xipn—1 —
Xit1in—1 is also an irreducible monomorphism with Cokera;,—1 =
Coker aj j41 = Tjq1. In particular, X;41,-1 and X1, are indecompos-
able modules with simple top isomorphic to Tj;1, and hence are factor
modules of Pii1 = Pa(Ti+1). As a consequence, rad X;;1,,—1 is a unique
maximal submodule of X;;1,-1 and rad X;;1, is a unique maximal sub-
module of X1 ,. Therefore, X; 1,1 and X; 1, are uniserial modules with
the simple composition factors
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Tita
T,
E i+1
‘ T;
Xitin—1= ' and X111, = :
T
s s
vy (Ty)
Therefore, it follows by induction that there exist simple modules 717, ...,T,
such that
Xi-1,-1 =rad P(T;)
and
Xii = Pa(Ty) /vy (T3)
for all ¢ € {1,...,n}, and additionally X, , is a uniserial module with the
simple composition factors
T,
Tn—l
T
S

Then we conclude that Py = P4(T1),..., P,
with the Loewy series as follows:

Ty
S
Vg (1)
I/Z (Tn—l )

Z/Z (Tg)
vy (1)

Py

= P4(T,) are uniserial modules
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T;
Ti1 1y,
: To-1
T :
P = _S ; , Po=
va(Tn) T
Va(Th-1) T
: S
vy (Tis1) va(Tn)
va(T3)

In particular, we find that
Mi; = Qa(Pa(Ti) /vy (1)) = vy (T3), 1<i<n,

are simple modules. Further, we conclude that the injective envelopes
TA(Mi;) = Ia(vy(T}) = Pa(T;) = P, 1 <i<nmn,

of the modules My 1,..., M, , are uniserial modules of length n + 2, and
so also of Loewy length n 4 2. Finally, observe that we have in mod A a
sequence of irreducible monomorphisms

vy (T1) = My T M o £ Myg— - — Myp 1 St M,

with Coker f; = v, (Tj41) for i € {1,...,n—1} and hence M, has a simple
socle, isomorphic to My ;. Then I4(My ) = Ia(Mi1), and consequently
M, is a uniserial module of length n with the simple composition factors

va(Th)
vy (Tn-1)
Mlm, =
I/Z (Tg)
vy (Th)
This finishes the proof of the implications (i)=-(iii) and (i)=(v).

We prove now that (v) implies (iii). Assume that M, is a uniserial
module and I4(Mi,),...,1a(M,,) are uniserial modules of length n + 2.
Obviously then I4(Mi1),...,14(My ) are of Loewy length n+ 2. We claim
that the modules M 1,..., M, are simple. Since W (M) is a full transla-
tion subquiver of I'4, we know that all irreducible morphisms M; ; — M; ;41

(respectively, M;; — M;i1;) in mod A are irreducible monomorphisms
(respectively, irreducible epimorphisms). We also note that if U — V is
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an irreducible morphism between two uniserial modules in mod A then
[((U) — £(V)| = 1. In particular, we have in mod A a chain of irreducible
monomorphisms

My — Mo — Mg — - — M 1— My
and My 1, M o,..., My ,—1, M, are uniserial modules with
K(MLQ) — £<M1,1) = 1, RN E(Ml,n) — g(Ml,n—l) = 1,

because M; ,, is uniserial. We claim that in fact M;; is a simple module,
and consequently My, is of length n. Suppose Mj; is not simple. Then
we have a nonsplittable epimorphism h : M; 1 — My /rad My from My
onto its simple top Mj 1 /rad M ;. On the other hand, we have in mod A an
Auslander—Reiten sequence of the form

0— M, 4, Mo — Mz — 0,

and hence h = gf for some g : Myo — M1 /rad M; ;. But this is a con-
tradiction since f(M; 1) = rad M ». Therefore, for each ¢ € {1,...,n}, My,
is a uniserial module of length 4. Finally, for each i € {2,...,n}, we have
in mod A a chain of irreducible epimorphisms M ; — My; — -+ — M;_1;
— M, ;, and consequently M; ; is a simple module. Observe also that the wing
W (M y,) consists entirely of uniserial modules.

We prove now that (iii) implies (i). Assume that M 1, ..., M, are simple
modules and I4(Mi,),...,1a(M,) are of Loewy length n + 2. Applying
2, to W(M) we obtain a full translation subquiver of I'y of the form

Ta(Mi1) 1a(Map) A(Mp—1n-1) La(Mpyp)
SNN S \/E/E
X/X/\-~/\/\/

X/\ /\/

~ s
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where X;; = 2,(M;;), 0 < i < j < n. Further, we have X; 1,1 =
rad Iao(M;;) and X;; = Ia(M;;)/socIa(M;;) for i € {1,...,n}. Choose ir-
reducible morphisms «;; : X;; — X1, Bij @ Xij — Xij41 and ;-1 :
Xi—1i-1 — La(M;;), 6; : Ta(M;;) — X;; in mod A, corresponding to the
arrows of the above translation subquiver of I'4. Since ;_1 are monomor-
phisms and §; are epimorphisms, applying Lemma 1.3, we conclude that all
«; ; are monomorphisms and all 3; ; are epimorphisms. Consider the chain

of irreducible monomorphisms

ag aq a9
Xon-1— Xin1— Xop1— -

Qp—2

Qn—3 Tn—1
- Xn—2,n—1 - Xn—l,n—l - IA(Mn,n)

where o = @jp-1, 0 < i < n-—2 Fixi e {0,1,...,n — 2}. Applying
Lemma 1.3, we have Coker a; = Cokery; = M1 41, and hence o; (X 5—1)
is a maximal submodule of X;1,_1. Moreover, we have the epimorphism
Bitin—2-Bitti+10i+1 : Ia(Miy141) — Xit1n-1, and consequently
rad X 41,1 is a unique maximal submodule of X1 1. Hence o;(Xj 1)
= rad Xj11,-1. Obviously, v,—1(Xn—1,n—1) = rad L4(My, ). Therefore, we
conclude that X;,—; = rad™ " IA(M,,,) for i € {0,...,n — 1}. In particu-
lar, we have Xg,—1 = rad" [4(My ). Further, since 5 (M, ) is of Loewy
length n + 2, we also obtain

rad Xo n—1 = soc Xon—1 = socla(Mp,) = rad™t! IA(My0).

Finally, 8o n—1 : Xon—1 — Xo,, is an irreducible epimorphism with simple
kernel Kerfy,—1 = Kerd, = socla(M,n) = Mp,,. Hence Xy, =
Xon—1/rad Xo n—1. Therefore, X, is a simple module S, because X, is
semisimple and indecomposable. Therefore, M =2 2402, (M) = 24(5) =
rad P(S) is the radical of an indecomposable projective A-module, as re-
quired in (i). This finishes the proof of Theorem A. m

3. Proof of Theorem B. Let A be an indecomposable selfinjective
algebra and m > 3 a natural number.

(i)=(ii). Assume A is a Nakayama algebra of Loewy length m. Then
all indecomposable A-modules are uniserial of length at most m, and the
indecomposable modules of length m are the indecomposable projective A-
modules (see [3, (IV.2)]). Take a simple A-module T and its injective en-
velope I(T) = P(S), where S = v4(T). Then we have in mod A a chain of
irreducible monomorphisms

T = Moo — Moy — -+ — Mom—2 — Mom—1 = P(S5)

where M ,—1-; = rad’ P(S) for i € {1,...,m —1}. Further, it follows from
(3, (IV.2.6)] that, for each i € {0,...,m — 2}, the T4-orbit of Mj; consists
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entirely of uniserial modules of length ¢ = ¢(Mp;). Therefore, I'y contains
(as a full translation subquiver) a wing W (M) of length m — 1

AN NN 3/Mm
N SN v
N L

induced by the radical M = My ,,—2 of the indecomposable projective A-
module P(S), and with My o = T simple.

(ii)=(i). Assume I'4 admits a wing W (M) of length m — 1 induced
by the radical M of an indecomposable projective A-module P and with
My,o simple. Then it follows from Theorem A that M 1,..., M;y—2m—2 are
simple modules and their injective envelopes 4 (M 1) = Pa(va(Miq)), ...,
IA(My—2.m—2) = Pa(va(Mpy—2m—2)) are uniserial modules of length m.
Let S = va(Mop). Then My = soc M and M = rad P4(S). Further, since
Moo = TaMi 1, we also see that Ps(S)/soc Pa(S) = Pa(va(Moyp))/Moyo
= rad Pa(va(Mi,1)), and consequently P4(.S) is a uniserial module of length
m. We claim that 745 = M,—2 m—2. Since M 1,..., My, —2,,m—2 are simple,
we have in mod A irreducible epimorphisms M;_1; — M;;, 1 <i <m —2.
Applying now Lemma 1.3, we conclude that there is in mod A a chain of
irreducible epimorphisms

TaMom—2 — Ty Mim—2— - =Ty Mp_3m—2— 74 Mpn—2m—2.

Further, 7, Mo,m—2 = 7, M = P4(S)/soc Pa(S). Since P4(S) is uniserial
of length m, we infer that 7 (M;;m—2) = Pa(S)/rad™ "~ P4(S) for any
i € {0,...,m — 2}. In particular, 7, (M—2,m—2) = Pa(S)/rad P4(S) = S,
and so My,—2.m—2 = 74(S). We also know that v4 is an autoequivalence
of the category mod A. Summing up, we conclude that I'4 contains a 74-
orbit consisting entirely of the simple modules of the form v’ (M, ;), r € Z,
i € {0,1,...,m — 2}. Therefore, applying Proposition 1.5, we infer that A
is a Nakayama algebra of Loewy length m. =
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4. Examples. The aim of this section is to present some examples illus-
trating Theorems A and B. We refer to [6, Section 1] for the description of
the Auslander—Reiten sequences over special biserial selfinjective algebras.

The first example shows that our assumptions on the (Loewy) length of
the projective covers and injective envelopes of the simple modules lying on
the top part of a wing are necessary for the validity of Theorem A.

EXAMPLE 4.1. Let n > 1 be a natural number and A the bound quiver
algebra KQ/I, where @ is the quiver

N ) ... o
« N0n
1 n
oa/ 3 \Oén+1
0 w
\\’Y/
o

and [ is the ideal in the path algebra K@ of () generated by the ele-
ments Bo, 00, Yant1, a1, Qntl ... @018 — 07, Bont1 ... aeqp — yo and
aj...a1fapt1...qp for i € {1,...,n}. Then A is a special biserial al-
gebra (in the sense of [16]) isomorphic to the trivial extension algebra
T(H) = H x D(H) of the hereditary algebra H = KA of Euclidean type
Anﬂ, given by the quiver A obtained from ) by removing the arrows 3
and 7, by the minimal injective cogenerator Homy (H, K). The Auslander—
Reiten quiver I'y of H admits a unique large stable tube 7 of rank n + 1
containing a wing W (M) of the form

RO A R
ANDZAN o
Nl
AN
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of length n + 1, where M;; = S; is the simple H-module at the vertex i,
1 <@ <n, My is the unique uniserial H-module of dimension 2 having as
socle the simple module Sy at the vertex 0 and as top the simple module
S, at the vertex w, and My, = M is a uniserial H-module with the simple
composition factors

Sn—l

M = S5
S1
Sw
So
Further, the stable tube 7 of 'y is a stable tube of the Auslander—Reiten
quiver I'y of A (see [15, Corollary 1.2]), and hence W (M) is a wing of I'4.
Since A is a symmetric algebra, the Nakayama functor v4 is the identity
functor of mod A, and consequently I4(S;) = Pa(S;) for any i € {1,...,n}.

In fact, for any i € {1,...,n}, P4(S;) is a uniserial module of length n + 3
with the simple composition factors

Si

Si

So
Py(Si)=| S,
Sn

Sit1
Si

Finally, note that M is not the radical of an indecomposable projective
A-module, because M lies in the stable tube 7 of I'4.

The second example shows that there are selfinjective algebras with arbi-
trarily large finite order of the Nakayama functor and the Auslander—Reiten
quivers having wings described by Theorem A.

EXAMPLE 4.2. Let m,n > 1 be natural numbers. Denote by @ =
Q(m,n) the quiver of the form
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(n—1) 21 \
any‘ Qg 1
ni 11
O‘n+1,1/ Yl,l
NMm /81 &1
02, Lol (n+ 1) 0F —wi — (n+ D135, ans
1
2m (n - 1)2
/‘ Em Om o1 m \
s Wm 02

f
(n —\1)m ﬁm//;m w&\«z 22

Om
N, . o 1
an+1v7:\ / \ /11,2
(n+1Dm—1|om-1 o2 (n+1)
AR oS
27{11 ,BWT_:R\Ivml Wf/o; (\n_ &
\ " /

Om—1 w3

N /|

and by I = I(m,n) the ideal in the path algebra KQ(m,n) of Q(m,n)
generated by the elements of the form

ai1,jNj, §i0n+1,5+1, 0505+1, MjVi+1, Bios, Vi€,

Qj QG715 -« - QAL j0np41 41 - - - Qg1 §4+100 541,

Qnt1,j0nj - - - Q25015 — Ni—10585, Bi&ini — 105 §iMiBi — 05%i+1,
fori e {1,...,n}, j € {1,...,m}, where apt1m+1 = nt1,1, Bmt1 = B,
Ym+l = Y1, M0 = Nm. Let A = A(m,n) be the associated bound quiver

algebra KQ(m,n)/I(m,n). Consider also the bound quiver algebra B =
KA, /J, given by the quiver A,, of the form

(e %) Q2 (079
n+l <+——1<+—2 +— - «—pn—1<—n

N

A, n
0 w

(o2
and the ideal J,, in the path algebra K A,, of A,, generated by a1n. Then B,
is a tilted algebra of Euclidean type &HQ which is a tubular extension of
the hereditary algebra H of Euclidean type 1&2 (given by the vertices 0, w,
n+1) using the simple (regular) module at the vertex n+1 [11, (4.9)]. Then
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A = A(m,n) is the m-fold trivial extension algebra B,/ (v ), where B, is

the repetitive algebra of B, and vy Is the Nakayama automorphism of B\n
(see [1], [12]). In particular, the Nakayama automorphism v4 of mod A has
order m. Observe also that A is a special biserial algebra. For each vertex a
of @, denote by S, the simple A-module at a. Then, for each i € {1,...,n}
and j € {1,...,m}, the indecomposable projective A-module P4(S;,) is
uniserial of length n + 2 with the simple composition factors

S;
S(i-1);

J

Sy,

PA(Sij) - S(n+1)j+1
S

i1

S(i+1)j+1
S;

j+1
Hence 14(S;,,,) = Pa(S;;), and consequently v4(S;,,,) = S;,. Invoking now
the rules for the Auslander—Reiten sequences over special biserial selfinjec-
tive algebras (see [6, Section 1]) we conclude that, for each j € {1,...,m},
the Auslander—Reiten quiver I'4 admits a full translation subquiver of the
form

NN AR S
NN N
o L
\

N

M i N

NS

Vi
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where
Pj = Pa(Sp+1);,),  Mj =rad P,

N;j =Pj/Smy1),,  Mj/Smsr), =U; ®V;.

Observe that P; has the simple composition factors

Snt1)j-1
Sn,;
Sn-1);
So;
P, =

Swj S2.7

Sy,
Snt1);

Therefore, we have in I'y the wings W (M), W (Ma), ..., W(M,,) of length
n + 1 induced by the radicals of the indecomposable projective A-modules
Pa(Stnt1),n)s Pa(Smg1),), -+ Pa(Sm+1),,_,), respectively. Observe also
that

vA(W(Mjq)) = W(M;) forany j e {l,...,m}.

Our final example shows that every finite-dimensional module over an
arbitrary algebra can be a subfactor of the radical of an indecomposable pro-
jective module over a selfinjective algebra, determining the wing described
in Theorem A.

ExaAMPLE 4.3. Let A be a finite-dimensional algebra over a field K and
X a finite-dimensional right A-module. Consider the faithful A-module Y =
A ® X and the matrix algebra B of the form

K'Y K
B=1|0 A DY)
0 O K

where the multiplication is given by the K-A-bimodule structure of Y,
the A-K-bimodule structure of D(Y) = Homg (Y, K), the canonical K-K-
bimodule structure of K, and the K-linear map ¢ : Y ®x DY) — K
given by p(y® f) = f(y) for y € Y, f € D(Y). Observe that B admits a
unique indecomposable projective-injective faithful module ¢ whose heart
rad Q) /soc @ is isomorphic to Y. Next consider the generalized canonical
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algebra (see [14], [15])

K'Y K?
C=|0 A D)
0 0 K

where the multiplication is given by the algebra structure of B, with
0:Y®xD(Y)— K=K x0,

and the canonical K-K-bimodule structure of K2. Then it follows from [14,
Theorem 2.1] that I'c admits a stable tube 7 of rank 1 whose module R
lying on the mouth has simple injective top, simple projective socle, and the
heart rad R/soc R isomorphic to Y. Moreover, 7 is a faithful generalized
standard stable tube (in the sense of [13]). Further, take a positive integer
n and consider the (n + 2) x (n + 2) matrix algebra

K R K K K K
0 C 0 0 0 0
0 0 K K K K
E=|0 0 0 K K K
0 0 0 K K

| 0 0 0 0 K |

where the multiplication is given by the algebra structure of C', the K-C-
bimodule structure of R, and the canonical K-K-bimodule structure of K.
Then FE is the tubular extension of C' (in the sense of [11, (4.7)]) using the
simple regular module R and the linear branch

n+l—-n—-nm—-1—---—2-—-1,
with the extension vertex n+1. Finally, consider the trivial extension algebra
F=T(F)=Ex D(E).
Then F' is a symmetric algebra and, applying [1, Section 3], we conclude

that the Auslander—Reiten quiver I'r admits a quasi-tube C whose upper
part contains a subquiver of the form
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MO,O Ml,l M2,2 n 2,n—2 Mn 1,n—1 nn
NSNS NSNS NS
Mo 1 M o My—2n-1 My_1n
NN NS
Mo 2 _ . My —on

)

M = My ,—P —P/soc P

e

where M is the radical of the indecomposable projective-injective F-module
P with top and socle isomorphic to the simple module S(n + 1) at the
vertex n + 1, and M; ; = S(1),..., M, = S(n) are the simple modules at
the vertices 1,...,n, respectively. Observe also that M/soc M = R & M,
and rad R/soc R =Y = A @ X. Therefore, X is a subfactor of M.
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