COLLOQUIUM MATHEMATICUM

VOL. 105 2006 NO. 2

SLANT SUBMANIFOLDS IN COSYMPLECTIC MANIFOLDS

BY

RAM SHANKAR GUPTA (Noida), S. M. KHURSHEED HAIDER (New Delhi)
and A. SHARFUDDIN (New Delhi)

Abstract. We give some examples of slant submanifolds of cosymplectic manifolds.
Also, we study some special slant submanifolds, called austere submanifolds, and establish
a relation between minimal and anti-invariant submanifolds which is based on properties
of the second fundamental form. Moreover, we give an example to illustrate our result.

1. Introduction. The notion of a slant submanifold of an almost Her-
mitian manifold was introduced by Chen [7]. Examples of slant submanifolds
of C? and C* were given by Chen and Tazawa [12], while those of slant sub-
manifolds of a Kédhler manifold were given by Maeda, Ohnita and Udagawa
[21]. On the other hand, A. Lotta [19] defined and studied slant submanifolds
of an almost contact metric manifold. He also studied the intrinsic geometry
of 3-dimensional non-anti-invariant slant submanifolds of K-contact mani-
folds [20]. Later, L. Cabrerizo and others investigated slant submanifolds of
a Sasakian manifold and obtained many interesting results [2] and examples.
Slant submanifolds of cosymplectic manifolds have been studied in [16].

Lotta [19] has proved that a non-anti-invariant slant submanifold of a
contact metric manifold must be odd-dimensional. This motivated us to find
examples of slant submanifolds of a cosymplectic manifold with dimension
greater than or equal to 3. In this paper we give some examples of mini-
mal and non-minimal slant submanifolds with dimension 3. We also obtain
sufficient conditions for slant submanifolds to be either austere or minimal.

2. Preliminaries. Let M be a (2m + 1)-dimensional almost contact
metric manifold with structure tensors (¢,&,n,g), where ¢ is a (1,1) tensor
field, ¢ a vector field, n a 1-form and g the Riemannian metric on M. These
tensors satisfy [1]

{¢2X =X +n(X)§ ¢ =0, ) =1, n(¢X)=0;
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for any X,V € TM, where TM denotes the Lie algebra of vector fields
on M. A normal almost contact metric manifold is called a cosymplectic
manifold if

(2.2) (Vxe)(Y) =0, Vx&=0

where V denotes the Levi-Civita connection on M.

Let M be an m-dimensional Riemannian manifold with induced metric
g isometrically immersed in M. We denote by TM the Lie algebra of vector
fields in M and by T"M the set of all vector fields normal to M.

For any X € TM and N € TLM, we write

(2.3) ¢X = PX +FX and ¢N =tN+ fN

where PX (resp. F'X) denotes the tangential (resp. normal) component of
¢X, and tN (resp. fNN) denotes the tangential (resp. normal) component of
ON.

From now on, we suppose that the structure vector field £ is tangent
to M. Hence, if we denote by D the orthogonal distribution to & in T M, we
can consider the orthogonal decomposition TM = D @ {{}.

For each non-zero X tangent to M at x such that X is not proportional
to &, we denote by 0(X) the Wirtinger angle of X, that is, the angle between
¢X and T, M.

The submanifold M is called slant if (X ) is a constant, which is indepen-
dent of the choice of x € M and X € T, M — {&,} (see [19]). The Wirtinger
angle 6 of a slant immersion is called the slant angle of the immersion. In-
variant and anti-invariant immersions are slant immersions with slant angle
0 and 7/2, respectively. A slant immersion which is neither invariant nor
anti-invariant is called proper.

Let V be the Riemannian connection on M. Then the Gauss and Wein-
garten formulae are

(2.4) VxY =VxY + h(X,Y),
(2.5) VyN = —AnyX + VN,

for X, Y € TM and N € "M , where h and Ay are the second fundamental
forms related by

(2.6) g(ANX,Y) = g(h(X,Y),N)

and V' is the connection in the normal bundle T M of M.

The mean curvature vector H is defined by H = %(trace h). We say that
M is minimal if H vanishes identically.

A submanifold is said to be austere if the set of eigenvalues of Ay is
invariant under multiplication by —1.
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If P is the endomorphism defined by (2.3), then
(2.7) g(PX,Y)+ g(X,PY) =0.

Thus P?, denoted by Q, is self-adjoint.
We define the covariant derivatives of (), P and F' by

(2.8) (VxQ)Y = Vx(QY) — Q(VxY),
(2.9) (VxP)Y =Vx(PY) - P(VxY),
(2.10) (VxF)Y = Vy(FY) — F(VxY),

forany X, Y € TM.
For 3-dimensional proper slant submanifolds of a cosymplectic manifold,
we first prove:

LEMMA 2.1. Let M be a 3-dimensional proper slant submanifold of a
cosymplectic manifold. Then

(2.11) (VxP)YY =0 forany X,)Y € TM.

Proof. Let p € M and {e1,e2} be an orthonormal frame on M defined
in a neighbourhood U of p (cf. [20, Lemma 2.1, p. 40]). Put |y = e3, and

let wf be the structural 1-forms defined by
3 .
Vxei = wa(X)ej
j=1

for each vector field X tangent to M. By (2.2), we have
(VxP)es = VxPes — P(Vxes) =0.
Similarly, we get
(VxP)er = (cosO)ws(X)es, (VxP)eg = —(cosf)wi(X)es.
On the other hand, writing
Y =n(Y)es+g(Y,e1)er + g(Y, ea)er

for all Y € TM and using the above formulae we obtain (VxP)Y = 0,
where we have used wj(X) = w$(X) =0. m

Now, using (2.11), we have
(2.12) (VxQ)Y =0.

On the other hand, Gauss and Weingarten formulae together with (2.2) and
(2.3) imply

(2.13) (pr)y =Apy X + th(X, Y),
(2.14)  VHEY) - F(VxY) = (VxF)Y = fh(X,Y) — h(X, PY),
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for any X,Y € TM. Tt is easy to see that (2.11) holds if and only if
(2.15) Apy X = ApxY,

where we have used (2.13). A similar calculation using (2.14) shows that
(2.16) (VxF)Y =0 ifand only if AyPY = —A;yY

for any X,V € TM and N € T"M.
We state the following results for later use.

THEOREM A ([2]). Let M be a submanifold of an almost contact metric
manifold M such that &€ € TM. Then M is slant if and only if there exists
a constant \ € [0, 1] such that
(2.17) P?= NI —-n®¢).

Furthermore, if 0 is the slant angle of M, then \ = cos? 6.

COROLLARY A ([2]). Let M be a slant submanifold of an almost contact
metric manifold M with slant angle 0. Then
(2.18) g(PX, PY) = (cos” 0){g(X,Y) = n(X)n(Y)},

(2.19) 9(FX, FY) = (sin® 0){g(X,Y) = n(X)n(Y)}
LeMMA A ([19]). Let M be a slant submanifold of an almost contact

metric manifold M with slant angle 6. Then, at each point x of M, Q|p has
only one eigenvalue \; = cos® 6.

Let M be a proper slant submanifold M with slant angle 6. For a unit
tangent vector field e; on M perpendicular to &, we put

eo = (secO)Pey, e3=¢, eq=(cscO)Fey, e5= (csch)Fes.

Then e; = —(secf)Pey and by (2.2) and (2.3), e1, e2, £ = e3, €4, €5 form
an orthonormal frame such that e, eq, & are tangent to M and e3, e4 are
normal to M. We call such an orthonormal frame an adapted slant frame.
We also have

teg = —(sinf)e;, tes = —(sinf)es, fes = —(cosf)es, fes = (cosh)ey.

If we put hy; = g(h(ei,ej),er), 1,7 =1,2,3, 7 = 4,5, then from [16, Lemma

3.1] we have

(2.20) hil2 = h‘rﬁa h%z = hi’Qv
(2.21) hiz = hip = his = hiy = h3y = h3; = 0.

If dim M = mm, a local field of orthonormal frames {e1, ..., €m, €mit, ..,
em} can be chosen such that, when restricted to M, the vectors ey, ..., e

are tangent to M and hence e, 41,. .., em are normal to M. Then, for any
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vector field X tangent to M, we can write

(2.22) Vxei = Zw Je; + Z wF(X)es,

m
(2.23) Ve, = Zw e; + Z wF(X)er,
k=m+1
forie{l,...,m} and r € {_m—l—l,...,m}, where wg, wk, w! and wk are the

connection forms of M in M.

3. Examples of slant submanifolds. In the present section, we intro-
duce a method to find examples of slant submanifolds of R?"™*! with almost
contact metric structure (o, &, 7, g), which satisfy

(Vxpo)(Y)=0, Vx&{=0

for X,Y € TR*™+1,
The cosymplectic structure on TR?"*! is given by

(3.1) n=dz, §&=0/0z,
(3.2) =n®n+ Z(dm’ ® da' + dy' @ dy")
i=1
and
- 0 0 0 = 0 0
3.3 Xi— +v, 2 )+z2L) = Y — — X; —
63 (X (Yo +¥gg) + 252) = X (Vi - %)
where (z%, 4% 2), i = 1,...,m, are the cartesian coordinates on R*"*!, The

following theorem yields examples of slant submanifolds in R3(¢g, &,1, g).

THEOREM 3.1. Let

IE(’LL, U) = (fl(uv /U)’ f2(ua U)v f3(u’ U), f4(u7 ’U))
define a slant surface S in C? with its usual Kihlerian structure, such that
0/0u and 0/0v are non-zero and perpendicular. Then

y(u’v’t) = (fl(u7v)a fQ(uv U)a f3(u7v)a f4(u7’0)’t)

defines a three-dimensional slant submanifold M in R>(po,&,n,g) with the
same slant angle such that, if we put e; = 0/0u, ea = 9/dv, then (e1,e2,§)
is an orthogonal basis of the tangent bundle of the submanifold.

Proof. By means of the basis (e, e9,£), it is easy to show that M is a
three-dimensional submanifold of R®. To prove that M is slant, we write

X = XMer + Aea +n(X)E  for X € x(M).



212 R. S. GUPTA ET AL.

Then
(3.4) X P (X) = VAT + 3.
Now, since (e, e2,£) is an orthogonal basis of x (M), using (2.3) we obtain
QQ(SOOXa 61) + QQ(SOOXa 62)
gler, e1) glez,ea)

We may consider a vector field Xy € T'S such that Xg = Aje; + Aoes and
denoting by J the usual almost complex structure of C?, we find that

9(poX,e1) = g(JXo,e1) and g(poX,e2) = g(JXo,e2).

If Py Xy is the tangent projection of JXg and 6 is the slant angle of S, then
from (3.4) and (3.5), we get

PX| Pl
(X —n?(X)  Xo

Hence, M is a slant submanifold with the same slant angle 6. »

(3.5) |PX|? =

(3.6) = cos .

By applying the examples given in [7] and the above theorem, we have
the following examples of slant submanifolds of cosymplectic manifolds in

R5(9007§77779)3
ExamPpLE 3.1. For any 6 € [0,7/2],
z(u,v,t) = (ucosf,usinb, v,0,t)

defines a three-dimensional minimal slant submanifold M with slant angle 6.
We may choose an orthonormal basis (ey, e, &) of x(M) such that

e —cos@i—i—sineﬂ e —i e —f—g
= Ox! 0x?’ 27 oyl BTSN T oy
Moreover, the vector fields
. o . 0
GIZ—SIDH@-FCOSG@, 6228_y2

form an orthonormal basis for " M. Since Ve,ei = 0, we have h(e1,e1) =0,
h(ez,e2) =0, h(es,es) = 0 and the submanifold is minimal.

ExaAMPLE 3.2. For any positive constant k,

k k k

z(u,v,t) = (e cosucos v, e sinu cos v, e cos usin v, e sin usin v, t)

defines a three-dimensional non-minimal slant submanifold M with the slant
angle

0 = cos™! <L>
V1 + k2
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In this case we may choose an orthonormal basis (e1,e2,§) of x(M) such

that
e kv 9 _ju O 0

el:ﬁ%’ es=ce 90 63:£=$.
Also, at the points of the submanifold, we have
()2 4 (22)2 + (412 + (y2)? = 2o,
Then, by a straightforward computation, we get |H| = e **/3v/1 + k2.
ExaMPLE 3.3. For any positive constant k,
z(u,v,t) = (u, kcosv, v, ksinwv, t)

defines a three-dimensional non-minimal slant submanifold M with the slant
angle

0 = cos™! <#>
Vi+kZ)
Moreover, the following statements are equivalent: (i) £ = 0, (ii) M is in-

variant, (iii) M is minimal. In this case orthonormal basis (ey, ez, §) of x (M)
is given by

PR S (A N TR
1T 920 Sy ox? Oyt oy2 )’ BTSN T o

Moreover, by applying the vector fields ef = x20/0x? + y20/0y? of T M
and some computation, we see that the mean curvature vector is
— k .
= T30 A
3(1+ k?)
ExAMPLE 3.4. For any non-zero constants a and b,
z(u,v,t) = (acosu,bcosv,asinu,bsinv,t)

gives a compact totally real submanifold M with Vh = 0. In this case, we
may take the orthonormal basis (e1, e2,£) of x(M) as

B N N R
a 0zt a oyl’ b 0z2 b Oy’ 0z
Moreover, the vector fields
g B0 yo . 20 ¢ 0
L a Ozt a Oyl’ 2 b 0x2 b Oy?

generate the normal space T"M.

4. Slant submanifolds and second fundamental forms. In this
section, we study some properties of slant submanifolds related to the second
fundamental form. We have:
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PROPOSITION 4.1. Any totally umbilical slant submanifold M of a co-
symplectic manifold is totally geodesic.

Proof. Since M is totally umbilical, we get h(X,Y) = g(X,Y)H for all
X,Y € x(M). From (2.2), we have h(£,£) = 0, and consequently H = 0.
Hence h(X,Y) = 0 for all X,Y € x(M) and the submanifold is totally
geodesic.

From the above proposition it can be deduced that a totally umbilical
submanifold is totally geodesic if and only if it is minimal.

Now, we consider another type of minimal submanifolds, namely austere
submanifolds. We have the following;:

THEOREM 4.2. Let M be a proper slant submanifold of a cosymplectic
manifold M. If (VxF)Y =0 for all X,Y € x(M), then M is an austere
submanifold.

Proof. Since (VxF)Y =0, from (2.14) we have
(4.1) fR(X,Y)=h(X,PY) forany X,Y € x(M).

It is easy to show that (M, (sec@)P, &, n, g) is an almost contact metric man-
ifold, and we consider a local orthonormal basis

(4.2) {e1, (sec@)Peq, ..., en, (secd)Pey,, &}
on M. Moreover, from (4.1) and (2.17), we get
(4.3)  h((sec®)Pe;, (sech)Pe;) = —h(e;,e;) foranyi,j=1,...,m

On the other hand, we write X = X —7(X)¢ and X, = (sec ) PX. Now, we

shall show that if p is a non-zero eigenvalue of Ay for any N € T M , then
—u is also an eigenvalue of Ay for some non-zero vector X, = (secf)PX
associated with X € y(M), i.e. ANX, = —puX,.

From (4.2), we can write

m/2 m/2
(4.4) X = Z Aiei + Z iCis.
=1 =1
Then
m/2 m/2
(4.5) AyX = Z NANe; + Z ,uiANei*.
i=1 =1

Now, from (2.2) and (2.6), we get

m/2 m/2
(4.6) Ane; = Zg( ei,ej), N)ej + Zg (€5, €5x), N)ejs.
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From (4.3), we get
m/2 m/2

(4.7) Anei =Y g(hlein,ej), N)ej — Y g(hlei e5), N)eju.
j=1 j=1

Applying P to (4.4), multiplying by secf and using (2.17), we get
m/2 m/2

i=1 =1

Moreover, using h(eix, €;) = h(e;, ejx), we get Ay X, = —uX,, which proves
the result.

Now, we establish a relation between 3-dimensional minimal slant sub-
manifolds and anti-invariant submanifolds of cosymplectic manifolds.
We have the following:

LEMMA 4.3. Let M be a 3-dimensional proper slant submanifold of a 5-
dimensional cosymplectic manifold M with slant angle 0. If {e1,e2,e3 = &,
eq,es} is an adapted slant basis, then

(4.9) wj — w? = —(cot B)((trace h*)w! + (trace h®)w?),

where w!', w? are the dual forms of e1, es.

Proof. Putting X =Y = e in (2.14), we have

(4.10) V;e4 = cscO{F(Ve,e1) + fh(ei,e1) — h(er, Pey)}.
Using (2.22) and applying F', we get
(4.11) F(Ve,e1) = (sinf)wi(ey es.

On the other hand,
(4.12)  fh(er,e1) = hi, fes + hiy fes = (cos0){—hi es + hi e},
(4.13)  h(e1, Pey) = (cosO)h(eq, ea) = (cos0){hises + higes}.
Substituting (4.11)—(4.13) in (4.10), we find
V;e4 = wi(er)es + (cot ) (—hiies + hijeq — higeq — higes)
From equations (2.20) and (2.21), we have
V; e = wi(er)es — (cot B)(trace h*)es,

and from (2.23) we get

(4.14) wi(e1) — wi(er) = —(cot B)(trace ht).
Similarly,
(4.15) wj(e2) — w?(ez) = —(cot B)(trace ht),

5
4
(4.16) wi(e3) — wi(es) = 0.



216 R. S. GUPTA ET AL.

Now, since {ej, e2,e3 = £} is a local orthonormal basis of the tangent space
of M, dual to {w!,w? 1}, equation (4.9) follows from (4.14)(4.16).

We now prove:

THEOREM 4.4. Let M be a 3-dimensional proper slant submanifold of
a 5-dimensional cosymplectic manifold (M,,€,m,g) with slant angle 0.
Suppose that there exists on M an almost contact structure @ such that
(M,,&,m,9) is an almost contact metric manifold satisfying

(4.17) 9(VxP)Y,Z) =0

for any X, Y, Z normal to the structure vector field. If M is an anti-
invariant submanifold with respect to the structure (®,&,1m,9), then M is
a minimal submanifold of M.

Proof. Let {elﬁz, es = &, eq,e5} be an adapted slant basis of the cosym-
plectic manifold (M, p,&,n,g) and {e4, e5} be a local orthonormal frame of

T"M. Since M is an anti-invariant submanifold in (M,5,¢,1,9), it follows

that {$e1, Pea} is another local orthonormal basis of T “M. Consequently,

there exists a function 1 on M such that
(4.18) { eq = (cos)per + (sine))pes,
' eq = (—siny)pe; + (cosv)pes.

Consider X € D; then N
wi(X) = g(Vyes, es5)

and further using (4.17) and (4.18), we get
(4.19) wi(X) —wi(X) = X = du(X).
Now, consider any X € x(M), i.e. X = X +7(X)¢. We find, by using (4.17)
and (4.19), that

W3(X) = Wi (X) = WR(X) = Wi (X) + (X)) (@5 (€) = wi()) = d(X).
But

A (R) = db(X — n(X)E) = dp(X) - n(X)E(W).
Therefore
W} — Wl = dy — E()n.

Using (4.9), we get
(4.20) dip — E(1p)n = —(cot 0)((trace h)w! + (trace h®)w?).
Also, from (4.17) and (4.18), we have
(4.21) hiy = —g(Ve,eq,e1)

= (cosp)g(h(er, e1),per) + (sing)g(h(er, ea), er).
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Again, from (4.18), we have
(4.22) {?61 = (CQS ¥)es — (sini)es,
Peg = (sine)eq + (cosy)es.
Hence,
hiy = (cos® §)hi; — (sin® ¢)h3,.
Since h3; = h3; = 0, we get

(4.23) (sin? ) (trace h) = 0.
Similarly,
(4.24) (sin” ) (trace h®) = 0.

Now, we set
U={xeM:H(x)#0};
we will show that U = (). Indeed, if € U then
1 1
g(trace h) = g{(trace hY)eq + (trace h®)es} = H(z) # 0,
and hence

(4.25) traceh? #0 or traceh® # 0.

From (4.23) and (4.25), we conclude that ©» = 0 (mod =) in U. Thus, d¢) = 0
and £(1) = 0, and consequently, from (4.20), we have
(cot 0)((trace h*)w' + (trace h®)w?) = 0.

Taking (4.25) into consideration, we get cot § = 0, contrary to the fact that
M is a proper slant submanifold. Hence U = (), and therefore M is minimal.

Finally, we consider an example: Let @ be the (1, 1)-tensor field defined
as follows:

2
v & 0 70 9 9 0 0
*O(Z (XW+”a—yi+Za)> = MgptXige g

Then R?(, £, 7, g) is an almost contact metric manifold. If we take the basis
vectors as in Example 3.1, e; = (cos §)0/0z' + (sin 0)9/0x?, ea = 3/0y' and
es =& = 0/0z, then

_ . 0
pep = —smﬁﬁ + cos 6 92
and
9(@er, e2) = n(@er)n(e2) + da' (Ger)da' (e2) + da?(per)da?(ez)
+ dy* (@e1)dy (e2) + dy® (Per)dy®(e2)

= 0= +/g(@e1,Pe1)/ g(ea, e2) cos o,
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i.e. a = m/2. Thus the submanifold is anti-invariant with respect to the
structure ». Moreover, V., e; = 0, hence the submanifold is minimal.
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