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ON INVOLUTIONS OF ITERATED BUNDLE FUNCTORSBYMIROSLAV DOUPOVEC (Brno) and W�ODZIMIERZ M. MIKULSKI (Kraków)Abstrat. We introdue the onept of an involution of iterated bundle funtors.Then we study the problem of the existene of an involution for bundle funtors de�nedon the ategory of �bered manifolds with m-dimensional bases and of �bered manifoldmorphisms overing loal di�eomorphisms. We also apply our results to prolongation ofonnetions.Introdution Let Mf be the ategory of smooth manifolds and allsmooth maps, and FMm be the ategory of �bered manifolds with m-dimensional bases and of �bered manifold morphisms overing loal di�eo-morphisms. Our starting point are the fats that every produt preservingbundle funtor on Mf is a Weil funtor TA (f. [7℄, [11℄), and every �berprodut preserving bundle funtor on FMm an be identi�ed with a triple
(A, H, t) (f. [12℄), where A is a Weil algebra and H and t are desribedin Setion 1 below. From suh a point of view, the Weil algebras an beregarded as a general tehnique for investigating the geometri propertiesof all these funtors. In partiular, the iteration TATB of Weil funtors isdetermined by the tensor produt A⊗B of Weil algebras, and for every pair
F = TA and G = TB of Weil funtors there is a natural equivalene(1) FG → GFindued by the exhange isomorphism A⊗B → B ⊗A. On the other hand,the iteration of �ber produt preserving bundle funtors on FMm is moresophistiated; see [2℄. Moreover, there is the following open problem:Problem 1. For whih pairs F and G of bundle funtors on FMm doesthere exist a natural exhange equivalene (1)?The aim of this paper is to study this problem in a systemati way. InSetion 1 we reall the Weil desription of �ber produt preserving bundlefuntors on FMm. We also present some important examples of suh fun-tors, whih we need in what follows. In Setion 2 we introdue the general2000 Mathematis Subjet Classi�ation: 58A05, 58A20.Key words and phrases: bundle funtor, involution, holonomi jets, higher order on-netion.The �rst author was supported by grant 201/05/0523 of the GA �R.[135℄



136 M. DOUPOVEC AND W. M. MIKULSKI
onept of an involution of iterated bundle funtors. Roughly speaking, itis a natural equivalene (1) whih interhanges the related projetions. Fur-ther, in Setion 3 we present a nontrivial example of an involution of iteratedbundle funtors on FMm. The main result of this paper is proved in Se-tion 4. We lassify all bundle funtors F on FMm with the point property,whih admit a natural exhange equivalene (1), where G is a higher orderjet funtor. As a diret onsequene we prove nonexistene of involutionsof iterated higher order jet funtors. The rest of the paper is devoted toappliations of our results to prolongation of onnetions. In partiular, inSetion 5 we introdue prolongation of higher order onnetions to verti-al Weil bundles and in Setion 6 we lassify all �ber produt preservingbundle funtors F on FMm whih admit a natural operator transforminghigher order onnetions on a �bered manifold Y → M into onnetions on
FY → M .In what follows we use the terminology and notation from the book [11℄.We denote by Mfm ⊂ Mf the subategory of m-dimensional manifoldsand their loal di�eomorphisms, by FM ⊃ FMm the ategory of �beredmanifolds and �ber respeting mappings, and by FMm,n the subategoryof �bered manifolds with m-dimensional bases and n-dimensional �bres andtheir loal �bered di�eomorphisms. All manifolds and maps are assumed tobe in�nitely di�erentiable.

1. The foundations. We �rst reall that the natural transformations
TA → TB of two Weil funtors are in bijetion with the algebra homomor-phisms A → B (f. [11℄). I. Kolá° and the seond author [12℄ have reentlyharaterized all �ber produt preserving funtors on FMm and their natu-ral transformations in terms of Weil algebras. We reall that a bundle fun-tor F on FMm is said to be of order r if from jr

yf = jr
yg it follows that

Fyf = Fyg for any two �bered manifolds p : Y → M , q : Z → N , two FMm-morphisms f, g : Y → Z and every point y ∈ Y . Write D
r
m = Jr

0 (Rm, R) forthe algebra of all r-jets of R
m to R with soure 0 ∈ R

m and denote by Gr
mthe rth jet group in dimension m. Aording to [12℄, all �ber produt pre-serving bundle funtors on FMm of order r are in bijetion with the triples

(A, H, t), where A is a Weil algebra, H is the homomorphism of Gr
m into thegroup Aut(A) of all automorphisms of A and t : D

r
m → A is an equivariantalgebra homomorphism. In suh a ase we write F = T (A,H,t).Let F be a natural bundle on Mfn. Given a �bered manifold Y → M ,the F -vertial funtor V F on FMm,n is de�ned �berwise by

V F Y =
⋃

x∈M

F (Yx)
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and analogously for morphisms. If F = TA is a Weil funtor determinedby the Weil algebra A, then V T A is the vertial Weil funtor, whih willbe denoted by V A. Clearly, this is a �ber produt preserving funtor on
FMm ⊃ FMm,n. Denoting by r its order, the orresponding triple of V A isof the form (A, H, t), where H : Gr

m → {idA} ⊂ Aut(A) is the trivial grouphomomorphism and t : D
r
m → R·1 ⊂ A is the trivial algebra homomorphism.It is well known that in the theory of higher order jets it is useful todistinguish between holonomi, nonholonomi and semiholonomi jets; seee.g. [5℄ and [13℄. For every �bered manifold Y → M we have its lassial r-jetprolongation JrY → M , whih is alled holonomi. Further, the funtor J̃rof nonholonomi jets is de�ned by iteration

J̃r = J1 ◦ · · · ◦ J1 (r times).Moreover, the rth semiholonomi prolongation JrY ⊂ J̃rY is de�ned bythe following indution. Write J0Y = Y , J1Y = J1Y and assume we havede�ned Jr−1Y ⊂ J̃r−1Y suh that the restrition of the projetion βr−1 :
J̃r−1Y → J̃r−2Y maps Jr−1Y into Jr−2Y . Then we have an indued map
J1βr−1 : J1Jr−1Y → J1Jr−2Y and we an de�ne

JrY = {U ∈ J1Jr−1Y | βr(U) = J1βr−1(U) ∈ Jr−1Y }.One an also de�ne other kinds of subspaes in J̃rY . For example, the rthsesquiholonomi prolongation ĴrY of Y is de�ned by
ĴrY = J1(Jr−1Y ) ∩ JrY ;see e.g. [13℄. Of ourse, Ĵ2Y oinides with J2Y and for r > 2 we have
JrY ⊂ ĴrY ⊂ JrY ⊂ J̃rY.Clearly, all the funtors Jr, Ĵr, Jr and J̃r preserve �ber produts. I. Kolá°[10℄ has reently introdued the general onept of an rth order jet fun-tor on FMm. This is a �ber produt preserving bundle subfuntor of the

rth nonholonomi prolongation that ontains the rth holonomi one. It isinteresting to point out that all seond order jet funtors are J2, J2 and J̃2(see [10℄).For any FMm-objet Y → M we an de�ne its vertial r-jet prolongation
Jr

vY = {jr
xσ | σ : M → Yx, x ∈ M}over Y . Any FMm-map f : Y1 → Y2 over f : M1 → M2 indues a �beredmap Jr

vf : Jr
vY1 → Jr

vY2 overing f suh that Jr
vf(jr

xσ) = jr
f(x)(f ◦ σ ◦ f−1),

jr
xσ ∈ Jr

vY1. Then Jr
v : FMm → FM is a �ber produt preserving bundlefuntor. Quite analogously to the funtor Jr, one an also de�ne higher ordervertial jet funtors J̃r

v, Jr
v and Ĵr

v.
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2. Involution of iterated bundle funtors. In general, an involutionis a nonidential mapping f that is its own inverse, so that f ◦ f is theidentity. Moreover, it is well known that the anonial involution of theiterated tangent bundle interhanges both the projetions of TTN into TN .Now let F and G be arbitrary produt preserving bundle funtors on Mfand denote by pF

N : FN → N and pG
N : GN → N the bundle projetions.By [11℄, there is a natural equivalene(2) kF,G : FG → GFsuh that for every manifold N the following diagram ommutes:

FGN
k

F,G
N

//

F (pG
N ) $$HH

HH
HH

HH
H GFN

pG
FNzzvv

vv
vv

vv
v

FNSo kF,G interhanges the related projetions and generalizes the lassialinvolution of TTN to an arbitrary ouple F and G of produt preservingfuntors on Mf .However, if F and G are arbitrary �ber produt preserving bundle fun-tors on FMm, then we have the open Problem 1. The �rst author andI. Kolá° [2℄ have reently onstruted the natural isomorphism(3) κ
A,G
Y : V A(GY → M) → G(V AY → M)for every �bered manifold Y → M . As a partiular ase we obtain thelassial exhange map V (J1Y → M) → J1(V Y → M) by H. Goldshmidtand S. Sternberg [6℄ and also the isomorphism κ

A,J̃r

Y from [1℄. Further, theisomorphism κ
A,Jr

Y : V A(JrY → M) → Jr(V AY → M) was onstruted ina diret way by I. Kolá° [9℄. One �nds diretly that κA,G is an involution inthe following sense.Definition 1. Let F and G be two bundle funtors on FMm and denoteby pF
Y : FY → Y and pG

Y : GY → Y the bundle projetions. A naturalequivalene A : FG → GF is alled an involution if
F (pG

Y ) = pG
FY ◦ AYfor every �bered manifold Y → M .So the involution A interhanges the projetions F (pG

Y ) : FGY → FYand pG
FY : GFY → FY . By [11℄, there is no jet involution J1J1 → J1J1. Onthe other hand, M. Modugno [15℄ has introdued an involution exΛ : J1J1 →

J1J1 depending on a lassial linear onnetion Λ on the base manifold M .
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Using the fat that exΛ interhanges the projetions pJ1

J1Y
and J1(pJ1

Y ) of
J1J1Y to J1Y , he has onstruted a onnetion J̃1Γ on J1(J1Y → M)from a onnetion Γ : Y → J1Y by applying exΛ to the jet extension of Γ .Clearly, this geometri onstrution has a general harater and one easilyshowsProposition 1. Let F and G be two bundle funtors on FMm andonsider a setion Γ : Y → GY . If A : FG → GF is an involution, then theomposition

FΓ := AY ◦ FΓis a setion FY → GFY .Remark 1. Of ourse, there are nonidential natural equivalenes whihare not involutions. Indeed, let idA 6= ϕ ∈ Aut(A) be an automorphism of aWeil algebra A. Then ϕ ⊗ ϕ : A ⊗ A → A ⊗ A indues the required naturalequivalene V AV A → V AV A.3. Involution of vertial jet funtors. Until now, the map (3) wasthe only known example of an involution. In this setion we introdue aninvolution
Cr,s : Jr

vJs
v → Js

vJr
vof iterated higher order vertial jet funtors. Write R

m,n for the produt�bered manifold R
m × R

n → R
m. In what follows we identify setions of

R
m,n with maps R

m → R
n. Further, we use the notation

jr
0j

s
0(f(x, x)) = jr

0(x → js
0(x → f(x, x))) ∈ (Jr

v )0J
s
v (Rm,n).Definition 2. De�ne a linear isomorphism

(4) Cr,s
m,n : (Jr

v )0J
s
v (Rm,n) → (Js

v )0J
r
v (Rm,n),

Cr,s
m,n(jr

0j
s
0(f(x, x))) = js

0j
r
0(f(x, x)).Using standard arguments one an easily show that the de�nition of C

r,s
m,nis orret. For, if |α| > r and |β| > p, then we have

Cr,s
m,n(jr

0j
s
0(x

αxβg(x, x))) = js
0j

r
0((x)αxβg(x, x)) = 0.Now we prove the following invariane ondition:Lemma 1. Let Φ : R

m,n → R
m,k be an FMm-map of the form

Φ(x, y) = (ϕ(x), φ(x, y))suh that ϕ(0) = 0. Then
C

r,s
m,k(J

r
vJs

vΦ(v)) = Js
vJr

vΦ(Cr,s
m,n(v))for any v ∈ (Jr

v )0J
s
v (Rm,n).
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Proof. We have
C

r,s
m,k(J

r
vJs

vΦ(jr
0j

s
0(f(x, x))))

= C
r,s
m,k(j

r
0j

s
0(φ(ϕ−1(x), f(ϕ−1(x), ϕ−1(x)))))

= js
0j

r
0(φ(ϕ−1(x), f(ϕ−1(x), ϕ−1(x))))

= Js
vJr

vΦ(js
0j

r(f(x, x))) = Js
vJr

vΦ(Cr,s
m,n(jr

0j
s
0(f(x, x)))).Using Lemma 1, we an extend C

r,s
m,n to an FMm-natural �bered map

C
r,s
Y : Jr

vJp
v Y → Js

vJr
vY.One an see that C

s,r
Y ◦ C

r,s
Y = idJr

v Js
vY and βs ◦ C

r,s
Y = Jr

v (βs), where βs isthe bundle projetion of Js
vY → Y . Hene Cr,s is an involution.We remark that this involution an be used for prolongation of on-netions. By a vertial s-onnetion on Y → M we understand a setion

Γ : Y → Js
vY of Js

vY → Y . Proposition 1 now beomesProposition 2. Let Γ be a vertial s-onnetion on Y → M . Then
Cr(Γ ) = C

r,s
Y ◦ Jr

vΓ : Jr
vY → Js

vJr
vYis a vertial s-onnetion on Jr

vY → M .Remark 2. The rth order nonholonomi vertial bundle J̃r
vY is de�nedby the iteration J̃1

v Y = J1
v Y and J̃r

vY = J1
v (J̃r−1

v Y ). Then we have aninvolution C̃
1,1
Y := C

1,1
Y : J̃1

vJ̃
1
v Y → J̃1

vJ̃
1
vY. Using indution, one an extendthis map to an involution of nonholonomi vertial jet funtors

C̃
r,s
Y : J̃r

vJ̃
s
vY → J̃s

vJ̃
r
vY.Indeed, we �rst de�ne

C̃
r,1
Y := C̃

1,1

J̃r−1
v Y

◦ J1(C̃r−1,1
Y ) : J̃r

vJ̃
1
vY → J̃1

vJ̃
r
vYand then we set C̃

r,s
Y := J1(C̃r,s−1

Y ) ◦ C̃
r,1

J̃s−1Y
.4. Jet involutionsLemma 2. Let r be some natural number and let F : FMm → FM be abundle funtor. Suppose that for some natural number n the bundle funtor

F̃n : Mfm → FM de�ned by F̃nM = F (M × R
n), F̃ nf = F (f × idRn) isof minimal order s ≥ 1. Then there is no involution A : FJr → JrF .Proof. If there is an A in question, then we have the natural operator

A(Γ ) = A ◦ FΓ : FY → JrFYtransforming rth order holonomi onnetions Γ : Y → JrY on Y → Minto rth order holonomi onnetions A(Γ ) on FY → M . In partiular,given the rth order trivial onnetion ΓM on M × R
n → M (de�ned by
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ΓM (x, y) = jr
x(y), where y : M → M × R

n is the onstant setion), we havethe rth order onnetion A(ΓM ) on F̃nM → M . Denote by Ã(ΓM ) the �rstorder underlying onnetion of A(ΓM ). Sine ΓM is invariant with respet to
FMm,n-maps of the form f × idRn , the onnetion Ã(ΓM ) is Mfm-natural.Denoting by XÃ(ΓM ) the horizontal lift of a vetor �eld X on M with respetto Ã(ΓM ), we have the Mfm-natural operator B : T  T F̃n given by

B(X) = XÃ(ΓM ).Clearly, B is a zero order operator. Further, as B(X) is projetable over X,we have
B = F̃n + Vfor some vertial type Mfm-natural operator V, where F̃n is the �ow oper-ator. As F̃n is of minimal order s, so is the �ow operator F̃n. By Lemma 1from [14℄, V is of order ≤ s − 1. Then B is of minimal order s ≥ 1, whih isa ontradition.Remark 3. Under the assumptions of Lemma 2 there is no involution

A : FJ → JF , where J is an arbitrary rth order jet funtor. Indeed, in theproof of Lemma 2 it su�es to replae Jr by J .We reall that a bundle funtor F on FMm is said to have the pointproperty if FQ = Q for every m-dimensional manifold Q, whih is viewed asa �bered manifold idQ : Q → Q.Lemma 3. Let F : FMm → FM be a bundle funtor with the pointproperty. Suppose that there is an FMm-natural equivalene (not neessarilyinvolution) FJr ∼= JrF for some natural number r. Then F is �ber produtpreserving.Proof. Write
gl = dimF0R

m,l.Similarly to the ase of bundle funtors on Mf with the point property (see38.18 in [11℄) we have(5) gk+l ≥ gk + gl.By indution we obtain
gk ≥ kg1 for k = 1, 2, . . .Further, let

h = dim Jr
0R

m,1.Sine FJr ∼= JrF , we have(6) ghq = hgq for q = 1, 2, . . . .
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Using indution, from (6) we get(7) ghp = hpg1 for p = 1, 2, . . .Suppose now(8) gk0

> k0g1 for some k0 ≥ 1.From (5) and (8) we get by indution
gk > kg1 for k = k0, k0 + 1, . . . .But this ontradits (7). Thus we have proved(9) gk = kg1 for all k = 1, 2, . . . .Just as for bundle funtors on Mf with the point property (see 38.18 in[11℄), from (9) and the point property of F we dedue that F is �ber produtpreserving.Remark 4. Analyzing the proof we see that Lemma 3 is true for any�ber produt preserving bundle funtor G : FMm → FM instead of Jr.Theorem 1. Let F : FMm → FM be a bundle funtor with the pointproperty and let r be a natural number. Then there is an involution B :

FJr → JrF if and only if F ∼= V A for some Weil algebra A.Proof. By (3), for F = V A suh an involution exists. So it su�es toprove the �only if� part. By Lemma 3, F is �ber produt preserving, sothat F = T (A,H,t), where A is a Weil algebra, H : G
q
m → Aut(A) is a grouphomomorphism and t : D

q
m → A is a G

q
m-equivariant algebra homomorphism.By Lemma 2, F̃ 1 is of order zero, so that H is trivial. Further, using theequivariane of t with respet to the homotheties τ idRm , τ 6= 0, we get

t(jq
0(γ(τx))) = H(jq

0(τ
−1 id))(t(jq

0γ)) = t(jq
0γ).Letting τ → 0, we obtain t(jq

0γ) ∈ R. Then t is also trivial. Consequently,
F ∼= V A.Quite similarly one an prove (using Remarks 3 and 4)Theorem 2. Let F : FMm → FM be a bundle funtor with the pointproperty and let J be any rth order jet funtor. Then there is an involution
B : FJ → JF if and only if F ∼= V A for some Weil algebra A. In partiular ,there is an involution B1 : FJ̃r → J̃rF (resp. B2 : FJr → JrF , resp.
B3 : FĴr → ĴrF ) if and only if F ∼= V A for some Weil algebra A.Theorem 2 yieldsProposition 3. Let F be an rth order jet funtor and G be an sth orderjet funtor. Then there is no involution FG → GF .Corollary 1. Let F be any of the funtors Jr, J̃r, Jr, Ĵr and G beany of Js, J̃s, Js, Ĵs. Then there is no involution FG → GF .
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Proposition 4. Let F be any of the funtors Jr, J̃r, Jr, Ĵr and G beany of Js
v , J̃s

v , Js
v, Ĵs

v. Then there is no involution GF → FG.5. Prolongation of onnetions to vertial Weil bundles. An rthorder nonholonomi onnetion in the sense of C. Ehresmann is a setion
Γ : Y → J̃rY (see [4℄ and [8℄). This an be generalized in the following way.Definition 3. Let J be an rth order jet funtor on FMm. An rth orderonnetion on a �bered manifold Y → M is a setion Γ : Y → JY .Definition 4. An rth order onnetion Γ : Y → JY is alled holo-nomi, nonholonomi or semiholonomi if it has values in JrY , J̃rY or JrY ,respetively.Clearly, for r = 1 all suh onnetions oinide. Proposition 1 immedi-ately givesProposition 5. Let Γ : Y → JY be an rth order onnetion on Y → Mand let F be a bundle funtor on FMm suh that there is an involution A :
FJ → JF . Then FΓ := AY ◦ FΓ is an rth order onnetion on FY → M .Consider now the involution κA,G given by (3), where G = J is an arbi-trary rth order jet funtor.Definition 5. The vertial A-prolongation of an rth order onnetion
Γ : Y → JY is an rth order onnetion VAΓ on V AY → M de�ned by(10) VAΓ := κ

A,J
Y ◦ V AΓ : V AY → JV AY.In partiular, if Γ is a holonomi, semiholonomi or nonholonomi on-netion on Y → M , then its vertial prolongation VAΓ is a onnetion ofthe same type on V AY → M .6. Existene of prolongation of higher order onnetions. Usingthe proof of Lemma 2 we easily obtainLemma 4. Let r, r′ be natural numbers and let F : FMm → FM be abundle funtor. Suppose that for some natural number n the natural bundle

F̃n : FMm → FM from Lemma 2 is of minimal order s ≥ 1. Then there isno FMm-natural operator A transforming rth order holonomi onnetions
Γ on Y → M into r′th order holonomi onnetions A(Γ ) on FY → M .Theorem 3. Let F : FMm → FM be a �ber produt preserving bundlefuntor and let r, r′ be natural numbers suh that r′ ≤ r. Then there is an
FMm-natural operator B transforming rth order holonomi onnetions Γon Y → M into r′th order holonomi onnetions B(Γ ) on FY → M if andonly if F ∼= V A for some Weil algebra A.
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Proof. The proof of the �only if� part is quite similar to that of Theorem 1(we use Lemma 4 instead of Lemma 2). Conversely, if F = V A, then we havethe involution κA,Jr

: V AJr → JrV A and we an onstrut the rth orderholonomi onnetion
B(Γ ) = κ

A,Jr

Y ◦ V A(Γ ) : V AY → JrV AYon V AY → M from an rth order onnetion Γ : Y → JrY on Y → M . For
r′ ≤ r we have the underlying r′th order onnetion on V AY → M .Remark 5. Clearly, Theorem 3 is also true for higher order onne-tions in the sense of De�nition 3. In partiular, we an replae holonomionnetions by nonholonomi or semiholonomi ones.Remark 6. In Theorem 3 it is essential that the bundle funtor F inquestion preserves �ber produts. However, in the ase r = 1, Theorem 3 isnot true for all bundle funtors F : FMm → FM with the point property.Indeed, in [3℄ we have onstruted the onnetion VHΓ on V HY → M froma onnetion Γ on Y → M for every (not neessarily Weil) bundle funtor
H : Mf → FM.
An unsolved problem. Modifying the proofs of Propositions 5 and 9in our paper [3℄ one an obtain from Lemma 4 the following fat: If a bundlefuntor G : FMm → FM admits an FMm-natural operator A transforming

rth order holonomi onnetions Γ on Y → M into r′th order holonomionnetions A(Γ ) on GY → M , then G ∼= V F for some bundle funtor
F : Mf → FM. Therefore it is interesting to answer the following question:do there exist FMm-natural operators A transforming rth order onnetions
Γ on Y → M into r′th order onnetions A(Γ ) on V F Y → M for non-Weilbundle funtors F : Mf → FM and natural numbers r and r′ satisfying
r ≥ r′ ≥ 2?
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