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SUMS OF RECIPROCALS OF ADDITIVE FUNCTIONS
RUNNING OVER SHORT INTERVALS

BY

J.-M. DE KONINCK (Québec) and I. KATAI (Budapest)

Abstract. Letting f(n) = Alogn +t(n), where t(n) is a small additive function and
A a positive constant, we obtain estimates for the quantities >° _, .., 5 1/f(Q(n)) and
> w<p<orn 1/ f(Q(p)), where H = H(x) satisfies certain growth conditions, p runs over
prime numbers and @ is a polynomial with integer coefficients, whose leading coefficient
is positive, and with all its roots simple.

1. Introduction. Let ¢(n) be an additive function for which there exist
two positive constants ¢ and £ > 0 such that
(1) [t(p™)] < % for all prime powers p®,
p

and let A > 0 be a fixed number; then let
(2) f(n) == Alogn + t(n).

Additive functions of the type (2) include the family of additive functions
[ for which Ivi¢ [3] obtained estimates of }-, . r(,)20 1/f(n); the same is
true for the family of additive functions studied by Brinitzer [1].

Let @ be a polynomial with integer coefficients, whose leading coefficient
is positive, and such that all its roots are simple. Our goal here is to provide
good estimates for each of the two sums

1 1
DI SRR Dt
where H = H(z) satisfies certain growth conditions and p runs over prime
numbers. Let D be the discriminant of @); for each prime p dividing D,
we shall assume that there exists a positive integer By = [p(p) such that
7(p?) = 7(p®+1) = - - for each integer 3 > By.
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From these estimates will follow good estimates for the more classical

expressions
1 1
2w M X Fern

r<n<zx+H r<p<z+H

2. Main results

THEOREM 1. Let f be defined by (2). Let ¢ < 1 be a fized positive number
and let H = H(x) be an increasing function satisfying x° < H < x'~¢ for all
x > xg for a certain xg > 0. Moreover, let Q) be as in Section 1. Then, given

any positive integer r, there exist computable constants e; > 0,ea,..., €,
such that
1 H
O R M PR (s |
r+1
e<n<zt+H f(Q(n) log x log" ™ x

As usual, we define the logarlthmlc integral as follows:

g§du

li(z) = :
5 logu

THEOREM 2. Let f be defined by (2). Let e < 1 be a fized positive number
and let H = H(x) be an increasing function satisfying gT2e < [ < gl-e
for all x > xqy for a certain xo > 0. Moreover, let ) be as in Section 1.
Then, given any positive integer r, there exist computable constants f1 > 0,
fo, .-, fr such that

! H
X, Ty ~ et ) e Zlogx 0( )

The following results are then consequences of the proofs of the above
theorems.

THEOREM 3. Let f and A be as in (2). Let € < 1 be a fized positive
number and let H = H(x) be an increasing function satisfying x® < H <
x'=¢ for all x > xq for a certain xo > 0. Then, given any positive integer r,

there exist computable constants by > 0,ba, ..., b, independent of A, such
that
1 " b H
> —HY O(_)_
r+1
e<neatH f(n) = (Alog z)J log" 1z

COROLLARY. Let g be either one of the following multiplicative func-
tions:

g(n) = ox(n de g(n) = o(n) (Buler function), g(n) =7 (n),
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where 79 (n) = 7 (p§* -+ - p2s) 1= 1(a) - - - T(evs) stands for the number of
exponential divisors of n, that is, those divisors d = pi* .. .pﬁ?s of n such that
Bilay fori=1,...,r. Let H= H(x) be as in Theorem 1. Then, given any
positive integer r, there exist computable constants bj = bj(g), 1 < j <,

such that
1 ~ b H
=H 4+ O( >
x<nz<;+H log g(n) Jz::l log? x log" !z
THEOREM 4. Let f, A, e and H = H(x) be as in Theorem 2. Then, given
any positive integer r, there exist computable constants di > 0,ds,...,d,,

independent of A, such that

T

1 . . d; H
> m:(h(ﬂc—i—ﬂ)—h(az))zm—i—0< >

r+2
v<p<z+H j=1 log"™" &

3. Preliminary results

LEMMA 1. Let t be as in Section 1. Then

(logn)?
(3) [t(n)| < loglog (n>3),
where = max(1 — &, 1/4).

Proof. First, consider the case where 0 < & < 3/4. Then, let t™) be the
additive function defined on prime powers p® by

W (o) = &
3 (p ) - pg
One can easily establish that

log z)!~¢
3<n<z loglog x
which clearly implies (3). On the other hand, if & > 3/4, then we have
1t(p®)| < ¢/p¢ < ¢/p®/, so that the argument for the first case may be used
again, and then case (3) follows once more.

LEMMA 2. Let Q € Z[z] have all roots simple. Let o(m) be the number
of solutions of Q(n) =0 (modm). Let D be the discriminant of Q. Then for
each prime number p such that (p, D) = 1, we have o(p®) = o(p) for each
positive integer 3.

Proof. Tt is known that, for some positive integer z, D = u(x)Q(x) +
v(x)Q' () for some polynomials u, v € Z[x]. Now, given 5 > 1, let z1,..., 24
(mod p®) be the solutions of Q(z) = 0 (modp?). If Q(y) = 0 (mod p’*!),
then y=xz;+tp® (mod p”+1) for some t€{0,1,...,p—1}, so that Q(x; +tp”)
= Q(z;) +tpP Q' (z;) (mod p?T1). Therefore, since p | Q(x;) and pt Q' (x;), we
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infer that exactly one ¢ is appropriate, which means that o(p®t1) = o(p?),
thus completing the proof of Lemma 2.

Let 7(x, k, ) denote the number of primes p < x such that p = (mod k).
THEOREM A. Let E be an arbitrary positive number and let H = H (z)
be as in Theorem 2. If (k,1) = 1, then uniformly for k < log” z,
_li(z + H) — li(w)

m(x+ H, k1) —7m(x, k1) = "0 (1 4+ O(exp{—c1y/logz}))

for some positive constant c;.

Proof. This follows directly from the Siegel-Walfisz Theorem (see Pra-
char [4, Chap. IX, Theorem 3.1]), according to which, uniformly for & <
log” ,

W@+ H, 1) — (b 1) = %(1 + O(exp{—c1+/logz})),

P,k )= > Aln),
nzz%ﬁdk)

where

with A standing for the von Mangoldt function.

REMARK. The exponent 7/12 tied to the conditions on H (z) (see state-
ment of Theorem 2) comes from a result of Huxley [2].

4. The proof of Theorem 1. We may clearly assume that r 4+ 1 is
even. Let « > 0 be a large number. Let k£ be the degree of the polynomial @
and let E be its leading coefficient. Let J = [z,z + H], Y =Y (z) = log" z,
where 7 is a large number to be chosen later. Let also ty be the additive
function defined on prime powers p* by

)= {0 <Y,
0 otherwise,
and set
ky(n) =t(n) — ty(n).
Finally, let o(m) be the number of solutions of @Q(n) =0 (modm) and set

[(Q(n)) = Alog Q(x) +t(Q(n)),  f2(Q(n)) = Alog Q(z) + ty (Q(n)).

Since

%:14-()(%) for1<j<H,
it follows that
1 _ 1 1 (n) 2
O X am ~ T < o 00| < e
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Moreover,

1 1 T
) 7;7 A@QM) fQ(Q(n))‘ < log? 7’
where

7= [ry(Q))]

neJ

In order to estimate T, we first observe that it follows from (1) that

ey (@)l < Y M= Y REMI+ Y [t

p*|Q(n) p*[|Q(n) p*]|Q(n)
p>Y Y<p*<H p*>H

= k) (Q(n) + £ (Q(n)),
say. Furthermore,
© QI X S Y e >

rlem P pem) plQ(n)
p<VH,p*>H VH<p<H p>H

= Ki(Q(n)) + K2(Q(n)) + K3(Q(n)),
say. Now let

7=y s (Qm) (=12
neJ
On the one hand,
1 1 1 1 H H

(7) T1<<HZT+H Z — +H Z — K =

3 L pl+E —1 14€

pZY p p2>Y p p pa ZY pCM p Y& \/?
a>3

On the other hand, it follows from (6) that
(8) Ty < My + My + M3,

where M; =3 - - Ki(Q(n)) for I =1,2,3.

In order to estimate M, observe that the conditions p® || Q(n), p < VH,
p® > H imply that there is a divisor p? of p® for which vVH < p? < H with
8 > 2. Consequently,

1 3/4
(9) My <H Y o <HY,
pP>VH
say. Similarly, and by using Lemma 2, we infer that
(10) M, < e Z @ < H'"¢?1oglog H,

VH<p<H
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and that, since pr 1 is bounded,

(n), p>H
(11) Ms < H'™C.
Inserting (9), (10) and (11) in (8) shows that
(12) Ty < H3* 4 H'7¢/2,
Substituting (7) and (12) into (5), we obtain

1 1 H H
13) 7;7 J1(Q(n)) - f2(Q(n))‘ < logt"*2 + 10g77/2+23;

provided 0 < £ < 1, which has indeed been assumed.
Then, letting S(x, H) := Zr<n<m+H 1/f( (n)) and

(14) =) 70

neJ

we deduce from (4) and (13) that

S(z, H) — S*(, H) = o( Iix>

log"

provided n = n(r, &, €) is chosen large enough. This means that in order to
complete the proof of Theorem 1, it is sufficient to prove that

H
(15) HZ log x <log’"+1x>'

First observe that it follows frorn Lemma 1 that

v (@(n)| < S108Qx)  (ne ),

so that

1 1
16 FQm) ~ AlogQ@) + & QM)
! {1_ 1 (Q(n)) +<ty<c2< >>>

T AlogQ@) || AlgQlr) | \AlgQ())
A ty(Q(n)) \' [ty (Q(n))["*
o (Foam) o raw >}

=Y #(QMn)

neJ
so that from (14) and (16), we have

Now let

r

oy Ri(T) Ry1(J)
(17) S ($7H) - ]z;( 1)J (A logQ(m))jH + O< 10gr+237 >
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We shall now estimate each R;(J) with good accuracy. Indeed,

J .
as) BH=% ¥ kl']7|kl' S H)h ),

=1 k1++kl=] p?1<_“<p7lgy

where p1, ..., p; are any collection of distinct primes and aq, ..., a; are pos-
itive integers such that p{* <--- <p;" <Y and

A=A, ....p") =#{n e j:pjo-‘j |1Q(n), 7=1,...,1}.
One easily sees that A may be written as

(19) A=H Y “ — pgj5)+0( > Q(p?l--'p?W))-

dlp1--p P d|p1--py

Clearly the contribution of the error term in (19) to the right hand side of

Now writing

* _ a1\ k a k ﬂ a1 l(s)
S ke k) =Y SRR 5p :
Pyl <<p <Y Slp1-py

it follows from (18) and (19) that
J .
B J! «
(20) Ry(T)=H> > mz (Y| k1,..., k) +0j(1)

=1 k1+-+k=j
_ HD,(Y) + 0;(1).

say. We shall now manage to replace D;(Y') by

J .
_ 7! ;
D]—Z Z mS(OO‘kl,,kl),

I=1 kit +hy=j

carefully monitoring the error term created by this substitution, that is,
showing that

(1) 00|kt ) — TV [, >r<<f =

thus enabling us, using (20), to replace (17) by

. N D; H
@) S D=1 gy “0(im)

provided 7 is chosen sufficiently large. Then, since

Alog Q(z) = Alog(Ex* + O0(z"1)) = Aklogz + Alog E + O(1/x),
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it follows that

(23) N U
(Alog Q(z))i+1 S log” = log 2z )’

with suitable constants u, ;. Using (23) in (22) yields (15).
Hence, it remains to prove (21). Indeed, by (1), it is clear that

tp)® 11
(24) Y < 7 T ve

plal >Y
and that

=1 40 ik
(25) Z H t(pj )

p ’
a1 j— ]
p(fl<~--<pl_113_1 J

= 0(1).

Since (21) clearly follows from (24) and (25), the proof of Theorem 1 is

complete.

5. The proof of Theorem 2. The proof is very similar to that of
Theorem 1. As in that proof, we may clearly assume that r+1 is even. Using
the notation introduced in Section 4 and repeating the same argument, we

obtain
1 1
2| - )
1 1 1 1
: pej‘ﬂ@(p)) - @@ 2|50~ mew)
H? T H
< zlog? x * log? x < log" 22’

provided 7 is large enough. Then, proceeding as we did to obtain (16) and

(17), we get
LNy SiT) Sr41(T)
O 2 e~ 5 et o(y)
where
Si(T) =D H(Q))-
peEJ
Then

) S@D=) Y gy X A,

. R1- &
=1 k1++kl:] pi)‘1<._.<plo‘lgy
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where again pq,...,p; are any collection of distinct primes and aq,...,q
are positive integers such that pi* < --- <p, <Y and

Ay = Ay, ..t = #{pej:pj’ | Qp), j=1,...,1}

Then, letting o*(m) be the number of residue classes s (modm) such that
Q(s) =0 (modm) and (s,m) =1, and calling upon Theorem A, we obtain

a1‘ pMS
(29)  Au(pits.op) = (i + H) li(z) Y M : n

opX
d|p1...; P )
+0<

exp{—c1y/logx} I >
P

Then, observing that the contribution of the error term in (29) to the sum
n (28) is at most

<10g exp{—c \/@}>

and continuing the proof as we did in Section 4, we find that

@) ()= G+ 1) K + 0 T )

where

J .
J! a a
Kj=) e en D DI (AR DN

I=Ukntothi=g T 0
1 '
> ” 70
X ) .
: p
8|p1--pr !

Then substituting (30) in (27), and taking into account (26), completes the
proof of Theorem 2.
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