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TRISECTIONS OF MODULE CATEGORIES

BY

JOSE A. DE LA PENA (México) and IDUN REITEN (Dragvoll)

Abstract. Let A be a finite-dimensional algebra over a field k. We discuss the ex-
istence of trisections (mody A,modg A,mod_ A) of the category of finitely generated
modules mod A satisfying exactness, standardness, separation and adjustment conditions.
Many important classes of algebras admit trisections. We describe a construction of alge-
bras admitting a trisection of their module categories and, in special cases, we describe
the structure of the components of the Auslander—Reiten quiver lying in modg A.

Let A be a finite-dimensional algebra over a field k. One of the main
problems of the representation theory of algebras is to describe the finite-
dimensional indecomposable left A-modules. Since this is possible only for
algebras of tame representation type, in the general situation other types
of structural results are considered. In certain important cases the category
mod A of finitely generated left modules admits partitions which determine
the direction of morphisms between indecomposable modules. This is the
case for tilted algebras, tubular algebras, concealed-canonical algebras and
other important examples.

Let A be a finite-dimensional algebra. A trisection (mod; A, modg A,
mod_ A) of mod A satisfies the following conditions:

e (Ezactness) Each of mody A, mody A, mod_ A is a full subcategory
of mod A closed under direct sums, direct summands, extensions and
isomorphisms.

e (Standardness) The indecomposable modules in modg A yield a fam-
ily of generalized standard (pairwise orthogonal) components of the
Auslander—Reiten quiver I'4 of A, that is, for X,Y € mody A, we have
N,>1 rad’} (X, Y) = rad¥ (X,Y) = 0.

e (Separation) Every indecomposable A-module belongs to mody A,
modg A or mod_ A. If X € mody A and Y € mod_ A then

Hom 4 (modp A, X) = 0 = Homy4 (Y, modg A).
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Key words and phrases: trisection of a module category, Auslander—Reiten quiver,
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o (Adjustment) For every X € mod; A and Y € mod_ A we have
Hom4(X,modp A) #0 and Homa(modgA4,Y) # 0.

Many important classes of algebras admit a trisection of their module
categories, notably the tilted algebras and the algebras with a separating
tubular family of stable tubes. Recall that an algebra A is tilted if A =
Endy(T), where H is a hereditary algebra and T is a tilting H-module
(that is, ExtL (T, T) = 0 and T is a direct sum of n = rankg, Ko(H) pairwise
non-isomorphic indecomposable modules); in that case modg A = addC is
the additive closure of the modules lying in the connecting component C of
the Auslander—Reiten quiver I'4 (see [20]). On the other hand, the finite-
dimensional algebras with a separating tubular family of stable tubes (in the
sense of [12]) include the tame hereditary algebras [20], the tubular algebras
[6, 20], the canonical algebras [11, 20] and more generally the concealed-
canonical algebras [12, 13]; in that case, mody A = add 7y, where 7y is the
separating tubular family.

Generalizing some of the above examples, the class of quasitilted algebras
was introduced in [10]. An algebra A is quasitilted if A = Endy(T) for a
tilting object T' in a hereditary abelian k-category H. It was shown by
Happel [7] (over algebraically closed fields and generalized in [8] to arbitrary
base fields) that there are only two types of quasitilted algebras: the tilted
ones and the quasitilted algebras of canonical type, that is, algebras A =
Endy(T) for a tilting module T over a hereditary category H whose derived
category D°(H) is equivalent, as a triangulated category, to the derived
category D’(mod C) of modules over a canonical algebra C. It is known
[10] that quasitilted algebras of canonical type admit a trisection of their
module categories. In Section 3 we shall give a direct proof of the fact that
a quasitilted algebra admitting a trisection of its module category is either
a tilted algebra or a quasitilted algebra of canonical type.

Recently, it was shown [16] that the class of Artin algebras A whose
Auslander—Reiten quiver admits a trisection whose middle part is a sepa-
rating family of almost cyclic coherent components coincides with the class
of generalized multicoil enlargements of concealed-canonical algebras. This
result provides the description of many algebras admitting special classes of
trisections.

The purpose of this work is to describe a construction of algebras A
admitting trisections of their module categories and in special cases, describe
also the structure of the components of the Auslander—Reiten quiver lying
in modgy A.

In Section 1 we study subcategories Hg C ind A called hearts of mod A,
which under certain conditions yield trisections of mod A. We shall con-
struct (and recall) many examples of algebras admitting (or not) trisections
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of their module categories, in particular we provide examples of algebras
which are not quasitilted but admit trisections. In Section 2 we prove that
for an algebra A = kQ/I admitting a trisection (mod; A, mody A, mod_ A)
of its module category, any quotient A = A/Ae, A, where e, is the idempo-
tent corresponding to a sink z in @) such that the indecomposable injective
I, is in modg A, admits a trisection (mod; A, modg A, mod_ A) such that
mod_ A = mod_ A. This observation is fundamental for the proof of the
results concerning quasitilted algebras in Section 3.

Section 4 is devoted to the study of oriented cycles in the quiver @ of
an algebra of the form A = kQ/I admitting a trisection of mod A. We
show that the quotient A of A obtained by killing the convex closure of
those vertices in () lying on oriented cycles, still admits a trisection of
mod A.

In case A = kQ/I is triangular, that is, @ has no oriented cycles, we get
the following description of the structure of A. For terminology see [13] or
Section 3.

THEOREM A. Let A be a triangular algebra admitting a trisection of
mod A. Then there are algebras Ao, A1, ..., As = A with Aj+1 = A;[M;] for
1=0,...,5—1 such that the following holds:

(a) A; admits a trisection of mod A; such that M; € modgy4;, i =
0,...,s—1.

(b) Ag decomposes as a product By X --- X By of indecomposable alge-
bras, where each B; is either a tilted algebra or an almost concealed-
canonical algebra.

In Section 5, we shall give necessary and sufficient conditions for a one-
point extension A[M] of an algebra A admitting a trisection (mody A,
modg A,mod_ A) with M € mody A4, to admit a trisection (mod; A[M],
mody A[M],mod_ A[M]) with mody A[M] = mod4 A. Section 6 provides
the proofs of some basic results stated in Section 1. As a consequence of
the structure results established in Sections 4 and 5 we get the following
fundamental property of algebras admitting trisections.

THEOREM B. Let A be an algebra admitting a trisection of mod A. Then
modg A weakly factorizes maps from mody A to mod_ A. That is, for any
modules X € mody A and Y € mod_ A and a morphism f € Homux(X,Y),
there exist a module U € mody A and morphisms f' € Homa(X,U) and
" € Homy(U,Y) such that f = f"f'.

Factorization properties for trisections have been considered for special
classes of algebras (see for example [12, 18]). In Section 1.7 we provide
examples to show that stronger factorization properties are not necessarily
satisfied by trisections in general.
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Concerning the structure of the Auslander—Reiten components corre-
sponding to modules in mody A we know from [23] that they admit only
finitely many non-periodic orbits. A more precise description is given in
Section 7 in case the algebra A is strongly simply connected. Following [21],
for an algebraically closed field k, we say that A = kQ/I is strongly simply
connected if it is triangular and for every convex subcategory B of A, the
first Hochschild cohomology H'(B) vanishes. Roughly speaking, a compo-
nent of the Auslander—Reiten quiver I'4 is said to be a multicoil if it consists
of a finite number of coils glued together by some directed parts, a coil being
a natural generalization of the notion of a tube (see [2, 24] for the precise
definitions). The structure theorem in Section 7 is the following.

THEOREM C. Let A be a strongly simply connected algebra admitting a
trisection (mod4 A, modg A, mod_ A). Then every component of I'4 lying in
modg A is a multicoil.

Obviously, we shall say that (Hy,Ho, H—) is a trisection of ind A if
(add H4,add Hp,add H_) is a trisection of mod A. Sometimes we shall say
that (Hy, Ho, H—) is a trisection of A.

This work was started during a visit of the second named author to
UNAM in the spring of 1998. The completion of the paper took some time
due to non-mathematical reasons. The authors acknowledge the support of
their institutions, CONACyT and DGAPA, UNAM.

1. Hearts of a module category and trisections

1.1. Let A be an Artin algebra and consider the category mod A of
finitely generated left A-modules. It is useful to start by investigating a con-
cept more general than trisections, namely hearts of mod A, which provide
trisections when additional requirements are satisfied.

A set of indecomposable A-modules H) is called a heart of mod A if there
exist sets of indecomposable A-modules H4 and H_ satisfying:

e (Ezactness) For any X, Y € Hy (resp. Ho,H-) and Z an indecom-
posable direct summand of an extension of X by Y, we have Z € H
(resp. Ho, H-).

e (Standardness) The indecomposable modules in Hj yield a family of
pairwise orthogonal generalized standard components of the Auslan-
der—Reiten quiver I'4.

e (Separation) Every indecomposable A-module belongs to H4,Hg or
H_.IfX € Hy and Y € H_, then Homy4(Ho, X) = 0 = Hom 4 (Y, Hyp).

Recall that, in case the ground field k is algebraically closed, a component
C of I'y is standard if the mesh category k(C), obtained from the path
category kC by factoring out the sums > 7, Bi; for every almost split
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sequence

O—>TAX(%>) @E(&)X—)(]
i=1

with X € C, is equivalent to the full subcategory of mod A induced by
the modules in C. A standard component C is generalized standard, that is,
rad®(X,Y) = 0 for every pair X,Y € C (see [15]). Observe that if a family
(Ci); of components of I'4 is generalized standard, then Homy4(C;,C;) = 0
for i # j.

We say that a heart Hy of mod A is sincere if there exists a sincere
module in add Hy. It is adjusted if given H, and H_ as in the definition, for
every X € Hy and Y € H_ we have Hom4 (X, Ho) # 0 # Hom 4 (Ho,Y).

LEMMA. Let Ho be a heart of mod A with Hy and H_ as in the defini-
tion. Then the following statements hold:

(a) If Ho is sincere, then every indecomposable projective (resp. injec-
tive) module belongs to Hy U Hg (resp. Ho UH-_).
(b) If Ho is adjusted, then Ho is sincere.

Proof. (a) Follows from the separation property.

(b) Consider a simple module S and assume S ¢ Hy. Consider the case
S € H_. As H, is adjusted, there is a module X € Hy with Hom4 (X, S) # 0,
hence X has S as a composition factor. The case S € H is treated dually. =

1.2. LEMMA. Let Hy be a heart of mod A and suppose that (H, Ho, H—)
satisfies the conditions of the definition. If Ho is adjusted, then Hy and H_
are uniquely determined.

Proof. Indeed, Hy = {X € I'y: Homu(Hp,X) = 0} and H_ = {Y €
I'y: Homy (Y, Ho) =0}. =

In case Hy is an adjusted heart, (H4, Ho, H_) is called a trisection of the
category ind A of finitely generated indecomposable A-modules. In this case
mody A = add H4, modyg A = add Hp, mod_ A = add H_ yield a trisection
of the module category mod A.

1.3. We present some general properties of trisections essentially proved
n [12]. We recall that given a path of non-zero maps between indecompos-
able A-modules of the form X = Xg — X7 — -+ — X; =Y, the module X
is a predecessor of Y (and Y a successor of X).

PROPOSITION. Let (Hy,Ho, H-) be a trisection of ind A. Then:

(a) The categories add Hy, add Ho and add H_ are closed under exten-
stons; Hy is closed under predecessors and H_ under successors.

(b) Each module in H4 embeds into a module in Hy.
(c) If X e Hy andY € H_, then Homy(Y, X) = 0.
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(d) Each module X € Hy has projective dimension pd4 X < 1. Dually,
every Y € H_ has injective dimension ida Y < 1.

(e) The modules in Hy (resp. H_) form complete components of I'a.

(f) The components C in Hy are convex (that is, X — X; — -+ —
X, — Y being a chain of non-zero maps between indecomposable
modules with X,Y € C implies X; € C for all 7).

Proof. (a) is clear.

(b) Let 0 # X € H4 and choose 0 # f: X — U with U € Hy. Let
I =1Im f and consider the exact sequence

O—>K—>Xi>f—>0.

Then K € add H. Factorize [ = I @Iy with I, € add H4 and Iy € add Hp.
If f is not mono, then dimy I, < dimyg X. By induction hypothesis, we
may suppose f': I. — Up is mono for some Uy € add Ho and similarly,
fo: K — U is mono for some Uj € add Hy. Form the commutative and
exact diagram

0 0
Ll
0 K X I 0
o]
0—=U} Y —=1 &l —=0

As U}, Iy € add Hp and I € add Hy by (a) we see that Y € add(Ho U H).
Since Extl(I,,U)) = 0, we have Y = I, @ U; for some U; € add Ho.
Therefore, X < Y < Uj @ U; is the desired inclusion.

(c) Let X € Hy and Y € H_. Consider X — X with Xy € add Hy,
which is possible by (b). Then 0 — Hom4 (Y, X) — Homa(Y, Xo) is exact
and we know that Homy (Y, Xo) = 0.

(d) Let X be an indecomposable module in H. Since the Auslander—
Reiten translation 74 X has no injective predecessor by 1.1 and (a), it follows
that pd4 X <1 by [20, p. 74].

(e) Assume X — Y is an irreducible map in I'y with X € H,;. By
standardness Y ¢ Hy. Assume Y € H_ to get a contradiction.

Since Y is not projective, we consider the almost split sequence

S
OHXng@@ZiﬂYHO.

i=1

Then X; € H4. Moreover by adjustment, there is a non-zeromap f: Z7 — Y
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with Z € Hy, hence f factorizes through (3. Then there is some j € {1,..., s}
with a non-zero map Z — Z;. It follows that Z; € H_, because Hy is
standard and there is an irreducible map X; — Z; with X; € Hy. Set
Y1 = Z;. We have found an irreducible map X; — Y;. In a similar way we
construct a family of irreducible maps X; — Y; with X; = 74Y;_1 € Hy
and Y; € H_ for i € N. The module T = @,y Y is a partial tilting
module because Ext} (V;,Y;) = DHomy(Y;, X;) = 0 (see [20]). Moreover,
the modules (Y;); are pairwise non-isomorphic since they lie on a sectional
path. Indeed, there is an infinite path --- — Y}, By Yo1— - =Y by Y
of irreducible maps which is sectional (since Y, 41 = 74Y;,—1 implies that
Xn—1 € Hp by (a), which is a contradiction). By [4], sectional paths have
no cycles. Therefore T' should have at most rank Ky(A) indecomposable
pairwise non-isomorphic direct summands, a contradiction.
(f) Follows from standardness and (a). m

1.4. EXAMPLES.

(a) Representation-finite algebras. In this case Hy = ind A is an adjusted
heart of mod A. Observe that when k is algebraically closed, the components
in Hy are not necessarily standard.

(b) Tilted algebras. Let H be a hereditary algebra and T a tilting mod-
ule. Consider the tilted algebra A = End4(T"). There are several possibilities:

e A is representation-finite.

e A is representation-infinite and 7' is a sum of preprojective modules.
Then A is a concealed algebra and I'y has two components P and J with
complete slices. In this case both Hy = P and Hy = J are adjusted hearts
of mod A. Moreover, if H is tame, then the regular modules of A form a
generalized standard family 7 of stable tubes. Also Hg = 7 is an adjusted
heart of mod A. Similarly when T is a sum of preinjective modules.

e A is representation-infinite and 7" has regular summands. Consider the
preprojective component P and the preinjective component 7 of I'4.

In case H is tame, either P or J has a complete slice (but not both).
Suppose P has a complete slice. Then both Hy = P and Hy = ind A\ (PUJT)
are adjusted hearts of mod A. In this case, A is a domestic tubular algebra
(see [20]).

In case H is wild, let C be the connecting component of I'y (that is,
the unique component having a complete slice); then Hy = C is the unique
choice for an adjusted heart of mod A.

For the next examples (c) to (h) we assume that k is algebraically closed.

(c¢) Canonical algebras. Let C' = (C(p, A) be the canonical algebra asso-
ciated to the data p = (py,...,p:) € N*, A = (A3,...,\¢), where the )\;’s are
pairwise different elements in k* and C' = kQ /I, where @ is the quiver
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and [ is generated by avip, ... 11 —Niaop, ... 21 —p, ... a1 fori =3, ...t

It was shown in [20] that there is a standard family 7 = (T))xep,x of
stable tubes such that Hy = 7 is an adjusted heart of mod A.

If C is a tubular algebra (that is, p=(2,2,2,2), (3, 3,3),(2,4,4),(2,3,6)),
then there are standard families 77 = (T; )aep, i of stable tubes in I'y
(v € QT U{0,00}) such that H] = 77 is an adjusted heart of mod A
(see [20]).

(d) Quasitilted algebras of canonical type. We recall that an algebra A
is quasitilted if gldim A < 2 and for every indecomposable A-module X
either pdy X <1 oridg X <1 (see [10]). Quasitilted algebras of the form
A = End¢(T), where C' is a canonical algebra with a trisection (H., Ho, H-)
and T is a tilting module in add H, are said to be concealed-canonical. In
case A is not a tubular algebra, mod A has a unique adjusted heart. A gen-
eral quasitilted algebra of canonical type may be obtained as a semiregular
branch enlargement of a concealed-canonical algebra (see [13]).

(e) Consider the path algebra B associated to the quiver @ below. The

Q:1/2 \‘4 M:kykmk
N N A

quiver of I'g contains a standard family 7 = (T))aep, « of stable tubes which
are all homogeneous exception two tubes 77 and T5 of rank 2. Let M be an
indecomposable module in T; with regular length 2. Consider the one-point
extension A = B[M] (= (’g BJ]::/[’“) with the usual matrix operations, see
[20]). Then 7’ = (Tx)xz1 is a family of components of I'4. We find that
Ho = 7' is a heart of mod A with Hy = P where P is the preprojective
component of I'z (and also of I'4) and H_ = I'4 \ (PUT’). Since M is not
simple regular, the component C’ of I'4 where M lies is not standard (see
for example [18]). It follows that ind A does not have an adjusted heart.

(f) Consider the algebra A given as A = kQ/I where () is the quiver
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and [ is generated by vyaq, de, and S1A. As shown in [2], A is a multicoil
algebra, that is, every component of I'4 is a multicoil. The components of
I'4 may be described as follows: let P be the preprojective component of the
algebra A(1,2) associated with the full subcategory of A with vertices 1, 2;

0
let (T3}, be the standard family of tubes of A(1,2), where M : (k2 _ k1) €
1
T! (where ki is the vector space k “sitting” at the vertex 4); let J' be the
preinjective component of A(1,2,3,4); let P’ be the preprojective component
of A(4,5,6,7); let (T?)x be the standard family of tubes of A(6,7), where
0
Ms: (k6 _ kT7) € T?; let J be the preinjective component of A(6,7). Then
1
P, P, (T){),\;ﬂ, <T§))\751, J,J' are the components of I'4 with exception of
the following multicoil C:

AN TN

000 000
0013\& 1799 //ﬂ::
N\ g
000 000”7
féﬁllll\ig /_7,0122\hl "
1
1
011 111 000 000 000
My OOOQE;----//EQOU ------ Looo ------ 0191 ----- 0p11 Mo
1 /]
v 199 111
+ 0000 \ /7f000 i;
1
! 122 011
! 1900 9900
;\ AN
1 o [ ] '
. 1
. 1

where dotted lines should be identified and indecomposable modules are
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represented by their dimension vectors. Then Hy = add((T} )21 U (T5)r21
UC) is an adjusted heart of mod A.
(g) The algebra A = kQ/I where @ is the quiver

2
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and I is generated by «;01 — «;02, 718 — 70i, ¢ = 1,2,3,4, d1e — doe,
A1 — Ay and €. The algebra A(a,b,1,2,3,4,5) is a tubular extension of
the hereditary tame algebra B = A(1,2,3,4,5) of tubular type (2,2,2,3)
and hence is wild. Thus A is wild. Let (7)) be the tubular family of I'p
and M = rad P, € T}; similarly, let (T f) » be the tubular family of I'g
where B’ = A(1,2/,3/,4,5) and M’ = I, /soc I, € T}. Then Ty, T3, X\ # 1,
are components of I’y and there is a multicoil C of I'4 containing both M
and M. The category Hy given by the modules in (T})xz1 U (T3)rz1 UC is
an adjusted heart of mod A.
(h) Let A be the algebra given by kQ/I where @ is the quiver

231
a—B> b /—\c
S
Vl oL,
1
|
€
2/\3
S
A

with I generated by o108, dv, AJd, e\ and Ae. Then I'y consists of all com-
ponents of I'yr where A’ = A(a,b,c,1) except the component T" where the
projective P, lies which is substituted by a new component 7" obtained by
identifying T' and I'4», where A” = A(1,2,3), along the simple module S;.
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Then mod A admits an adjusted heart which contains a cycle of maps be-
tween indecomposable projective modules.

1.5. Observe that there are algebras A admitting two trisections (H.,
Ho, H—) and (H'_, Hj, H.) with Ho # Hj. Indeed, the following cases are
well known (see [20]):

(a) A is a representation-infinite concealed algebra with preprojective
component P and preinjective component 7. We may choose H to
be P or J.

(b) A is domestic tubular with a tubular family 7 and a preinjective
component J containing all injectives. Then Hy =7 or Hy = J.

(c) A is a tubular algebra with separating tubular families (79), o €
{0} UQ* U {co}. Then we may choose H = 7¢ for any g.

THEOREM. Let A be an algebra admitting two trisections (H., Ho, H-)
and (H!\, Hy, H') with Ho # H. Then there is a quotient A of A satisfying
the following conditions:

(a) there are only finitely many indecomposable A-modules (up to iso-
morphism) which are not A-modules;

(b) A= Ay x - x A is a product of indecomposable algebras, at least
one of which is either a concealed algebra, a domestic tubular algebra
or a tubular algebra.

The proof is based upon Theorem A, whose proof will only be given in
Section 3, and on the reduction process given in Section 4. We postpone the
proof until Section 6.

1.6. We say that a triple (H4,Ho, H-) is a weak trisection of ind A
if Hy is a heart of mod A and (H.y,Ho, H-) are sets of indecomposable
A-modules satisfying the exactness, standardness and separation conditions
and moreover all indecomposable projective (resp. injective) modules lie in
Hy UHop (resp. HoUH-).

We introduce this definition to simplify some statements, since in Sec-
tion 6 we shall show the following result.

THEOREM. Any weak trisection of ind A is a trisection.

1.7. Let (H4+,Ho, H—) be a trisection of ind A. Consider the following
properties of the trisection:

e (Strong factorization property) for all X € Hy, Y € H_ and f €
Homy(X,Y) and for every component 7 of Hy, there exists U € T
and maps f' € Homyu (X, U) and f” € Homa(U,Y) such that f = f”f'.

o (Weak factorization property) for all X € Hy, Y € H_ and f €
Homy(X,Y) there exists a module U € addHy and maps [ €
Homu(X,U) and f” € Homa(U,Y) such that f = f"f’.
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In [12] it is shown that the concealed-canonical algebras have the strong
factorization property. On the other hand, Theorem B shows that every
trisection has the weak factorization property. We now give an example
showing that trisections do not always have the strong factorization prop-
erty.

ExaMPLE. Consider the algebra A = kQ/I, over an algebraically closed
field k, given by the quiver

"/
M\>

\/

@:y\l/\%
.W/\/'\Z,
k/

/\

bound by the relations p;v; = 0, g\ = 0 (i = 1,2), a3 = 0 = diq,
01871 = 1AL, By2 = 0 = 620 and doaye = psAe. Then I'y is formed by a
unique preprojective component P, a unique preinjective component 7, the
homogeneous tubes (7s)s having in their mouths the Kronecker modules

PN
M,: k k,  sek\ {0},
~_ 7

s

and two additional quasi-tubes Ty and T, (see [2] for definitions) whose
modules are given by dimension vectors as follows:

A
00 00 0 \01 00 00
000 100 010 0o 001 000

N AN N7 N 7 N

| |

P92 00 !

\/ :/, \ /,11\0(/, \ /,11\ /,22\:
/ &_\ 7y 10001 11100 111—>10101—>011 02121 12[21
M yl 81 ° : e
. Q \ 10 /’ \l (][) /l \l )U /l \ 00101/’ \l 1[]]11/' 3

B 3/’&5\4 /,22\ /,11\ PN N
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The family 7 = (75)ep, (1) spans a full subcategory modg A of mod A
such that every map from P to J factorizes through modg A, as is not hard to
check from the construction. On the other hand, the map f € Homy(X,Y)
between X € P and Y € J with dimension vectors

! et
\ \
X Ty T

and Im f = S & Sy factorizes through add(7p V Ti) but not through any
tube T, s € Pi(k).

2. Going down with trisections

2.1. Let A = kQ/I be a finite-dimensional algebra such that ind A ad-
mits a trisection (H4,Ho,H_). We shall examine the set QY of vertices
x € Qo such that the corresponding indecomposable projective A-module
P, lies in Hj.

LEMMA. QY is closed under predecessors in Q.

Proof. Let z € Q8 and y — x be an arrow in ). Then there is a non-zero
map P, — P, in mod A. Since P, € Ho, we have P, € HoU H_ but since
H_ does not contain projective modules, we conclude that y € Q3. =

2.2. Assume P, € Hy. First we consider the case when x is a source in
Q and we form the quotient algebra A®) = A/Ae, A.

THEOREM. Let A =kQ/I be an algebra with a trisection (H4,Ho, H-)
of ind A. Let = be a source of Q such that P, € Hy. Then AW admits a
trisection (H',, Hy, H) with H!, = H.
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Proof. First observe that any module X € H is an A®)_module. Then
define H/, = H.

Define Hj, as the set of indecomposable A®)_modules {TZ@X : 4> 0and
X is an indecomposable A®)-module in Ho} and H' = Iy \ (H'y UH)).
Observe that H' C H_.

We claim that H} is an adjusted heart of mod A(®). We divide the proof
into several steps.

(1) By definition, H/, is closed under predecessors. Moreover, H’ is
closed under successors. Indeed, assume that Y is a successor of X € H’ . If
Y ¢ H' ,thenY € Hy UHg and also X € (Hy UHo) NH- = 0.

(2) We check that H, is formed by complete components of I"4). Let
X € Ho be an indecomposable A®@) _module and let i > 0. Let Y be a
neighbour of Z = A(Z)X in I'j)-

Assume Y — Z. If some P = TA(E

X is a predecessor of P and hence P € Hy. Since 7

that Y € Hj. If no TA(x)

an arrow in I'y(). Therefore 7

Y is projective for 0 < j <1, then
P =Y it follows
14<z))/ — X is
Y is a predecessor of X € Hg but 7%, Y

A=)
Y € Hp and

,4(1)
Y is prOJectlve for 0 < j < i, then 7

14(1)
is not in H+ = H’,, since otherwise X € H,. Hence TA(Z)
Y = Am( Y) e H,.

Assume Z — Y. If Y is projective, then, since Y is a successor of X, we
get Y € Hp. Hence Y € Hj. Otherwise, there is an arrow 7,4«)Y — Z in
I' ) and the case above implies that 74 Y € Ho, that is, T4@«)Y = TXZZ)N
for some indecomposable N € Hy. Therefore, Y = T_(ZJ)IN € Hy.

(2") We shall prove that Hj, is formed by a generalized standard fam-
ily of components. For this purpose, consider indecomposable A®)_modules
X1,X2 € Hp and V1 = 7,0, X1, Y2 = TX(I;)Xg for some a,b > 0. We shall
prove that rad’., (Y1,Y2) = 0 by induction on a + b.

Assume rad %, (Y1, Y2) # 0. Since Hom 4 (Y1, Y2) = Hom () (7 4(2) Y1,
T Y2) and by induction hypothesis rad,) (74w Y1, Ta@ Y2) = 0, we get
an indecomposable projective A®)-module P, (which is therefore projective
as an A- module) with 0 # f = gh € rad’,, (Yl, Ys) and h € rad 4 (Y1, Py),
g € rad @) (Py, Y2). Since P, € Hy U Hg, both Y; and P, belong to Hp.
Standardness implies that Yg € H_ and g € rad¥’ (P, Y2).

Consider the left almost split map P, 5 F in mod A. Then there is
an indecomposable direct summand E; of E and ¢; € rad¥’(E1, Ya2) with
P, 5 By % Y, non-zero. Observe that F; € Ho and E; € mod A®),
If Ey is non-projective, then Hom 4@ (E1, Y2) = Hom 4(2) (T4 E1, To=) Y2)
and by induction hypothesis rad %, (74 F1, T4 Y2) = 0. Hence there ex-
ists a projective A®-module Py € Hp and maps h' € rad @) (E1, Py),
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g € rad, (Py,Y2) with the composition P, N LN P, 2, Y, non-zero.
Iteration of this process yields rady’(Ps, P;) # 0 for some projective modules
P,, P, € Hy. This contradiction proves the claim.

(3) By definition every indecomposable A®)-module lies in H,UHUH"_.
Moreover, Hom 4. (Hg, H',) = 0 since H/, = H4 and H{, C add(Ho U H_).
We show that Hom 4. (Y, TA(I X) =0for X € HyN modA(U”)7 i >0
and Y € H_. Assume otherwise, that is, Hom 4 (Y, 7,(,)X) # 0, imply-
ing that TA(x)X € H_. Since there are no projective modules in ‘H_, we
get

0 # Hom 4 ) (Y, TA(QC)X) = Hom 4(2) (T4 Y, TA&)IX)

and therefore Hom 4 (@) (TA(Z)Y TA(Z;)_lX) # 0. Repeating the procedure we
infer that Hom @) (7)) Y, X) # 0, where TA(I)Y € H_ and X € Hy, a
contradiction. Hence Hom ) (Y, Tg(iz)X ) = 0 as desired.

(4) We prove the adjustment condition. Let X € H'. = Hy and Y € H"
be indecomposable A@-modules. There are modules Z, Z' € H, such that
Homy (X, Z) #0 # Homyu(Z',Y).

Consider first the decomposition of the restriction of Z to A® into
indecomposable modules, €B;_; Z;, such that Hom 4@ (R, Z;) # 0 for all
1=1,...,s, where R = rad P,. Since each Z; is a submodule of Z and both
R,Z € Hoy, we have Z; € H{ (i = 1,...,s). Moreover, Homy (X, Z) # 0
implies that Hom 4(.) (X, Z;) # 0 for some j. Similarly we get an indecom-
posable direct summand Z; of the restriction of Z’ to A®) such that Z T € Hy
and HOHIA(QC) (Z]/7 Y) 7& 0. m

2.3. Let (H4,Ho, H-) be a trisection of ind A. Let Pt be the direct
sum of all indecomposable projective A-modules P, € H, and define AT =
End 4 (P1)°P. Similarly, define A~ = End4(1~)°P, where I~ is the direct sum
of all indecomposable projective A-modules P, such that the corresponding
injective I, is in H_. We call AT (resp. A™) the left (resp. right) extremal
quotient of A.

For the following, recall that a component C of I'y is semireqular if either
T4 X or 7, X is well defined for every X € C and n > 0.

THEOREM.

(a) The module category mod At admits a trisection (HT, Hg, HT) with
HI = H4+ and such that the indecomposable modules in H(J{ form
semireqular generalized standard components of the Auslander—Rei-
ten quiver I'y+ without projective modules.

(b) The module category mod A~ admits a trisection (H, Hy , H_) with
H_ = H_ and such that the indecomposable modules in Hy form
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semireqular generalized standard components of I'y— without injec-
tive modules.
(c) The algebras AT and A~ are quasitilted.

Proof. (a) Let A = kQ/I and observe by 2.1 that A" is convez (= path
closed) in A. The proof follows verbatim 2.2.

(b) Dual to (a).

(c) Observe that X € H has pdy+ X < 1 and Y € H§ UHT has
id4+ Y < 1. Moreover, every indecomposable direct summand R of rad P,
in mod A* lies in HT, hence pd,+ R < 1 and gldim A" < 2. Therefore A
is quasitilted. For A~ the proof is dual. =

COROLLARY. Assume moreover that A = kQ/I is a triangular algebra.
Then:

(a) The algebra A may be reconstructed from AT by a sequence of one-
point extensions Ag = AT, Ay = Ag[Mo], ..., Aps1 = Ap[M,] and
Ap+1 = A in such a way that for each i = 0,1,...,n+ 1, ind 4;
admits a trisection (H'y, H), H-) with HY. = H4, M; € add'H}, and
HET = Ho, H' T =H_.

(b) The algebra A may be reconstructed from A~ by a sequence of one-
point coextensions Ag = A=, Ay = [N1]Ao, ..., Ant1 = [No]An = A,
i such a way that for each i = 0,1,...,n + 1, ind A; admits a
trisection (H'y, Hy, H.) with H. = H_, N; € add’H} = Ho and
HiJrl = H+. n

2.4. Let A = kQ/I be an algebra. We consider the process of “killing”
projectives in Hy when (H4, Ho, H-) is a weak trisection of ind A.

PROPOSITION. Let (Hy,Ho, H-) be a weak trisection of ind A. Then:

(a) Let x be a source of Q. Then A®) admits a weak trisection (H!, My,
H') of ind A® with H', = H+ and rad P, € add H}.

(b) Let AT = Enda(P™)°P where PT is the direct sum of all indecom-
posable projectives P, € Hy. Then AT admits a weak trisection
(Hy, Ho, H_) of ind AT with HT = H, and HBL without projective
modules. In particular, A" is a quasitilted algebra.

Proof. The proof given in 2.2 may be repeated verbatim. Additionally,
we have to check that all indecomposable projective (resp. injective) A®)_
modules lie in H/, UM} (resp. Hyy UH"). Since H, = H; and HoNind A®@)
C 'Hy, this is clear. m

3. Directing components in the heart of a module category

3.1. Recall that an indecomposable module X in mod A is said to be
directing if there are no cycles X = X; — X3 — -+ — X, = X of non-zero
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non-isomorphisms between indecomposable A-modules. A component C of
Iy is directing if all modules X € C are directing.

The following result is fundamental for the understanding of the struc-
ture of trisections in module categories. It follows from Theorem 3.2 in [23],
but we present a different proof below.

PROPOSITION. Let A be an indecomposable triangular algebra admitting
a trisection (H4,Ho, H—) of ind A. Suppose that Hy contains a semiregqular
directing component C. Then A is a tilted algebra and C is a connecting
component.

Proof. Assume A = kQ/I, where the quiver @ has no oriented cycles.
Since C is semiregular, we may assume that C has no injective modules. Let
B be the full subcategory of A formed by the vertices z in ) such that
Homy (Py, M) # 0 for some M € C.

We first show that B is convex in A: assume there is a path

a1 (e %] As—1
L=To — X1 — L2+ 7 Ls—1 — Tg =Y

in @ such that Hom (P, M) # 0 and Hom (P, N) # 0 for M, N € C and
that x1,...,2s_1 are not in B. Consider the algebra C = A/J, where J is
the ideal generated by the paths zg = z; Dtand ' > Teoq =2 y for any
vertices t,t in ). Denote by Iy the indecomposable injective C-module as-
sociated to the vertex y and by Py the indecomposable projective C-module
associated to z. Then clearly, S, , is a summand of Ip/soc Iy and S, is a
summand of rad Py. Since moreover M, N € mod C' and Hom¢(Py, M) # 0
and Hom¢ (N, Iy) # 0, we obtain a chain of non-zero maps

N —1Iy— S, — (Sm52> = Spyy = — (le) — 8z, — Py — M,
Sﬂﬁs 1 T2

where ( 5 ) denotes the indecomposable two-dimensional module with socle

Sy and top S,. Since N, M € Hy, all the modules of the chain lie in Hj.

Since N € C and Iy ¢ C, we have rad’(N, Ip) # 0, contradicting Hp having

only generalized standard components (cf. [5]).

In this way we get an algebra B admitting a semiregular directing and
sincere component C in I'p, hence B is a tilted algebra [20]. Therefore we
get a trisection (HZ, HF, HP) of ind B with H¥ = C.

We now show that A = B. Assume to the contrary that B # A. By
duality we may suppose that there is an arrow z¢p — y in @ with zo ¢ B
and y € B; we may moreover assume that zp has no successors in the
path order of ) with the same property. Let C be the full subcategory of
A formed by B and xg, that is, C = B[M] is a one-point extension with
M =rad cho and cht; the projective C-module associated with the vertex zg.
Write M = @;_, M; for the indecomposable decomposition of M.



208 J. A. DE LA PENA AND I. REITEN

We want to show that each M; is in HZ. Otherwise let M; € Hf uc
and let X € C = HJ be such that Homp(M;, X) # 0. Since Py, ¢ C, we get
M; € ’Hf . Since X is not injective, we consider the almost split sequence in
mod B

0—-X—-F—-17X=Y —0.

Hence in modC, 7¢Y = (Homp(M, X), X,id) % X, which is impossible
since in the component C of I'4, we have 74Y = X. Therefore all M; are
in HB.

Observe that since HE C Hp, we have HZ C ‘H_. Since Py, ¢ H_ and
cho lies in the same component where the M; € H_ lie, this implies that no
M; is a direct summand of rad P, a contradiction proving that A = B. =

3.2. We get a better insight into the above result in the context of qu-
asitilted algebras. Indeed, let (H.,Ho, H—) be a trisection of ind A with
a directing semiregular component C in Hg. Suppose C has no injective
modules. Consider the algebra A~ as in 2.3. Then A~ is quasitilted and
C is a component ['4—. By the classification theorem for quasitilted alge-
bras [16], A~ is a tilted algebra and C is the connecting component, that
is, H, = C. Coinserting back the injectives which were killed when form-
ing A™ gives rise to A. But these injectives should lie in H; and hence
in C, which did not have injective modules. Therefore A~ = A is a tilted
algebra.

Due to the importance of the classification of quasitilted algebras given
in 7], we think it is convenient to present an alternative proof of 3.1 which is
closer in spirit to the homological definition of quasitilted algebras. Indepen-
dent proofs of this statement have already appeared in print (Corollary B
in [25]; see also [1, 19] for related results).

Recall that for a quasitilted algebra A, the class £, is formed by those
indecomposable A-modules X such that any predecessor Y ~» X has pd4 Y
< 1; dually, the class R4 is formed by those indecomposable A-modules
Y such that any successor Y ~» X has idy X < 1. By [10], indA =
LAiUR4.

PROPOSITION. Let A be a quasitilted algebra with a directing module
X eRaNLy. Then A is tilted.

Proof. Let T = add R4 and F = add(L4\Ra) be classes of A-modules.
As shown in [10, II1.2.3] the pair (7,F) is a torsion pair in mod A. Con-
sider the construction ¢(mod A; (7, F)) as defined in [10, 1.2]. We find that
H is a full subcategory of the derived category D°(mod A) whose objects
Zs have homology Z_1 € Y = add(L4 \ Ra)[l] and Zy € addR4. Then
p(mod A; (T,F)) = (H;(X,Y)) and H is a hereditary category derived
equivalent to mod A.
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We shall prove that the object X € LANR 4 C X is still a directing object
in H. Indeed, letting 0 # f: Zy — X’ be a map in H with X’ € L4 N R4,
we show that Z, € £4 NR 4. This shows that X stays directing in H.

Suppose that Z, is equivalent to the projective complex Py: -+ — Py —
P, % Py — 0 with homologies Z_1 — 0 and Zg 7 X=X € LanNRa.
Hence Zy € L4 and pdy Zp < 1. The exactness of Py ER Py— Zy — 0
implies that g is mono and Z_1 = 0. Thus Z, € RaNLa4.

Observe that Homy (A, k) is a tilting object in H. Then H is a hereditary
category with a tilting object and a directing object. By [9], H is derived
equivalent to mod H for a hereditary algebra H. There is a directing com-
ponent C in ‘H where X lies. Therefore A is a tilted algebra. =

3.3. Recall from [13] that an algebra A = End¢(T'), where T is a tilting
module over a canonical algebra C, is called almost concealed-canonical if T
is the sum of indecomposable modules of non-negative rank.

COROLLARY. Let A be a triangular algebra admitting a trisection. Let
AT and A~ be the extremal quotients of A as defined in 2.3. Let AT =
Af x - x Af and A= = A7 x --- x A] be indecomposable decompositions
of algebras. Then for each 1 <1i < s and 1< j <t, the factors A:‘ and Aj_
are either tilted or almost concealed-canonical algebras.

Proof. Follows directly from [16] or by 3.1 combined with the character-
ization of quasitilted algebras of canonical type in [13]. =

Theorem A stated in the introduction follows from the Corollary above
and 2.3.

4. Cycles of projectives

4.1. We shall look more attentively at the cycles in @) for algebras A =
kQ/I admitting a trisection of mod A.

PROPOSITION. Let A = kQ/I be an algebra admitting a trisection (Hy,
Ho, H-) of ind A. Let x be a vertex on an oriented cycle of Q. Then:

(a) There is a component C of Ho such that for every verter y € Qo
lying on a cycle containing both x and y, the modules P, and I, are
in C.

(b) There are only finitely many indecomposable modules Y with Y (x)
% 0. They all belong to C.

Proof. (a) Let x = x9 — 21 — -+ — x5 = x be acycle in Q. If I, ¢ Ho,
then I, € H_ and then I, € H_ forall 1 < j < s. Hence A~ = kQ~ /I~
where (Q~ contains the above cycle, which contradicts the fact that A~ is
quasitilted. Hence all I;; are in Hy.
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Since H is generalized standard, all I,;, belong to the same component C
in Ho. Similarly all P,, belong to C (since Py, I € C and Hom4(FPy, I;) # 0).

(b) By standardness, there is m € N with rad’y (P, I;) = 0. Let Y be an
indecomposable A-module with Y (x) # 0. Then there are g € Hom4(P;,Y)
and h € Homy(Y,I,) with hg # 0. Therefore, there exists a path P, =
Yo—- Y1 —- - =Y, =Y - Yy — -+ = Y, = I, of irreducible maps
between indecomposable A-modules, of length ¢ < m + 1. Clearly, there are
only finitely many modules Y (up to isomorphism) that may appear in such
a path. All those modules belong to C. =

4.2. Let A = kQ/I admit a trisection (H, Ho, H—_) of ind A. Let Q¢ be
the convex closure in () of points lying on cycles in ). Consider the quotient

A= A/(x: € Q).

PROPOSITION. The algebra A admits a trisection (Hy, Ho, H-) of ind A
such that Hy = H4, H_ = H_ and there are only finitely many indecom-
posable A-modules Y € Hy such that' Y ¢ Hp.

Proof. Let Q° = Q' 11 --- II Q° be written as the union of connected
quivers. By 4.1, it is clear that there is a component C’ of Hy such that
any indecomposable A-module Y with Y (z) # 0 for some = € Q° lies in
C’. Moreover, there are only finitely many such modules. Hence for all Y €
Hy UH_, Y(z) =0 for any = € Q°.

Set H, =H,, H_=H_and Ho = {Y € Ho: Y(x) =0 for all z € Q°}.
Clearly (H.,Ho, H_) is a trisection of mod A. m

5. Going up with trisections

5.1. As seen in Section 2 (and using 4.2), the problem of finding trisec-
tions can be reduced to the question of deciding when a one-point exten-
sion B[M] of an algebra B admitting a trisection (H4,Ho, H—) and with
M € add Hg has again a trisection. We shall prove the following characteri-
zation for extensions of (weak) trisections.

THEOREM. Let B be an algebra admitting a weak trisection (H4, Ho, H-)
ofind B. Let M € add Hy and let C be the finite union of components in Hg
containing indecomposable summands of M. Let A = B[M] and denote by C’
the component of I'y containing a new projective P,, (and all indecomposable
direct summands of M). Thenind A has a weak trisection (H., Ho, H_) with
P, e 7:\(0 if and only if the following conditions hold:

(a) C' is generalized standard.
(b) If P, € C, then P, € C' and for every arrow X — Y in C with
Y el also X €C'.

We give the proof in 5.4 after some technical preparation.
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5.2. LEMMA. Let A = B[M], C, C" and (H4+,Ho, H-) be as above. Let
X be an indecomposable B-module with X € C but X ¢ C'. Then X is in
the same component in I'a as a successor Y of M, that is, there is a chain
M =Yy—Y — -+ =Y, =Y of non-zero maps between indecomposable
B-modules, where M’ is an indecomposable direct summand of M and X,Y
lie in the same component of I'4.

Proof. Take a walk M’ L X; 2 X, %2 X,, = X of irreducible maps
in C, where M’ is an indecomposable direct summand of M. If Homp(M, X;)
=0foralli=1,...,n, then «; remains irreducible in mod A, which would
imply X € C'.

Choose j > 1 maximal with Homp (M, X;) # 0. Hence X1 — X2 —
- — X1 — X,, = X is a walk of irreducible maps in I'4, that is, X, 1
and X lie in the same component of I's. If oj: X1 — X, then by [20,
2.2.5], also X is in the same component as X in I’y and Hom4 (M, X;) # 0.
If oj: X; — X411, we have a path of non-zero maps M — X; — X 1.
Hence the claim follows. =»

5.3. LEMMA. Keep the notations as above. Let

X = (V@Y f VHHomB(M,éY;»
i=1 i=1

be an indecomposable A(= B[M])-module lying in C' and suppose all Y; are
indecomposable B-modules. Then Y; € C for 1 <1 < s.

Proof. Let
M=Xy—X —  —X;_1 2 X, =X

be a walk of irreducible maps in C’, where M’ is an indecomposable direct
summand of M and ¢ is smallest possible. Let X' = X; 1 = (V',@._, Y/, f')
with all Y/ indecomposable B-modules. By the minimality of ¢, ¥/ € C for
1< <r.

If X % X' is irreducible, then the restriction Y; % @_, Y/ is either irre-
ducible or split mono. The latter implies Y; ~ Yj’ € C for some j. Otherwise,
g is irreducible in mod B, which implies again Y; € C. The case X’ = X is
similar. m

5.4. Proof of Theorem 5.1. Assume first that ind A has a weak trisection
(Hy, Ho, H_) such that M € add Hy. It follows that C’ is in H and therefore
C’ is generalized standard.

Let P, € C. If P, ¢ C', then by 5.2, P, lies in the same component in
I'4 as an indecomposable X € mod A such that there is a chain of non-zero
maps

M—-X—-Xo— - —X,=X
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between indecomposable B-modules and M ""an indecomposable direct sum-
mand of M. Since (Hy, Ho, H_) is a weak trisection, we have P, € H., UHy.
SAmce M € Ho, it follows that X € 7'70 U H_. Therefore X , P, € ﬁo and
Hy being generalized standard, we infer that X; € ¢/ for i = 1,...,n. Thus
P, € C’, which is a contradiction.

Let a«: X — Y be an irreducible map in C with Y € C’. Assume X ¢ C'.
Then « is not irreducible in mod A and necessarily Homp(M, X) # 0. We
get a path M — X — Y with M and Y in C’ which is generalized standard.
This yields again P, € C’, a contradiction. Hence conditions (a) and (b)
hold.

For the converse, assume that (a) and (b) are satisfied. We want to define
a weak trisection as follows:

Hy=Hy, Ho=(Ho\C)UC, H_=indA\ (HsUHo).

It is clear that 7'70 is formed by components of I'4, the new component
C' is generalized standard and by 5.3, Ho \ C and C’ are orthogonal. Hence
the standardness condition is clearly satisfied by the triple (7-Al+, ﬁo, 7'7_)

(Separation) Clearly Homy (C', H4)=0. Assume 0#£ f: X=(V,P Xi,9)
— Y = (U,@Y;,¢) is a map with X € H_ and Y € Hy. Hence each
X; € H_UC and Y; € Hg by 5.3.

If Y € C’, then each Yj € C. Since ¢': U — Homp (M, @ Y]) is injective,
there are i and j with Homp(X;,Y;) # 0. Therefore X; € C. The chain of
maps X; — X Ly with X ¢ C' would contradict the convexity of C’ if
X, € C'. Therefore X; € H_.

Since X;,Y; € C and C is generalized standard, there is a chain of irre-
ducible maps X; — Z1 — Z2 — --- — Z, = Yj. Since Y} is a submodule
of Y, it follows that Y; ﬁo. Moreover, 7-70 being generalized standard shows
that Y; € C’. Again hypothesis (b) implies that X; € C’, a contradiction.

If Y € Ho\ C, then Y = (0,Y7,0). Then for some i, rad% (X;, Y1) # 0,
which contradicts (H, Ho, H—) being a weak trisection of ind B. This shows
that HomA(ﬁ_,ﬁo) =0.

F mally, by condition (b), all indecomposable projective A-modules lie in
H+ UHo. Clearly, injective modules I, with y # w lie in Ho UH_. Since the
separation condition is already proved, it is not possible that I, € H+

Therefore (H, Ho, H_) is a weak trisection of ind A.

5.5. We present the following structure theorem for components in the
middle part Hy of a trisection.

THEOREM. Let (Hy,Ho, H-) be a trisection of A. Then:

(a) Any component C" of Ho admits only finitely many non-periodic
orbits.
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(b) Assume A = B[M|] where M € addCNHy and C is a finite union of
generalized standard components in I'g. Let C' be the component in
Ho containing the summands of M. Then any X € C with X ¢ C' is
a non-periodic B-module.

Proof. (a) is known to hold for any generalized standard component [23].

(b) Suppose X € C\C" and X is a Tp-periodic module. By 5.1, X"8 N’
= (). Let Y8 be a neighbour periodic orbit to X ™. We may therefore assume
X % Y is an arrow in C. Since X ¢ C’, by 5.1 also Y ¢ C'.

Proceeding by induction on the connected component C' we conclude
that only non-periodic Tp-orbits of C may not lie in C’. »

5.6. Proof of Theorem B. Let (Hy,Ho, H—) be a trisection of ind A. Let
X € Hy and Y € H_ and choose a morphism f € Homyu(X,Y).

By 4.2 we may suppose that A is a triangular algebra. By 2.3, A may
be reconstructed from AT by a sequence of one-point extensions Ag = AT,
Ay = Ao[My), ..., Aps1 = An[M,] = A in such a way that for each i =
0,1,...,n + 1, ind 4; admits a trisection (H%,Hj, H') with H}, = H,
M; € addH) and Hp™' = Ho, H"t' = H_. Moreover, by 3.3, A* =
AT x---x AF, where each A} is either tilted or an almost concealed-canonical
algebra.

Hence X € H} and Y = (Yp,V,v: V — Homy, (M,,Y))) for some
Yo=Y @Y, with Y € add(H}) and Y; € add(H™). If Y # 0, then for
every direct summand Y’ of Y we have Homy, (M, Y"’) # 0. Since A" has
the strong separation property (see 1.7), we may proceed by induction and
suppose that A,, has the weak separation property.

Let f = (fo, f1): X — YY@®Y, . By hypothesis, there exist U; € add H}
and maps f{ € Homy, (X,U1) and f{ € Homgu, (U1,Y; ) such that fi =

7' f1. Consider the A-module U = Y ®U; € add H} and the indecomposable
decompositions Y = @;_, V; and U = @fzs 41 Vi which determine maps
gi=Jfo: X=>Vi(1<i<s)andg;=f{|: X = Vi (s+1<i<t). Then f
factorizes as the composition of (g;): X — U and ((1, f{),0) : (U,0,0) —
(Yo, V,v) = Y. There remains the problem that not necessarily V; € Hg“
= Ho.

Let C be the union of the components of H containing summands of M,,.
Let C’ be the component of Hg“ = Hp containing the summands of M,,.
By the proof of 5.4 we know that Hyo = (H§ \ C) U C’. We shall prove
that for each 1 < ¢ < ¢, there exist Z; € C' and maps ¢g,: X — Z; and
9!t Ziy — V; such that ¢g; = g¢/g;. This yields the desired factorization
of f.

Consider a map g: X — V such that V € C. If V is projective, then
V € C' by 5.1 and the result follows. Assume V' ¢ C’ and V' is not projective.



214 J. A. DE LA PENA AND I. REITEN

Consider the almost split sequence in mod A,

m
0— 7,V @@L 5V -0,
j=1
where the L; are indecomposable modules in C. Hence there exists a map
h: X — @)L, Lj such that uh = g. For each 1 < j < m, either L; € C’ or
we proceed as before. The procedure should stop after finitely many steps.
Indeed, otherwise we get a chain of maps between indecomposable mod-
ules in C
N rH‘”_*}NT..._)NzENlE,V

with N; ¢ C’ and morphisms h; € Hom 4, (X, NV;) such that 0# py - - - pi—1hy:
X =V, i>1. By 5.5, all N; are non-periodic A,-modules and there exists
a sequence (S, )m of natural numbers such that the 74, -orbit of all the Ny ,
is the same, say Ng " = O (m > 1). Let L be a module in C whose orbit is
a neighbour of 0. By 5.1, L ¢ C’ and hence L is a non-periodic A,-module.
We infer that the connected component of C where V lies is formed by
non-periodic modules.

By [14], C is contained in a translation quiver of the form ZA for A a finite
quiver without oriented cycles (in fact, by [22], A,, is a tilted algebra). Hence
for some mg € N, any predecessor L of N, —in C has Homg,, (M, L) = 0.
In particular, for all m > mg, Ns, € C’, a contradiction which completes
the proof of the theorem. u

6. Proofs of Theorems 1.5 and 1.6

6.1. With the tools developed in the previous sections we now return to
the problems left open in the first section.

Proof of Theorem 1.5. Assume A = kQ/I is an algebra admitting two
trisections (M4, Ho, H-) and (K%, Hg, H*) of ind A with Hyg # H{. By
Section 4, the quotient A = A/(x: = € Q°), where Q¢ is the convex closure
in @ of vertices lying on cycles in @, satisfies the following conditions:

(a) there are only finitely many indecomposable A-modules which are
not K_—modules; o o

(b) mod A admits two trisections (H, Ho, H—) and (Hi,H;,H*_) with
Ho # Hy.

Therefore, A = A; x --- x A, is a product of indecomposable trian-
gular algebras, where at least one of the factors A; admits two trisections
(L (3), Ho(i), H (1)) and (M5.(0), (i), H2 (1)) with Ho(i) # H3(3).

To prove the claim, it is enough to assume that A is an indecomposable
triangular algebra and show that A is of one of the following well known
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types of algebras: concealed, domestic tubular or tubular algebras. We dis-
tinguish several situations.

(a) If A is a tilted algebra, then in order that A admits two different
trisections, A should be either concealed or a domestic tubular algebra.

(b) Suppose that every component in Hy is semiregular. First observe
that by 3.1, the components in Hy may be assumed to be non-directing.
Then by [14], Ho is a sincere separating family of standard semiregular
tubes. Therefore [13] implies that A is a quasitilted algebra of canonical
type. In order that A admits two different trisections, A should be either
domestic tubular or a tubular algebra.

(c) Assume C is a component in H with projective and injective modules.
Then C cannot lie in H* or H*, hence C is in Hg. Let x be a source in the
quiver @ such that P, € C, hence P, € Hp N H{. Consider the algebra
A@) and the construction 2.2 of going down trisections ( ", Hy, H) and
(MY, Hy , 1Y) of ind A®). By 2.2, H) # H; since otherwise Ho = Hj. By
induction hypothesis A®) is either concealed, domestic tubular or tubular.

According to 5.1, the only situations in which A = A®)[R] may have two
different trisections are the following:

e A®) i concealed and R is preprojective. Then A is concealed.

e A®) is domestic tubular and R is indecomposable such that A is do-
mestic tubular or tubular, since otherwise A does not admit a trisection
(see for instance [3] or [17]).

The proof is complete. u
6.2. We proceed to discuss the concept of weak trisections.

LEMMA. Let A=kQ/I be an algebra with a weak trisection (H4, Ho, H-)
of ind A. Suppose that for some vertex a € @ we have X(a) = 0 for every
X € Hy. Let x be a source in Q such that P, € Hy and consider the
quotient A®). Then the weak trisection (H',,Hy, H") of ind A®) as given
in 2.2 satisfies Y (a) = 0 for every Y € Hj,.

Proof. Let A = B[M] for M = rad P,. Consider the finite union of
components C’ in H|, containing indecomposable direct summands of M
and the component C in Hy containing the projective P, (and hence all
indecomposable direct summands of M). Then by 5.1 the following hold:

e if P, € (’, then P, € C;
e if X — Y is an arrow in C’ with Y € C, then also X € C.
By definition of Ho = (H \ C’) UC, we shall check that Y(a) = 0 for all

Y € C. Observe that every Y € C is of the form YV = TXiX for some X € C,
i > 0.
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Assume, in order to get a contradiction, that ¥ = TgiX with X € C
(C Ho), Y(a) # 0 and 7 > 0 is minimal. Hence Y = 7, X with Xg(a) = 0.
Consider the almost split sequence 0 — X¢g — EF — Y — 0 in mod A. Hence
there exists an indecomposable direct summand Y; of F with Yi(a) # 0.
Moreover, observe that for X; = 74Y; we have Xj(a) = 0 [indeed, either
szXl is injective for some 0 < j <i—1 or TZH_le is a predecessor of X,
in any case in Hp. The minimality of ¢ implies that X;(a) = 0].

By repeating this procedure we get a sequence of irreducible maps

=Y, =Y, — oY1 Y=Y
and the corresponding sequence
= TAY, =Xy =AY 1 =X 1 — - = maYo = X

with Y;(a) # 0 and X;(a) = 0. By [4], all modules Y;, are pairwise non-
isomorphic. We shall show that €, Y}, is a partial tilting module, which
yields the required contradiction. Indeed, for n,m > 0, assume that 0 #
Extil(Yn,Ym) =~ DHom (Y, Xy), hence Homa(Yy,, X,) # 0. Then either
there is some 0 < j < ¢ — 1 such that 7Y, is a predecessor of a projective
in Hy, or HomA(Ti_IYm,TAYn) # 0 and hence TA_IYm is a predecessor of
74Yo = X € Hop. In any case there is some 0 < j < 7 — 1 such that
TiYm € Ho, which contradicts the choice of 7. Therefore Exth(Yn, Yim) =0
for any n,m > 0, which means that @, Y, is a partial tilting module.
Our claim is proved. =

6.3. Proof of Theorem 1.6. Assume (Hy,H_,H_) is a weak trisection
of ind A and it is not adjusted.

Killing those vertices on cycles of ) as in Section 4, we may assume that
A is a triangular algebra. Since Hj is not adjusted, we may assume that X
is an indecomposable A-module in H with Hom4 (X, Ho) = 0.

By 2.3, there is a sequence of algebras A = A,[M,], Ap = Ap—1[Mp—1],
..., Ay = Ap[Mp)] such that ind A; admits a trisection (H’,H{, H") with
M; € addHj and Ay is a product of quasitilted algebras. Then by con-
struction 2.2, X € H? and Homg, (X, H?) = 0. By induction X € HY and
Hom 4, (X, HY) = 0, which is impossible in the class of quasitilted algebras
(see 3.3). We conclude that Hom 4 (X, Hp) # 0 and H is adjusted. m

7. Strongly simply connected algebras admitting a trisection

7.1. We recall from [2] that a coil is a translation quiver constructed
inductively from a stable tube by a sequence of procedures called admissible
operations. Let X be a standard component of I'4 and X € Y. Consider the
following situations:
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(ad 1) The modules Y € X' with Hom4(X,Y") # 0 lie on a path

Let D be the algebra of m x m lower triangular matrices and Z be the
unique indecomposable D-module which is projective-injective.
Let A= (Ax D)X & Z].

(ad 2) The modules Y € X with Hom4(X,Y) # 0 lie on two sectional
paths, the first infinite and the second finite:

Yi— YooY - X=Xg> X1 > Xo— -

with ¢t > 1.
Let A’ = A[X].

(ad 3) The modules Y € X with Hom4(X,Y) # 0 are of the form Y; or
Xj in:
Y=Y = — Y

T 1 T
X=Xo=X1— =X 12X = Xpp1— -

with X;_1 injective.
Let A’ = A[X].

Then by [2], the component C’ of I'ys where X lies is a standard compo-
nent called a coil.

A component X' of I'y4 is called a multicoil if it contains a full translation
subquiver X’ such that:

(a) X is a disjoint union of coils,
(b) the modules in X'\ X’ are directing.

Examples of multicoils may be found in [2].

7.2. A strongly simply connected algebra A = kQ /I over an algebraically
closed field k is a triangular algebra such that for every convex subcate-
gory B = kQ'/I' of A and every source = of @' (resp. sink y of Q') such
that B®) (resp. B(y)) is connected, the radical of the projective B-module
P, (resp. I,/socI, for the injective B-module I,) is indecomposable. See
[21].

The main result in [24] may be (partially) rephrased in the following way
(observe the statement does not depend on the representation type of the
algebra).

THEOREM ([24]). Let A be a strongly simply connected algebra. Let X be
a multicoil in I'a. Let R € X be such that the component X' of Iz(r) where
R lies is generalized standard. Then X' is a multicoil in Lp(p)- =
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7.3. We show Theorem C of the introduction.

Proof of Theorem C. Let A be a strongly simply connected algebra ad-
mitting a trisection (H4,Ho, H_) of ind A. Then by 3.3, AT is either a tilted
algebra or an almost concealed-canonical algebra and H is formed, respec-
tively, by a directing component or a standard family of semiregular tubes.
In any case Hy is formed by a generalized standard family of multicoils.

Observe that there are indecomposable modules My, M1, ..., My such
that Ag = A+, Al = AO[MO], e Ajpr = AZ[MZ] with As11 = A and there
is a trisection (H%, M}, H") of ind A; such that M; € Hf for i =0,...,s by
2.3. The result follows from 7.2 by induction. =

7.4. In independent work Malicki and Skowroriski [16] generalized the
procedures (admissible operations) allowing one to build standard com-
ponents, called generalized multicoil components, in the Auslander—Reiten
quiver of certain extensions of algebras with a separating family of general-
ized standard almost cyclic coherent components. Theorem C above could
be generalized to arbitrary base fields using these generalized admissible
operations.

REFERENCES

[1] 1. Assem and F. Coelho, Two-sided gluings of tilted algebras, J. Algebra 269 (2003),
456-479.
[2] 1. Assem and A. Skowronski, Coils and multicoil algebras, in: CMS Conf. Proc. 19,
Amer. Math. Soc., 1996, 1-24.
[3] M. Barot and J. A. de la Pena, Derived tubular strongly simply connected algebras,
Proc. Amer. Math. Soc. 127 (1999), 647-655.
[4] R. Bautista and S. Smalg, Non-existing cycles, Comm. Algebra 11 (1983), 1755—
1767.
[5] K. Bongartz, Algebras and quadratic forms, J. London Math. Soc. (2) 28 (1983),
461-469.
[6] D. Happel, Triangulated Categories in the Representation Theory of Finite Dimen-
sional Algebras, London Math. Soc. Lecture Note Ser. 119, Cambridge Univ. Press,
1988.
[7] D. Happel, A characterization of hereditary categories with tilting object, Invent.
Math. 144 (2004), 381-398.
[8] D. Happel and I. Reiten, Hereditary abelian categories with tilting object over arbi-
trary base fields, J. Algebra 256 (2002), 414-432.
[9] —, —, Directing objects in hereditary categories, in: Contemp. Math. 229, Amer.
Math. Soc., 1998, 169-179.
[10] D. Happel, 1. Reiten and S. Smalg, Tilting in abelian categories and quasitilted
algebras, Mem. Amer. Math. Soc. 575 (1996).
[11] H. Lenzing and J. A. de la Pefia, Wild canonical algebras, Math. Z. 224 (1997),
403-425.
[12] —, —, Concealed-canonical algebras and separating tubular families, Proc. London
Math. Soc. (3) 78 (1999), 513-540.



TRISECTIONS OF MODULE CATEGORIES 219

[13] H. Lenzing and A. Skowroriski, Quasi-tilted algebras of canonical type, Colloq. Math.
71 (1996), 161-181.

[14] S. Liu, Semi-stable components of an Auslander—Reiten quiver, J. London Math.
Soc. 47 (1993), 405-416.

[15] —, Infinite radicals in standard Auslander—Reiten components, J. Algebra 166
(1994), 245-254.

[16] P. Malicki and A. Skowroniski, Algebras with separating almost cyclic coherent Aus-
lander—Reiten components, ibid. 291 (2005), 208-237.

[17] J. A. de la Pefia, On the representation type of one-point extensions of tame con-
cealed algebras, Manuscripta Math. 61 (1988), 183-194.

[18] J. A. de la Pena and B. Tomé, Tame algebras with a weakly separating family of
coils, in: CMS Conf. Proc. 18, Amer. Math. Soc., 1996, 555-569.

[19] 1. Reiten and A. Skowronski, Generalized double tilted algebras, J. Math. Soc. Japan
56 (2004), 269-288.

[20] C. M. Ringel, Tame Algebras and Integral Quadratic Forms, Lecture Notes in Math.
1099, Springer, Berlin, 1984.

[21] A. Skowronski, Simply connected algebras and Hochschild cohomologies, in: CMS
Conf. Proc. 14, Amer. Math. Soc., 1993, 431-447.

[22] —, Generalized standard Auslander—Reiten components without oriented cycles,
Osaka J. Math. 30 (1993), 515-527.

[23] —, Generalized standard Auslander—Reiten components, J. Math. Soc. Japan 46
(1994), 517-543.

[24] —, Simply connected algebras of polynomial growth, Compos. Math. 109 (1997),
99-133.

[25] —, Directing modules and double tilted algebras, Bull. Polish Acad. Sci. Math. 50
(2002), 77-87.

Instituto de Matematicas Institutt for Matematikk og Statistikk

UNAM Universitetet i Trondheim, AVH

Circuito Exterior N-7055 Dragvoll, Norway

Ciudad Universitaria E-mail: idunr@math.ntnu.no

México 04510, D.F., México

E-mail: jap@matem.unam.mx

Received 1 March 2006;
revised 15 May 2006 (4730)



