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Abstract. Let M be an (m 4 r)-dimensional locally conformal Kahler (1.c.K.) mani-
fold and let M be an m-dimensional l.c.K. submanifold of M (i.e., a complex submanifold
with the induced l.c.K. structure). Assume that both M and M are pseudo-Bochner-flat.
We prove that if » < m, then M is totally geodesic (in the Hermitian sense) in M. This
is the l.c.K. version of Iwatani’s result for Bochner-flat Kéhler submanifolds.

1. Introduction. Let M be an (m + r)-dimensional Kéhler manifold
and let M be an m-dimensional Kihler submanifold of M. If both mani-
folds are of constant holomorphic sectional curvature, then by Theorem 3
of O’Neill [6], M is totally geodesic in M if r < m(m + 1)/2. Kon [4]
proved, under the weaker assumption that both manifolds are Bochner-flat,
that M is totally geodesic in M if r < (m + 1)(m + 2)/(4m + 2). In the
case of r = 1, this is due to Yamaguchi-Sato [8] provided that m > 6 (see
also [9]). On the other hand, by estimating the dimension of the nullity space
of normal curvature vectors at a point of M under the same assumption,
Iwatani [2] has proved that M is totally geodesic in M if » < m. Since
m > (m+1)(m+2)/(4m + 2) for m > 2, Iwatani’s result contains Kon’s.

In [5] the author introduced the notion of the pseudo-Bochner curvature
tensor on a Hermitian manifold which is constructed out of the curvature
tensor of the Hermitian (or Chern) connection and is conformally invariant.
In the Kahler case, this tensor coincides with the original Bochner curvature
tensor.

We wish to study Hermitian submanifolds making use of Hermitian con-
nections. In this paper, the ambient manifolds are assumed to be locally
conformally Kéhler (l.c.K.) manifolds. Then their complex submanifolds in-
herit the l.c.K. structure. By an l.c.K. submanifold, we mean a complex
submanifold with the induced l.c.K. structure.
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Our purpose is to prove the following theorem corresponding to Iwatani’s
result mentioned above.

THEOREM 1.1. Let M be an (m + r)-dimensional l.c.K. manifold and

let M be an m-dimensional l.c. K. submanifold of M. Assume that both M
and M are pseudo-Bochner-flat. Then {X € T,M : o(X,X) = 0} is a
J-invariant subspace of T,.M. If the complex dimension of this subspace is
equal to €, then v > &(m — £)(m + € + 1). Therefore, if r < m, then M is
totally geodesic (in the Hermitian sense) in M.

COROLLARY 1.1. FEvery pseudo-Bochner-flat l.c.K. hypersurface of a

pseudo-Bochner-flat l.c.K. manifold is totally geodesic (in the Hermitian
sense).

Throughout this paper, we work in the C'°°-category and deal with con-
nected complex manifolds of (complex) dimension > 2 without boundary
only.

Acknowledgements. The author would like to thank Professor Iwa-
tani and the referee for their kind advice and useful comments.

2. Preliminaries. Let M be a Hermitian manifold with complex struc-
ture J and compatible Riemannian metric g. The algebra of all C*° vector
fields on M will be denoted by XM. The Kdhler form {2 on M is defined
by 2(X,Y) = g(X,JY) for all X,Y € XM. The Hermitian connection (or
Chern connection) of M is a unique affine connection D on M such that
DJ = 0,Dg = 0, and the torsion tensor T satisfies T'(JX,Y) = JT(X,Y)
for all X,Y € XM. The Hermitian connection D and the Levi-Civita con-
nection V are related by
(2.1) 9(DxY,Z) = g(VxY, Z) + 3d2(JX,Y, Z)
for all X,Y,Z € XM. Let H be the Hermitian curvature tensor (the curva-
ture tensor of the Hermitian connection D) on M, i.e.,

H(X,Y) = [Dx, Dy] — Dixy
for all X,Y € XM. Then H has the following properties.

PROPOSITION 2.1 (cf. [5]). For all X,Y,Z,W € XM,
HX,)Y,ZW)=-H(Y,X,ZW)=-H(X,Y,W, Z),
H(JX,JY,Z,W)=H(X,Y,JZ,JW)=H(X,Y,Z, W),
S{H(X,Y)Z -T(I(X,Y),Z) — (DxT)(Y,Z)} =0,
where H(X,Y, Z,W) = g(H(Z,W)Y, X), and & denotes the cyclic sum with

respect to X,Y, Z.
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For each unit vector X in T, M, the Hermitian holomorphic sectional
curvature H(X) for the holomorphic plane spanned by X and JX is given
by

H(X)=H(X,JX, X, JX).

In [5] we introduced a unique tensor P, called the Hermitian pseudo-
curvature tensor, on M defined by

P(X,)Y,Z, W)= %{H(X, Z,Y,W)—-H(X,W,Y, Z)
+HY W, X, Z)-H(Y,Z,X,W)
+H(X,JZ,)Y,JW)—-H(X,JW,Y,JZ)
+H(Y,JW,X,JZ)—-H(Y,JZ,X,JW)
+2H(X,Y, Z, W)+ 2H(Z, W, X,Y)}

for X, Y, Z,W € XM. The tensor P has the same symmetries as the Rieman-
nian curvature tensor on a Kahler manifold, and we proved the following.

THEOREM 2.1 (cf. [5]). A Hermitian manifold M is of pointwise constant
Hermitian holomorphic sectional curvature k if and only if P = %g Ag.

Here, for any two tensors a, b of type (0,2), a A b is defined by
arb=a@b+apb+2ab+20®a,
where a ®b denotes the tensor of type (0,4) given by
(a@sb)(X,Y,Z, W) =a(X,Z2)b(Y,W)—a(X,W)b(Y, Z)
+a(Y,W)b(X,Z) —a(Y, Z)b(X, W),

and a(X,Y) = a(X,JY) for X,Y € XM.
Moreover in [5] we introduced a tensor By, called the pseudo-Bochner
curvature tensor, on M defined by

(2.2) By=P-— AP+ g9,

p
2(m+2) 7 8(m + 1)(m +2)

where Py(X,Y) = tr[Z — P(X,JY)JZ], p = tr P, and m = dimc M.
The tensor By is conformally invariant, and coincides with the original
Bochner curvature tensor in the case where M is a Kahler manifold.
Finally, we recall the notion of an l.c.K. manifold. A Hermitian manifold
M is said to be locally conformal Kdhler (briefly, l.c.K.) if there is a closed
1-form w on M, called the Lee form, such that d2 = w A £2 (cf. [7]). In
particular, if w is exact, then M is said to be globally conformal Kdhler
(briefly, g.c.K.). If dim¢ M = m > 3, the closedness of w follows from the
condition df2 = w A £2. From (2.1), we can easily prove the following.

LEMMA 2.1.
d2=wAN2 < 2T(X,)Y)=w(X)Y —w(Y)X —w(JX)JY +w(JY)JX.
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We shall give a typical example of a pseudo-Bochner-flat 1.c.K. manifold.

EXAMPLE 2.1. Let a be any non-zero complex number with |a| # 1, and
let G, be the cyclic group generated by the transformation (z!,...,2™)
(azt, ..., az™) of C™ —{0}. Then G, acts freely on C™ — {0} as a properly
discontinuous group of complex analytic transformations. Thus the quotient
space H' = (C™ — {0})/G, has the structure of a complex manifold. This
manifold H]" is called the Hopf manifold. As is well known (cf. [3]), HJ" is
diffeomorphic to the product S* x $?™~! of odd-dimensional spheres. In pai-
ticular H" is compact, and does not admit any Ké&hler metric. On C™ — {0},
we consider a Hermitian metric

m
ds? = 2 Z dz'dz
INEE — ’

where [|2]|? = Y%, 22", Since this metric is invariant under the action
of Gy, it induces a Hermitian metric, called the Boothby metric, on H["
(cf. [1]). The Hopf manifold HZ" with the Boothby metric is an 1.c.K. man-
ifold whose local Kéahler metrics are flat. On such a manifold, the pseudo-
Bochner curvature tensor vanishes everywhere.

3. L.c.K. submanifolds. Let ¢ : M — M be a holomorphic immersion
of a complex manifold (M, J) into an l.c.K. manifold (]\7, J,§). Then the
Riemannian metric g = 9*g induced on M is Hermitian. Let _(~2~and w be
the Kéhler and Lee forms on M respectively. Then df2 = @ A (2. Putting
2 =y*2 and w = Y*w, it is easy to see that (2 is the Kéahler form associated
with g and satisfies df2 = wA (2. Hence (M, J, g) is an 1.c.K. manifold. For all
local formulas we may consider 1 as an imbedding and thus identify x € M
with ¢(x) € M. The tangent space T, M is identified with a subspace of the
tangent space T$]\7 . The normal space T;- M is the orthogonal complement
of T, M in T, wM with respect to g. The tangent bundle of M , restricted to M,
is the Whitney sum of the tangent bundle TM and the normal bundle T M;

(3.1) TM|M =TM & T M.
We denote by D the Hermitian connection of M with respect to g. Let

X and Y be any vector fields on M, and { any normal vector field on M.
From (3.1) we may then decompose DxY and Dx¢ respectively as follows:

(3.2) DxY = DxY +o(X,Y),
(3.3) Dx¢ = —A¢X + Dx¢,
where DxY (resp. —A¢X) and o(X,Y) (resp. Dx€) are the tangential and

normal components respectively of DxY (resp. Dx§). We will call (3.2)
(resp. (3.3)) the G-formula (resp. W-formula).
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PROPOSITION 3.1. D defines the Hermitian connection of M with re-
spect to the induced Hermitian metric g = 9)*g.

Proof. Let A, u be differentiable functions on M. Then

(3.4) Dax(uY) = M{(Xp)Y + uDxY}
={AMXp)Y + \uDxY} 4+ Auo(X,Y).

Taking the tangential components of both sides, we find
This equation shows that D is an affine connection of M since additivity
is trivial. To show that D is the Hermitian connection with respect to the
induced Hermitian metric g on M, it is sufficient to show:

(1) Dg =0,

(2) DJ =0,

(3) the torsion tensor T of D satisfies T'(JX,Y) = JT(X,Y) for all

X,Y e XM.
In order to prove (1), we start from Eﬁ = 0, which implies
X§(Y,2)=§(DxY,2)+§(Y,DxZ) forall X,Y,Z € XM.
We have, however,
§(DxY,Z) = g(DxY + o(X,Y), Z) = g(DxY, Z),
because o(X,Y") is normal to M. Similarly,
3(Y,DxZ) = g(Y,Dx Z).

Thus we find
which means Dg = 0. s

To prove (2), we start from D.J = 0. This implies
(3.5) DxJY =JDxY on M.
Since .J leaves the decomposition (3.1) invariant, we find, taking the tan-
gential components of both sides,

DxJY = JDxY,

which means DJ = 0. N

To prove (3), let T be the torsion tensor of D. If we extend X and Y to
vector fields X and Y on M (as we may do locally), then the restriction of
[X,Y] to M is tangent to M and coincides with [X,Y]. Of course, we also

have o R
D)Z'YZDXY and D}N,X:DyX on M.
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Thus we obtain
(36)  T(X,Y)=DxY —DyX —[X,Y]
=DxY +0o(X,Y)—DyX —o(Y,X) — [X,Y]
=T(X,Y)+o(X,Y)—-0o(Y, X).
From this equation, we get
(3.7) 0=T(JX,Y) - JT(X,Y)
=T(JX,Y)-JT(X,Y)
+o(JX,Y)—o(Y,JX) - Jo(X,Y) + Jo(Y, X).
Taking the tangential components of both sides, we get
TJX,Y)=JT(X,Y). =
PROPOSITION 3.2. o(X,Y) is bilinear in X and Y.

Proof. Taking the normal components of both sides of (3.4), we get
o(AX, uY') = Auo(X,Y). This shows that o is bilinear in X and Y since
additivity is trivial. =

LEMMA 3.1. o(JX,Y) =0(X,JY) = Jo(X,Y).

Proof. Taking the normal components of both sides of (3.5) and (3.7),
we get 0(X,JY) =Jo(X,Y) and o(JX,Y) = Jo(X,Y). n

The following is an immediate consequence of Lemma 3.1.

LEMMA 3.2. tro = 0.

This lemma corresponds to the well known fact that every Kéahler sub-
manifold is minimal. We call o the Hermitian second fundamental form of

the l.c.K. submanifold M.
PROPOSITION 3.3. ¢ s symmetric.

Proof. From (3.6), a necessary and sufficient condition for o to be sym-

metric is that the restriction of the torsion tensor T to M is tangent to M.
Since M is l.c.K., Lemma 2.1 shows that T satisfies

2T(X,Y) =(X)Y —5(Y)X —5(JX)JY +&(JY)JX

for all X,Y € XM. Hence f(X, Y') is tangent to M, that is, the Hermitian
second fundamental form o of M is symmetric. »

For general affine connections, totally geodesic submanifolds are defined
as follows:

DEFINITION 3.1. A submanifold N of a manifold N is totally geodesic if
geodesics of N are carried into geodesics of N by the immersion.

In our l.c.K. case, we have the following.
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PROPOSITION 3.4. An l.c.K. submanifold M of an l.c.K. manifold M
is totally geodesic if and only if o =0 identically.

__ Proof. Assume that the Hermitian second fundamental form o of M in
M vanishes identically. Then, for all X € XM, we have

(3.8) DxX = DxX.

If x4 is a geodesic in M, then D;, 4, = 0, where &; is the velocity vector
field of the curve z;. Thus 53~cta';t = 0 by (3.8). This shows that z; is also a
geodesic in M. Hence, M is totally geodesic in M. .

Conversely, assume that M is totally geodesic in M. Let X, € T, M be
any unit vector at * € M. Choose a geodesic xy in M such that zop = x
and 9 = X,. Then D;, 2y = ﬁj;tjft = 0. Thus o(X,, X;) = 0. Since o is
symmetric and bilinear, we conclude that o =0 at . =

4. thdamglltal eguations. Let M be an l.c.K. submanifold of an
l.c.K.Nman@ld M. Let H be the curvature tensor of the Hermitian connec-
tion D of M. Then, for all X,Y,Z € XM, we have

H(X,Y)Z = DxDyZ — DyDxZ — Dixy Z.
Thus, by using the G-formula (3.2) and W-formula (3.3), we obtain

H(X, Y)Z - H(X, Y)Z - AO'(Y,Z)X + AO'(X,Z)Y
+0(X,DyZ)—o(Y,DxZ) —o([X,Y], Z)
+ Dxo(Y,Z) — Dyo(X, Z),

where H is the curvature tensor of the Hermitian connection D of M. Hence,
forall X,Y, Z, W € XM, we have

(4.1) H(X,Y,Z,W)=H(X,Y,Z, W)

+9(0(X, 2),0(Y,W)) = g(o(X,W),a(Y, Z)).
Equation (4.1) will be called the G-equation. The following is immediate
from Lemma 3.1 and the G-equation (4.1).

THEOREM 4.1. Let M be an l.c. K. submanifold of an l.c. K. manifold M.
Then, for all X € XM,

H(X,JX,X,JX)=H(X,JX,X,JX) - 2§(c(X, X), o(X, X)).

We see from Theorem 4.1 that the Hermitian holomorphic sectional cur-
vature of M does not exceed that of the ambient space M. In particular, we
have

THEOREM 4.2. Let M be an L.c.K. manifold with non-positive Hermitian
holomorphic sectional curvature. Then every l.c.K. submanifold M of M
also has non-positive Hermitian holomorphic sectional curvature.
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Between the Hermitian pseudo-curvature tensors P and 15, there is a
relation similar to the G-equation (4.1):

(4.2) P(X,Y,Z,W)=PX,Y,Z, W)
+9(0(X,2),0(Y,W))—g(c(X,W),0(Y, Z)).
Equation (4.2) will be called the PG-equation.
REMARK 4.1. In our l.c.K. case, there also exist equations corresponding

to the Codazzi or Ricci equation. But we do not deal with those equations
in this paper.

5. Proof of Theorem 1.1. Let M be an m—dimensional l.c.K. submani-
fold of an (m+r)-dimensional l.c.K. manifold M. From (4.2) and Lemma 3.1,
we have

(5.1) P(X,Y,X,Y) = P(X,Y,X,Y)
+3(0(X, X),0(Y,Y)) = [o(X, V)],
(5.2) P(X,JY,X,JY)=P(X,JY,X,JY)
—§(0(X,X),0(Y,Y)) = o(X, V)|
for all X,Y € T, M. Assume that both M and M are pseudo-Bochner-flat.
Then by (2.2) we easily get
(5.3) P(X,Y,X,Y)=P(X,JY,X,JY),
(5.4) P(X,Y,X,Y)=P(X,JY,X,JY)
for any orthonormal vectors X,Y € T,M with ¢g(X,JY) = 0. Using
(5.1)-(5.4), we obtain
(5.5) 9(0(X,X),0(Y,Y))=0
for orthonormal vectors X,Y € T,,M with ¢g(X,JY) = 0. Replacing X and
Y in (5.5) by -=(X +Y) and %(X —Y) respectively, we get

V2
(5.6) Ao (X, V)P = [lo(X, X)[* + [lo (v, V).
Since ¢ is symmetric and bilinear, (5.5) also means
(5.7) 9(0(X,X),0(Y,Z)) =0,
(5.8) g(0(X,Y),0(Z,W))=0

for orthonormal vectors X,Y, Z, W, JX,JY, JZ, JW € T, M.
Now we define the function f; : Sz(1) — R on the unit sphere S;(1)
of T, M by
fi(X) = [lo(X, X)|?
and choose an orthonormal frame {FE,..., E,, JE,...,JE,;} such that
E; is the point at which f; restricted to S;(1) N {Ex,...,E;i—1,JE1,
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el JEi,l}L attains its maximum, provided that Fy is the zero-vector.
Thus, by the choice of the frame, the function F(0) = fi(cos 0 E; +sinf E;)
for i < j satisfies F'(0) = 0, so that

(59) g(U(El,El),U(EZ,E])) =0 fori<j.

For orthonormal vectors {E;, E;, X, JE;, JE;, JX} (i < j) we consider the
function f : R — R defined by

f2(0) = 4|o(X,cos0 E; +sinf E;)||.
Then by (5.6) we get
f200) = o(X, X)|I* + F(0).
Since f45(0) = F’'(0) = 0, we obtain
(5.10) g(o(X,E;),0(X,E;)) =0.

On the other hand, since the Hermitian pseudo-curvature tensor P has
the Riemannian curvature symmetries, for orthonormal vectors {E;, E;}
(1 < j), we have
P(cosO E;+sinf Ej,sinf E; — cos 0 E;, cos 0 E; +sinf E;,sin 0 E; — cos 0 E)

= cos*0 P(E;, E;, E;, Ej) — cos® 0sin? 0 P(E;, Ej, Ej, E;)
— sin? @ cos’ 0 P(E;, E;, E;, E;) +sin* 0 P(E;, E;, E;, E;)
= (cos® @ +sin? )2 P(E;, E;, E;, E;) = P(E;, E;, E;, Ej).
Similarly, we have
IS(COSQEZ‘—FSinQEj,SiDHEi —cosf Ej,cosf E;+sinf Ej;,sin0 E; — cos§ Ej)
— P(Ey, E;, E;, Ej).
Thus, by (5.1) and (5.5), we get
|o(cos @ E; +sin 6 E;,sin 6 E; — cos 0 E;)||* = ||o(E;, E;)|*.

We define the function f3 : R — R by the left hand side of the above
equation. Then f3 is a constant function, so that f5(0) = 0. Therefore

(5.11) 9(o(Ei, Ej),0(Ej, Ej)) = 0.

Hence, by (5.5) and (5.7)—(5.11), we see that the m(m + 1) normal vectors

U(E17 El)a U(E17 JE1)7 U(E17 E2)7 U(Ela JE2)7 R} U(E17 Em)7 U(E17 JEm)7
(B3, E2),0(Ea, JE3),...,0(E2, Ey),0(Ea, JE,),

0(Em, En),0(Ey, JE,)

are mutually orthogonal.
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Assume that the complex dimension of {X € T,M : ¢(X,X) = 0}
is equal to £. Then, by the choice of the frame, we see that this space
is spanned by {E;—p41,- -y Emy, JEm—pi1, ..., JEn }, that is, o(E;, E;) # 0
for i <m—~{ and o(E;, E;) = 0 for i > m—{. Moreover, by (5.6), we also see
that o(E;, Ej) # 0 for i < m—/ and any j. Hence we obtain (m—~¢)(m-+£+1)
linearly independent normal vectors, i.e., 7 > &(m—¢)(m+£¢+1). This means
that if r < m, then £ > m — 1. Thus, since £ < m, we conclude that £ = m,
i.e., 0 =0 at x € M. This completes the proof of the theorem. m

REMARK 5.1. Let ¢ : C™ — C™'" be the natural injection, i.e.,
(z%,...,2™) — (2',...,2™0,...,0). It induces a holomorphic imbedding
Y+ H™ — H™". Moreover the metric on H™ induced by the Boothby
metric of H™*" coincides with the Boothby metric of H™. By Theorem 1.1,
H'™ is a totally geodesic submanifold (in the Hermitian sense) of H™t" if
r < m. On the other hand, it is known (cf. [1]) that H is a totally umbilical
submanifold (in the usual Riemannian sense) of H”*". Indeed, on an l.c.K.
submanifold M of M, by (2.1) we have

DxY =VxV — Jw(X)Y — lw(JX)JY + 19(X,Y)B,
DxY =VxY — tw(X)Y — tw(JX)JY + 39(X,Y)B

for all X,Y € XM, where B = &% and B = w# are the Lee vector fields of
M and M, respectively. From these equations, we get

o(X,Y) = h(X,Y)+ 1g9(X,Y)B,

where h denotes the (Riemannian) second fundamental form and B the
normal component of B, i.e., B+ = B — B. Therefore ¢ = 0 means that for
any normal vector field £ on M, we have

g(AY (X),Y) = G(h(X,Y),&) = —58()g(X,Y),
that is, M is totally umbilical in M.
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