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ON THE CRITICAL NEUMANN PROBLEM
WITH LOWER ORDER PERTURBATIONS

BY

JAN CHABROWSKI (Brisbane) and BERNHARD RUF (Milano)

Abstract. We investigate the solvability of the Neumann problem (1.1) involving a
critical Sobolev exponent and lower order perturbations in bounded domains. Solutions
are obtained by min max methods based on a topological linking. A nonlinear perturbation
of a lower order is allowed to interfere with the spectrum of the operator —A with the
Neumann boundary conditions.

1. Introduction. Let 2 ¢ RY be a bounded domain with a smooth

boundary 942. In this paper we investigate the nonlinear Neumann problem
—Au = |[u|>* 2u+ g(z,u) in £,

(1.1) d
— =0 o
aVu(ac) on 012,
where 2* = 2N/(N — 2), N > 3, is a critical Sobolev exponent.

It is assumed that the nonlinearity g(z,u) satisfies the following three
basic assumptions:

(1) g: 2 x RN — R is a Carathéodory function and for every M > 0,
sup{|g(z, s)|; x € 2, [s| < M} < o0,

(g2) there exist constants aj,az > 0 and o € (0,2) such that

1
—g(x,s)s — G(x,s) > —a; — az|s|?

2
for all (z,s) € 2 x R, where G(z,t) = Sg g(x,s)ds,
(g3) lim g(;ﬁfz = 0 uniformly in z a.e. in 2.

|s|—o0 |5

Further assumptions will be given in the next sections.
The Neumann problem in bounded domains with g(x,u) = 0 has an
extensive literature [1]-[3], [5], [16], [19]-[24].
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To motivate our approach we briefly recall the main results for the Neu-
mann problem in the bounded domain {2,
—Au+ v = |ul> "%u in £,
0
—u:0 on 912, u > 0 on f2.
v
First existence results for problem (1.2) are due to Adimurthi-Man-
cini [1], Adimurthi-Yadava [6] and X. J. Wang [19]. Solutions to problem

(1.2) were obtained as the minimizers of the variational problem
§o(IVul? + Au?) do
weH (@)—{0}  ({g |uf* dz)?/>"

= inf [(IVul? + x?) da.
weH(2),§, [u|>* dz=1 0

The existence of a minimizer for m is closely related to the best Sobolev
constant S. We recall that

(1.2)

(1.3) my =

SRN |Vu|? dx
ueD 2 (®N)—{0} (g [uf?"dz)?/2"
where D12(R™) is the Sobolev space defined by

DY2(RYN) = {u; Vu € L*(RY), u € L2 (RV)}.
The best Sobolev constant is achieved by

V) = NV 3+ A

where ¢y > 0 is a constant depending on N. The function U, called an
instanton, satisfies the equation

—AU =U*"" inRY,
We have (o |VU|?dz = (v U? dz = S™/2. For future use we introduce

the notation

Uey(x) = s_(N_Q)/2U<%>, yeRN, e>0.

S =

If y = 0 we write Uz = Ug .

The main step in establishing the existence of a minimizer for m, is to
show that

S

This can be established by testing my with U, ,, where y € 042 is a point
where 02 has the mean curvature H(y) > 0. Solutions of the minimization
problem (1.3) are called the least energy solutions. These results were ex-
tended to the critical Neumann problems involving indefinite weights in the
papers [8] and [9)].
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In [10] the above existence result has been extended to (1.1) with
g(z,u) = Au and with A lying between two consecutive eigenvalues of the
operator —A with the Neumann boundary conditions. The purpose of this
paper is to obtain the existence of solutions with a more general pertur-
bation g(z,u). In our approach we use a modified topological linking from
the paper [12]. In the proofs of our existence results the use of the instan-
ton plays an essential role. In particular, we use some asymptotic properties
of Uy with y € 042 in terms of the mean curvature of 92 at y. The in-
fluence of the mean curvature on the existence of a solution disappears in
the case of the problem involving an indefinite weight in a situation where
its global maximum is larger than its maximum on the boundary 9f2. It
is worth mentioning that the resonance case for the dimensions N = 3,4
requires a condition which controls the growth of the perturbation g in
the vicinity of at least one boundary point with a positive mean curva-
ture.

The paper is organized as follows. In Section 2 we find the energy level
below which the Palais—Smale condition holds for the variational functional
associated with problem (1.1). In Sections 3 and 4 we consider nonresonance
and resonance cases. Section 5 is devoted to the critical Neumann problem
with an indefinite weight.

Throughout this paper we denote strong convergence by “—” and weak
convergence by “—”. The norms in the Lebesgue spaces LP({2) are denoted
by |- |l,- By H(£2) we denote a standard Sobolev space on §2 equipped with
the norm

lull* = { (IVul® + u?) da.
2

2. Palais—Smale condition. We set

Ia(u) = % S \Vul|? dz — S G(z,u)dr — 2% S lul? de,
2 2 Q
where G(z,u) = | g(z, s) ds. It is easy to check that Jy is a C'-functional on
H'(£2). Solutions of problem (1.1) are sought as critical points of J through
the topological linking. The important step in this approach is to find the
energy level of the functional J) below which the Palais—Smale condition
holds.

We recall that the functional .Jy satisfies the Palais—Smale condition at
level ¢ ((PS). condition for short) if each sequence {u,} C H'(§2) such
that (x) Jy(uy) — c and (xx) J}(un) — 0 in H~1(£2) is relatively compact
in H'(£2). Any sequence {u,} C H(2) satisfying (x) and (**) is called a
Palais—Smale sequence for Jy at level ¢ (a (PS). sequence for short).
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PROPOSITION 2.1. Suppose (g1)-(g3) hold. Let {u,} C H'(£2) be a
(PS). sequence for Jy. Then, up to a subsequence, u, — u in H'(£2) and
Ji(u) = 0. The weak limit u is nonzero if g(x,0) # 0 or g(x,0) = 0 and
ce (0,SN?/2N).

Proof. First, we show that {u,} is bounded in H'(2). For large n we
have

1
1+ fJunl| = J(un) = 5 (J'(un), un)

1 ) 1
=% (Sz |un | dz + (Sz [5 g(x, up)un, — G(z, un)] dx.
It follows from (g2) that
1 *
(2.1) 1+ funll > - | [un]* dz — a1|02| — ag | |un|” da.
2 Q

In what follows we always denote by C' a positive constant independent
of n which may change from one inequality to another. Using the Young
inequality we obtain

S |un|? dz < K X |un|? dz 4 C

Q 19
for every k > 0, where C' > 0 is a constant depending on ~ and |{2|. Inserting
this inequality with k = 1/2Nay into (2.1) we obtain

(2.2) { lun|* da < O(|[un| + 1)
0
We now use the equality

(2.3)  Jx(un) — zi (T} (1) )

1 1
=5 X |Vun|? de + S [; g(z, up)uy — G(z,un)} dz.
02 n
This combined with (g1) and (g3) gives the estimate

S |V, |2de < C’(S un|? dz + |Jun || + 1).

Q Q
Then it follows from (2.2) that
(2.4) } IV |* dz < O(|funll + 1)
N

We now consider the decomposition H'(£2) = R@V, where V = {v € H'(2);
{ovdz =0}. We equip H'(2) with the equivalent norm

fully = (§ 10 do +2)
9}



CRITICAL NEUMANN PROBLEM 229

foru=t+4+v,v €V, t e R. Using this decomposition we can write u, =
Up + tn, vy, € V, t, € R. We claim that {¢,} is bounded. Arguing by
contradiction we may assume t,, — oco. The case t,, — —oo is similar. We
put wy, = vy /ty. It then follows from (2.4) that

[ 19w de < C[t? + t (§(Vwnf? da + 1))”2]

2 9]

This yields §, |[Vwy|[*dz — 0 and hence w, — 0 in LP(£2) for every
2 < p < 2*. (Here we used the fact that the space V' equipped with the
norm ({, |Vo|? dz)'/? is continuously embedded into LP(£2) for 2 < p < 2*.)
We now observe that

6 | ) = ) )]

x « 1
lw, 4+ 112 da + t,2 (5 S 9(z, up)uy do — S G(x,un)d:c>.
Q Q

:Né

Using (g3) and letting n — oo in this equality we get N~! {o dz = 0. This
is a contradiction.

Since {t,} is bounded, we deduce from (2.4) that {|Vv,|} is bounded
in L?(£2). Consequently, {u,} is bounded in H!(2). We may assume that
u, — 0 in H'(2). Since g is subcritical it is clear that J§(u) = 0. If we have
g(x,0) # 0, then u # 0. So it remains to consider the case g(x,0) = 0 on (2.
Arguing by contradiction assume u = 0 on (2. Hence

| [Vunl? do = § |un|* dz + (1)

Q Q
and also

S |Vun|?de — N¢  and S |un|** dz — Ne.

2 2
We now apply the following inequality: there exists a constant A({2) > 0
such that

S . N\ 2/2% )
W(}JUP da:) < §2|Vu|2da:+A(Q) <§2|u’2N/(N 1) dx)

(N—1)/N

for every u € H'(§2) (see [25]). We use this inequality with u = u,. Since
2N/(N —1) < 2*, letting n — oo we deduce that S(N¢)?/?"/22/N < Ne.
This yields SV/2/2N < ¢, which is a contradiction. =

3. Existence theorem for the nonresonance case near 0. We de-
note by 0 = A\; < Ao < --- the sequence of the eigenvalues for —A with
Neumann boundary conditions. The first eigenvalue is simple and has con-
stant eigenfunctions.
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We assume that there exist k € N, § > 0, 0 > 0 and pu € (Ag, A\gr1) such
that

(94) 2(\p + 0)s% < G(z,8) < $us? for ae. z € 2 and all |s| < 4,
(95) G(z,8) > (A, + 0)s* — & |s|* for a.e. z € 2 and all s € R.

For simplicity we assume 0 € 0f2. For every m € N we define the function
Cm: 22— R by

0 ifx € 2N B(0,1/m),
(n(z) =< mlz| -1 ifxe A, =02n(B(0,2/m)— B(0,1/m)),
1 if x € 22— B(0,2/m).

Let {e;} be the orthonormal sequence of eigenfunctions for —A with Neu-
mann boundary conditions. We put e = (e, @ = 1,2,..., and define the
spaces H~, H,, and H* by
H™ =span{e;;i=1,...,k}, H, =span{el;i=1,....k}, H'= (H™),
sothat HY(2)=H- @ H*.

Lemma 3.1, below, is a modification of Lemma 2 from [12].

LEMMA 3.1. We have eI — ¢; in H(£2) as m — oo and

max IVull5 < Ak 4 cem® Y,
wEH,, §,u? de=1

where ¢, > 0 are constants independent of m.
Proof. Following the proof of Lemma 2 from [12] we have
V(e — e de < Clllesl3em® ™ + || Veillsolleilloom' ™ + || Vel Zem™]
0
and similarly
fler = ei?du = § (Gn = 1% dr < ClesflZem ™.
[0 0
These two estimates give the first part of our assertion. We now use the nota-
tion OB = {u € H'(2); {,u?dz =1}. If v € H- NOB, then v = Z?:l aje;j
with Zf 1a2- =1.If v € H- N9dB, then v,, = (v = Zl? 1 iCmej =
Zk L oye. Hence vy, € Hp,. Let w € Hy, NOB. Then w =}, 87" and
=D _praie e de
Q2 jk
S Bi" By ejer dx + S Bi"Br (e ey’ — ei'ex + €]'ex, — ejey) da.
L9} 2 4.k
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Using the Holder inequality and the estimates from the first part of the
proof we derive

1+0(m™) =|lw|3 = | > (87 2eddue=> (87"
N j J
We put
m_ 2h
T,

Then we have

ol = | S aper| = | Zﬂ;”ejHZ +O(m )
j .

=(1+0(m Hzfyj e]H +O0(m~N*?)

<A1+ 0(m™)) + O(m~N*?)
and the second assertion follows. m

In order to apply the Rabinowitz linking theorem [18] we use a family
of modified instantons. Let n € C°(B(0,1/m)) be such that n(z) = 1 in
B(0,1/2m), 0 < n < 1in B(0,1/m) and ||Vn|lcc < 4m. We put U.(x) =
n(x)U:(x). We need the following properties of U.:
272/INS— AnH(0)elog(1/e) +0(e)  if N =3,
272/INS— ANH(0)e+O0(e2log(1/e)) if N =4,
272/NS— ANH(0)e +O(£?) if N>5,

vU.|%2d
a1y JelVUldz
(§, U2 dz)?/?

where H (0) denotes the mean curvature of 92 at 0 and Ay > 0 is a constant
depending on N. We will also need asymptotic expansions of integrals of U..
These expansions are taken from [19]. We recall that 0 € 9f2. The boundary
012 near 0 can be represented by

ey = h(z Z 222 + o(|a'?) = g(z') + o(|2'|?)  for 2’ € D(0,6)

for some ¢ > 0, where D(0,9) = B(0,9) N (xy = 0) and «; are the principal
curvatures of 92 at 0. For N > 4 we have

(3.2) Rae) = | |VO.[2dx = % K1 — I(2) + o(e),

2
(3.3) Rale) = | 0% do = %Kg IT(E) + oe),
kP4
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where )
|| dz
Ki=(N-2° | o cdr, Ky= ,
RSN (L4 |zH)N SN (14 |zA)N
S | _ _ 9\2 v 9(y") /

RN-1

. _ 9(y") ’
lim e T (e) = ———dy.
2 3 T
For N = 3 we have

— 1
(3.4) Ki(e) < 5 Ky — Coelloge| + o(e)

for some constant C, > 0 and

(35) R(e) > 5 Ko~ O(c).
We now define B
Q= (B(0, R)N H,,) @ [0, R{U. }-
THEOREM 3.2. Let N > 3. Suppose that G(x,s) >0 for (x,s) € 2 xR
and that (g1),...,(gs) hold. Then problem (1.1) has a solution.

Proof. STEP 1. We show that there exist constants a > 0 and o > 0
such that
J(u) > a for every u € OB(0,0) N H™.

This follows from assumptions (g3) and (g4). Indeed, we have
1 2 B 2 2*
J(u) > §S|Vu| dw—igu dl‘—AS lu|* dz
2 9] 2

for some constant A > 0. We choose € > 0 so that p + & < Agy1. From the
above inequality we derive

J(u)>—s]Vu]2d$+§Su2d:U—MT+€Xu2dx—AS\u!z*dx
Q Q Q Q
1 x
Z—Syvqudm+f§u2d _ ke VIVl de — A ju]* da
2 2 2M k1
Q Q Q
1
:<_— 'u+€>S|Vu|2d:v+—8u2dw—AS]u|2 dx
2 2Xn p p
Letting
1 p+4e €
Ci; =min| = — =
L mm(z st 2>

and using the Sobolev inequality we derive the estimate
J(u) > erfjul® — Alful*
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for some constant A > 0. The claim follows by taking o > 0 sufficiently
small.

STEP 2. There exists R > p such that

(3.6) max J(v) <w,  with w, — 0asm — oco.
vEIQS,

It follows from (g5) that for v € H,, we have

1 2 1 2
J(v) < §S]Vv| dm—g()\k—i—a)gv dx
N n
1 9 9 1 o 9 o 9
< 5 X |V dCE+ESU dm—<§+m> S |Vl da;—(a—i—Z) Sv dx.
Q 2 2 2
Then, if v € 0B(0, R) N H,,,, we have J(v) — —oco as R — oo. The above

inequality also shows that limp, e max - J(v) = 0. Since G(z,u) > 0
we have

*
2 T2

J(rU.) < % S \VU.|* dx — > S U dx.
Q Q

Hence by (3.2) and (3.3) ((3.4) and (3.5) if N = 3) we get J(rU.) < 0
for 7 = R sufficiently large. We now observe that if u € H,, ® R{U.},
then u = w + RU. and suppw Nsupp U, = 0. Consequently, J(u) < wp,
for u € H, ® R{U.}. Since maxo<r<r J(rU.) < oo we see that if u €
(0B(0,R)N H,) @ [0, R{U.}, then J(u) < 0 for R sufficiently large. This
justifies our claim.
STEP 3. We put
I'={heC(Q5,, H' (2)); h(v) = v for every v € Q°,}

and

= inf J(h(v)).
© = juf. g )

This energy level of J generates the (PS). sequence. To complete the proof
we must show that

1
3.7 < — gN/2,
(3.7 “SaN
Since id € I', we have ¢ < max,cq:, J(v). Therefore it is sufficient to show

that
L N2
(3.8) sup J(v) < 5N S

vEQS,
for € > 0 sufficiently small. We argue by contradiction. Assume

1
3.9 J(v) > — SN2
(3.9) Uselé?% (v) > 5N
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for every € > 0. Since the set {v € Q5,; J(v) > 0} is compact for every
€ > 0, there exist w, € H,,, and t. > 0 such that

(3.10) J(ve) = Urggzi J(v) > oV SN/Q Ve = we + t.U..
This means that
1 1 * 1
(3.11) 5 S V.| dx — S G(z,ve)dr — — S lve|? d > — 5N SN/2,
(9} 2 (9}

It follows from Lemma 3.1 and (g5) that

A 2N 1 "
J(we) < % S w? da — SG(.T we) dx — > S lwe|? da
Q Q Q
2-N
Ckm — 0 2
< — 5 S wz dx.

2
We now choose m so large that

With this choice of m we get J(w.) < 0. Consequently, since G > 0, we
derive from (3.1) that

J(ve) = J(we) + J(tUe)

\VU 2dz N2
< Q N/2
%135{‘] (tUe) < o U dz)(N=2)/N < 2N S

for € > 0 small enough. This contradicts inequality (3.11) and so the proof
is complete. m

4. Resonance near the origin. In the case of the resonance near the
origin we replace assumptions (g4) and (gs) by
(ge) there exist constants § > 0 and p € (Mg, Ag41) such that
1 1
5 Mes? < G(z,s) < 3 15>

for a.e. x € {2 and every |s| <9,
(g7) there exists o € (0,1/2*) such that

for a.e. x € 2 and every s € R.

We need asymptotic estimates for || VU,||2 and ||U.||% emphasizing the de-
pendence on m.
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LEMMA 4.1. For N > 5 we have

(4.1)  Ki(e) = S \V(nU.)|? dx < % —1I(e) + o(e) + CeN2mY,
Q
7= 2* Ky N, 2N
(4.2)  Ks(e) = S InUs| d$:7—n(€)+0(6)+5 m.
9]
Proof. To show (4.1) we write
(43)  Ki(e) = | |VnUe + nVU|* da

0
<\ PIVUPdx + (n* + VU2 do + | V|| VU] da.
0 (] (]

We now estimate terms on the right-hand side of this inequality. It follows
from (3.2) (see also [19]) that

K
| ?IVU? do < | | VU do = 71 — I(e) + o(e)

9] (9]
and
(4.4) | n?U2dw < (U2 do = O(£?).
2 9]
We also have
2 2 2 |z 2N 2
N 2N(1/2m<|z|<1/m)
1/m
< Om?2eN—2 S N dr = CeN 72N
1/2m
and
9779 m2eN 2 N—2_N-2

N 2N(1/2m<|z|<1/m)
Combining (4.3)—(4.6) we get (4.1). In a similar way we derive (4.2). m

THEOREM 4.2. Let N > 5. Suppose (g1), (g2), (93), (g6) and (g7) hold.
Then problem (1.1) admits a solution.

Proof. We argue as in the proof of Theorem 3.2. The main point is to
establish inequality (3.7). Arguing by contradiction we assume (3.9). We now
stress the dependence on m which comes from the definition of 7. Therefore

for large m and all € > 0 there exist v € Q5,, v/ = w™ +t™U™, such that

1 m|2 m 1 m|2* 1 N/2
§§2|VU€| da:—})G(:v,vE)d:U—2—*§z|v€] deWS .
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As in [12] we show that {t7'} and {w["} satisfy tI* > Cy and |[w]*|| < Ca
for some constants C; > 0 and C5 > 0 independent of ¢ and m provided
e = m~N*2) With this choice of ¢ we have eV "2m?N — 0 as m — oo (see
Lemma 4.1). Also, with this choice we have

N-2, 2N
15 m _ N2
w:m N?+3N+6 . () a5 m — 0o
e
and
—N2+2N)/2
m! N2
gy =Y T2 0 asm - o0
m—

if N > 5. From Lemma 3.1 and assumption (g7) (see also the proof of
Lemma 8 in [12]) we derive the estimate

J(w™) < Cm NN=2/2 " for large m.

_ _ N2
N-2,,2N N242N)/2

We now observe that the quantities ¢ and m/( behave
as o(¢) and can be incorporated into the o(¢) appearing in the asymptotic
estimates for K(g) and K2(e) (see (3.2) and (3.3)). Hence

m\2 m)2*
I = J)+ J(ervr) < o L e - R

t2 _ t2* _ SN/2
< _ -
<yep(5 R - 3 a0 < G

for sufficiently small €. This contradiction completes the proof. =

To extend Theorem 4.2 to the cases N = 3,4 we additionally assume
that

(A) if N =3, then
Gz, 5)
Jm = =

uniformly in x € B(0, 0o) N {2, and if N = 4, then

. G(z,s)
Jim G113

uniformly in x € B(0, 0) N {2, for some g, > 0.

Notice that if N = 3, then 17/3 < 2*|y=3 = 6, and if N = 4, then
11/3 < 2*|n=4 = 4. Therefore under this assumption G has a subcritical
growth at infinity.

THEOREM 4.3. Let N = 3,4 and suppose that the assumptions of Theo-
rem 4.2 hold. If , additionally, assumption (A) is satisfied, then problem (1.1)
has a solution.
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Proof. CASE N = 3. In this case, using the argument from the proof of
Lemma 4.1, we have

1 1 —
Kq(e) < 5 Ky — Coclloge| +o(e) + Cem?,  Ka(e) > 3 Ky —0(e) +3mP.

3 6

We choose ¢ = m™8. Then em? — 0 and 3m® — 0 as m — oo and we
can show that tI* > C > 0. We now modify the argument from [12] (see
Lemmas 5 and 6 there). Assume that ¢ < g,. Let h be the function giving
a local representation of 92 around 0. By taking ¢ smaller if necessary we
derive from assumption (A) that

(52 - |$,’2)1/2 - h($,) > Ce

for 2/ € D(0,e/2), where C' > 0 is a constant independent of . We then
have

| G, 10D dae

2 (e2—|z'|?)1/? £1/2 17/3 £1/2
S nms) e ) o
D((}sm h(i,) (62 + [z)1/2 (2 + |zf)1/2
€/2
>C | () TBG(cem Py dal = C | (e Ty dr g(eeT?)
D(0,e/2) 0

= C£1/6¢(05_1/2),
where D(0,e/2) = B(0,¢/2) N (x3 = 0) and ¢ is an increasing function such

that ¢(s) — 0o as s — co. Letting e = m~® we get

| Gz, t1TT) do > C =g (em*).
9]
We put

~ 1 ~ 1
Ki(e) = 5 K; — Coelloge| 4+ 0o(e), Ka(e)= 5 Ky — O(e)
and

Ale) = I?Zag(<§ Ki(e) — — Kg(g))

If ¢ = m~%, then A(e) < $%/2/6 for large m. As in [12] we can show that
J(w") < Cm=3/?  for large m.
Hence
JW™) = J(w™) + J(EPT™) < Cm =32 4+ Cm ™
— Cm*4/3¢(cm4) + A(mfl/S)
= A(m ) (O 4 OIS C(em)).
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Since ¢(em*) — oo, the last expression becomes negative for large m. Hence

J(™) < 83/2 /6 for large m and we have arrived at a contradiction.

CASE N = 4. In this case we have
_ 1 — 1
Ki(e) = 3 Ky —1(e) +o(e)+ce’*mt,  Ksye) = 3 Ko —II(g) +o(e) +&*m®.

We commence with the estimate

| Gla, 12T da

? (52—\1’\2)1/2

se § e 3 () o Cam)

D(0,e/2) h(z")
>C S e(eHYBg(ce™ ) da’ = CeBp(ce™).
D(0,£/2)
We choose € = m™%. Then e?2m?* — 0 and *m® — 0 as m — oo. Let
Ri(e) = 5 Ky~ 1(&) +ole),  Rale) = 5 Ko~ IT() + ofc)

and put

If e = m™%, then A(e) < S?/8 for m large. We also have
J(w™) < Cm™  for m large.
Thus
Jwl +t"T™) < A(m™*) + Cm™* — Cm ™ 2¢p(cm®)

A
A(m™%) + Cm™2(m™2 — ¢(em®)) < §%/8,

which is impossible. =

5. Extension to a problem with weight. In this section we will
examine the effect of a weight in the critical nonlinearity on the existence
of a solution. We consider the problem

—Au= Q@)|ul* 2u+g(x,u) in 2,
5.1
(5:1) % =0 on 942

ov
We assume that Q(x) is continuous and positive on {2. Solutions to prob-
lem (5.1) will be obtained as critical points of the functional

I(u) = % S \Vul|? do — 2% S Q(x)|u|* dz — S G(x,u)dz.

) ) 0
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Obviously, I is a C'-functional on H'(£2). Let Qun = max,ecgn Q(x) and
Qu = max, Q(x).
PROPOSITION 5.1. Suppose that (g1)—(g3) hold. Let {u,,} C H'(£2) be

a (PS). sequence for I. Then, up to a subsequence, uy, — u in H'(§2) and
I'(u) = 0. The weak limit u is nonzero if g(x,0) # 0 or g(x,0) = 0 and

c € (0, s00) with
) SN/Q SN/2
Soo = mm(QNQ(N 2)/2° NQ (N= 2)/2)

Proof. As in Proposition 2.1 we show that {u,,} is bounded in H!(£2).
Hence, up to a subsequence, u,, — u in H'({2). Consider the case g(z,0) = 0
and ¢ € (0, 8). Arguing by contradiction assume u = 0. By P.-L. Lions’
concentration-compactness principle [15] there exist at most countable col-
lections of points {x;} C 2, j € J, and positive numbers {u;},{v;}, j € J,
such that

[t | *Ady—zy‘, i) |Vu|2da:4duzz,uj5x].

jeJ jeJ
in the sense of measures. Moreover,
Y . 2/2* .
52/N v,'m < ifx; €00 and Sy;’T <y ifx; € 02

We also have p; = Q(z;)v;. We write

(5.2)  c+o(1) = I(um) — % (T (1), )

1

1
==\ Q@)|um|?* dz + 9(x, um)um — G(,um) | de.

Since g is subcritical, letting m — oo in (5.2), we get
1
- N Z Q(z;)v;
jeJ
If z; € 02 and v; > 0, then v; > SN/2/2Q(x;))N/2. If 2; € 2 and v; > 0,

then v; > SN2 /Q(x )N/2 Assuming that one of the v;’s is not 0 we derive
that

1 SN/2 1 SN/2 .

2N Qe VD Z 3N a1 E 0L
¢ 1 SN/2 1 SN/2 .

NQ( )(N2/2Z_Q(N2/2 if x; € (2.

In both cases we have a contradiction. Hence v; = p; = 0 for all ¢ € J. This
means that u, — 0 in H'(£2). This yields I(u;,) — 0, which is again a
contradiction. m
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CASE Qy > 22(N=2)Q... In this case we have
SN/2
NQ(N 2)/

First we consider the nonresonance case. Without loss of generality we may
assume that 0 € 2 and Q(0) = Qn. We replace assumption (gs) by

Soo =

(95) there exist constants 0 > 0 and 0 < a < Q. = min, 5 Q(x) such
that

G(z,s) >
for all (z,s) € 2 xR.

THEOREM 5.2. Let Qum > 22WN=2Q,.. Suppose that assumptions
(91)—(g4) and (g5) hold. Moreover assume that

(At +0)s” — —| >

l\Dl*—‘

O (|| =N=2)) " for some o € (0, %)

if N>25,
5.3 x)—Q0)] = -
53 Q@ -QOI=1 oo PN
O(|x]) if N=3.
If N = 3, additionally assume that
lim %4’8) =00
§—00 S

uniformly in B(0,0,) C 2 for some 9o > 0. Then problem (5.1) has a
solution.

Proof. Tt is clear that the assumptions of the linking theorem [18] are
satisfied. We choose m so large that

(5.4) am? N <o

‘We must show that

SN/2
Arguing by contradiction assume that for every € > 0 we have
SN/2
Sup 1(0) 2 —
vEQS, N QM

As the set {v € Q5,; I(v) > 0} is compact, the above supremum is attained.
Therefore for every € > 0 there exist w. € H,, and ¢, > 0 such that

SN/2
I(v:) = max I(v) >

vEQE, mv ve = we +tUe,
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that is,
1 1 " N/2
(5.6) = S |V |? da — S G(z,ve)der — — S Q(z)|ve|? dx > 57
2 2% NQ(N*2)/2
02 n 02 M

Since {t.} and {w.} are bounded we may assume that t. — ¢, > 0 and
we — wo € Hy,. By (5.4), (¢%) and Lemma 3.1, we have I(w.) < 0. We now

show that t, = QK/I(NJ)M. Since G is subcritical we have

lim S G(z,t.U.)dr = 0.
s—>OQ

Since ||VU.|3 :_SN/2 +0(EN2) and |U.3: = SN? + O(eVN), and since
lim.—o §, Q(z)|U:|* dz = SN2Qn, we get

t M) +0(1) = SN2®(t,) + o(1).

1(t.0.) < S (2 T

We now observe that @(t) attains its maximum at ¢ = QIQ(N_”/ZL and &(t) =

N _IQK/I(N_m/ % So if t, # t we get a contradiction. We only consider the
case N > 5. To proceed further we need an analogue of Lemma 4 from [12].
We claim that

2 2 _ N/2
S VU de — = S Qa)|U:* dx < — N2 +0(e",
25 Q NQy

where [ = (1 — a)(N — 2). The following inequalities are easy to verify:

t? 7712 N/2 t? _QK/[(N_%/2 N/2 N-2
5 VU3 < YSAEE - 5 SNIZ 4 O(eN72)
M
and
2"

5 ) Q@)U da
0

N/242 2% — o
> Q8 T L {(Q@) - Q)T dr + OEY)

2% 2%
02
gN/2 SN2, _
= QSO DI 2 03 1 0) + O,

Hence
2 *
= VIVOP do — - Y QU da
o} o}
gN/2 SN/2 QMN 2)/2 - QMSN/Q

<t . (#7 — Q) + 0D,
NQI D2 2 c
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Since
—(N=2)/2
2 _ M( )/ B Qm (xQ* B 1\,/IN/Q) _0

max
x>0 2 2%

the claim follows. To estimate {, G(z,t.U.) dz we use Lemma 5 from [12]
(formula (24)). We then have
I(ve) = I(we) + I(tU)
SN/2
T NQUWYTA2
SN/2 gN/2
- NQI(\jlvfz)/Q NQ(N 2)/

for € > 0 small enough and we have arrived at a contradiction. =

n 0(5(1—a)(N—2)) _ eeN-2-(N-4)/2

+ 5(1—a)(N—2)(C o CEa(N—Q)—(N—4)/2) <

REMARK 5.3. The flatness condition (5.3) can be replaced by the con-
dition |Q(x) — Q(0)] = O(|z|) (locally Lipschitz around 0) if we add the
assumption

lim G(x,s)
s—o0 g2(N—1)/(N-2)
uniformly in 2 € B(0, ¢o) (if N = 3, we get assumption (8) from [12]).
Indeed, we only need to observe that Lemmas 5 and 6 from [12] give

= o0

£ N 2 2(]3[*21) N—2
- 2
S G, t:U S( = > T<CE—N_2>7“N_1CZ7"
0 0 E (e2+7r2) 2
C(e™ ) 2
= CeT( —NT),

with 7(s) — 00 as s — 0.

N-2

"ree= 55 = Cem WD N 7 (e 5%

We now turn our attention to the resonance case. Assumption (g7) is
replaced by

(g%) there exists a € (0, Q) such that

52 .
Glo,s) = = = s
for a.e. x € 2 and every s € R.

THEOREM 5.4. Let Qv > 22V -2Q., and let Q(xo) = Qum with x5 € 2
and

(5.7) Q(x) — Q(zo)| = O(|z — .|')
for x close to xo and | > N(N —2)/(N + 2). Furthermore, assume that
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(91)-(g3), (g6) and (g) hold and that

G(z,s)
(68 lim S

for some 0o > 0. Then problem (5.1) has a solution.

=00 uniformly in x € B(0, 0,) C 2

Proof. For simplicity we assume that z, = 0. We proceed as in Theo-
rem 5.2. By Lemma 6 in [12] we have

IVT2E = 52 + O(em)™2), U213 = SN2+ O((em)™).

Repeating the argument from the proof of Theorem 5.2 we show that ¢, =

QIT/[(N72)/ 1 We now notice that assumption (5.7) yields

| Q@)U do = | Qu(TM? dz + {(Q(x) — Qu)(TT)* dw

2 2 2
= QuS™M? + 0(EH + O((em)™).

Hence
t¥ —
5 ) QU da
2]
SN2 SN/ -
= O 0 u S (- QM)+ 0em)) + O,
Similarly we have
t2 = 12 SN/ Njats — 1\_/1(]\]_2)/2 N-2
2 QQM
The last two relations yield
t? 7T ta* FTm\2*
(5.9) = | IVU.|*dz — o | Q@) dx
Q Q
gN/2 N2 2 1\—/{(1\7—2)/2
- NQI(\f[V_QW 5 2
SNz
- BT i) 4 O + Of(em) ).

We now observe that the function

fla) = a? - QA L QIR (o

N M
has max,>o f(x) = 0. Therefore we derive from (5.9) that
- tZ a2
(5.10) \ IVO? da — 5 | Q@) da
Q Q oN/2

S W + O(EZ) + O((Em)N_Q).
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Assumption (g4) allows us to establish the analogue of Lemma 8 from [12],
that is, the estimate

(5.11) I(w™) < Cm~NNV=2)/2

for large m. It is easy to show that assumption (5.8) implies the estimate
(see Lemma 6 in [12])

(5.12) | G2, U da > NN =2/ (NH2) g 71y
9]

where ¢(7!) — o0 as ¢ — 0. Combining (5.9)—(5.12) we have
I(vf") = I(w") + I(tZ"UL)

< com NW-2)2

+ O((em)N=2) — ceVIN=2)/(N+2) g o= 1)

We now put € = m~NV+2)/2 With this choice of & the above relation becomes

I(U?L) < Ckm—N(N—Q)/2 + +O(€_Z(N+2)/2)

+ O(mf(N274)/2+N72) _ cmfN(N72)/2¢(Cm(N+2)/2)
SN/2

- NQ&V_2)/2

+ O(m(—N2+2N)/2+N(N—2)/2) cd(m (N+2) /2)]

Since —I(N +2)/2+ N(N —2)/2 < 0, we see that

mNN=D/2(0 1 0 (- IN+2)/2EN(N-2)/2)

. 1 SN/2
I(’U€ ) < N 7(]\[_2)/2
Qum

for large m. This contradiction completes the proof. =

CASE Qu < 22/(N_2)Qm. In this case we have
SN/2
Soo = ————=.
aNQL /2
We now formulate two theorems dealing with nonresonance and resonance
cases.

THEOREM 5.5. Let Qu < 22N=2Q.. and Q(zo) = Qm with z, € 012
and H(zo,) > 0. Suppose that (g1)—(ga) and (gt) hold and that

(5.13) Q) = Q(xo)| = of|z — 2o])

for x close to xo. Then problem (5.1) has a solution.
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THEOREM 5.6. Let N > 5, Qu < 22N=2Q., and Qu = Q(z.) with

To € 082 and H(zo) > 0. Suppose that assumptions (g1)-(g3), (96) and (g%)
hold. Moreover assume that (5.13) is satisfied. Then problem (5.1) admits a
solution.

The proofs of these two theorems are similar to those of Theorems 3.2, 4.2

and are omitted.
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