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SOME INTEGRAL INEQUALITIES OF HOLDER
AND MINKOWSKI TYPE

BY

ONDREJ HUTNIK (Kosice)

Abstract. A number of integral inequalities of Holder and Minkowski type involving
a class of generalized weighted quasi-arithmetic means in integral form is established.
Some well known inequalities and their generalizations are derived as consequences of our
results.

1. Introduction. The celebrated Holder and Minkowski inequalities
belong to the fundamental and classical inequalities in mathematics. They
can be found in many books on real functions, analysis, functional analysis
or Ly-spaces. Their integral analogues are as follows (cf. [6]):

PROPOSITION 1.1. Let v and § be conjugate exponents, i.e. v~ 1 + 61
=1, with 1 < v < oo. Let (X, M,pu) be a measure space and f,g :
X — [0,00] be measurable functions. Then

(Holder) | fgdu < ( B du)m( | g dﬂ)w
X X X

and

(Minkowski) ( {(r+ay dﬂ)l/” < ( [ du)l/” n ( [ g du)l/”.
X X X

Because of their usefulness in analysis and its applications, these inequal-
ities have received a considerable attention in the past decades and a number
of papers have appeared which deal with their various generalizations, ex-
tensions and applications. In connection with the theory of special means
we can find some extensions and applications of the Holder and Minkowski
inequalities e.g. in [8], [9], [11], [12], and [17].

The main purpose of this paper is to establish some integral inequalities
for a class of generalized weighted quasi-arithmetic means in integral form,
mainly connected with the classical Hélder and Minkowski inequalities.
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The structure of this article is as follows. In Section 2 we recall the def-
inition of the generalized weighted quasi-arithmetic mean Mj, ;) ,(p, f) and
state some preliminary results. In Section 3 we give a number of weighted
integral inequalities of Hélder type involving M,y 4(p, f) and state a few
sufficient conditions for their validity. In the fourth section we give analogous
results for Minkowski-type inequalities. These results are natural general-
izations of results from [1]. Some applications and generalizations of well
known inequalities are given in the last section.

2. Preliminaries. Let Li([a,b]) be the vector space of all real Lebesgue
integrable functions defined on the interval [a,b] C R, a < b, with respect
to the usual Lebesgue measure. Denote by L ([a,b]) the positive cone of
Li([a,b]), consisting of the non-negative functions. In what follows ||p||(q
denotes the Ly-norm of p € L] ([a,b]). For the definition below, cf. [4].

DEFINITION 2.1. Let p € L ([a,b]), f : [a,b] — [a, 3] be measurable
and g : [a, f] — R be continuous and strictly monotone, where —oco < o <
8 < oo. The generalized weighted quasi-arithmetic mean of f with respect
to the weight function p is the real number
b

Sp(x)g(f(x))dx>,

1 Mgy o(p, f =91(
) 081,(P: f) Tolas

where ¢g~! denotes the inverse function to g.

The means M|, ) 4(p, f) include many commonly used two-variable in-
tegral means as particular cases (cf. [5]). In particular, for g(z) = x we
obtain the classical weighted arithmetic means Ay, ) (p, f).

Note that a further possible extension of M,y ,(p, f) could be consid-
ered in the case of analytic functions. Indeed, let f be of the form f(0) =
|h(re')|, where 0 < r < 1 and h is an analytic function in the open unit
disk D = {z : |z| < 1} of the complex plane. In that case choosing a = 0,
b=2m, g(x) =29 for 0 < ¢ < co and p(z) = 1 on [0, 27] yields the integral
mean of order ¢,

1 2m 0 1/q
M,(r, h) = (— | [n(re' )yqde) .
27 5

Much research has been devoted to the dependence of the operator
of means on the behavior of the input functions p, f and g. The follow-
ing lemma gives a generalization of the well known Jensen inequality to the
class of means of Definition 2.1. This enables us to derive various inequali-
ties for the means M, ;) 4(p, f) depending on the convexity properties of f
and g.
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LEMMA 2.2 (Jensen inequality). Let p € L ([a,b]) and f : [a,b] — [a, 0]
be measurable, where —oo < a < 3 < oo. If g : [a, B] — R is convex (resp.
concave), then

9(Ay(p: f)) < (resp. =) Ay (p,g0 f)-

An elementary proof of Lemma 2.2 is given in [7]. Some basic properties
of Mgy 4(p, f) derived using the weighted integral analogue of the Jensen
inequality can be found in [4] and [5]. As an easy consequence of the Jensen
inequality we get the following useful result.

COROLLARY 2.3. Let p € L{ ([a,b]) and f : [a,b] — [a, 8] be measurable,
where —o0 < a < B < oo. If g: [, 8] — R is convex increasing or concave
decreasing (resp. convex decreasing or concave increasing), then

Al (0, f) < (resp. =) Mgy, o(p; f)-
In the following lemma we summarize some results which will be useful
in the rest of this paper.

LEMMA 2.4. Let P € Li([a,b]) and F : [a,b] — R be measurable. Then

the inequality
b

\P&)FP(t)dt<0

holds in each of the following cases:

(a) F is non-negative and non-increasing and

§P(t) dt <0, z € [a,b];
(b) F is non-negative an; non-decreasing and
§P(t) dt <0, =z € [a,b];
(c) FeL{(a,b]) is symrrjetrical on [a, b], non-increasing on [(a+b)/2,b]

and
b—x

| Ptydat<o, zelo,(b—a)/2;
atz
(d) F is non-negative and non-increasing on [(a+ b)/2,b] such that
Fla+z)> F(b—x) for all z €[0,(b—a)/2], and
P(r) <0, € [o(a+b)/2)

and
b—x
| Pyat<o, e (b-a)2)
a+x
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(e) F is non-negative and non-decreasing on |a,(a + b)/2] such that
Fla4+z) < F(b—x) forz€[0,(b—a)/2], and
P(z) <0, ze€((at+b)/2,0],

and
b—x

| Ptydt<0, x€0,(b—a)/2].
a+x
REMARK 2.5. Recall that F is symmetrical on [a,b] if

Fla+xz)=F(b—z) forallze|0,(b—a)/2].

The statement of Lemma 2.4 in case (a) was proved in [6] for the interval
[0,1]. For the proof of the other cases, cf. [1].

3. Holder-type inequalities. In what follows we always consider
weight functions p; € L ([a,b]) for i = 1,...,n + 1, where n € N (the
set of all natural numbers). Put

1
1Pillfap) 3
fori=1,...,n+ 1. We establish a few integral inequalities of Hélder and

Minkowski type for the means M,y 4(p, f) involving P;, i = 1,...,n + 1,
and give some sufficient conditions for their validity.

THEOREM 3.1. Let p; € Li([a,b]) fori = 1,....,n+ 1 and f :
[a,b] — [a, 5] be a non-negative measurable function, where —oco < a <
B < oo. Let v, i = 1,...,n, be positive numbers such that > ;" | 1/v; =1
and g : o, 5] — R be continuous.

T

Pi(z) = pi(t)dt, =€ [a,b],

(a) If f is mon-increasing, g is either a convex increasing or concave
decreasing, and

(2) Pn-l—l(‘r) S HR(m)l/’Yi7 HS [avb]v
i=1
then
(3) Ala ) (Prt1, [) < H M.

(b) If f is non-decreasing, g is either convex decreasing or concave in-
creasing, and (2) is reversed, then (3) is reversed.

Proof. We will prove (a). From Corollary 2.3 we have My 4(pi; f)
> Ajgy(pi, f) forall i = 1,...,n. Then

n

H( [a,b], g p27 /% H [a,b] pu 1/%-

i=1
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Using integration by parts, we have

H< 1 IS)Pi(fU)f(m)dm)l/%Zﬁ(f(b)JrIS)R(m)df(m))l/%,

=7 \pillfap paley
where f(z) = —f(z). From the discrete and integral Hélder inequalities, we
obtain

ﬁ (7o) + [P ar@) ™ = 1)+ H (2@ )"

=1 a =1 a
b n
> ) + [ [] Pi(2)"/ df ()
ai=1
and by the use of inequality (2), we get
n b b
LT M1, (i Y7 > () +§ Prga(2) dF (2) = | Py (2) f () dee
=1 a a
1 b

S pn+1(2) f(z) do = A[a,b] (Pn+1, f)-

a Hpn+1”[a,b] s

The proof of (b) is similar, with the so called Popoviciu inequality
from [10] used instead of the discrete Holder inequality. m

REMARK 3.2. Observe that the term [}, P;(x)'/7 in condition (2)
is the weighted (discrete) geometric mean G,)(Pi(z),..., Pu(z)) of non-
negative terms P;(x) with weights ~;, ¢ = 1,...,n. Therefore, (2) may be
rewritten as

Ay (Prs1 (@), - Pay1()) < Gy (PL(), - - - Pu(2),
where A,y (P1(z), ..., Py(z)) stands for the (discrete) arithmetic mean.
As a kind of dual to Theorem 3.1 we directly have

THEOREM 3.3. Let p;,v; and f,g be as in Theorem 3.1.

(a) If f is non-increasing, g is either convexr decreasing or concave in-
creasing, and the inequality (2) is valid, then

(4) M[a,b},g(pn-i-lv f) < H(A[a,b} (ph f))l/%
=1

(b) If f is non-decreasing, g is either convex increasing or concave de-
creasing, and (2) is reversed, then (4) is reversed.
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Proof. From the proof of Theorem 3.1, we have

n

H(A[a,b] (i IV > Apayy (Prsr, f)-

=1

If g is either convex decreasing or concave increasing, then A,y (Pn+1, f) >
Mg ), g(Pnt1, f), which completes the proof. =

Note that Theorems 3.1 and 3.3 seem to be closely related to the com-
parison problem between means (cf. [5, Theorem 3.1]).

Our purpose now is to weaken the assumption (2) using Lemma 2.4.
Therefore, the following theorem involves the derivatives of the weight func-
tions P, t=1,...,n+ 1.

THEOREM 3.4. Let p;,~y;, and f,g be as in Theorem 3.1.

(a) If f is non-increasing, g is either convex increasing or concave de-

creasing,
/ - 1/ !
(o) < (TIRY) @), o€ fa(a+0)/2),
i=1
and
(5) Poi1(b—x) — Pyyi(a+ x) SH —:E)l/Vi—HPi(a+x)1/%

i=1

for z € [0,(b— a)/2], then the inequality (3) holds.
(b) If f is non-decreasing, g is either convexr decreasing or concave in-
creasing,

e (II#”O:E v [(a+0)/2.8],

and (5) is reversed, then (3) is reversed.

Proof. (a) Setting
n /
F=f, P=P- (I[P

and applying Lemma 2.4(d), we get

b n , b
F(TIR) @) @) do > Py (@) f(2) de = Agg (o, ).
=1 a

a

Since g is either convex increasing or concave decreasing, using the proof of
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Theorem 3.1 we have

n n b n
[T M0, o (o1, Y = T (A (i ) > £B) + T Pi() ' df ()
=1 i=1 ai=1

b n

S (H Pl/%) fL' ) dr > A[a,b] (anrly f)

a =1

Item (b) may be proved similarly, by applying Lemma 2.4(e) to F' = f
1/
and P = (J[[; P; o ) =Py

Obviously, the integral and differential calculus plays a fundamental role
when establishing conditions for the inequality (3) to be valid. Thus, it is
natural to give the following sufficient conditions.

THEOREM 3.5. Let p;, Vi, f and g be as in Theorem 3.1 and f be dif-
ferentiable. Then the inequality (3) holds in each of the following cases:

(a) f/ <0, f is convex (or f' > 0, f is concave), g is either convex
1ncreasing or concave decreasz'ng, and

(6) Snﬂ dt<§HP Y dt, € [a,b];

a ai=1

(b) f/ <0, f is concave (or f' > 0, f is convex), g is either convex
increasing or concave decreasing, and
b b n
(7) VP at <\[[ &) dt, € [a,b];
T ri=1
(¢) f" is mon-positive and symmetrical on |a,b], non-decreasing on
[(a+b)/2,b] (or f' is non-negative and symmetrical on [a,b], non-
increasing on [(a + b)/2,b]), g is either convex increasing or concave
decreasing, and
b—zx b—x n
(8) | Poayar< | J[ R at
atz at+xi=1

for all z € [0, (b—a)/2].
Proof. Let us prove (a). Suppose that f' < 0. Put

n
=1

Since f is convex, f’ is non-decreasing, and since f’ < 0, it follows that F'
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is a non-negative and non-increasing function on [a, b]. Then

XP(t)dt:XPnH SI_IPZ OV de <0
a a ai=1
for all € [a,b], and using Lemma 2.4(a) we have
b b n
(9) | Po1(2)F(z) de <[] Pi(2)"" F(2) da.
a ai=1

Replacing —f(x) by f(x) and adding f(b) to both sides of (9), we get

b b n
(10) FO) +§ Pusi(@) df (x) < f0) + [ [[ Pi(@)' 7 df(a).
a ai=1
For the left-hand side of (10) we have
b b
(11) f(b) +S n+1( )df( ) SPT/H-l(x)f(x) de = A[a,b}(pn+1>f)-

For the right-hand side of (10) we use the Holder inequality to get

C 1/
FO T Pia) e df (@) < f<b)+H(§R-(x) —(x)> /
0 1/vi
<TI (10 +§ P(a) (@) /
n b " n
=T (J R s ) =TTt 1)

Since g is either convex increasing or concave decreasing, we have A, 4 (pi, f)
< Mg (pi, f) for i =1,...,n, and therefore

(12) H(A[a b] (pis f /% < H [a,b], g (i, f)) L,
i=1
Substituting (11) and (12) into (10) we obtain the desired inequality. If
f' >0, we replace f’ by F' and use the same method.
Similarly we may prove items (b) and (c) by the use of items (b) and (c)
of Lemma 2.4, respectively. n

The same method yields a kind of dual to Theorem 3.5:

THEOREM 3.6. Let p;,~v; and f,g be as in Theorem 3.5. Then the in-
equality (4) holds in each of the following cases:
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(a) f/ <0, f is convex (or f' > 0, f is concave), g is either convex
decreasing or concave increasing, and (6) is valid;

(b) f/ <0, f is concave (or f' > 0, f is convex), g is either convex
decreasing or concave increasing, and (7) is valid;

(¢c) f' is mon-positive and symmetrical on [a,b], non-decreasing on
[(a+b)/2,b] (or f" is non-negative and symmetrical on [a,b], non-
increasing on [(a 4+ b)/2,b]), g is either convex decreasing or concave
increasing, and (8) is valid.

4. Minkowski-type inequalities. In this section we establish some
analogous inequalities of Minkowski type.

THEOREM 4.1. Let p;, f, g be as in Theorem 3.1.

(a) Let ¢ > 1 or q < 0. If f is non-increasing, g is either convez in-
creasing or concave decreasz’ng, and

(13) Poii(@ (ZéP I/Q)q, z € [a, b],

where 6;, i = 1,...,n, are positive numbers such that > ;" 6 = 1,
then

(14) A[a b] (Pn+1, f (Z& [a,0], g p“f))l/q>q.

If f is non-decreasing, g is either convex decreasing or concave in-
creasing, and (13) is valid, then (14) is reversed.

(b) Let 0 < g < 1. If f is non-decreasing, g is either convex increasing
or concave decreasing and (13) is reversed, then (14) holds.
If f is non-increasing, g is either convex decreasing or concave in-
creasing, and (13) is reversed, then (14) is reversed.

Proof. Suppose that ¢ > 1, f is non-increasing and (13) is valid. Since
g is either convex increasing or concave decreasing, according to Corol-
lary 2.3 we have M,y o(pi, f) > A (pi, f) for all i = 1,...,n, and there-

fore
n

Zéi(M[a,b} pla /q > Z(S [a,b] plv ))l/q'

i=1
Using integration by parts, we get
n / n b B 1/q
S8 (o )V = 36 (£0) + TR F)
=1 =1 a

where f(t) = —f(t). Applying the discrete and integral versions of the Min-
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kowski inequality, we obtain

n b
S a1+ [P arn)
=1

a

= [(i‘sif(b)l/q)q + (i (51(§Pi(t) df(t))l/q>q} 1/q

> () + § (i 5P) (@) af ).

a

According to (13), we have

(504§ (S5n ) 0 a7 ) "> (70) + | B ) a(0)
=1 a

¢ b
= (1PLa®s@ar)"" = (A pusr. )2

In the case ¢ < 0 the Bellman inequality (cf. [10]) is used instead of the
discrete Minkowski inequality. m

REMARK 4.2. Note that the term (3. 6iPil/q)q in the previous theo-
rem is, in fact, the weighted (discrete) power mean 77(%[1} (Pi(x),...,Py(x))

of order 1/q for the n-tuple (Pi(z),...,Py(x)) with weights (01,...,0p).
Thus, the condition (13) may be equivalently rewritten as

Ay (Pasa (@), Puya () < PRI (Pi(w), -, Pala)).

From the proof of Theorem 4.1(a) and Corollary 2.3 we immediately
have the following result.

THEOREM 4.3. Let p;, f, g be as in Theorem 3.1.

(a) Let ¢ > 1 or q < 0. If f is non-increasing, g is either convex de-
creasing or concave increasing, and inequality (13) is valid, then

(15) Mgy, g(Prs1s f (Z(s s (pir f )1/q>q_

If f is non-decreasing, g is either convex increasing or concave de-
creasing, and (13) is valid, then (15) is reversed.

(b) Let 0 < g < 1. If f is non-decreasing, g is either convex decreasing
or concave increasing, and (13) is reversed, then (15) holds.
If f is non-increasing, g is either conver increasing or concave de-
creasing, and (13) is reversed, then (15) is reversed.
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As in the theorems stated in the previous section, the requirement (13)
could be given in a weaker form. In what follows we will consider only the
case when g > 1 or ¢ < 0. Similar results hold for 0 < ¢ < 1.

THEOREM 4.4. Let p;, §;, f and g be as in Theorem 4.1 and f be dif-
ferentiable.

(a) If f is non-increasing, g is either convex increasing or concave de-
creasing,

e ((26P ) fora e fa ()2

and
(16) Poyi(b—2) = Poja(a+ )

< (Zn: 51-131.1/‘1)q(b —x)— (Zn: 6i13il/q)q(a + )
i=1 i=1

for x € [0,(b—a)/2], then (14) holds.
(b) If f is non-decreasing, g is either convex decreasing or concave in-
creasing,

@)= ((S6R@Y)")  forx e+ b)/2.,
=1

and (16) is reversed, then (14) is reversed.

The proof is analogous to the proof of Theorem 3.4. The following result
may be proved similarly to Theorem 3.5.

THEOREM 4.5. Let p;, §;, f and g be as in Theorem 4.1 and f be dif-
ferentiable. Then the inequality (14) holds in each of the following cases:

(a) f/ <0, f is convex (or f' > 0, f is concave), g is either convex
increasing or concave decreasing, and

(17) §Pn+1 dt<§<25P 1/‘1) dt, x € [a,b];

a

(b) f/ <0, f is concave (or f' > 0, f is convex), g is either convex
1nCcreasing or concave decreasz'ng, and

b
(18) Xpn+1 dt<S<Z(5P 1/q) dt, xz € [a,b];

T

(¢) f" is non-positive and symmetrical on |a,b], non-decreasing on
[(a+b)/2,b] (or f' is non-negative and symmetrical on [a,b], non-



258 O. HUTNIK

increasing on [(a+b)/2,b]), g is either convex increasing or concave
decreasing, and
b—x b—x n q
(19) | Potyar< | (Zéipi(t)l/Q) dt

a+x atz =1
for all x €0, (b—a)/2].

5. Applications. In this section we deduce some inequalities from the
integral inequalities stated in Sections 3 and 4. Since the means M|, 3 4(p, f)
cover many known two-variable integral means, the inequalities obtained are
generalizations of some well known ones.

COROLLARY 5.1. Let f : [a,b] — R be non-negative and non-increasing,

and h; : [a,b] — R, i =1,...,n, be non-negative non-decreasing functions
with continuous first derivatives and hi(a) = 0 for all i = 1,...,n. If ~,
i=1,...,n, are positive numbers such that Y, 1/v; =1, then

b

n ’ n b .
(20) | (Hhi(t)l/%) rde <] (gh;(t)f(t) dt)m .
=1 =1 a

a

Proof. Put
n 1 /
bi = ;’7 izlv"’vna pn-i—l:(Hhi/%’)'
=1

Then

[T, hi(z)'/

[Tiy hi(0)1/e

Thus Py41(x) = [[1, Pi(z)"/ for = € [a,b]. If we now choose g(z) = z,
then the result follows from Theorem 3.1(a). m

izl,...,n, Pn+1($):

REMARK 5.2. Note that the inequality (20) (cf. [15]) is a generalization
of the so-called Gauss—Pdélya inequality (cf. [16]). Namely, for n =2, a =0,
11 =72 = 2, hi(t) = 2L ho(t) = ¢! for u,v > —1/2 and f a non-
negative non-increasing function, we have

(St“*”f(t) dt)2 < (1 - (%)3 StQUf(t) dtStQUf(t) dt,

whenever the integrals exist. Putting v = 0, v = 2 and letting b — oo we
obtain the result of C. F. Gauss on the second and fourth moments (cf. [6]):

o0

(OSOth(t) dt>2 < goff(t) dt - | t*f(t) dt.
0 0 0
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REMARK 5.3. Alzer [2] derived the inequality
b

b b
[ (o) (i (1), ha(£))) £ (8) dt < Gooy ( [ (0 £(2) i, [ (1) £ (2) it ),

a a a

which holds for non-negative decreasing functions hq, ha, f : [a,b] — R such
that hi,he and \/hihy are continuously differentiable with hi(a) = ha(a)
and hq(b) = ha(b). Obviously, this is a special case of (20) for n = 2.

[r]

An analogous result connected with the weighted power mean 73(2) is as
follows (cf. [14]):

COROLLARY 5.4. Let hy, hy : [a,b] — R be non-negative non-decreasing
functions with continuous first derivatives and hi(a) = ha(a), h1(b) = ha(b).
Let vy1,7v2 > 0 with y1 + 72 = 1.

(a) If f:]a, b] — R is non-negative and non-decreasing, then

b b
(21) P(M)(S PO (E) dt, § Ry F (1) dt ) < § (P (ha(8), ha()) £ (1) dt
forr,s <1, and for r,s > 1 the inequality is reversed.
(b) If f : [a,b] — R is non-negative and non-increasing, then for r <
1 < s the inequality (21) holds and for r > 1 > s the inequality is
reversed.

For some analogous results related to the Gauss—Pdlya inequality in-
volving quasi-arithmetic means and logarithmic means, see [14] and [15].
A generalization of the Pdlya inequality for the Stolarsky and Gini means
is given in [13].

REMARK 5.5. Similarly, if f : [0,1] — R is non-negative and non-
decreasing, then
1 1

(Stu“)f(t) dt>2 > <1 — (%)3 §t2uf<t) dtst%f(t) dt
0

0 0

In the following corollary we give a generalization of the above inequal-
ity.

COROLLARY 5.6. Let f:[0,1] — R be non-negative and non-decreasing,
and 7, © = 1,...,n, be positive numbers such that > "  1/v; = 1. If
Xi > =1/~ fori=1,...,n, then

n

; " Az 7 /% 1/
fisi i pioy ar > 2B 200 L1 (5 s )™
0 =1 i=1 0
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Proof. Since \; > —1/~; fori=1,...,n, we put

n

/!
pi(t) = (tl—i-/\i’yz-)/, i=1,...,n, ppp1(t) = (Ht)\i"rl/’Yi) )
i=1
Then for a = 0, b = 1, we have

Pi(z) = N =1, Poyi(z) = RS A

and therefore
P (x H Pi(x 1/%_

Choosing g to be the identity and applymg Theorem 3.1(b), we obtain

Ap1(Pnt1, f) = <1+Z)\>Stzz 12 f(t) dt,

and
n n n 1 i
[T (Mo, (mi )M =TT+ A TT (58 ) dt)l "
=1 i=1 =1 0

Hence the result. =

The following corollary is a consequence of Theorem 4.1 and may be
found in [17].

COROLLARY 5.7. Let f : [a,b] — R be non-negative and non-increasing,
and h; : [a,b] — R, i = 1,...,n, be non-negative non-decreasing functions
with continuous first derivatives. If ¢ > 1, then

22) (g((zh )" s Wui(g yrear)”.

Proof. Put

5 — )
b h(b)

and
. Zﬂ—l hi(z)\? /
pi(x) = (hi(x)YY, i=1,...,n, p 137:<<Z_7 i
i(2) = (i) i) = (S50
If g is the identity, then the functions f, g, p;, and numbers ¢;, i =
1,...,n, satisfy the assumptions of Theorem 4.1(a), which yields (22). =

REFERENCES

[1] S. Abramovich, J. Pecarié and S. VaroSanec, New generalization of Gauss—Pdlya’s
inequality, Math. Inequal. Appl. 1 (1998), 331-342.



INEQUALITIES OF HOLDER AND MINKOWSKI TYPE 261

[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

H. Alzer, An extension of an inequality of G. Pdlya, Bul. Inst. Polytehn. Iagi Sect.
136 (40) (1990), 17-18.

C. F. Gauss, Theoria combinationis observationum, 1821, German transl. in: Ab-
handlugen zur Methode der kleines Quadrate, Neudruck, Wiirzburg, 1964.

J. Haluska and O. Hutnik, On generalized weighted quasi-arithmetic means in inte-
gral form, J. Electrical Engrg. 56 (2005), 3—6.

J. Haluska and O. Hutnik, Some inequalities involving integral means, Tatra Mt.
Math. Publ., to appear.

G. H. Hardy, J. E. Littlewood and G. Pdlya, Inequalities, Cambridge Univ. Press,
1967.

O. Hutnik, On Hadamard type inequalities for generalized weighted quasi-arithmetic
means, J. Inequal. Pure Appl. Math. 7 (2006), Art. 96.

L. Losonczi and Zs. Péles, Minkowski’s inequality for two variable Gini means, Acta
Sci. Math. (Szeged) 62 (1996), 413-425.

—, —, Minkowski’s inequality for two variable difference means, Proc. Amer. Math.
Soc. 126 (1998), 779-789.

D. S. Mitrinovi¢, J. E. Pecari¢ and A. M. Fink, Classical and New Inequalities in
Analysis, Kluwer, Dordrecht, 1993.

Zs. Péles, Hoélder-type inequalities for quasiarithmetic means, Acta Math. Hun-
gar. 47 (1986), 395-399.

—, Strong Holder and Minkowski inequalities for quasiarithmetic means, Acta Sci.
Math. (Szeged) 65 (1999), 493-503.

C. E. M. Pearce, J. Pecarié¢ and J. Sunde, A generalization of Pdlya’s inequality to
Stolarsky and Gini means, Math. Inequal. Appl. 1 (1998), 211-222.

J. Pecarié, J. Sunde and S. Varosanec, On Gauss—Pdlya’s inequality, Sitzungsber.
Osterreich. Akad. Wiss. Math.-Natur. K1. IT 207 (1998), 71-82.

J. Pecari¢ and S. VaroSanec, A generalization of Pdlya’s inequality, in: Inequalities
and Applications, World Sci., Singapore, 1994, 501-504.

G. Pélya und G. Szegd, Aufgaben und Lehrsitze aus der Analysis I, II, Springer,
Berlin, 1956.

S. Varosanec, Inequalities of Minkowski’s type, Real Anal. Exchange 20 (1994-95),
250-255.

Institute of Mathematics
Faculty of Science

P. J. Safarik University
Jesennd 5

041 54 Kosice, Slovakia
E-mail: ondrej.hutnik@upjs.sk

Received 19 October 2005;
revised 10 October 2006 (4681)



