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ON THE UNIFORM BEHAVIOUR OF THEFROBENIUS CLOSURES OF IDEALSBYK. KHASHYARMANESH (Mashhad)Abstra
t. Let a be a proper ideal of a 
ommutative Noetherian ring R of prime
hara
teristi
 p and let Q(a) be the smallest positive integer m su
h that (aF)[p
m] = a[pm],where aF is the Frobenius 
losure of a. This paper is 
on
erned with the question whetherthe set {Q(a[pm]) : m ∈ N0} is bounded. We give an a�rmative answer in the 
ase thatthe ideal a is generated by an u.s.d-sequen
e c1, . . . , cn for R su
h that(i) the map R/

∑n

j=1 Rcj → R/
∑n

j=1 Rc2
j indu
ed by multipli
ation by c1 . . . cn isan R-monomorphism;(ii) for all p ∈ ass(cj

1, . . . , c
j
n), c1/1, . . . , cn/1 is a pRp-�lter regular sequen
e for Rpfor j ∈ {1, 2}.1. Introdu
tion. Let R be a 
ommutative Noetherian ring of prime
hara
teristi
 p. The theory of tight 
losure was introdu
ed by M. Ho
hsterand C. Huneke [3℄, and many appli
ations of it have been found (see [5℄).For a proper ideal a of R, the Frobenius 
losure aF of a, de�ned as

aF := {r ∈ R : there exists n ∈ N0 su
h that rpn

∈ a[pn]},is an ideal relative to the theory of tight 
losure, where the nth Frobeniuspower a[pn] of a is the ideal of R generated by the pnth powers of elementsof a (we use N0 (respe
tively N) to denote the set of non-negative (respe
-tively positive) integers). Sin
e aF is �nitely generated, (aF)[p
n0 ] = a[pn0 ] forsome n0 ∈ N0. Let Q(a) be the smallest power of p with this property. Aninteresting question is whether the set {Q(b) : b is a proper ideal of R} ofpowers of p is bounded. A simpler question is whether, for a given properideal b of R, the set {Q(b[pn]) : n ∈ N0} is bounded.In [6℄, M. Katzman and R. Y. Sharp gave an a�rmative answer to thelatter question in 
ase b is generated by a regular sequen
e. To do this theyused the theory of modules of generalized fra
tions introdu
ed by R. Y. Sharp2000 Mathemati
s Subje
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and H. Zakeri in [11℄. In fa
t they 
onstru
ted a 
ertain module of generalizedfra
tions to whi
h they applied the Hartshorne�Speiser�Lyubeznik theorem(Theorem 2.1). Following some ideas of [6℄, we are able to establish thefollowing theorem.Theorem 1.1. Suppose that the ideal a of R is generated by an u.s.d-sequen
e c1, . . . , cn for R su
h that(i) the map

R/
n

∑

j=1

Rcj → R/
n

∑

j=1

Rc2
jindu
ed by multipli
ation by c1 . . . cn is an R-monomorphism;(ii) for all p ∈ ass(cj

1, . . . , c
j
n), c1/1, . . . , cn/1 is a pRp-�lter regular se-quen
e for Rp for j ∈ {1, 2}.Then there exists e ∈ N0 su
h that ((a[pn])F)[p

e] = (a[pn])[p
e] for all n ∈ N0.The proof employs the Hartshorne�Speiser�Lyubeznik theorem. The newpoint of view is the use of Koszul homology with respe
t to a generalizedregular sequen
e.Throughout the paper, A will denote a general 
ommutative Noetherianring and R will denote a 
ommutative Noetherian ring of prime 
hara
teris-ti
 p. We shall always denote by f : R → R the Frobenius homomorphism,for whi
h f(r) = rp for all r ∈ R. Our terminology follows the textbook [1℄on lo
al 
ohomology.2. An ideal generated by an u.s.d-sequen
e. In this paper, we shallwork with the skew polynomial ring R[x, f ] asso
iated to R and f in theindeterminate x over R. Re
all that R[x, f ] is, as a left R-module, freelygenerated by (xi)i∈N0 , and so 
onsists of all polynomials ∑n

i=0 rix
i, where

n ∈ N0 and r0, . . . , rn ∈ R; however, its multipli
ation is subje
t to the rule
xr = f(r)x = rpx for all r ∈ R.Now, let Z be a left R[x, f ]-module. Then it is easy to see that the

x-torsion submodule Γx(Z) of Z, de�ned as
Γx(Z) := {z ∈ Z : xjz = 0 for some j ∈ N},is an R[x, f ]-submodule of Z (
f. [6, Lemma and De�nition 1.2℄).Cru
ial to this paper is the following extension, due to G. Lyubeznik, ofa result of R. Hartshorne and R. Speiser. It shows that, when R is lo
al,an x-torsion left R[x, f ]-module whi
h is Artinian (that is, �
o�nite� in theterminology of Hartshorne and Speiser) as an R-module exhibits a 
ertainuniformity of behaviour.
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Theorem 2.1 ([9, Proposition 4.4℄; 
f. [2, Proposition 1.11℄). Supposethat (R, m) is lo
al , and let G be a left R[x, f ]-module whi
h is Artinian asan R-module. Then there exists e ∈ N0 su
h that xeΓx(G) = 0.Hartshorne and Speiser �rst proved this result in the 
ase where R is lo
aland 
ontains its residue �eld whi
h is perfe
t. Lyubeznik applied his theoryof F -modules to obtain the result for any lo
al ring R of 
hara
teristi
 p.Definition 2.2 (see [6, De�nition 1.5℄). Suppose that (R, m) is lo
al,and let G be a left R[x, f ]-module whi
h is Artinian as an R-module. By theHartshorne�Speiser�Lyubeznik Theorem 2.1, there exists e ∈ N0 su
h that
xeΓx(G) = 0; we 
all the smallest su
h e the Hartshorne�Speiser�Lyubezniknumber , or HSL-number for short, of G.Let a1, . . . , an be a sequen
e of elements of R. Set a := Ra1 + · · ·+ Ran.Then the nth lo
al 
ohomology module Hn

a (R) 
an be interpreted as thedire
t limit of Koszul homology modules (
f. [1, Theorem 5.2.9℄), and in thepresent situation we have
Hn

a (R) ∼= lim
−→
k∈N

R/
n

∑

j=1

Rak
jwith the map

R/
n

∑

j=1

Rak
j → R/

n
∑

j=1

Rak+1
jindu
ed by multipli
ation by a1 . . . an. For ea
h t ∈ N, let

Θt : R/
n

∑

j=1

Rat
j → lim

−→
k∈N

R/
n

∑

j=1

Rak
jbe the 
anoni
al homomorphism. We will show that the above dire
t limithas a stru
ture of a left R[x, f ]-module. To do this we re
all the followinglemma.Lemma 2.3 ([6, Lemma 1.3℄). Let M be an R-module and τ : M → Mbe a Z-endomorphism of M su
h that τ(rm) = rpτ(m) for all r ∈ R and

m ∈ M . Then the R-module stru
ture on G 
an be extended to a stru
tureof a left R[x, f ]-module in su
h a way that xm = τ(m) for all m ∈ M .Remark 2.4. In view of the above lemma, it is routine to 
he
k that
H i

a(R) (and hen
e lim
−→k∈N R/

∑n
j=1 Rak

j ) has a natural stru
ture of a left
R[x, f ]-module (see [6, Reminder 2.1℄). In the following lemma we determinepre
isely this stru
ture.Lemma 2.5. Let a1, . . . , an be a sequen
e of elements of R. Then themodule lim

−→k∈N R/
∑n

j=1 Rak
j has a stru
ture of a left R[x, f ]-module with
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x
(

Θt

(

r +
n

∑

j=1

Rat
j

))

= Θpt

(

rp +
n

∑

j=1

Rapt
j

)

for all r ∈ R and t ∈ N.Proof. Suppose that r, u ∈ R and t, s ∈ N are su
h that
Θt

(

r +
n

∑

j=1

Rat
j

)

= Θs

(

u +
n

∑

j=1

Ras
j

)

in lim
−→
k∈N

R/
n

∑

j=1

Rak
j .Hen
e r(a1 . . . an)v−t − u(a1 . . . an)v−s ∈

∑n
j=1 Rav

j for some v ∈ N with
v ≥ t and v ≥ s. Appli
ation of the Frobenius homomorphism yields
rp(a1 . . . an)p(v−t)−up(a1 . . . an)p(v−s) ∈

∑n
j=1 Rapv

j . It follows that Θpt(r
p +

∑n
j=1 Rapt

j ) = Θps(u
p+

∑n
j=1 Raps

j ) and that there is a Z-endomorphism τ of
lim
−→k∈N R/

∑n
j=1 Rak

j su
h that τ(Θt(r +
∑n

j=1 Rat
j)) = Θpt(r

p +
∑n

j=1 Rapt
j )for all r ∈ R and t ∈ N. Now the 
laim follows from Lemma 2.3.Now we re
all a 
ertain generalization of the notion of regular sequen
e.Let M be an A-module. A sequen
e b1, . . . , bn of elements of an ideal b of Ais said to be a b-�lter regular sequen
e for M if

SuppA

(

(b1, . . . , bi−1)M :M bi

(b1, . . . , bi−1)M

)

⊆ V (b)for all i = 1, . . . , n, where V (b) denotes the set of prime ideals of A 
ontain-ing b. The 
on
ept of a b-�lter regular sequen
e for M is a generalizationof that of a �lter regular sequen
e whi
h has been studied in [10℄, [12℄, [7℄and has led to some interesting results. Note that both 
on
epts 
oin
ide if
b is the maximal ideal in a lo
al ring. Also note that b1, . . . , bn is a weak
M -sequen
e if and only if it is an A-�lter regular sequen
e for M . It iseasy to see that the analogue of [12, Appendix 2(ii)℄ holds true whenever
A is Noetherian, M is �nitely generated and m is repla
ed by a; so that,if b1, . . . , bn is a b-�lter regular sequen
e for M , then there is an element
bn+1 ∈ b su
h that b1, . . . , bn, bn+1 is a b-�lter regular sequen
e for M . Thus,for a positive integer n, there exists a b-�lter regular sequen
e for M oflength n.Proposition 2.6 (see [7, Proposition 1.2℄). Let b1, . . . , bn (n > 1) be a
b-�lter regular sequen
e for M . Then

H i
b(M) ∼=

{

H i
(b1,...,bn)(M) for 0 ≤ i < n,

H i−n
b (Hn

(b1,...,bn)(M)) for n ≤ i.Proposition 2.7. Suppose that (R, m) is a lo
al ring and t ∈ N. Then
Ht

m(R) is an R[x, f ]-submodule of Ht
(r1,...,rt)

(R) for every m-�lter regularsequen
e r1, . . . , rt ∈ m for R.
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Proof. Let r1, . . . , rt ∈ m be an m-�lter regular sequen
e for R. If α ∈
Ht

(r1,...,rt)
(R) is annihilated by mh for a positive integer h, then (mh)[p]xα = 0,and so, in view of Lemma 2.3 and Proposition 2.6, Γm(Ht

(r1,...,rt)
(R)) ∼=

Ht
m(R) is an R[x, f ]-submodule of Ht

(r1,...,rt)
(R).The theory of d-sequen
es was introdu
ed by Huneke in [4℄. Let M be an

A-module. The sequen
e a1, . . . , an in A is 
alled a d-sequen
e for M if, forea
h i = 1, . . . , n − 1, the equality
(

i
∑

j=1

Aaj

)

M :M ai+1ak =
(

i
∑

j=1

Aaj

)

M :M akholds for all k ≥ i + 1 (this is a
tually a slight weakening of Huneke's def-inition); it is an un
onditioned strong d-sequen
e (u.s.d-sequen
e) for M if
aα1

1 , . . . , aαn
n is a d-sequen
e in any order for all positive integers α1, . . . , αn.

d-sequen
es are 
losely related to �lter regular sequen
es. It is easy to seethat if a1, . . . , an is a d-sequen
e on M , then it is a ∑n
i=1 Aai-�lter regularsequen
e for M .Remark 2.8. Let a be an ideal of R and i ∈ N0. For any prime ideal pof R we have(i) (aRp)

F = (aF)Rp,(ii) (aRp)
[pi] = (a[pi])Rp,(iii) if (aF)[p

i] = a[pi], then (aF)[p
i+j ] = a[pi+j ] for all j ∈ N.The proof of the following theorem relies heavily on ideas in M. Katzmanand R. Y. Sharp's proof of [6, Theorem 4.2℄.Theorem 2.9. Suppose that the ideal a of R is generated by an u.s.d-sequen
e c1, . . . , cn for R su
h that(i) the map

R/
n

∑

j=1

Rcj → R/
n

∑

j=1

Rc2
jindu
ed by multipli
ation by c1 . . . cn is an R-monomorphism;(ii) for all p ∈ ass(cj

1, . . . , c
j
n), c1/1, . . . , cn/1 is a pRp-�lter regular se-quen
e for Rp for j ∈ {1, 2}.Then there exists e ∈ N0 su
h that ((a[pn])F)[p

e] = (a[pn])[p
e] for all n ∈ N0.Proof. First of all note that we 
an assume a 6= 0. Let p ∈ ass(c1, . . . , cn)∪

ass(c2
1, . . . , c

2
n). It is well known that the lo
al 
ohomology module Hn

pRp
(Rp)is an Artinian Rp-module (
f. [1, Theorem 7.1.3℄). Now, in view of Proposi-tion 2.7, let ep be the HSL-number of Hn

pRp
(Rp). Let {ht p : p ∈ ass(c1, . . . , cn)

∪ ass(c2
1, . . . , c

2
n)} = {h1, . . . , hw}, where h1 < · · · < hw. We de�ne (for ea
h

i = 1, . . . , w)
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ei = max{ep : p ∈ ass(c1, . . . , cn) ∪ ass(c2

1, . . . , c
2
n) and ht p = hi},and we 
laim that e =

∑w
i=1 ei has the desired property.Now, let m be a positive integer su
h that ((a[pm])F)[p

e] 6= (a[pm])[p
e]. Then
hoose q ∈ Ass((a[pm])F)[p

e]/(a[pm])[p
e]. Hen
e by Remark 2.8, ((a[pm]Rq)

F)[p
e]

6= (a[pm]Rq)
[pe]. Note that su
h a q has to be an asso
iated prime of (a[pm])[p

e].Sin
e a 
an be generated by a u.s.d-sequen
e c1, . . . , cn, in view of [8, Lem-ma 3℄, we have q ∈ ass(c1, . . . , cn)∪ass(c2
1, . . . , c

2
n). By using this observation,in 
onjun
tion with Remark 2.8, in order to establish our 
laim that e hasthe desired property, it is enough to show that, for ea
h p ∈ ass(c1, . . . , cn)∪

ass(c2
1, . . . , c

2
n),

((a[pn]Rq)
F)[p

e1+···+ei ]/(a[pn]Rq)
[pe1+···+ei ] = 0for all n ∈ N, where ht p = hi. Suppose that this is not the 
ase, and let

p be a minimal 
ounterexample. Set ht p = hl; there must exist a positiveinteger m su
h that ((a[pm]Rp)
F)[p

e1+···+el ]/(a[pm]Rp)
[pe1+···+el ] 6= 0. Set e′ :=

∑l−1
γ=1 eγ (interpreted as 0 if l = 1). By 
hoi
e of p, ea
h of the Rp-modules

((a[pm]Rp)
F)[p

e′ ]/(a[pm]Rp)
[pe′ ] and ((a[pm]Rp)

F)[p
e′+el ]/(a[pm]Rp)

[pe′+el ] has
pRp as its only possible asso
iated prime, be
ause a smaller asso
iated primewould 
ontradi
t the minimality of p. Therefore, both Rp-modules in the lastdisplay have �nite length.There exists ̺ ∈ (a[pm]Rp)

F su
h that ̺pe′+el 6∈ (a[pm]Rp)
[pe′+el ]. Considerthe element

α := Θpm(̺ + (cpm

1 /1, . . . , cpm

n /1))

∈ lim
−→
k∈N

Rp/(ck
1/1, . . . , ck

n/1) ∼= Hn
(c1/1,...,cn/1)(Rp).By using Lemma 2.5, we have

xe′α = xe′Θpm(̺ + (cpm

1 /1, . . . , cpm

n /1))

= Θpe′+m(̺pe′

+ (cpe′+m

1 /1, . . . , cpe′+m

n /1)).Sin
e ̺pe′

∈ ((a[pm]Rp)
F)[p

e′ ] and the R-module
((a[pm]Rp)

F)[p
e′ ]/(a[pm]Rp)

[pe′ ]has �nite length, it is routine to 
he
k that
xe′α ∈ ΓpRp (H

n
(c1/1,...,cn/1)(Rp)).Also, by assumption (ii) in 
onjun
tion with Proposition 2.6, we have theisomorphism

ΓpRp (H
n
(c1/1,...,cn/1)(Rp)) ∼= Hn

pRp
(Rp).Moreover α ∈ Γx(Hn

(c1/1,...,cn/1)(Rp)) be
ause ̺ ∈ (a[pm]Rp)
F. Now, sin
e by
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assumption (i), the map
R/

n
∑

j=1

Rcj → R/

n
∑

j=1

Rc2
j

indu
ed by multipli
ation by c1 . . . cn is an R-monomorphism and ̺pe′+el 6∈

(a[pm]Rp)
[pe′+el ], in view of Lemma 2.5, it is routine to 
he
k that xej (xe′α)

6= 0, whi
h is the required 
ontradi
tion. So the theorem is proved.Corollary 2.10 ([6, Corollary 4.3℄). Suppose that the ideal a of R 
anbe generated by a regular sequen
e. Then there exists e ∈ N0 su
h that
((a[pn])F)[p

e] = (a[pn])[p
e] for all n ∈ N0.
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