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ON THE RADIUS OF CONVEXITY
FOR A CLASS OF CONFORMAL MAPS

BY

V. KARUNAKARAN and K. BHUVANESWARI (Madurai)

Abstract. Let A denote the class of all analytic functions f in the open unit disc D
in the complex plane satisfying f(0) = 0, f'(0) = 1. Let U(X) (0 < XA < 1) denote the class
of functions f € A for which

(ﬁfﬂz) 1

The behaviour of functions in this class has been extensively studied in the literature. In
this paper, we shall prove that no member of Uy(A\) = {f € U(N) : f”(0) = 0} is convex
in D for any A and obtain a lower bound for the radius of convexity for the family Up()\).
These results settle a conjecture proposed in the literature negatively. We also improve
the existing lower bound for the radius of convexity of the family Uy(X).

<A for zeD.

1. Introduction. Let A denote the class of all analytic functions f in
the open unit disc D in the complex plane satisfying f(0) = 0 and f'(0) = 1.
Let U(A) (0 < XA < 1) denote the class of functions f € A for which

'(ﬁ)Qf'(z) - 1‘ <A forzeD,

and let Up(A) be the class of f € U(\) with f”(0) = 0. The properties of
functions in U(A) and Up(\) have been studied in detail in the literature (see
[2]-]5]). Recently, Ponnusamy and Vasundhra [5] proposed the conjecture
that f € Ug(\) is convex at least when 0 < A < 3 —2v/2. In [6], Vasundhra
also obtained a lower bound for the radius of convexity of the families U(\)
and Up(A).

The aim of the present paper is to show that the above conjecture is not
valid. We shall also improve the lower bound for the radius of convexity of
Up(A). Further we shall obtain a lower bound for Re(zf’(2)/f(z)) on each
|z| = r < 1, thereby giving an alternative proof for the order of starlikeness
of the family Up(A).
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2. Main results
THEOREM 2.1. If f € Up() then |z| <r <1 we have

1 — \r2 .
zf'(2) 1+ A2 it <12
Re( 7o) 20 1 e
sa ey T2

Proof. From [6, p. 22] (replacing w by —w) we have
z2f'(z) 1= )w
f(z) 14w
where w(z) is analytic in |z| < 1 with |w(2)| < |z|?> < 1 and

1
(1) wi(2) = | “’Eff) dt.
0

By a simple computation we have

Re z2f'(2) S (1 —Xa)(1+ Xay) — A%bby
f(2) L+ 22(a2 +02) + 24
with w(z) = a+iband wy(z) = a1 +ib; (so that a®+b? < r# and a2+b? < r?).
Put Aa| =y, Aa; = z so that 0 < y < Ar? and —\r? < 2 < Ar?. Using

a<lal, A < VAt —gy2 Ab| < VAZrt — 22

we get

Re(Zf’(Z)) LUy ta) VT2 R
f(z) ) — 14+ A2rt + 22
We now fix  with |z| < A2, We observe that the function

Fly) = (1 - y)(1+ ) — VNI — a2 /NorT =
for0 <y < Ar? attains its absolute minimum at

A2 (1 + ) )
= = with F = (14+2) = M2V/1+ N\2rd + 2.
RV e R (o) = (1 +2)
Hence
/ 1 32
f(Z) 1+ Mers 4+ 22 1+)\2’I"4—|—2:L‘

We now observe that
1 — A2t . A2
(14 A2r% 4 22)2 (14 A2 4 272)3/2

H'(z) = —

so that
1—3)\2p4

Hl(l‘)<0 for$<x0:W,
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H'(x9) = 0 and H'(z) > 0 for © > xy. However, z is an admissible value
for x if and only if

—\r? <z < Ar2.
We can verify that —Ar? < xq holds trivially and that 2o < Ar? if and only
if (14 Ar2)(2A%r% + M2 — 1) > 0, that is, r2 > 1/2).

Thus H(x) > H(xo) for v > 1/2X. On the other hand, if 0 < r? < 1/2)
then —\r?2 < 2 < A\r? < xp and hence H(z) is a decreasing function of .
Thus in this case H(x) > H(Ar?). By a simple computation we have

1—Ar? 1 —2X\%4
H(\r?) = d H(z) = —2"
W) =52 and H@o) = 55—

This completes the proof of our theorem.

COROLLARY 2.2. Let f € Up(A) for 0 < XA < 1. Then f(z) is starlike of
order § with 0 < § < 1 where § = §(\) is given by

1-A if A<1/2,
1+

M= 1o
—_ 1 > .
Y if A>1/2

In particular f is starlike of order 0 for 0 < A < 1/4/2, and of order 1/2
for 0 < A <1/3.

THEOREM 2.3. For each fized A with 0 < A <1 we have
. rfr(r)
s (1 ) =
where for each o in D, f, € Up(A) is defined by
2fl(2) 14 dwa(2)
fa(2) 1 — Awai(z)
2 2—

with we(2) = —nga(z) =—z 1_% and wq1 = (wq)1 (see (1)).

Proof. From [6, p. 22] we have, for f € Uy()\),
zf'(z) 1+ \w

2 =
2) f(z) 1 — Awy
where w(z) is analytic in |z| < 1 with |w(2)] < |2|?> < 1 and w; is given

by (1).
Note that, conversely, all functions f defined by (2) are members of
Up(A). Let F be the subfamily of Uy(\) consisting of functions f, with

2fl(2) 14 dwa(2)
fa(2) 1= Awai(2)
for wy(2) and wq1(z) as in the statement.
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Using (2) we have, for each f € Uy(\),

" / /
1+zj’/(z):2zf(z)_1+ Azw'(z)
f'(z) f(z) 1+ dw(z)
_5 L+dw Azw'(2)
71— 14+ dw(z)
For f, € F and z = r we also have
" /
14 rfl(r) _o L+ Awe(r) " Arw] (1)
fir) 1 — Awpq(r) 1+ Aw,(r)
with wyq(r) =7+ # log(1 — r2). Now
1 /
g 1+ Awr(r) 14 Arwl.(r)
1 — Awpi(r) 1+ Aw,(r)
2 Ar3

1A+ E2leg(1 )] 1

Hence

) r ”(r)) ) ( 2 Ar3 >
lim Re( 1+ —- = lim Re -1-
r—1 ( fi(r) r—1 1= A[r+ % log(1 — r?)] I

f'z) )~
where . .
il — < A<1
R2 — o8 35— — 7
5+A—/(1—=X)(25-)) 8
, 0< A< —.
6 5

Proof. Taking logarithmic derivatives in (2) we have

z2f"(z)  Aaw'(z) | Azwi(z) + 1+ dw(z)

f'(z) 14 w(z) 1 — dw(2)

By a simple computation we see that zw}(z) = w(z) +wi(z). By using this,
we deduce from (3) that

z2f"(z)  Aw'(2) AMw(z) +wi(2)) + 1+ Aw(z)

) 1t wle) 1= i (2)

1+ dw(z) 1 Azw'(2)

1 — Awi(z) 1+ Aw(z)

(3) 1+

1+
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Therefore
2f"(z) _ 1+ w(z) Azw'(2)
@) ) 2(1 () 1> T w(z)
5 AMw(z) +wi(z))  Azw'(2)
1 — Awi(2) 14+ dw(z)
Since wy(z) = w(z)/z is a Schwarz function,
— Jwa(2)]?
(o) < 112l

(see [1, p. 136]), which is equivalent to

|2? — [w(z)[”

(5) |Zw’(z) - w(z)] < 1_ |Z|2
From (4) and (5) we have
S| @A) A
f'(z) | — 1—Ar2 1 — Mw(2)]
r? — |lw(z)|? A

_l’_

1—r2 1= Xw(z)|
If we let |w(z)| = z (note that 0 < z < r?), the above inequality becomes

" T 742 T 742 _ .%‘2
z}‘"/(z) 2N (x + r?) A n A oz)  (say).

- 1-Xr2 T 1-21-Xz
By some simple computations, we see that

62 S+A- VI =N - N
2y _ 2 =

o(x) < 0(r?) = T i P < 6x -

Thus 2f"(2) 1 i e i
f/(z) 7)\.
Therefore
"
zf/ (2) <1, thatis, fis convex for |z| <7 if
f'(2)

9 ) 1 54—/ (1=X)(25-21)

T §m1n{ﬂ, \/ o }

However, we have
i<5+A—\/(1—A)(25—A)
A 6

for A > 8/35

and

54+XA—/(1-XN)(25-)) 1
—  for A<
o <= or A < 8/35,

proving the theorem.
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NoTE 2.5. Theorem 2.3 implies that the conjecture proposed in [5] is
not true. Indeed, if it were, even for a single A\ with 0 < A < 1, then for each
fixed r < 1 we would have

Re<1 ! f(())> 2% Re<1 * f<())>

"

> inf Re<1+ Ll (r)> > 0.
FEUL(N) f'(r)

However, this implies that if lim,_.;— Re(1+rf/(r)/f.(r)) exists, it is greater

than or equal to zero, contradicting Theorem 2.3.

Theorem 2.4 improves the lower bounds obtained in [6] for the radius
of convexity of the family Up(A). For example if A = 1 then R = 1/y/7 =
0.377 whereas for the same value of X the lower bound in [6] is 0.3489
approximately.
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