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ON COMPLETE SOLUTIONS AND COMPLETE SINGULAR
SOLUTIONS OF SECOND ORDER ORDINARY DIFFERENTIAL
EQUATIONS

BY

MASATOMO TAKAHASHI (Sapporo)

Abstract. A complete solution of an implicit second order ordinary differential equa-
tion is defined by an immersive two-parameter family of geometric solutions on the equa-
tion hypersurface. We show that a completely integrable equation is either of Clairaut
type or of first order type. Moreover, we define a complete singular solution, an immersive
one-parameter family of singular solutions on the contact singular set. We give conditions
for existence of a complete solution and a complete singular solution of implicit second
order ordinary differential equations.

1. Introduction. An implicit second order ordinary differential equa-

tion is of the form

F(z,y,p.q) =0,

where F'is a smooth function of the independent variable x, of the function y,
and of its first and second derivatives p = dy/dx and ¢ = d?y/dx>. Tt
is natural to consider F' as being defined on an open subset in the space
J?(R,R) of 2-jets of functions of one variable. Throughout this paper, we
assume that 0 is a regular value of F. It follows that F'~!(0) is a hypersurface
in J?(R,R). We call it the equation hypersurface. Let (x,vy,p,q) be a local
coordinate in J?(R,R) and & C TJ%(R,R) be the canonical contact system
on J?(R,R) described by the vanishing of the 1-forms oy = dy — pdz and
ag = dp — qdx. (It is worth noting that the field of planes £ is an Engel
structure on the 4-dimensional manifold J?(R,R).)

We now define the notion of solutions. A smooth solution (or a classical
solution) of FF = 0 at zp is a smooth function germ y = f(z) at a point
to such that (t07 f(t0)7 f/(tO)v f//(t())) = 7o and F((L‘, f(x)v f/(l'), f”(%’)) = 0.
In other words, there exists a smooth function germ f : (R,ty) — R such
that the image of the 2-jet extension, j2f : (R,ty) — (J2(R,R),z), is
contained in the equation hypersurface. It is easy to check that the map j2f
satisfies (j2f)*a; = (j2f)*az = 0 (i.e. j2f is an Engel immersion germ).
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More generally, a geometric solution of F' = 0 at zg is an Engel immersion
germ 7 : (R, tg) — (J?(R,R), z9) such that the image of v is contained in
the equation hypersurface, that is, 7' # 0, v* a1 = yv*ag = 0 and F(y(t)) =0
for each t € (R, ).

In this paper, the following notions are basic [1, 2, 4-6, 11]. Following
the definition of parametrized version for smoothness of classical solutions,
a smooth complete solution of F' = 0 at z is defined to be a two-parameter
family of smooth function germs y = f(¢,r, s) such that

F(t5t0r9). 5. S 0r0)) =0

and the map germ j2f : (R x R?, (tg,70,50)) — (F~1(0), 29) defined by

0 o2
j%f(t,r, s) = <t, ft,r,s), 8—];(75,7", s), a—t‘;(t,r, s))

is an immersion. The equation hypersurface is then foliated by a two-pa-
rameter family of classical solutions.

On the other hand, we consider the corresponding parametrized version
of geometric solutions. Let I' : (R x R2, (t,70,50)) — (F~1(0),20) be a
two-parameter family of geometric solutions of F' = 0. We call I" a complete
solution at zg if

Ox /0t 0Oy/ot Op/ot Dq/ot
rank | dx/Or Oy/Or Op/Or 9dq/Or | (to,70,50) = 3,
0x/ds 0y/ds Op/ds 0q/0s

where I'(t,r,s) = (z(t,r,s),y(t,r,s),p(t,r,s),q(t,r,s)). It then follows that
I' is an immersion germ, that is, the equation hypersurface is foliated by
a two-parameter family of geometric solutions. We say that the equation
F = 0 is smooth completely integrable (respectively, completely integrable)
at zp if there exists a smooth complete solution (respectively, a complete
solution) of F' =0 at z.

Moreover, we say that a geometric solution v : (R,0) — (F~1(0), 2) is
a singular solution of F = 0 at z if for any representative 7 : I — F~1(0)
of v and any open subinterval (a,b) C I at 0, ﬂ(%b) is never contained in a
leaf of a complete solution (cf. [1, 5, 7]).

In order to consider a one-parameter family of singular solutions (i.e. a
complete singular solution), we define subsets in F~1(0) as follows: Consider
a point z € F~1(0) such that the contact plane ¢, intersects 7,F~1(0)
transversally. Then it is easy to see that a complete solution exists around z
by integrating the line field ¢NTF~1(0). We call points where transversality
fails contact singular points and denote the set of such points by Y. = X.(F).
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We call . the contact singular set of F~1(0). It is easy to check that the
contact singular set is given by

Ye(F)={z¢€ JQ(R, R) | F'(2) =0, Fy(2) + pFy(2) + qFp(2) = 0, Fy(z) = 0}.

From the definition of singular solutions, it is easy to see that a geometric
solution 7 : (R, tg) — (F~1(0), 29) is a singular solution only if it is contained
in X.(F). We also consider the subset A = A(F) C X, of points z € X,
such that T, F~1(0) coincides with the kernel of a; (2). Explicitly, it is given
by A={z¢e X, | Fy(z) =0}.

On the other hand, J?(R,R) has two natural projections. Let mp :
J?(R,R) — JYR,R) and 7 : J2(R,R) — R? be the canonical projections
given by m1(x,y,p,q) = (z,y,p) and 7(z,y,p,q) = (z,y). We call a point z
a my-singular point of ' = 0 if F' = F, = 0 at 29, and a w-singular point
of F=0if ' = F, = F; = 0 at zp. We denote the sets of all 7-singular
points and of all m-singular points by X, (F) and X (F') respectively. We
define

Y= 5u(F)={2€ J*(R,R) | F(2) = 0, Fy(2) + pF,(2) + qF,(z) = 0}.

Observe that X, is a subset of both X, and X, and A is a subset of Y.
We now assume that F' = 0 is completely integrable at zg and X is
a 2-dimensional submanifold around zg. Then we say that an immersion
germ @ : (R x R, (tg,a0)) — (X, z0) such that for each a € (R, ag),P(+,a) :
(R,tg) — X is a singular solution, is a complete singular solution at zp.
Also, if &, intersects T, X, transversally in T,F~!(0) then integrating
the line field £ N T'X, yields a diffeomorphism germ @ : (R x R, (¢9,a0)) —
(Xe, z) such that &(-,a) is a geometric solution for each a € (R, ap); if it
is not contained in the complete solution, then it is a complete singular
solution. Here we say that @ is not contained in the complete solution if
any representative of @(-,a) is never contained in a leaf of the complete
solution for each a € (R, ap). For a point where transversality does not hold,
a complete singular solution need not exist. We call such points second order
contact singular points and denote the set of such points by Yee = Yoo (F).
It is well-known that for a second order ordinary differential equation
F(z,y,p,q) = 0, if the second derivative can be written as a single-valued
function of z,y and p, so that F' = 0 is given by an explicit equation ¢ =
G(z,y,p) for some smooth function G, then at least locally there exists a
(smooth) complete solution around a point on the equation hypersurface
and there is no singular solution.
In [1] conditions for existence of a complete solution and a complete
singular solution of implicit second order ordinary differential equations were
given under a regularity condition.
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THEOREM 1.1 ([1, Theorems 1.1, 1.2 and 1.3]). Suppose that 0 is a
regular value of Fy|p-1(p)-

(1) F =0 is completely integrable at zy if and only if 2o & Y. or X is
a 2-dimensional manifold around zg.
(2) Let F =0 be completely integrable.

(i) The leaves of the complete solution which meet X, away from A
intersect X transversally.

(ii) The leaves of the complete solution which meet A meet X tan-
gentially.

(3) Let F =0 be completely integrable and X. # ().

(i) FF = 0 admits a complete singular solution around zy € X, if
and only if either zo & Y, or Yo is a 1-dimensional manifold
around zg.

(ii) Suppose that F' = 0 admits a complete singular solution. Then
each leaf of the complete singular solution intersects Y. trans-
versally.

Here we give an example illustrating the notions of a complete solution
and a complete singular solution. In [11], we discussed second order ordinary
classical Clairaut equations given by

y =ap— 52°q+ ¢(q),
where p = dy/dz, ¢ = d*y/dz? and ¢ is a smooth function. This is an
example of a (smooth) completely integrable second order ordinary differ-
ential equation (see [8-12] and Example 4.1 for details). We now consider
the following case.

EXAMPLE 1.2 (Second order classical Clairaut equations with ¢(q) = ¢2).
Let F(x,y,p,q) = xp— %x2q+ ¢> —y. Since 0 is a regular value of Fylp-100)5
we can apply the results in Theorem 1.1 to this equation. In this case,
Fy +pFy +qF, =0 and Fj, = —%372 + 2q. Therefore the contact singular
set is given by X, = {(ﬁ,y,p, q) |y = xp— 1—163:4, q = }L:c2}. Since X
is a 2-dimensional manifold and X.. = 0, there exist a complete solution
I': R xR? — F71(0) and a complete singular solution @ : R x R — X
which are given by

I'(t,r,s) = (t,rt-f— %st2 +52,T+st,s),

B(t,a) = (t, '+ at, Ht° + a, 1¢?).
We have A = {(x,y,p,q) | * =y = ¢ = 0}. Hence the leaves of the complete
solution intersect X, transversally away from A and are tangent to X. at
points in A. Moreover, for each fixed a € (R,0), mro®(t,a) = (t, ﬁt‘l +at) is
the envelope of the two subfamilies of the complete solution which are given
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by
y=(isvs+a)t+ist? +5°, y=(-dsv/s+a)t+ist?+s2
See Figures 1 and 2.
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Fig. 1. Projection of the leaves of the complete singular solution to the (z,y)-plane
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Fig. 2. The two subfamilies of the complete solution

In this paper, we consider conditions for existence of a complete so-
lution and a complete singular solution of implicit second order ordinary
differential equations dropping the condition in Theorem 1.1. In §2, we give
necessary and sufficient conditions for existence of complete solutions and
smooth complete solutions. We show that F' = 0 is completely integrable
at zg if and only if ' = 0 is either of Clairaut type or of first order type
at zo (cf. Proposition 2.2). The Clairaut type has already appeared in [11]
as a necessary and sufficient condition for existence of a smooth complete
solution. Moreover, we consider properties of completely integrable equa-
tions. In §3, we give conditions for existence of a complete singular solution
for Clairaut type and first order type equations. In §4, we give some ex-
amples.

All map germs and manifolds considered are differentiable of class C'°.
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2. Complete solutions and smooth complete solutions. In this
section, we consider conditions for existence of a complete solution of implicit
second order ordinary differential equations. We apply the following lemma.

LeMMA 2.1 ([1, Lemma 3.1]). Let F = 0 be a second order ordinary
differential equation. The equation F' = 0 is completely integrable at zo €
F=Y(0) if and only if there ewist function germs «, 3 : (F~1(0),2) — R,
which do not vanish simultaneously, such that

a- (Fy +pFy + qFyp)|p-10) + 8 Fylp-1(0) = 0.

We say that an equation F' = 0 is of second order Clairaut type (for
short, Clairaut type) at zp if there exist smooth function germs A, B :
(J2(R,R), z9) — R such that

Fo+p-Fy+q-F,=A-F+B-F,

and of first order type at zg if there exist smooth function germs A’, B’ :
(J3(R,R), z0) — R such that

Fo=A"F+B - (Fo+p-F,+q-Fp).

We showed in [11, Theorem 3.1] that an equation F' = 0 has a smooth
complete solution at zg if and only if it is of Clairaut type at zg. We remark
that if F' = 0 is of Clairaut type then Y, = X, A = X, and if it is of first
order type then X, = X,.

The following is a consequence of Lemma 2.1 and the fact that F' = 0 is
regular.

PROPOSITION 2.2. F = 0 is completely integrable at zo if and only if
F =0 is either of Clairaut type or of first order type at 2.

The following results correspond to Theorem 1.1(1),(2) and [11, Propo-
sition 3.2].

LEMMA 2.3. Suppose that 0 is a regular value of (Fy+pFy+qFp)|p-1(0)-
Then F = 0 is completely integrable at zg if and only if zo & X or X¢ is a
2-dimensional manifold around zg. Moreover, if zg € X, then F = 0 is of
first order type at zp.

Proof. Let FF = 0 be completely integrable at zp and zg € X.. By
Lemma 2.1, there exist function germs «, 3 : (F~1(0),20) — R, which do
not vanish simultaneously, such that

- (Fe +pFy+ qFyp) | p-10y + 8 Fylp-1(0) = 0.

If B(20) = 0, then a(20) # 0 and V(F; + pFy + qFp)|p-1(0) = 0 at z. This
contradicts the fact that 0 is a regular value of (Fy + pFy + ¢Fp)|p-1(0)-
Hence ((zp) # 0. It follows that Y. is a 2-dimensional manifold around z
and F' = 0 is of first order type at zp.
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Conversely, suppose that Y. is a 2-dimensional manifold around zy. By
the assumption, the set X, is also a 2-dimensional manifold around zj.
Hence Y. = X, around zg, as set germs. Since 0 is a regular value of
(Fy +pFy + qFyp)|p-1(0), F' = 0 is of first order type at 29. m

PROPOSITION 2.4. Suppose that 0 is a regular value of the restriction
(Fr +pFy + qFy)|p-1(0) and F = 0 is completely integrable. Then:

(i) The leaves of the complete solution which meet X, away from A
intersect X transversally.
(ii) The leaves of the complete solution which meet A are tangent to X..

The proof is analogous to that of Theorem 1.2 in [1], so it is omitted.
By Theorem 1.1, Lemma 2.3 and [1, Proposition 3.5], we have the fol-
lowing corollary.

COROLLARY 2.5. Suppose that zy € Y.\ A. Then F' = 0 is completely
integrable at zo if and only if X. is a 2-dimensional manifold around zy and
2o is a regular point of either Fy|p-1y or (Fir + pFy + qFp)|p-1(0)-

Now suppose that X is a 2-dimensional manifold around zy. Then we
can consider the second order contact singular set Xe.. If 29 € Y, then we
have a condition for existence of a complete solution at zp.

PROPOSITION 2.6. Suppose that Y. is a 2-dimensional manifold around
20 and zo & Yec. Then X coincides with either X, or X, around zy if and
only if F' =0 is completely integrable at zg. More precisely,

(1) Yo = Xr, around zg if and only if F =0 is of Clairaut type at zp.

(2) X = X, around zo if and only if F =0 is of first order type at zy.

Proof. (1) Suppose that X, = X, around zy. Since VF(zy) # 0 and
20 € X, Fy(z0) # 0 or Fp(z) # 0. If Fy(20) # 0, by the implicit function
theorem, there exists a smooth function f : U — R, where U is an open set
in R3, such that in a neighborhood of zg, (z,y,p,q) € F~1(0) if and only if
f(x,p,q) —y = 0. Thus we may assume without loss of generality that

F(z,y,p,q) = f(z,p,q) — y.
Define

¢:U—F0), (z,p,9)— (z,f(x,p,9),p,q), and wug=¢ '(20).
It follows that ¢~ 1 (%) = qul(O). From the definition of Y. and zg &€ Y.,
either (fyz + q - fop)(uo) # 0 or fyq(uo) # 0. Therefore we have Vf, # 0
at ug.

On the other hand, if Fj,(z9) # 0, again by the implicit function theo-
rem, there exists a smooth function g : V — R, where V is an open set
in R3, such that in a neighborhood of zg, (,y,p,q) € F~1(0) if and only if
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g(z,y,q) — p = 0. Thus we may assume without loss of generality that

F(z,y,p,q9) = 9(x,y,q) — p.
Define

KZJ:VHFil(O)? (m,y,q)H(x,y,g(m,y,q),q), and Uozwfl(zo)'
Then o~ 1(%,) = gq_l(O). By definition of Y. and zg € Y., we have either
(9gz + 9 - ggp)(v0) # 0 or ggq(vo) # 0. Hence also Vg, # 0 at vy. In both
cases, 2 is a regular point of Fy| F-1(0)- 1t follows that F' = 0 is completely
integrable at zg by Theorem 1.1(1). We conclude by Proposition 3.2 in [11]
that F' = 0 is of Clairaut type at zo.

(2) The argument is similar to that in case (1). The condition zp & Y.
guarantees that zo is a regular point of (F + pFy, + qFy)|p-1(p).- By Lem-
ma 2.3, F' =0 is of first order type at zp. =

Below, if Fy(z0) # 0 or F,(z0) # 0, we keep the respective assumptions
and notations of the above proof.
For a completely integrable equation, we have the following property.

PRrOPOSITION 2.7. Let F' = 0 be completely integrable at zy and X, be
a 2-dimensional manifold around zy. Then X.. C A.

Proof. By Proposition 2.2, we may assume that ' = 0 is either of
Clairaut type or of first order type at zg. If F' = 0 is of Clairaut type
at zp, then we have already shown that .. C A in [11, Proposition 3.3].
Therefore we may assume that F' = 0 is of first order type at zy. By
definition, there exist smooth function germs A and B at zy such that
F,=A-F+ B (F, +pF,+ qF),). We assume that Y. # () and zy € Y.

Suppose that F,(z9) # 0. By the definition of Y., we have

(fo —p+afp)e(w) +a(fo —p+afp)p(u) =0, (fo —p+afp)e(u) =0,
where u = (x,p,q) € ¢! (Xe). Differentiating f, = o - (f» — p + qf,) with
respect to x and p, we have

for =z (fo—p+afp) +a-(fo—p+afp)e
fqp = Qp - (f:c _p+pr) +a‘(fa: _p+pr)p7
where a = B o ¢. For any z = (z,y,p,q) € Y, if we compare the above
equalities, then f,(u) =0 and hence z € A.
Suppose that F),(z9) # 0. By the definition of Y., we have
(9219 9p = Da(v) +9(0) (g2 +9-9p — Dp(v) = 0, (g2 +9-9p — @)q(v) =0,
where v = (z,v, q) € ¥~ 1(Xc). Differentiating g, = 8- (g + g - gp — q) with
respect to x and p, we have
9o =Pz Yo+ 9 - 9~ +B (9= + 9 9 — Da:
Jop=Bp G2+ 9 -9p =)+ B (92+ 9 9p — Dp;
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where 3 = B o 1. However, this case does not occur for any z = (x,y,p, q)
€. m

3. Complete singular solutions. In this section, we consider the
uniqueness of complete singular solutions, analogously to the uniqueness
results in [6, 11], and give conditions for existence of a complete singular
solution. Throughout this section, we assume that F' = 0 is completely in-
tegrable at zg and X, is a 2-dimensional manifold around zy. Moreover, we
use the notation of the previous section.

The uniqueness of the complete singular solution is dealt with in the
following result.

PrRoOPOSITION 3.1. Let &1 : (R x R,(t1,a1)) — (Xc,20) and Po :
(R x R, (t2,a2)) — (X, 20) be complete singular solutions around zy. Then
there exists a diffeomorphism germ ¥ : (R x R, (t1,a1)) — (R x R, (t2, a2))
of the form ¥(t,a) = (Y1(t,a),v2(a)) such that 3o ¥ = Py.

Proof. Suppose that the assertion does not hold. Since the complete
singular solution is a one-parameter family of geometric solutions in X,
there exists a point 21 € (X, 29) such that @1, = ®1(-,c1) and o, =
Py (-, co) are transversal at z;. Then we can construct an immersion germ
@ : (R xR,0) — (X, z1) which satisfies the conditions

oy B ox Op B ox
%(tva) _p(tva) %(t a)’ %(t a) - Q(tva) %(tva)a
oy B Ox Op B ox
E(tva) _p(tva) E(t a)’ E(t a) - Q(tva) E(tva)a

where ®(t,a) = (z(t,a),y(t,a),p(t,a),q(t,a)). If we calculate the second
order partial derivatives of the above equalities, we get

8%_@.@_’_ .82$ 8%_@_89&4_ _8%
9tda 0t 0a ' ! 9tda’ 9adt da Ot ' 1 Badt’
Therefore we obtain the equality (0q/0t)-(0x/0a) = (0q/0a)- (0x/0t). This

contradicts the fact that @ is an immersion germ. m

3.1. Clairaut type equations. By Proposition 2.2, we may assume that
F = 0 is either of Clairaut type or of first order type at zg. First we consider
the case when F' = 0 is of Clairaut type at zg € X.. Then F' = ( satisfies
either F,(29) # 0 or Fp(z0) # 0. If Fj,(20) # 0, then 2y ¢ A and hence zy ¢
Yee by Proposition 2.7. Thus there exists a complete singular solution around
zp by Corollary 2.5 and Theorem 1.1(2). On the other hand, if F,(29) # 0,
we have the following results.

LEMMA 3.2. Suppose that Y. # X.. If there exists a complete singular
solution @ : (R x R, (tg,ap)) — (X, z20) then there exist function germs
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o (07 H(Ze), up) — R, which do not vanish simultaneously, such that

(*) A (fga + qup)|¢—1(zc) +pe qu|¢>—1(2C) =0.

Conversely, if there exist A\, u as above, then they yield a diffeomorphism
germ @ such that O(-,a) is a geometric solution for each a € (R,ap); if
@ is not contained in the complete solution, then it is a complete singular
solution.

Proof. Suppose that @ : (R x R,0) — (X, 20) is a complete singular
solution around zg. Differentiating ¢! o & with respect to t yields a vector
field X : 671(,) — T~ (%) given by X (¢ o &(t,a)) = (6~1 0 D)y(t, ).
By definition of a complete singular solution and of the smooth map ¢,
X has the form X = (), ¢\, u) for function germs A,y : (¢~ H(Xe), ug) —
R which do not vanish simultaneously. Since F' = 0 is of Clairaut type
at zo, ¢~1(Zc) = f;1(0). Then X (u) lies in T, f;'(0). It follows that the
identity () holds.

Reversing the above argument yields a diffeomorphism germ &
(R x R, (to,a0)) — (Xe¢,20) such that @(-,a) is a geometric solution for
each a € (R, ap). If @ is not contained in the complete solution, that is, any
representative of @(-, a) is never contained in a leaf of the complete solution
for each a € (R, ap), then @ is a complete singular solution around zp. =

COROLLARY 3.3. Under the condition (x), we have the following:

(1) If Yoo # Xc, Muo) =0 and p(up) # 0, then there exists a complete
singular solution around zy.

(2) If A is a 1-dimensional manifold (generally, if A # X¢) around zo,
then there exists a complete singular solution around zg.

Proof. (1) Since F' = 0 is of Clairaut type, we conclude that the diffeo-
morphism @ is not contained in the complete solution by the form of the
vector field of X in Lemma 3.2.

(2) Suppose that z € X \ A. By Corollary 2.5 and Theorem 1.1(2), the
leaves of the complete solution which meet Y. away from A intersect X
transversally. Hence the diffeomorphism @ is not contained in the complete
solution. m

THEOREM 3.4. Suppose that X is a 1-dimensional manifold around zg
and that zg is a reqular point of Fy,|x.. Then there exists a complete singular
solution around zg.

Proof. Since F' = 0 is of Clairaut type at zg, there exists a function germ
B: (F71(0),20) — R such that f, —p+qf, = 8- f;. By definition of X, A
and Y., we have

¢_1(Zc) = fq_l(o)v ¢_1(A) ={(=,p,q) € ¢_1(EC) | fp(xvpv q) = 0}
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and

¢~ (Zec) = {(x,p,q) € 7 (Z) | Frg(, 0, @)+ fpg(, 1, @) = foq(x,p,9) = 0}.
Since zp is a regular point of Fp|s,, ¢~1(A) is also a 1-dimensional man-
ifold around wug. By Proposition 2.7, ¢~ 1(Xe.) C ¢~ 1(A). It follows that

¢ H(Zee) = ¢71(A) around up and hence there exist function germs k, ¢ :
(¢ (), uo) — R such that

(feq + afpa)lg,~100) = K- Solg, =100 Jadlg, =100 =1 Folg,~10)-
On the other hand, differentiating f, —p + qfp, = 8- f, with respect to ¢,
we have
fmq"‘fp""prq:ﬁq’fq"i‘B‘qu‘
Restricting the equality to fq_l(O), we have (k— (-0 +1) - fp|f(;1(0) = 0.
Since zg is a regular point of fp’qul(o), we have k — 3- £+ 1 =0 at ug. It

follows that either k£ £ 0 or £ # 0 at ug. By Lemma 3.2 and Corollary 3.3,
there exists a complete singular solution around zp. =

3.2. First order type equations. Let F = 0 be of first order type at
zp € X, so either Fy(zy) # 0 or Fj,(29) # 0. By Proposition 2.4 and Corol-
lary 2.5, if Fj,(z9) # 0, then there exists a complete singular solution
around zg. If Fy(z9) # 0, we can prove the following results using the same
arguments in the proofs of Lemma 3.2, Corollary 3.3 and Theorem 3.4.

LEMMA 3.5. Suppose that Y. # X.. If there exists a complete singular
solution @ : (R x R, (tg,ap)) — (X, z20) then there exist function germs
s (075 XZe), uo) — R, which do not vanish simultaneously, such that

(k%) A ((fo =P+ afp)e+a(fa —p—i-pr)p)‘drl(Zc)

+p-(fe—p+ pr)q‘qﬁ*l(zc) =0.
Conversely, if there exist X\, as above, then they yield a diffeomorphism
germ @ such that ®(-,a) is a geometric solution for each a € (R,ap); if

@ is not contained in the complete solution, then it is a complete singular
solution.

COROLLARY 3.6. Under the condition (xx), we have the following:

(1) If Xee # X, Muo) # 0 and p(up) = 0, then there exists a complete
singular solution around zg.

(2) If A is al-dimensional manifold (generally, if A # X¢) around zo,
then there exists a complete singular solution around zg.

THEOREM 3.7. Suppose that Y. is a 1-dimensional manifold around zg
and that zy is a reqular point of F,|x.. Then there exists a complete singular
solution around z.
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The following result corresponds to Theorem 1.1(3). Its proof is similar
to that of Theorem 1.3 in [1].

PROPOSITION 3.8. Suppose that 0 is a regqular value of the restriction
(Fr +pFy + qFy)|p-1(0) and F =0 is completely integrable at zy € X..

(i) If F =0 admits a complete singular solution ¢ : (R x R, (tg,ap)) —
(Xe, z0) then zo & Xee or Xec is a 1-dimensional manifold around zp.
Conversely, if zg & Yee or Yee is a 1-dimensional manifold around
20, then they yield a diffeomorphism germ @ such that ®(-,a) is a
geometric solution for each a € (R,ap); if @ is not contained in the
complete solution, then it is a complete singular solution.

(ii) Suppose that F =0 admits a complete singular solution. Then each
leaf of the complete singular solution intersects X.. transversally.

We remark that there is an important difference between the case where
0 is a regular value of Fy|p-1() and the case where it is a regular value of
(Fr + pFy + qFy)|p-1(0)- Namely, if 0 is a regular value of Fy|p-1) and
zo € A, then A is a 1 d1mens1onal manifold around zy by Proposition 3.6
in [1]. However, A is not necessarily a 1-dimensional manifold even if 0 is a
regular value of (F + pFy, + qF})|p-1(g) (cf. Example 4.3 in §4).

4. Examples. In this section we give examples of second order Clairaut
type and first order type equations.

EXAMPLE 4.1 (Second order classical Clairaut equations) Consider the
second order classical Clairaut equations F'(x,y,p,q) = xp— x 2q+p(q)—v,
where ¢ is a smooth function. Suppose that ¢’(¢) > 0 and gp”( ) =0 (cf.
Example 1.2). In this case, F, + pF, + ¢F, = 0 and F, = —%xQ + ¢'(q).
Therefore F' = 0 is of Clairaut type and hence there exists a (smooth)
complete solution I' : R x R? — F~1(0) which is given by I'(t,r,s) =
(t, %3152 +rt+ @(s),st +r, s). The contact singular set is

TE = {@wypa) |2 =£V2¢' ()% y = V20 () *p — & (@) + ¢()}-
We have A = {(z,y,p,q) | = 0, ¢'(¢) = 0, y = ¢(q)} and Y. =

{(z,y,p,0) | = =0, ¢'(q) =0, ¢"(q) = 0, y = ¢(q)}. By Lemma 3.2,
if there exists a complete singular solution, then there exist functions A, p :

¢~ (%) — R, not vanishing simultaneously, such that X - (Fv/2 ¢/ (g )1/2)
- ¢"(q) = 0. We may assume that A and p only depend on ¢, and p # 0.
Then by direct calculations, we have de = (\/u)-dg, and a complete singular
solution ®* : R x R — XF is given by

25t a) = (£vV200' 10 (-2 (1) [ () dt £ V20 (1) Patp(t),
i\/§<tgo’(t)1/2 — ') dt) +t,a).
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In particular, if ¢(q) is a constant ¢, then F(x,y,p,q) = —y+ xp — %:UQq +c
and X = A= Y. = {(x,y,p,q) | x =0, y = c}. Nevertheless, there exists
a complete singular solution @(¢,a) = (0,c¢,t,a).

EXAMPLE 4.2. Let F(x,y,p,q) = —y + pg® — §q5. In this case, F, +
pF, +qF, = —p+¢® and F, = —2q(—p + ¢3). Hence F = 0 is of first order
type and 0 is a regular value of (Fy + pFy, + qF})|p-1(g). Moreover,

Ze={(z,y,p,9) |p=1¢" y= 24"},
A=Y ={(z,y.p,0) ly=p=q=0}.

Thus Y. is a 2-dimensional manifold, and A and X.. are 1-dimensional
manifolds. By Lemma 2.3, Proposition 3.8 and Corollary 3.6, there exist
a complete solution and a complete singular solution. Indeed, the com-
plete solution I' : R x R? — F~1(0) and the complete singular solution
@ :R xR — XY, are given by
D(tr,s)= (£ +r, £t°+ st 262 +5,t), D(t,a) = (3t* +a,3t°,¢%,1).

Moreover, by Propositions 2.4 and 3.8, the leaves of the complete solution
intersect X, transversally away from A and are tangent to 2. at points in A,
and each leaf of the complete singular solution intersects Y. transversally.

ExaMmPLE 4.3. Let F(x,y,p,q) = —y — %qu. In this case, F, + pF, +
qF, = —p(1 +¢?) and F, = —%pQ. Hence F' = 0 is of first order type and 0
is a regular value of (Fy + pFy + qF})|p-1(p). Moreover,

Ye=A={(z,y,p,0) | y=p =0}, Zec = {(2,9,0,¢) | y=p=q=0}.

Thus X, and A are 2-dimensional manifolds, and Y., is a 1-dimensional
manifold. By Lemma 2.3, F = 0 is completely integrable and the complete
solution is given by

I(t,rs) = (—%rS (14275 dt + 5, —Lr2e(1 +£2) 712 p(1 + t2)’1/4,t>.

Notice that the contact singular set X is foliated by a 1-parameter family of
geometric solutions &(t,a) = (a,0,0,t). However, the family & is contained
in the complete solution and thus its members are not singular solutions
even if Y. is a 1-dimensional manifold.

EXAMPLE 4.4 (First order classical Clairaut equations viewed as second
order equations). Let F(z,y,p,q) = —y + px + x(p), where x is a smooth
function. This equation is called the first order classical Clairaut equation
(cf. [3, 6]). In this case, F, +pFy, +q¢F, = q(x+x'(p)) and F, = 0. Therefore
F =0 is of first order type and the complete solution is given by I'(t,r, s) =
(s,rs + x(r),r,t). The contact singular set Y. decomposes into the union
LU X? of two 2-dimensional manifolds intersecting transversally in F~1(0),
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where .
Y. ={(z,y,p,9) | y = px + x(p), ¢ = 0},

22 ={(z,y,p.q) |z =—X(p), y = —pxX'(») + x(0)}-

Notice that X! and X2 are foliated by 1-parameter families of geometric
solutions

D1t a) = (1, at + x(a),a,0),  Pa(t,a) = (=x'(a), —ax'(a) + x(a), a, 1)
respectively. The family @ is not contained in the complete solution and
thus constitutes a complete singular solution. However, @2 is contained in
the complete solution and thus its members are not singular solutions. We

can show that the second order contact singular set Y.. decomposes into
the union X}, U X2 of two 1-dimensional manifolds, where

2l ={(z,y,p,9) |z =—-X'(p), y=—pxX'(p) + x(p), ¢ = 0},
22 ={(z,y,p,9) |z =-X(®), y=—pxX'(p) + x(p), ¢ = —1/X"(p)}.
In this case, we have A = X2 Yl = 31N Y2 and ¥2 C X2 If 25 € X},

cecy
then zp is a regular point of F)| s1. By Theorem 3.7, there exists a complete
singular solution on X! around zg. On the other hand, since F,| s2 =0,itis
not regular. Thus we cannot establish the existence of a complete singular
solution on X2
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