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EXISTENCE OF DISCRETE ERGODIC SINGULAR TRANSFORMS
FOR ADMISSIBLE PROCESSES

BY

DOGAN COMEZ (Fargo, ND)

Abstract. This article is concerned with the study of the discrete version of general-
ized ergodic Calderén-Zygmund singular operators. It is shown that such discrete ergodic
singular operators for a class of superadditive processes, namely, bounded symmetric ad-
missible processes relative to measure preserving transformations, are weak (1,1). From
this maximal inequality, a.e. existence of the discrete ergodic singular transform is ob-
tained for such superadditive processes. This generalizes the well-known result on the
existence of the ergodic Hilbert transform.

1. Introduction. Let (X, X, u) be a probability space, and T': X — X
be an invertible measure preserving transformation. The operator S¥f =
Y ez o(i)T'f is called the discrete ergodic singular transform (with ker-
nel ¢), where ¢ = {¢(n)}nez is a discrete singular kernel [AM]. If ¢(n) =
1/n then S¥f is the usual ergodic Hilbert transform. Another example of
a singular kernel that generates a discrete ergodic singular transform is
o(n) = 1/(nlog|n|), n # 0,%1. The study of Hilbert transform is strongly
connected to the study of singular integrals and approach regions for the
existence of such integrals [CaJRW, NS]. The a.e. existence of the ergodic
Hilbert transform was first proved by M. Cotlar [C]. Another proof was
given by K. Petersen [P]. A. M. Alphonse and S. Madan introduced dis-
crete ergodic singular transforms (which are discrete analogues of singular
integrals) and proved that such transforms relative to invertible measure
preserving transformations exist a.e. [AM].

All the results above involve additive processes in their respective set-
tings. In [C;] the author proved the a.e. existence of the ergodic Hilbert
transform for bounded symmetric admissible processes satisfying an addi-
tional condition (on the purely subadditive part of the process). In this arti-
cle we will obtain the a.e. existence of discrete ergodic singular transforms for
bounded symmetric admissible processes without any additional conditions
(Theorem 2.3 below). In the manuscript [C2], which is the Hilbert transform
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version of the current article, the a.e. existence of the ergodic Hilbert trans-
form for such admissible processes was proved without requiring the condi-
tion used in [C1]. To this end, the maximal inequality of K. Petersen [P] was
extended to the setting of admissible processes [C2]. The maximal inequal-
ity utilized in the current article (Theorem 2.1 below) is a generalization
of the maximal inequality in [AM], which, in turn, generalizes the maximal
inequality in [P] to the setting of discrete singular transforms. Since the
Hilbert transform is a special case of discrete ergodic singular transform,
and since admissible processes include additive processes, our result gener-
alizes the a.e. existence theorems in [AM, C, C1, C2, P]. We also observe
that if one considers discrete ergodic singular transforms along sequences
satisfying the cone condition, then a.e. existence may fail.

A T-superadditive process on Z is a family of functions F' = { f; }iez C Ly,
1 < p < o0, whose sequence of partial sums {F), },cz satisfies

Foim > Fo +T"Fy and F(yqpy > Fopy + T7"F_py,  for all n,m >0,

where F,, = Z?:_ol ;ifn>1,and F, = Z?:n_H fi if n < —1. If equalities
hold, then F' is called a T-additive process on Z, which is necessarily of the
form {T?fo}. A family F = {fi}icz is called symmetric if T> f_; = f; for
all i € Z, and strongly bounded if sup;cz || fill, < co. We call F' = {fi}icz a

T-admissible process on 7 if
Tf; < fiy1 fori>0, and T7'f; < fiq fori<O.

Obviously, any T-admissible process is T-superadditive.
A singular kernel is a sequence ¢ = {p(n)}nez of real numbers with the
following properties: there exist constants d, D > 0 such that

(i) limy 370, (i) =0,

(ii) ¢(0) =0 and |p(n)| < d/n for n # 0,

(iii) |@(n) — @(n +1)| < D/n? for n # 0.
In what follows, unless stated otherwise, all singular kernels ¢ on Z will be
odd functions, i.e., p(—n) = —¢(n) for all n € Z*, and satisfy ¢(n) > 0
for n > 0. Given a T-superadditive family F' on Z, the discrete ergodic
singular transform of F is defined as SYF = lim,, Sj, F, where Sy F(z) =
S (@) fi(z). Accordingly, SP*F(x) = sup, |Sy F(z)| is the associated
maximal operator and S§ F(x) = supy_,<n | >oie_, (i) fi(x)] is its trun-
cated version. For a T-admissible process F' = {f;} on Z, we always have
fi—=T"fo > 0; hence, if a statement holds for S¥ fy, then the same is also valid
for S¥F if and only if it is valid for S¥G, where G' = {g;} with g; = f; —=T" fo.
Therefore, in such a case we can assume that f; > 0 for all 7 € Z.

2. Discrete ergodic singular transforms for admissible processes.
We begin by stating the following theorem on the maximal estimates for
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discrete ergodic singular transforms of additive processes. This result will be
the basis for the proof of the weak (1, 1) maximal inequality in the admissible
setting.

THEOREM A ([AM, Theorem 2.4]). Let ¢ be a discrete singular kernel
and a € l,, 1 < p < oo. Then there exist constants Cp, such that

C

(a) |[{k € Z : S**a(k) > \}| < 71 lall1 for every A > 0,

(b) [[S7all, < Cpllally, 1 <p < oo,
where S%%a(k) = sup, | S0, @(i)ar il

Let F' = {F,}n>1 C L1 be a strongly bounded symmetric T-admissible
process. It is shown in [C;, Proposition 2.1] that if ' = {f,} C L; is a
positive symmetric strongly bounded T-admissible process, then there exists
an increasing sequence {uy} C LT with uy T § € Ly such that f, = T upy
for all n € Z and f, < T for all n € Z. Clearly, ||0]1 = sup,cz || fall1;
furthermore, § is an exact dominant for F (i.e., [|6]|1 = sup,ez 2]~ Fall1)-

THEOREM 2.1. Let F' C Ly be a strongly bounded symmetric T-admissible
process and @ be an odd singular kernel. Then, for any A > 0, there is a
constant C such that

N C
p{z 2 577 F(2) > A}) < + [0l
where § is an exact dominant for F.

Proof. Since the assertion holds for additive processes [AM], we can as-
sume that f; >0 for all i € Z. Let S§ F(z) = sup;<,<n | > ie_,, (i) fi(2)],
and Ey = {z € X : S{'F(x) > A}. Then Ey = EX U E%;, where

E\ = {x € X: sup _Zn: o(1) fi(x) > )\},

E% = {x € X: 1%}%}\[ Z o(i) fi(z) < —)\}.

=N

Now, consider E}V Since fr = Tkv‘k‘ for all k € Z, where v T 9, v <
vk for all k > 1, it follows that

(1) TFvg < fr, <TF5  for all k € Z.

By the measure preserving property of T, for any m € Z,

p(ER) = n(T~"Ey) = p{a s sup 3 o(i)T™filw) > A}
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By (1), for any M > |k|,

n —1

A< Z ()T )y = Z ()T vy + ZSO(Z')TWHW

i1=—n i=—n =1
-1

<D e(HT™ g+ ()T,

i=—n i=1
Hence,

-1

p(EX) < {zssup [ 32 o™ (@) + S T 6()] > A},
i=1

i=—n
For z € X, not belonging a set of measure zero, and |m| < M, define a
sequence a = {ax} by
Tks(z) ifm <|k| < N +m,
ap = Tryg(z) ifm—N<|k|<m—1,
0 otherwise.
Therefore, for each m € [—M, M|, we have {a} € l1. Thus,

-1

A< Z DT Moy () < D e(D)aiem + Y o(i)aitm,

t=—n =—n =1

which implies that E}, C {z :sup, > @(i)aitm > A}
For E%;, similarly, by (1), we have

Z Terlv‘ | > Z Tm+z(5 + Z(p Tm+z

i=—n i=—n =1
Hence, for z € X off a set of measure zero, and |m| < M, if we define a
sequence b = {b;} by
TFS(x) ifm—N<|k|<m—1,
b, = TFop(z) ifm <|k|<m+ N,
0 otherwise,

it follows that, for each m € [—M, M], we have {b;} € [;. Therefore, as
before,

EJQV - { mf Z bitm < )\} = {ac sup Z 0)b—iym > )\}

i=—n i=—n

Consequently, we observe that
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1<n<N -
C{:L’ su za1m>)\}u{aj inf zb1m<—)\}
Sup Z_:nsO() + T Ni;ncp() +
=Jz: su zazm>)\}u r: su Db_jrm > A
{ e Zn%)( )ai+ { KngNian( Jbitm > A}
Therefore,
1 M n
Ex) = { : ‘ NT™ ( )\}
W(Ey) 2M+1m:Z:MM ®: sup i;nw(@) fi(z)| >
1 M n
: itm, )\}
SOM 1 m; n{z 1<SEEN1_ZTLSO(Z)G+ g
1 M
+ {x :su (D)b_itm > /\}
2M +1 ;M 1<n£N Z "

Now, by Fubini’s theorem, if card stands for the counting measure on Z,
M

Z {x: sup Z al+m>)\}

m——M 1<n<N

< (card x ,u,){(m,x) sup Z o (1) Qi > )\}

JEZ
N+M C N+M
1 1
<Y flagldu <SS ol
—-N—-M —-N—-M
2C1(M + N)
= = e
for some constant C'. In the same fashion, we also find that, for some con-
stant Co,
M 2C5(M + N)
T: su b_Zm>)\} < 2228 V) sl
RIETIP SR —

m=—M
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Thus,

2(C1 + C)(M + N)
A2M +1)

Letting M — oo and C' = C + Cy, we obtain

WEN) <

1611

C
pEx) < 5 6] m

COROLLARY 2.2 ([C2]) Let F = {fi} C L1 be a symmetric, bounded
T-admissible process with exact dominant §. Then, for any A > 0, there
exists a constant C such that
N
Z/ fi(x)

i

i=—N

C
M{$ - sup > A} < %yan,
N>1 A

where Z;k:_k means the sum without the ¢ = 0 term.

REMARK. In [(] the condition on the purely subadditive part was used
in proving the weak (1, 1) maximal inequality for the ergodic Hilbert trans-
form of bounded symmetric admissible processes. Hence, Theorem 2.1 gen-
eralizes the maximal inequality in [C;] as well as the maximal inequalities
in [P] and in [AM].

THEOREM 2.3. Let F C Ly be a strongly bounded symmetric T-admissible
process relative to an invertible measure preserving transformation T, and
© be an odd singular kernel. Then

SPF(z) = liﬁn Z o(i) fi(x)  ewists a.e.

=N

Proof. By the existence of the discrete ergodic singular transform for
additive processes [AM], we can assume without loss of generality that f; > 0
for each i € Z. For a fixed k > 0, define g¥(x) = f;(z) for 0 < |i| < k and

oF () = {Tz_kfk(;r) for i > k,
‘ Tk f (x) for —i > k.
Thus, g¥(x) < fi(z) for all i € Z and k > 0. Also,
THS — o) (z) if |i| > k,
0< fi(z) — gF(z) <

< -dtw < { i,
From the properties of the sequence {v;}, we know that [|§ — vg||, | O as
k — oo. The process G = {gF} is T-additive (except for the terms |i| < k).
In particular, since g¥ = TH(T % f;.) = Tvy, for all |i| > k, we have

K
> wlgr =D e v+ > w(i)(fi — T'og),

i=—n i=—n i=—k
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therefore lim, > i ¢(i)gF exists a.e. Now,

Z/ fz Z/ gz _ / SZ

where
0 for 1 <i| <k,
si@) =4 fi@) =T Ffi(s)  fori> k.
foi(x) =T~k f_(x) for —i > k.
Since

Tsi=T(fi =T " fi) < fiyr =T P fr=sip1 fori>k,
Tl =T ' (foi =T fy)
<o =T MR =5 for —i >k,
the process S = {s;} is T-admissible. From the construction, S is bounded
with exact dominant 6 — vy. Letting f* = limsup, > 1" (i) f; and f. =

liminf, > (i) f;, we observe that 0 < f* fe < 2" — gi|, where
g; =lim, Y7 @(i)gk. Therefore, if E = {z : f*(z) — fu(x) > A}, then

EC {x : limnsup‘ z”: go(z)sl(x)‘ > )\/2}.

From Theorem 2.1 it follows that, for some constant C' > 0,
C
w(B) < <15 - il
By letting k — oo, we obtain u(FE) = 0. Thus SPF(x) = lim,, S, F () exists
a.e. m

COROLLARY 2.4 ([C2]). Let F = {f;} C L1 be a symmetric, bounded
T-admissible process relative to an invertible measure preserving transfor-
mation T. Then

= fi(w)
! J1 .
lrtlng — exists a.e.
i=—n

REMARKS. 1. Corollary 2.4 does not require any additional condition
on the subadditive part of the process F, hence it generalizes Theorem 3.3
in [C1].

2. Since (X, X, i) is a probability space, we have L, C L; and the strong
boundedness in L, implies strong boundedness in L;. Consequently, the as-
sertion of Theorem 2.3 (and Corollary 2.4) is also valid for strongly bounded
symmetric superadditive processes F' C Ly, 1 < p < oo.

3. The symmetry condition cannot be removed [C1].
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3. Further comments. The ordinary ergodic averages n ZZ;& Tk f
are special cases of the averages of the form r;t > 3" Lpontk g (known as
the moving averages), where {(vy,rn)} C Z x Z is a sequence with r, — oco.
By the moving averages theorem of A. Bellow, R. Jones and J. Rosenblatt
[BJR], if the sequence {(vy,, )} satisfies the cone condition then the moving
averages converge a.e. for every f € Li. Observing the interplay between
the ordinary ergodic averages and the ergodic Hilbert transform (via Abel’s
summation by parts formula), one might ask about the existence of the
ergodic Hilbert transform along sequences satisfying the cone condition,
that is, the a.e. existence of lim, ZZ;_M w It turns out that the
answer is negative, as the following example shows. The original version of
this example is due to R. Jones [J].

ExAMPLE 3.1. Let (X, 4, T') be a dynamical system where X ={—1,0,1},
with p({j}) = 1/3 for j = —1,0,1, and T(—1) = 0, T(0) = 1, T(1) = —1.
Let the function f be defined as f(—1) = f(1) = 0 and f(0) = 1. Then
S 7O — ¢ and

1=—00 3

o
, Tif(—1) 1 11 11
Sl S/ O -z -z ce £ 0.
Z 1 2 * 4 5 * 7 8 o7
1=—00
Take any sequence {(v,,ry)} satisfying the cone condition and such that
Un, T — 00. Assume that there are infinitely many v, = 0 (mod 3) and

infinitely many v, = 1 (mod 3) (for otherwise, replace v, by v, £ 1). Let
A={n:v, =0 (mod 3)} and B={n:v, =1 (mod 3)} Then for n € A,

On the other hand, for n € B,

%, IOt f(—1) %, THEf(-1)
. !/ . !/
lim 3 " lm 2. i

i1=—7rn 1=—Tn
r . o .
o~ TF(0) » T°f(0)
:1 ! — U.
D
i=—Tn i=—00

vntif(— . . . .
Consequently, lim, Z;’;Lrn w fails to exist. Using Rokhlin tower
techniques, one can construct such examples in the non-atomic case as

well.
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