COLLOQUIUM MATHEMATICUM

VOL. 113 2008 NO. 1

CLASSIFICATION OF LOW-DIMENSIONAL ORBIT
CLOSURES IN VARIETIES OF QUIVER REPRESENTATIONS

BY

PAWEL ROCHMAN (Toruti)

Abstract. We classify the affine varieties of dimension at most 4 which occur as orbit
closures with an invariant point in varieties of representations of quivers. Moreover, we
show that they are normal and Cohen—Macaulay.

1. Introduction. Throughout the paper, k£ denotes an algebraically
closed field and M. (k) stands for the vector space of ¢ x d-matrices with
coefficients in k for any ¢,d € N. Let Q = (Qo, Q1, s,t) be a finite quiver, i.e.
Qo is a finite set of vertices and @ is a finite set of arrows a : s(a) — (),
where s(a) and t(«) denote the starting and ending vertices of «, respec-
tively. Given a dimension vector d = (d;)icq, € N?°, we define the vector
space

repg(d) = H M, o) xdy(a) (F)
ae@Q
together with the regular action of the group

GL() = [ GLa (k)
1€Qo
via
(gi)iGQo * (Va)ate = (gt(a) Vo 'gii))ate-

Let Oy = GL(d) « V for any V = (Vi )aec@, € repg(d). Our main object of
interest is the Zariski closure Oy of the orbit Oy in repg(d). The family of
such orbit closures contains the classical determinantal varieties of matrices
of bounded rank as well as the closures of conjugacy classes of square matri-
ces. An interesting problem is to study singularities of Oy (see [2]-[4], [6],
8], [12]-[14], [17], [19]-[21] for results in this direction). The orbit closure
Oy contains a unique closed orbit (see Section 2), say Op. Therefore Oy
has a GL(d)-invariant point if and only if Oy consists of only one point.
As we explain in Section 2, Oy is isomorphic to an associated fibre bundle
CL(d) x%®) Oy, of an orbit closure Oy having a GL(e)-invariant point.

2000 Mathematics Subject Classification: Primary 14B05; Secondary 14130, 16G20.
Key words and phrases: representations of quivers, orbit closures.

[55] © Instytut Matematyczny PAN, 2008



56 P. ROCHMAN

Since the associated fibre bundles preserve singularities up to smooth mor-
phisms, we can restrict our attention to the orbit closures with an invariant
point. Our first main result is a classification, up to isomorphism, of the orbit
closures having an invariant point, which as varieties have dimension at most
4 (see Theorem 3.2). As a consequence of the classification, we will prove
that the GL(d)-orbit closures in repg(d) are normal and Cohen-Macaulay
varieties provided their dimension is at most 4 (see Theorem 3.3). An open
problem is if 4 can be replaced by a greater integer. There are examples of
a 12-dimensional orbit closure which is not a normal variety (see [17, Sec-
tion 6]) and a 14-dimensional orbit closure which is not a Cohen-Macaulay
variety (see [18]).

Section 2 contains preliminaries on representations of quivers and related
algebras, and the reduction of orbit closures to those having invariant points
(and then to the orbit closures of admissible representations). In Section 3
we consider affine varieties appearing in the classification of orbit closures
(Theorem 3.2). Section 4 contains reduction techniques which simplify the
proof of the main result. In Section 5 we classify the orbit closures of admis-
sible representations with special dimension vectors. The proof of the main
result is finished in Section 6.

We refer to [1] for basic background on the representation theory of al-
gebras and quivers. An introduction to toric varieties can be found in [9].

2. Representations of quivers and algebras. Let Q = (Qq, Q1, s, t)
be a finite quiver. A representation V of @ over k is a collection (V;; ¢ € Qo)
of finite-dimensional k-vector spaces together with a collection (Vi : V(o) —
Vi(a); @ € Q1) of k-linear maps. Thus we may identify a point of repg(d)
with a representation V having V; = k% for all i € Qp, where d = (di)icqo
is a dimension vector in N0, A homomorphism f : V — W between two
representations is a collection (f; : V; — W;; i € Qo) of k-linear maps such
that

Jtta) o Va =Wao foa) forall ae@.

It follows that two representations V' and W in repg(d) are isomorphic if
and only if they belong to the same GL(d)-orbit.

One calls a sequence
w=apap_1--aay, S(aiq1) =tlay), i=1,...,n—1,

a path of length n in @ starting at s(w) = s(aq) and ending at t(w) = t(aw,).
We also consider a path ¢; of length 0 with s(g;) = t(g;) = i for each vertex
i € Qq. All paths of @ form a linear basis of the so-called path algebra kQ
of Q). The elements ¢;, i € Qo, are idempotents of k() and
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1kQ = Z E;.
i€Qo
Any element o € €; - kQ - &, i,j € Qo, is a linear combination of paths
starting at ¢ and ending at j; the coefficients of this combination form a
matrix M, € My, xq;(k). We associate with a representation M in repg(d)
the algebra homomorphism

M : kQ — End,, ( D k;di)
1€Q0

such that the matrix ]\7(@) is built of the blocs M, p., for any o € kQ. Then
the kernel of M is called the annihilator of M and denoted by Ann(M).
Moreover, we associate with M the algebra Ay, = kQ/Ann(M), which is
finite-dimensional (dimy Apr < (3 d;)?).

By a result due to Artin and Voigt (see [10, Corollary 1.3] and its proof),
a representation V' in repy(d) is semisimple if and only if the orbit Oy

is closed. Moreover, any orbit closure Oy in repp(d) contains exactly one
closed orbit, say Oy, where N is the semisimple representation of ) associ-
ated with M, i.e. N is the direct sum of the simple factors of a composition
series of M. A special role is played by the orbit closures Oy having a (neces-
sarily unique) GL(d)-invariant point, or equivalently, when Oy = {N}. One
says that an endomorphism of a finite-dimensional vector space is equipotent
if all its eigenvalues are equal.

LEMMA 2.1. Let M be a point in repg(d). Then the following conditions
are equivalent:
(1) Op contains a GL(d)-invariant point;
(2) the endomorphism M, is equipotent for any o € €; - kQ - €;, 1 € Qo,
and M, is nilpotent for any o € ;- kQ - €; - kQ - €, 1, ] € Qo, 1 # J;
(3) the algebra Aps is basic and the idempotents €; + Ann(M) € Ay,
i € Qq, are primitive.

Proof. Let Oy be the unique closed orbit in Oy;. It is easy to see that
On consists of one point (Ox = {N}) if and only if
(1) for each arrow a € @1, we have N, = ¢, - 4, Ca € k, provided
s(a) = t(a), and N, = 0 otherwise.
Since taking the characteristic polynomial of X, is a GL(d)-invariant func-
tion on repg(d), condition (2) can be replaced by
(2) the endomorphism N, is equipotent for any ¢ € ¢; - kQ - €;, i € Qo,
and N, is nilpotent for any o € ;- kQ - ;- kQ - €4, i, € Qo, © # J.
Since N is the semisimple representation associated to M, we have Ay =
Apr/rad(Apr) and therefore (3) can be replaced by
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(3") the (semisimple) algebra Ay is basic and the idempotents ; +
Ann(N), i € Qo, are primitive.

The proofs of the implications (1")=(2")=(3")=(1") are straightforward. m

Let (@, I) be a bound quiver, i.e. Q is a finite quiver and I is a two-sided
ideal I of k@Q. We write repg, ;(d) for the subset of repg(d) consisting of the
representations V' such that I C Ann(V). In fact, the subset repg ;(d) is
closed and GL(d)-invariant. Hence, the orbit closure Oy is contained in the
variety repg ann(ar)(d).

Assume we have two bound quivers (@, I) and (P, J) such that Qo = Pp.
Given an algebra homomorphism

& kP/J — kQ/I

such that @(g; + J) = ¢; + I for any i € Qo, we have an induced regular
GL(d)-equivariant morphism

o(d) : fePQ,I(d) - repP,J(d)v gzj(d)(v)ﬁ = Vo,

for each dimension vector d € N9, where V = (V,) € repg ;(d), 3 € Py
and o+ I = &(5 + J). Obviously ©(d) is an isomorphism provided & is an
algebra isomorphism.

Let A be a finitely generated k-algebra and e = (e;);cr, be a finite collec-
tion of pairwise orthogonal idempotents of A whose sum equals 14. Observe
that there is a bound quiver (Q, I) satisfying Qo = L together with an iso-
morphism A ~ kQ/I sending e; to e, + I for each [ € L. Then we may write
rep 4 .(d) for the GL(d)-variety repg ;(d), for any dimension vector d € N-.

Let us return to our point M € repg(d). The orbit closure Oy can be
considered as a point of the variety rep 4,, .(d), where & = (g;+Ann(M));eq,-
We choose a maximal semisimple subalgebra C' of the finite-dimensional
algebra Ajps containing the collection €. The embedding @ : C' — A leads
to the regular GL(d)-equivariant morphism

®(d) : repa,, (d) — rep(d).
Since the algebra C'is semisimple, the GL(d)-orbits in rep¢ . (d) are closed.
Consequently, &(d)(Oyy) is a closed orbit in repg . (d), say Op. Let ¥ :
Oy — Op denote the restriction of @. Then Oy is isomorphic to an as-
sociated fibre bundle GL(d) x w~1(D), where H is the isotropy group of
D (see |16, Lemma 3.7.4]). Let n be a maximal set of pairwise orthogonal,
primitive and nonconjugate idempotents of A and let e stand for their sum.
Then eAe is the basic algebra of A and eM is the e Ae-module corresponding
to M. Let d’ be the dimension vector of eM. Then H ~ GL(d’) and the

H-variety ¥~1(D) is isomorphic to the orbit closure O,y in rep, Aey(d) (cf.
[5, Section 2|).
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Given a finite quiver ), we denote by R¢ the two-sided ideal in £Q) gen-
erated by the paths of length one, i.e. the paths in kQ of positive length
form a linear basis of Rg. It is well known that any basic algebra B can be
represented in the form kQ/I, where the ideal I is admissible, i.e. (Rg)" C
I C (Rq)? for some h > 2. We call a representation M € repg(d) admissible
if Ann(M) is an admissible ideal in kQ. Hence any orbit closure in repg(d)
having a GL(d)-invariant point is isomorphic to the orbit closure of an admis-
sible representation. Summarizing, any orbit closure in repy, (d) is isomorphic
to an associated fibre bundle of the orbit closure of some admissible repre-
sentation. Observe that an admissible representation M is nilpotent, i.e. the
following equivalent conditions hold:

(1) 0€ Ows;

(2) the endomorphism M, is nilpotent for any o € €; - Rq - €, © € Qo;

(3) (Rg)" C Ann(M) for some positive integer h.

3. Special varieties and the main result. Let @ be a quiver without
oriented cycles and d € N@0 be the dimension vector with all d; = 1. Let M
be an admissible representation in rep(d). It is proved in [4] that Ou is a
normal toric variety with coordinate ring

k[Owm] = klzalaco, /1o
where the ideal I is generated by binomials coming from the primitive
nonoriented cycles in @ (see |4, Section 2| for details). For instance, the

quivers
o2 a1 1 as Oy
/ \ 2/ \5 2
. / N AN

give the orbit closures (denoted by C(2,2), C(2,3) and C(2, 2, 2), respectively)
with coordinate algebras
klxy, 2, 3, 74] /(2371 — T472),  k[T1, T2, T3, 74, 75]/ (2271 — T52473)
and
k[x1, 29, 23, 74, 75, ¥6]/(T471 — T5T2, T5T2 — T673),
respectively. Let @ = 1 <= 2, d = (p,q) and M be a representation in
repp(d) given by a matrix of rank one. We denote by D(p,q) the orbit

closure Oy;. It is well known (see for instance [7]) that D(p,q) is a normal
and Cohen—Macaulay variety with the coordinate algebra

k;[xl,j]l<p ]<q/(fEZ/ ]/:CZ// ]// {El/ ]/lfBZII j’)z <i”,j’<j”'
In particular, D(2,2) ~ C(2,2).
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Let D(2,2,2) denote the image of the multilinear map
B xkxk® >k okek? (v1,v2,v3) = V] ® V2 @ V3.
The torus T = (k*)% acts on D(2,2,2) via
(t1, b2, 3, ta, 85, t6) * ([zh] @ [EH] @ [38]) = ([Les] ® [B5:] @ [8a2]) -
One can check that D(2,2,2) is a normal toric variety of dimension 4. Let

Q= 1*}27 d=(2,2) and M = ([§8],[0%]) € repg(d). Direct calcula-
B

tions shows that the map

[11] ® [13] ® [365] ([9611103905 961£E3906] T2T4T6 —L2T3T6 )
T2 T4 Ze L1T4LT5 T1TAT6 | > | —T2T4T5 X2XT3T5

gives an isomorphism between D(2,2,2) and O);.
Let p,q > 2. Let H be a linear hyperplane in M,y ,(k) given by

P q
Z sz’,j x5 =0,

i=1 j=1
where the matrix B = [b; j] € Mx4(k) is nonzero. Since D(p, ¢) is invariant
under the action of G = GL,(k) x GL(k), the intersection H N D(p, q), up
to isomorphism, depends only on the rank of B. Thus we obtain the varieties
HD(p, q) = {M = [mi;] € D(p,q); m11 + Moz + -+ my, = 0}
for r =1,...,min{p, ¢}. It is easy to see that HD(p, q) has two irreducible
components isomorphic to D(p — 1,¢q) and D(p,q — 1).

LEMMA 3.1. Assume that r > 2. Then HDU (p,q) is an irreducible,
normal and Cohen—Macaulay variety with

KHD(p, ¢)] = k[D(p, @)1/ (w11 + w22+ -+ + 2p0).

Proof. Since k[D(p,q)] is a Cohen—-Macaulay domain, the quotient ring
R =Ek[D(p,q)]/(x11+ -+ + xr,) is Cohen-Macaulay as well. Moreover,

dimy HD (p, q) = dimD(p,q) — 1 =p+q -2

for any N € HDUI (p, q). To prove that R is reduced and normal, it suffices to
show that the singular locus of Spec(R) has codimension greater than 1 (see
[15]). A straightforward calculation shows that this singular locus consists
of the matrices N = [n; j] € HDI"l(p, q) such that n; ; = 0if i <7 or j <r.
Hence it is isomorphic to D(p — r,q — r) and its codimension equals

p+q—2)—(p—r+q—r—1)=2r—1>3>1.

Since HDV"! (p,q) is a cone, it is connected. Thus it must be irreducible as it
is a normal variety. m

Now we are ready to formulate the main result of the paper.
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THEOREM 3.2. Let M be a representation whose orbit closure Oy is of
dimension at most 4 and has an invariant point. Then it is isomorphic to a
product of the following varieties:

dim
1k
2 HDP(2,2)
3 D(2,2), HD?(2,3)
4 D(2,3), HD?(2,4), HDP(3,3), HDP(3,3), D(2,2,2),C(2,3), C(2,2,2)

By the well known Hochster theorem (see [11]) all normal toric varieties
are Cohen—Macaulay. Combining this with Lemma 3.1 we see that all va-
rieties appearing in Theorem 3.2 are normal and Cohen—Macaulay. Since
the associated fibre bundles preserve the above local geometric properties,
Theorem 3.2 implies the following result:

THEQREM 3.3. Let M be a representation with dim Op; < 4. Then the
variety Opr is normal and Cohen—Macaulay.

The rest of the paper is devoted to the proof of Theorem 3.2.

Let M € repg(d). Since the isotropy group of M can be identified with
the automorphism group Autg(M) and the latter is an open subset of the
vector space Endg (M), we get the well known formula

(3.1) dim O = dim GL(d) — dim Autg (M)
= Y di — dimy Endg(M).
1€Qo
In order to find the defining equations for O; we shall often use the following
method. We take two sequences (i1, ...,14,) and (ji,...,jp) of vertices from
Qo together with elements w,, € €, - kQ - €;, for v < p and v < ¢. Let
d=5%"r_,d;, and d’ =3"7_, d;,. We consider the regular morphism
Mw1,1 Mwl,q

F :xepg(d) — Masar(R), Mo .
wayq

Observe that rk(F (g * M)) = rk(F(M)) for any g € GL(d). We denote by
X a set of variables corresponding bijectively to the entries of the matrices
M, (o) xdy(a) (K), & € Q1, so k[X] can be identified with the polynomial ring
of repg(d). Then the above implies the following fact:

M,

Wp,1

LEMMA 3.4. The variety Oy satisfies the equations given by vanishing
of all minors of size rk(F(M)) + 1 in the matriz F(X).
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4. Reduction techniques. Let Q' be a subquiver of a quiver Q. We
may regard kQ' as a subalgebra of kQ. Let d|g € N@o, glor € GL(d|g)
and M|qr € repgy(d|gr) denote the restrictions of d € N@ g € GL(d) and
M € repg(d), respectively. The inclusion kQ" C kQ induces the linear and
surjective map

0 :repg(d) — repQ/(d]Q/), o(M) = M|g.
Since o(gx M) = glgr x Mg, 0(Onr) = Opp and we get the following fact.

COROLLARY 4.1. Let M be a representation of Q, and Q' be a subquiver
of Q. Then

dimOM > dim(’)M‘Q,.

Note that Ann(M|g/) = Ann(M)NEkQ’. Since (Rg)"NkQ' = (Rg:)™ for
all n > 1, we get the following corollary.

COROLLARY 4.2. A restriction of an admissible (resp. nilpotent) repre-
sentation is an admissible (resp. nilpotent) representation.

The opposite quiver Q°P is Q°P = (Qo, Q1,s',t') where, for a € @,
s'(a) = t(a) and t'(a) = s(«).

REMARK 4.3. To classify the varieties which occur as orbit closures of

nilpotent representations, it is enough to consider quivers up to duality.
Indeed, consider the two maps

P repQ(d) — TePQor (d), @((MQ)QEQO) = ((Ma)t)OéEQm

¥ : GL(d) — GL(d), ¥((9:)icqo) = ((g; 1) icqo-
The former is a linear isomorphism while the latter is a group automorphism.
Moreover, a representation M is admissible or nilpotent if and only if &(M)

has the same property. The formula @(g x M) = ¥(g) » (M) leads to the
isomorphism of orbits Op ~ Og(yr) and their closures O =~ (595( M)

Let a1, ..., qq, ; be the arrows starting at ¢ and ending at j, where 7,5 €
Qo- The group GLy, ; (k) acts on the /; j-dimensional linear space

(a1,...,aq,;) CkQ
in a natural way. This extends easily to an action of the group
GL((lij)ijeqo) = [[ GlLu, (k)
1,5€Q0
on kQ. We have the induced action of GL((; ;)i jeq,) on repg(d) given by
(hoM)a = Mp-1.4
for h € GL((li,j)i,jeq,), M € repgy(d) and o € Q1. Note that
ho(g*M)=g*(hoM)
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for any g € GL(d), h € GL((li;)ijeq,) and M € repgy(d). Moreover,
Ann(ho M) = h o Ann(M) and h o (Rg)™ = (Rg)™. Thus we get the
following corollary.

COROLLARY 4.4. With the above notation
Om =~ Oporr and  Opr =~ Oponr,

for any h € GL((l; )i jeq,). Moreover, M is an admissible representation if
and only if ho M is.

REMARK 4.5. To classify the varieties which occur as orbit closures of
nilpotent representations, it is enough to consider connected quivers. Indeed,
if a quiver @ is a disjoint union of subquivers @’ and @Q”, then for fixed
d € N9 the map

repg(d) — repgy (d|gr) X repgn (dlgn),
(Ma)aeq,) ((Ma)ae(Q’)la (Ma)ae(Q”)1)7
is a linear GL(d)-isomorphism. Moreover, if M € repg(d), then
6M = 6M|Q/ X 6M|Q//‘

There is another special case where an orbit closure is isomorphic to a
product of two other orbit closures.

LEMMA 4.6. Let Q' and Q" be subquivers of a quiver Q such that
Q=QUQy Q= Ui, QnQi={a}, QNQI=0.
Let d € N9 pe a dimension vector with d, = 1, M be a representation in
repg(d) and M' = M|, M" = M|gr. Then

6]\/[ ~ 6M’ X 6M”'
Proof. Since Q = Q' U Q" the linear map
Endg(M) — EndQ/(M/) X EndQu(M”), (hi)iego — ((hi)iEQ67 (hi)ieQ({)7
is injective with image
{((h)ieqy, (h)icqy) € Endg/(M') x Endgr(M");
hi = hY for all i € QyNQg}-

Since QN Qy = {a} and d, = 1, this image is described by one equation
hg = hq. This equation does not hold at ((14,)icqy, (0)icqy) and hence

dimy, Endg (M) = dimy(Endg (M’) x Endgr(M")) — 1.
The above partition of Q) leads to the linear isomorphism
F : xepo(d) — repg (dlgy) x repor(dign),
F((Ma)acq,) = (Ma)aeqy, (Ma)acqy)-
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Of course F(M) = (M', M"). Note that F(Ops) C Oppr x Oppr and
F(On) € Oppr X Opgn = Opgr x Oy,
because F is continuous. On the other hand,

dim F(Opr) = dim Oy = Y d? — dimy, Endg(M)

i€Qo
- ( Z d? + Z d? - 1) — (dimk EndQ/(M/) + dimy, EndQu(M”) . 1)
1€Qy i€y
= ( Z d? — dimy, EndQ/(M’)) + ( Z d? — dimy EndQ“(M”))
i€Q) o

=dim Oy + dim Oy = dim(@M/ X 6M//).

Since F(O)y) is a closed subset of the irreducible variety O x O, we
conclude that F(Opr) = Opp x Opyrr. m

REMARK 4.7. Fix a finite set Qp and d € N9 There are only finitely
many quivers (up to isomorphism) such that repg(d) contains an admissible
representation. Indeed, if M is an admissible representation and ¢, j are
vertices, then the matrices of the form M, where s(a) = i and t(«) = j, are
linearly independent in My, x4, (k). Consequently, there are at most d; - d;
arrows satisfying s(a) =i and t(«) = j.

LEMMA 4.8. Let Q =12, d = (p,q), M € repg(d) and r = rk M,.
Then

dim Oy =7r(p+q—71).
Moreover, if r = 1, then Oy ~ D(p,q).

Proof. The second part was mentioned in Section 3, and the first part
is well known (see for instance [7, Section 1CJ|). In fact, we can easily cal-
culate the dimension of Oy using (3.1) and replacing M by an isomorphic
representation M/ = ([IOT 8]). .

COROLLARY 4.9. Let Q =1 & 2,.d = (p,q), M, M’ € repg(d) and
r=1k(My), " =rk(M]}). If r > 1’ then

dim Op; > dim Oy
COROLLARY 4.10. Let Q=1 2. If M € repg(d) is nonzero, then
dim@]\/[ > ’d‘ —1.

We shall prove in this section that this inequality holds for any quiver @)
and any admissible representation M in repg(d).



CLASSIFICATION OF VARIETIES 65

LEMMA 4.11. Let Q = aQa , d=(d). If M € repg(d) is nonzero and
nilpotent, then d > 2 and

dim Oy > 2d — 2.

Moreover, equality holds if and only if the matrix M, is conjugate to F1 2,
where E; j denotes the matriz whose only nonzero element is 1 in the ith row
and jth column.

Proof. This is well known (see for instance |13, Section 2.3]). =

LEMMA 4.12. Let Q be a subquiver of a quiver Q such that QO\QO ={a},
de Néo, M e rep@(a) and M = M\Q Moreover, let U = (e Ker(Ma),
where A = {a € Q; s(a) =a # t(a)}, and V' be the subspace generated by
the images Im(Mpg), where f € B ={f € Q1; t(8) =a # s(8)}. Then

dim O57 > dim Oy + d;, — dimy, U - (dg — dimy V).
Proof. Consider the linear map
7 Endg(M) — Endg(M),  7((fi);cq,) = (Fi)icqo-

Then

dimy, End (M) < dimy Ker(7) + dimy, Endg (M).
Applying (3.1) we get
dim O = 3 df — dimy, Endg(M)
1€Q0
> > d} - dimg Endg(M) + d} — dimy, Ker(r)
i€Qo
= dim Oy + d? — dimy, Ker(7).
Hence, it suffices to show that dimy Ker(7) < dimy U - (d, — dimy V). But
this is evident, since

Ker(m) C {f, € Endg(k%); Myo fa=0= f,0 Mg

for all « € A and § € B}
— {fa € Endy,(k%); Im(f) C Ker(M,) and Im(Mjz) C Ker(f)
for all « € A and g € B},

~ Homy (k% /V,U).

COROLLAPLY 4.13. Let Q be a subquiver of a quiver @ such that @0 \ Qo
= {a}, d € N?_ and let M e repé(a) satisfy M, #£ 0 for all a € Q1. Let
M = M|q. If there exists an arrow o in Q1 such that s(o) = a # t(a) or
t(a) = a # s(«), then

dim Oz7 > dim Oy + d,.
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Furthermore, if there exist arrows o, 8 € Qy such that t(a) # s(a) = a =

t(3) # s(B), then
dim Og; > dim Oy + 2d, — 1.

In particular, the last corollary holds for any admissible representation.

Mq
COROLLARY 4.14. If M ~ k\;/fk 1s admussible, then r < n and
On ~ k™. Mo

Proof. The claim follows easily from Remark 4.7 and Lemma 4.12. u

LEMMA 4.15. Let Q" and Q" be subquivers of Q such that Q4N Q[ =0
and there exists an arrow « satisfying s(o) € Qp and t(a) € Q. Let M €
repg(d) be such that My, # 0 and let M' = M|gp and M" = M|qgn. Then

dim O > dim Oy + dim Oy
Proof. Consider the linear injective map
h: Endg(M) — Endg (M') x Endgr(M"),
(hi)ieo — ((hi)ieqy, (hi)ieqy)-

The element ((14,)icqy, (0)icqy) € Endg (M') x Endgr(M") does not belong
to the image of h, and thus

dimg EndQ(M) < dimy EndQ/ (M/) + dimg EndQ// (M”).
The result now follows easily from (3.1). m

REMARK 4.16. If Mg # 0 for each 8 € @1, then we can replace the
assumption on « in the above lemma by the assumption that @ is connected.
Indeed, by Corollary 4.1, we can assume that QU Q(j = Qo.

Let @ be a connected quiver. Recall that for any subquiver Q' c Q,
if M € repg(d) is admissible and M’ = M|qr, then dim Opp < dim Oy
(Corollary 4.1). We also know that if Q) # Qo, then dim Oy < dim Oy
(Corollary 4.13). However, if Q) = Qo and Q) # @1, these dimensions may
be equal, as one can see in the following example.

ExaMPLE 4.17. Consider
B
— a a~ b ~ M= [01 k2—>k2 01
Q= (a8 831 CR=—r D8]

and the subquiver Q" obtained from @ by removing 3. Then

dim Op = dim OM|Q/ =5.
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LEMMA 4.18. Let QQ be a connected quiver such that Qo = {a,b} and
Q1 = {a, B}. Let M € repg(d) be admissible and M' be its restriction to the
subquiver Q)" obtained from Q by removing (3. Then

dim Oy > dim Or.
Proof. If s(a) = t(«), then the statement follows immediately from

Corollary 4.13 applied to the vertex different from s(«). Thus, we have to
consider three cases (up to duality, see Remark 4.3):

Q:aﬁab Q:aiib Q:a—a>bQﬁ
Ié] B

We may assume that M, = [IOT 8]. Suppose that dim Oy; = dim O, . This
means that

Endg(M) ~ Endg (M')
= {([G 8] [V e ]) € Muunaa (B) X Mgy, (k); Gt € My (k) }

_ | Mp1 Mg .
Let Mg = [Mﬁg Mgy ], where Mg € M, (k). Then in the first case
(G 0 ) Mg Mgz_ o _Mgl Mgo ) G G/Ql_
_G’3 eA Mpas M54_ - _Mﬁg Mgy 0 GZ_
for all G1, G%, G, G4 and GYj. Thus Mg = 0, and we get a contradiction,
because M is admissible. In the second case

[ Mgy Mgz [Gr 0] _ [G1GY] [ Mpr Mgz ]
_Mgg M@4 Gé Gi}_ - L 0 GZ Mgg M@4_
for all G, G%, G}, G5 and GY. Thus Mgy = 0, Mgz = 0, Mgy = 0 and
Mg1G1 = G1Mpg; for any Gi. Hence Mgy = t - I, for some t € k, and
t-a— € Ann(M), a contradiction. Finally, in the third case

G1 Gy [Mps Mpa] _ [Mag Mpa] [GiGY

0 GY Mpz Mgy | — | Mgz Mpy 0 GY
for all G1, G5 and GY. Thus Mgs = 0, Mg, = t - I, for some t € k, and
Mgy = s-1q,_, for some s € k. Since Mg is nilpotent, ¢ = s = 0. This yields
Mgy = 0. Hence Mg = 0, a contradiction once again. m

LEMMA 4.19. Let Q = aib, d = (p,q). If M € repy(d) is admis-
sible, then g
dim Oy > p+ ¢+ min{p, ¢} — 1.
Proof. If p or q is equal to 1, then, by Corollary 4.14,
dim Oy = 2max{p,q} > max{p,q} +1 =p+ g+ min{p, ¢} — 1.

The inequality is strict, because p and ¢ cannot be equal to 1 simultaneously
(Remark 4.7).
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Now we assume that p,q > 2 and rk(M,) > rk(Mp). Let M’ be the re-
striction of M to the subquiver obtained from @ by removing (3. If rk(M])) =
r > 2, then by Lemmas 4.18 and 4.8, Corollary 4.9 and the inequality
p+q > min{p,q} + 2 we get

>2(p+q—2)+1>p+q+min{p,q} — 1.

To conclude the proof, assume that rk(M,) = rk(Mg) = 1. We can
additionally assume that rk(Mg +t- M,) =1 for all ¢t € k. Indeed, M® =
(Ma, Mg +t- My) = [, 0] o (Ma, M), thus the orbit closures of M®
and M are isomorphic (Corollary 4.4). Suppose that Ker(M,) # Ker(Mpg)
and Im(M,) # Im(Mpg). Take vectors v, € Ker(Mpg) \ Ker(M,) and vg €
Ker(M,)\Ker(Mg) and note that the images v, = Mo (va) and v = Mps(vg)
in k? are linearly independent. Then

Mél)(va) = Mﬂ(va) + Ma(va) = U;, Mél)(vﬁ) = Mﬁ(vﬁ) + Ma(vﬁ) = Ulﬁ’

ie. rk(ﬂg)) > 2 and we get a contradiction. Therefore Ker(M,) = Ker(Mpg)
or Im(M,) = Im(Mp). In both cases the proof is similar, so consider the
latter. Then ) is isomorphic to the orbit closure of the representation
(Ev1, E12). It is easy to calculate that dimy Endg((E1,1, E12)) = p? —2p+
q®> — q¢+ 1. Thus by (3.1),

dimOpy =2p+q¢—1>p+q+min{p,q} — 1. =

LEMMA 4.20. Let Q = a Ea “b and d = (p,q). If M € repg(d) is
. B
admassible, then
dim Oy > 2p + 2q — 4.

Moreover, equality holds if and only if tk(M,) = rtk(Mpg) = 1, Im(M,) C
Ker(Mg) and Im(Mg) C Ker(M,).

Proof. Without loss of generality we may assume that rk(M,) > rk(Mp).
If rk(My) = r > 2, then by Lemmas 4.18 and 4.8, and Corollary 4.9,

dim Oy >r(p+q—7)+1>2(p+q—2)+1.

It remains to consider the case when rk(M,) = rk(Mpz) = 1. We may as-
sume that M, = Ej . Since M is nilpotent, either Im(M,) C Ker(Mg) or
Im(Mp) C Ker(M,). If both inclusions hold, then Oy is isomorphic to the
orbit closure of (E1,1, Ea,2) and dim Oy = 2p+2¢—4. If Im(M,,) € Ker(Mjp),
then Oy is isomorphic to the orbit closure of (Ey 1, E21). If Im(Mg) ¢
Ker(M,), then M is isomorphic to (E11, E12). In both cases, computing
the dimensions of the endomorphism spaces yields dim Oy = 2p +2¢ — 3. =
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LEMMA 4.21. Let Q be a quiver whose underlying graph Gg is a cycle of
length less than 4. If M € repg(d) is admissible, then

dim Oy > |d.
Proof. If Gg is a cycle of length 1 (i.e., Q is a loop quiver), then
dim Oy > 2|d| — 2 > |d],
by Lemma 4.11. If Gg is a cycle of length 2, then by Lemma 4.18 and
Corollary 4.10,
dim Oy > dim Oy + 1 > |d],

where M’ is the restriction of M to the quiver obtained from @Q by removing
an arrow.

Assume that G is a cycle of length 3. Suppose that d = (1,1,1). Then

@ is not a cycle as M is nilpotent. Thus () is not a cycle and there is a vertex
at which two arrows start, say

Then there exists t € k* satisfying o — ¢t -y € Ann(M), and we get a
contradiction. Thus d = (d4,dp,d.) # (1,1,1) (cf. Lemma 5.1). Suppose
now that dim Oy; = |d| — 1. Without loss of generality, we may assume that
dg > 2. If there is an arrow starting at a and an arrow ending at a, then
dim Oy > dy +de — 1 +2d, — 1 > dy + d. + d, = |d|, by Corollaries 4.10
and 4.13. Thus we may assume that two arrows end at a (Remark 4.3).
Interchanging b and c if necessary, we may assume that

a
o= /' \
b—ﬂ>6

The above arguments yield d. = 1. Using Lemma 4.12 and Corollary 4.13, we
find that the space generated by Im(M,) and Im(M,) is one-dimensional and
dim Ker(M,) NKer(Mp) = dp — 1. Thus Im(M,) = Im(M,) and Ker(M,) =
Ker(Mgz). Hence o« —t - v € Ann(M) for some t € k*, a contradiction. m

PROPOSITION 4.22. Let Q be a connected quiver with Q1 # 0, and d €
N@. If M ¢ repg(d) is admissible, then

Moreover, if dim Oy = |d| — 1, then Gg does not contain a cycle of length
less than 4.
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Proof. Let Q' be a subquiver of . Then dim Oy; > dim Oy, where
M' = M|qg (Remark 4.1). If there are vertices in @ which do not belong to
Q), then we can denote them by integers from 1 to j in such a way that, for
each 1 < i < j, the full subquiver of @ with the set of vertices QyU{1, ... i}
is connected. Applying Corollary 4.13 j times we get

J
dim Oy > dim Oy + Y _ d;.

i=1
Since Q1 is not empty, it contains an arrow or a loop @ as a subquiver.
By Corollary 4.10 and Lemma 4.11, dim Oy > |d| — 1, where d’ = d|g.
Using the above we get the required inequality. If Q contains a subquiver @’
such that G is a cycle of length less than 4, then by Lemma 4.21 we have
dim Oy > |d'|, so dim Oy > |d|. =

Let a be a sink vertez in @, i.e. there is no arrow « satisfying s(a) = a.
We denote by aq, ..., a, the arrows of @ ending at a. Let s} @ be the quiver
obtained from @ by replacing the arrows o, . .., a, by the arrows aq, ..., Q.
with opposite orientation. For M € repg(d) we construct a linear map

-
v=[May,..., Ma,| : @) Ma, — M,.
i=1
Let M/, be the composition of the inclusion and projection
T
Ker(v) — @Maj — M,,,
j=1

foreach 1 <7 <r. Let

Std = { dimy, Ker(v), b=a,
dp, b # a.
Putting
S My = {Ker(v)’ DU g, - { A
Mba b#aa Mﬁa /6¢{a17“'7a7‘}a

we define the representation S M € repg, (S, d) called the Cozeter reflec-
tion of M at a. We define similarly the notion of a source vertex a, the quiver
s, @, the vector S, d and the representation S; M (also called the Coxeter
reflection). If a is a sink vertex and M does not contain a direct summand
isomorphic to the simple representation S(a) (equivalently v is surjective),
then S, S; M ~ M. We also know (see [1, Corollary 5.7]) that in this case
Endg (M) ~ End+,(S; M). Thus applying Lemma 3.1 we get

dim Oy — dim 6S;LM = d? — (dimy Ker(v))?,

and dim Oy; = dim 6SjM if and only if Y77 dy(a,) = 2da, ie. Sfd =d.
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If a is a source vertex, then by duality S;}S; M ~ M, Endg(M) ~

End - (5, M),
dim Oy — dim 5S;M = d? — (dimy Coker(v))?,

and dim Oy = dim Og_, if and only if Y77 dy(a,) = 2d, (ie. S;d = d).

Assume that M is nilpotent. In s} @ there are no other cycles than those
in Q. As R{y C Ann(M) for some m > 0, we also have R, C Ann(S;}M)
and S; M is nilpotent.

The following example shows that, if M is admissible, then S} M does
not have to be.

ExXAMPLE 4.23. Consider

k0]

Q= I>:a MUOO]T\]{Z

k3/ﬁ§5]

Applying the Coxeter reflection at the vertex a we get

C\W k [01]
TQ = ﬂT o SiM=~D oo]‘ K
s T

B (1)

However, since fa — % € Ann(S; M), S;t M is not admissible.

We are looking for an admissible representation M whose orbit closure
is isomorphic to the orbit closure of a Coxeter reflection of M. In the next
lemma we prove that this is the case when one of the following conditions is
satisfied:

T
(%) a is a sink vertex, d, =1 and st(ai) =2
i=1
or
() a is a source vertex, d, =1 and Z di(a;) = 2.
i=1

LEMMA 4.24. Let Q be a quiver and d € N9, Assume that there exists
a verter a € Qo satisfying either () or (xx) Let M € repg(d) be admissible.
Then the Coxeter reflection M’ at a is admissible and
61\4 >~ 6M/.
Proof. 1f a satisfies (xx), then a considered as a vertex in s, ) satisfies (x).
By our assumptions, since M is admissible, we have S} S; M ~ M. Thus
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it suffices to prove the lemma when a satisfies (x). We consider two cases:
when exactly one arrow ends at a and when exactly two arrows end at a. In
the former case let o € @y satisfy ¢(a) = a. The map

4,02' : repQ(d) — repS;rQ(d)

such that ¢f Ny = [?] provided N, = [uv] and ¢ N, = N, provided
v # @, is a linear isomorphism. If N € rep(d) is admissible, then I N ~
S N5. Moreover, for each g € GL(d),

_l’_

valg*N)=gxpg N,
where g = (gi)icq, is as follows:
. {9i7 i # a,
gi gz;l ’ det(gs(oz))v i =a.
Thus ¢ (Onr) = Ogsyp and @ (Oar) = Ogy -

Suppose now that S; M is not admissible. There exists w € ¢;k(s} Q)e;
such that w € Ann(S; M)\ Ri*Q' Since M is admissible, ¢ = a and j =
s(a). Multiplying by a nonzero scalar if necessary, we may assume that
w=w'a —a, where W' € £5a) " R +¢ " Es(a)- It follows from

0= S My =S5 M [0] =[]
that [ V] # 0 is an eigenvector with eigenvalue 1 of the nilpotent endomor-
phism S M,,, a contradiction.

If there exist arrows «, 3 satisfying t(a) = t(3) = a, then dy,) =
ds(g) = 1. Since M is admissible, s(a) # s(f) (Remark 4.7). The map

N,, v ¢{a,pB},
w; : repQ(d) — repS;Q(d), @Z);_N,y =< Ng, v = a,
*Nou ’7 = ﬁ)

is a linear isomorphism. If N is admissible, then 7 N ~ SFN. For all
g € GL(d) we have

Ya (g% N) =g* ¥/ N,
where g = (gi)icq, is given by
~ {927 i 7& a,
’ 9s(®)9s(@)9a > i = a.
Thus w;(OM) = OSJM and w;(@M) = 65;]\/]
Suppose that S M is not admissible. There exists w € ¢;k(s}Q)e; such
that w € Ann(S; M) \ RiJrQ. Since M is admissible, we have i = a. Thus

j=s(a)orj=s(B). fw €ejRgtq e then S§ M, = [0]. Therefore there
is a path o’ satisfying either s(w’) = s(a) and t(w') = s(8), or s(w') = s(53)
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and t(w') = s(a), such that S} M, = M, # 0. Then there exists t € k*
satisfying aw’—t-f € Ann(M) or fw’—t-av € Ann(M), which is impossible. m

5. Orbit closures of representations with low dimension vec-
tors. Our primary aim is the classification of varieties isomorphic to orbit
closures with an invariant point. Of course we can restrict our investigations
to admissible representations. We have also noticed already that it suffices
to consider connected quivers (see Remark 4.5). Let b be a fixed positive
integer. Note that there exist only finitely many pairs (@, d) consisting of a
connected quiver @ and a dimension vector d € N@0 such that there exists
an admissible representation M € repg(d) satisfying dim Oy = b. Indeed,
the sum of coordinates of d, by Proposition 4.22, cannot exceed b + 1, and
there are bounds on the set ()1 (see Remark 4.7).

First we focus on the classification when the dimension vector belongs to
the set

{(1)7 (1’ 1)7 (17 1’ 1)7 (17 17 17 1)7 (17 17 17 17 1)7 (2)’ (17 2)}
(and partially for the vector (1,1,2)). This enables us to get through the
classification in Theorem 3.2 more efficiently.

LEMMA 5.1. Let Q be a connected quiver, d € N9 satisfies d; = 1 for
all i € Qo, and M € repg(d) be admissible. Then:

(1) dim Oy = #Qo — 1.

(2) Q does not contain any cycle.

(3) Each arrow o € Q1 is the only path from s(a) to t(c).
(4) Gg does not contain any cycle of length less than 4.
(5) If Gg is a connected tree, then Oy ~ k#Q0~1,

Proof. (1) Since Endg(M) # {0} and #Qo = |d| we get

#Qo—1<dimOy = Y df —dimEndg(M) < > df —1=#Qo— 1
1€Qo 1€Qo

by Lemma 4.22 and (3.1).

(2) Note that M, € k* for any path w in @ of positive length. Since M
is nilpotent, @ does not contain any cycles.

(3) Suppose that w # « is a path in @ from s(«) to t(«). Since M, € k¥,
there exists t € k* such that w—t-« € Ann(M), and we get a contradiction.

(4) This is a consequence of (1) and Proposition 4.22.

(5) Observe that #Q1 = #Qo — 1, and consequently repg(d) ~ f#Qo—1,
Hence the claim follows from the fact that Oy is a closed subset of repg(d)
of dimension #Qy — 1. =

The classification for the dimension vectors (1), (1,1) and (1,1, 1) follows
easily from Lemma 5.1 and its proof.
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COROLLARY 5.2. Let Q be connected and M € repg(d) be admissible.

(1) Ifd = (1) then Q1 =0 and Oy = On = {0}.

2) Ifd = (1,1) then M =~ k—"sk and Ops ~ k.

(3) Ifd = (1,1,1) then M is isomorphic to k‘ik‘ i k or kﬂ>k<£k:
]

r k<— L k‘ik Moreover, Oy ~ k.

LEMMA 5.3. Let Q) be a connected quiver with four vertices and M €
repg(d) be admissible, where d = (1,1,1,1).

(1) If G is a tree then Oy ~ k3.
(2) If Gg is not a tree then M is isomorphic to

k k
[1] [1] (1] (1]
;/ \k N / N

k
AN

for some X € k*. Moreover Oy ~ D(2,2).

Proof. The first part is a special case of Lemma 5.1(5). If G is not a
tree, then by Lemma 5.1(4), it is a cycle of length 4. Since @ is not a cycle
(see Lemma 5.1(2)), there exists at least one vertex at which two arrows
start. Lemma 5.1(3) implies that there are two essentially different cases

1 1
(51 [e%) aq a2
2 / \ or 2 / \

3 3
W\ S D

which lead to admissible representations given in the lemma. The orbit
closures of all these representations are isomorphic, by Lemma 4.24. Thus
On ~ D(2,2) (see Section 3). m

LEMMA 5.4. Let Q be a connected quiver with five vertices and M €
repg(d) be admissible, where d = (1,1,1,1,1). Then Oy is isomorphic to
one of the following five varieties:

kY D(2,2) x ks D(2,3); C(2,2,2); C(2,3).

Proof. By Lemma 5.1(1), dim Oy = 4. If G is a tree, then Oy ~ k?,
by Lemma 5.1(5). Otherwise, using Lemma 5.1(4), we deduce that G is of
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the form

./.\.. or ./:\. or ./ \.

\./ \l/ \ /

In the first case, Oy ~ D(2,2) x k, by Lemmas 5.3 and 4.6.

Consider the second case. If there exists a vertex at which one arrow ends
and one arrow starts, then by Lemma 5.1(3), @ is of the form

and consequently Oy ~ C(2,2,2) (see Section 3). If such a vertex does not
exist, then Lemma 4.24 implies that it suffices to check @ of the form

We may assume that

by Lemma 3.4. Hence Oy C D(2,3). In fact, the inclusion is an equality as
the latter variety is irreducible of dimension 4.

In the third case, by Lemmas 5.1(3) and 4.24, it suffices to consider @ of
the form
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1
2 5
N S
3<—14
Then Oy ~ C(2,3) (see Section 3), which completes the proof. m
LEMMA 5.5. If M € rep((2)) is admissible, then
M ~ kZQ (98] and Oy ~HDF(2,2).
Proof. Consider the natural homomorphism of algebras
0:kQ — My(k), ar— M,, forallae@.

Since M is nilpotent and @) has one vertex, the algebra B = Im p has two
idempotents: 0 and 1. Since B is finite-dimensional, it is local (|1, 1.4.6]).
This shows that B ~ rad(B) @k [} {] as a linear space and the ideal rad B is
nilpotent. Fix nonzero N € rad B. Since N is nilpotent, we may assume that
N=1[34]. If N'=[2t] erad B, then [¢9] € rad B and a = d = 0. Since
(5811981 =[58] erad B, ¢ = 0. Thus, if & € Q1, then M, = [§ 8] for some
b € k*. This implies that @ has only one arrow, say a (see Remark 4.7).
Since M is nilpotent, we have

MngQ 01]

[00
The space Endg(M) is isomorphic to {[{$]; t,s € k} and by (3.1) we get

dim Oy = 2. For every g € GL((2)),
tr((gx M)qy) =tr(My) =0 and  det((g* M),) = det(M,) =0,

thus Oy € HDZ(2,2). As HDI?(2,2) is irreducible of dimension 2 (see
Lemma 3.1), the conclusion follows. =
PROPOSITION 5.6. Let @ be a connected quiver with two vertices. If M €

repy((1,2)) is admissible, then it is isomorphic to one of the following nine
representations:

1

(1) k Lo} k2, k 01 k2, and then Oy ~ k?;
(o] [01] _

(2) k k2, k k2, and then Oy ~ k*;
g Tro

1
0 _

(3) k—"k?, and then Op; ~ D(2,2);
[01]

0
(4) k[—lllcQQ 931, kﬂkQQ (98], and then Oy =~ k* x HDP(2,2);
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1

(5) kikgg (9371, k‘Mk‘zQ (98], and then Oy ~ HD(2,3).

Proof. 1t is sufficient to consider the quivers up to duality (Remark 4.3).
Denote the vertices of @ by a and b in such a way that (d,, dp) = (1,2). First
we show that if M is admissible, then ) has at most two arrows.

Suppose that @) contains a subquiver Q" having three arrows. Recall that
M' = M]|¢g is admissible (see Corollary 4.2). We know that in @ there
exist at most two arrows from a to b and at most two arrows from b to a
(Remark 4.7). By Lemmas 5.1(2) and 5.5, () does not have a loop at a and
has at most one loop at b. Thus, up to duality, it suffices to consider the
following three cases:

e
(1) Q = a@b. Then M, € k* or M! ;5 € k*, because M, and M}
~
are linearly independent (Remark 4.7) and dimy Ker(M!) = 1. We get a
contradiction since M’ is nilpotent.

(2) Q' =a - 2 bQ'Y . Then
B
[v]
M~ k=K ) (54
[7]
Ify=0,thenz #0,¢t#0and [J3][5] = [§], thus yB—tz™1 - € Ann(M’),
a contradiction. Thus y # 0 and it is easily seen that
UL
~ kT Tk
—>[Z/] Q 00
tl
for some 2/,t' € k. Then 2’ - ya +t - a — 3 € Ann(M’'), and we get a
contradiction once again.

(3) Q' = a%ZbQ 7. Then

M~ k%k@ [60]
If y # 0, then as above
M' = k%k?@ (5 6]
[ ¢/]

Since M’ is nilpotent, then [/ ¢'][{] = [0] and [2/ ¢][] ][9] = [0], ie.
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[ #]=100], a contradiction. Thus y = 0 and

(o]
' o L ——>1.2 01
M kmk‘ Q [0 0]
for some z/,t € k. Since M’ is nilpotent [,/ ¢/][§] = [0], we have 2/ = 0.
Then ' # 0 and a8 —t' - v € Ann(M’'), and we get a contradiction once
again.
Therefore ) has at most two arrows and it is sufficient to consider the
following cases:
(1) @ = a—=b or Q = a—_Zb. Then M is isomorphic to either

kikg or k[:;%]k2
[9]

respectively. By Corollary 4.14, we obtain Oy ~ k2 or Oy ~ k*.
(2) Q= aﬁab. Then MgM, = Mg, = [0], because M is nilpotent. If
B

M = ([mgﬂ} , M m’gg]) € Oy, then by Lemma 3.4 we get

Ma2

/

vk ([ mipy ]+ | 15 | ) < xk(Mpa) = 0.

Thus
Ounr C {(a1,az2,b1,b2) € k*; bray + baag = 0} ~ D(2,2).

Since the last variety is irreducible of dimension 3 and dim Oy > 3 (by
Proposition 4.22), we obtain O ~ D(2,2).

(3) Q = a—>=b__ )5 . Then

[y]
M = k—>k*_)[§]
If y # 0, then
M~ k—Fk Q [0 0]
Consequently, dim Oy = 4 as

Endq(M) ~ {([c], [§ 5]) € Mixa(k) x Maxa(k); [§][c] =[] [Y1}
~ {([c], [¢5]) € Mix1(k) x Maxa(K); [9] = [§]} ~ k.

Note that Oy is contained in k? X HD2(2,2), which is also an irreducible
variety of dimension 4, thus Oy ~ k% x HDP(2,2).

e
d
e
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If y =0, then z £ 0 and

a0l g2y

If M = ([m;ﬂ} ,[ oL "™ D € Oy, then by Lemma 3.4 we get

My2 mﬁs m@

rk([mﬁlmfﬂ D<rk([ ) =1.

Migs Mgy My
Moreover, tr ([ o mﬁz D = 0. Thus Oy; C HD!?(2,3). As the latter variety
Mg _
is irreducible of ¢ dlmensmn 3 and by Proposition 4.22 we have dim Op; > 3,
it follows that @y ~ HDP(2,3). =

PROPOSITION 5.7. Let () be a connected quiver with three vertices. If
M € repg((1,1,2)) is admissible and dim Oy < 4, then Oy is isomorphic
to one of the following nine varieties:

k2, D(2,2), kY HDZ(2,3)xk D22)xk,
HDB(2,4), D(2,3), HDR(3,3), D(2,2,2).

Proof. Tt is sufficient to consider quivers up to duality (Remark 4.3). We
know that dim Op; > 3 (Proposition 4.22). Suppose that @) contains

/N

b——F—>c¢C

and d, = 2. Then, by Lemma 4.12 applied to a, the dimension of the subspace
generated by Im(M,) and Im(Mp) is 1. Thus Im(M,) = Im(Mp) and o —
t- By € Ann(M) for some t € k*, a contradiction. Thus d, = 1, and dj, = 1
by duality. Suppose now that G contains

/\,

By Lemma 5.1(4), d, > 1 or d, > 1. The restriction M’ of M to the full
subquiver @’ with vertices a and b is admissible, belongs to repg ((1,2)) and
satisfies dim Oy < 3 (Corollary 4.13). By Proposition 5.6, Q' is a cycle.
This implies that ) contains a subquiver which we have just excluded, a
contradiction.

Now we can show that ) has at most four arrows. Indeed, by Lemmas 5.5
and 5.1(4), Gg may contain at most one loop. If it contains a loop, then by
Proposition 5.6 and Lemma 5.1(4), it does not contain a cycle of length 2,
and this implies that @ has at most four arrows. If G contains a cycle of
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length 2 then, as we have seen above, it does not contain a cycle of length 3
and does not contain a loop (by Proposition 5.6), thus @ has at most four
arrows. If G does not contain a cycle of length less than 3, then @ has at
most three arrows.

Let a be the vertex of Q) satisfying d, = 2. We consider three cases
according to the number of arrows of Q.

CASE #@Q1 = 2. Then G is of the form
b

In the former case, Oy ~ k3, by Lemma 4.6 and Corollary 4.14. In the latter
case, by Lemma 4.24, it suffices to compute the orbit closure when

c or b

a a Cc

Q=b—"sa<—c

If M' = ([Zﬂ , [m?l}) € Oy, then

a2 M2
o ([t e ) < e (T ).
by Lemma 3.4. If rk([me; mos|) = 1, then Oy C D(2,2). Since D(2,2)
is irreducible of dimension 3, Oy ~ D(2,2). If tk([mey mos|) = 2, then
Oy C k*. By Lemma 4.12 applied to a we get dim Oy; > 4. Thus Oy ~ k*.

CASE #Q1 = 3. Then G is q
\

(Ca—b b
a a
or / \ or // \
b c b c
Observe that dim Oy; = 4 (Proposition 4.22). By Corollary 4.13, the dimen-
sion of the orbit of the restriction M’ of M to any full subquiver Q" with

two vertices is at most 3. In the first two cases we apply Lemma 4.6 for the
vertex b, Proposition 5.6 and Lemma 5.1(5). Then

On ~HDZ(2,3) x k or Oy ~D(2,2) x k,

respectively. In the third case, by Lemma 4.24, it is sufficient to compute the
orbit closure when

a

c or a c or p

«
()
Q =) i) a <L C
Applying Proposition 5.6 it is easily seen that
(8 0]
3).C 1)

M ~ k*>k2<7k
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If M = ([:?1} , [mal ma?} , [Z,“]) € Oy, then by Lemma 3.4 we get
~v2

B2 M3 Mg

k ([271 Maz M1 mﬂ) <rk([Qsii) =1

a3 Maa mﬁQ m’yZ

Moreover, tr ([Z:al Z:“ZD = 0, thus Oy € HDP(2,4). The last variety
a3 a4 _
is irreducible of dimension 4, so Oy ~ HD?(2,4). In the fourth case, as

noticed at the beginning of the proof, @ is of the form

a
or
b—F—>c¢ b<=——c
If M satisfies Mg, # O then, in the former case fa —t -+ € Ann(M) for
some t € k*, and M is not admissible, while in the latter case the matrix
M, 3, is not nilpotent. Thus Mp, = 0. Let M’ be the restriction of M to
the subquiver @’ obtained | from @ by removing . Since #Q = 2, we have
Oy =~ D(2,2). Therefore Oy C D(2,2) x k and as the latter variety is irre-
ducible of dimension 4, Oy ~ D(2,2) x k. In the fifth case, by Proposition 5.6
and Lemma 4.24, it is sufficient to compute the orbit closure for

0 xX
Q:bsa;aéc and M ~ kZ ;kzzik‘
B [01]

=[94], we have
[d]

, [g; Te]) € M () x Miaxa(k) x M (k)

é?
L[59]teD)s [P =tman}

Ify #0,then f =e, g =0and dimOy; =5. Thusy = 0,e = f, dim Oy = 4

and
(5] 1
M ~ k4>5k2<ik
[01]

M = ([:iﬂ [ M ], [Zgﬂ) € Op, then by Lemma 3.4,
al y1 < 11 — / / . m;xl < _
T S M A

72
vk ([miyy miy | [%D < rk(Mj,) = 0.
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Thus

6M - {(m/ozbm:x%m%la m/ﬁQ’m;bm%Q) € k6; rk ([%Z; %3; _7771)2?2 :|> < 1} :

Since the latter variety is isomorphic to D(2,3), we get Oy ~ D(2,3).
CASE #@Q1 = 4. Then G is of the form

)

a
/\ or b—a_—c
b C

Thus dim Oy > 4 (Proposition 4.22). Consider the first case. We have al-
ready treated the case when () has three arrows and Gg is of the form

O a
b a c or b/ \C

These considerations together with Lemma 4.24 show that we need to check
the two possibilities:

O»—A

N

and

OH

N

By Corollary 4.4, we may assume that v = 1. In the latter case o — B~y
belongs to Ann(M), and we get a contradiction. In the former case, if M’ =

([2?1 Z’QQ} ’ [Z’Bl] [, M, 1 [ 3]) € Ony, then

ag oy Ba
) =1

iy .
tk | | mag may mp, <rk ([0 0
ml. ml_ mj 01

by Lemma 3.4. Moreover, tr(M’) = 0, thus Oy € HDI?(3,3). The last

—O—

71 2
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variety is irreducible of dimension 4, thus Oy ~ HD[Q](?), 3). Consider the
second case. By Proposition 5.6,
o' Y
Q=b_"a"__c

8 5

We have already studied the case when @) has three arrows and G is of the
form

a

b

These considerations imply that we may assume

[6] L4
M~k_——k>~_k
[01] [o1]

C

Let Q' = x—"y. Consider the linear isomorphism
Y repQ((l, 2,1)) — repQ/((Q, 2)),

Mal m~1 Mol M~y1
[ma2] M2 Ma2 My2
k2 kE — k22 ~ k2
[Mmp1 Mmp2 ] [ms1 ms2 | [*mm *mﬁz]
ms1 MMs2

and the injective group homomorphism
1 GL((1,2,1) — GL(2,2),
(LG &1L = ([§ 5], 16 8D
Then, for every g € GL((1,2,1)) and every N € repg((1,2,1)), we have
p(g* N) =1p(g) x p(N).
Thus ¢(On) C Oyn) and p(On) C Oyy). Observe that

6] (6] [6 0] [6 0]
(P(M) = ¢(k<—k’2*>k) = kf'2<—k2 = ([(1) 711] a[é (1)]) * kj2<—k72
[01] [01] [8 711] [8?]

Denote the last representation by W. Thus O, 1) ~ Ow, and
©(Orr) € Opary ~ Ow ~ D(2,2,2)
(see Section 3). Since ¢ is an isomorphism, ¢(Oyy) is a closed subset with
dim ¢(Ojpr) = dim Oy > 4 in the irreducible variety of dimension 4. Thus
On ~ o(Oy) ~D(2,2,2). »

6. Proof of the main result. Theorem 3.2 follows from the two theo-
rems below. First we classify the orbit closures (with an invariant point) of
dimension less than 4, and then those of dimension 4.
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THEOREM 6.1. Let M be an admissible representation whose orbit has
dimension at most 3. Then the orbit closure Oy is isomorphic to one of the
following eight varieties:

{0}, k, k2, HD@(2,2), k¥, D(2,2), HD?(2,3), HDP(2,2) x k.

Proof. Proposition 4.22 yields |d| < 4. By Lemma 4.11, d ¢ {(3),(4)}.
Thus

de{(1),(1,1),(2),(1,2),(1,1,1),(1,1,1,1),(1,1,2),(1,3),(2,2)}.

We may assume that the quiver @ is connected. If d € {(1),(1,1),(1,1,1)},
then, by Corollary 5.2,

Oy ~{0} or Oy~k or Oy ~Fk.
If d = (2) and Q1 # 0, then, by Lemma 5.5,
On ~ HDZ(2,2).
If d = (1,2), then, by Proposition 5.6,
Oy ~k* or Oy ~D(2,2) or Oy ~HDH(?23).

In the remaining cases, dim Oy; > 3, by Proposition 4.22. If d = (1,1, 1, 1),
then, by Lemma 5.3,

Oy ~k* or Oy =~D(22).
If d = (1,1, 2) then, by Proposition 5.7,
Oy ~k*> or Oy =~D(2,72).

Ifd =(1,3) or d = (2,2), then by Corollary 4.10 and Lemma 4.18, @ has
only one arrow «. By Corollary 4.9, rk(M,,) = 1. Hence, by Lemma 4.8,

Oy ~k*> or Oy ~D(2,2),
respectively. =

THEOREM 6.2. Let M be admissible and satisfy dim Oy = 4. Then Oy
1s isomorphic to one of the following twelve varieties:

k4 kxD(2,2); HDP(3,3); k2 xHDE(22);
D(2,3);  HDZH(2,4); HDP(3,3); kx HDP(2,3);
C(2,2,2); C(2,3); D(2,2,2); HDP(2,2) x HDP)(2,2).

Proof. Let M € repg(d) be admissible with dim Oy = 4. We may as-
sume that @ is connected, by Remark 4.5 and Theorem 6.1. By Proposi-
tion 4.22 and Lemmas 5.1, 5.5, 4.11, we conclude that

[dl <5 and d¢{(1),(1,1),(1,1,1),(1,1,1,1),(2), (4), (5)}.
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Therefore,

de{(1,2),(3),(1,1,2),(2,2),(1,3),(1,1,1,1,1),
(1,1,1,2),(1,2,2),(1,1,3),(1,4),(2,3)}.

If d = (1,2), then, by Proposition 5.6,
O~k or Oy ~k?xHDP(2,2).

Let d = (3) and a € @;. By Lemma 4.11, we may assume that M, =
} We shall show that « is the only arrow in Q. Let Q' be the subquiver

010
H
of @ satisfying Q) = {«a}. Since dim OM‘ = dim Oy,

Endg (M) = Endg (M]q) ~ {G € My (k); G [gég} - [gég} G}
~ {[‘é%é] sx,a,b,e,d €

This means that
zab zab
My [§28] = [24] v
for any 8 € @1 and any z,a,b,c,d € k. Thus Mg =u -1 +v - Ey 5 for some
u,v € k. Since Mg is nilpotent, u = 0. Hence B —v-a € Ann(M) and § = a,
because M is admissible. If M’ = (M},) € Oy, then rk(M/,) < rk(M,) = 1
by Lemma 3.4. Thus Oy € D(3,3). Moreover, tr(M}) = tr(M,) = 0,
therefore Oy; € HDE!(3,3). Since HD!(3,3) is irreducible of dimension 4,
it follows that
O ~ HDP(3,3).

If d = (1,1,2), then by Proposition 5.7, Oy, is isomorphic to one of the

following seven varieties:
kY HDRI2,3) x ks D(2,2) x k;  HDP(2,4);
D(2,3); HDP(3,3); D(2,2,2).
If d = (2,2), then @ has at most two arrows. Indeed, by Lemmas 4.19

and 5.5, @ does not have two different arrows ~,~’ such that s(v) = s(v')
and t(y) = t(y). A subquiver @’ of @ having three arrows would be of the

form
G:ZEbOV or ﬂQa*&%)Qv
In the first case dim Oy > 5 by Lemma 5.5 and Corollary 4.13, applied to
the vertex a. In the second case, applying Lemma 4.15 for the subquivers
Ca and bQ 7, we get the same inequality. If () has exactly one arrow
«:a— b, then, by Lemma 4.8, rk(M,) = 2 and Oy ~ k*. If Q has exactly
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two arrows, then, by Lemma 4.19, we have to consider two possibilities:
(0%
Q=a_—"b and Q= a*a>bQﬁ
B

By Proposition 4.22, dim Oy; > 4. In the first case, by Lemma 4.20, M =
(Mg, Mpg) is isomorphic to ([§9],[99]) and consequently Oy ~ D(2,2,2)
(see Section 3). In the second case, by Lemma 4.12 applied to a, we have
rk(M,) = 1. Then it is easily seen that

M~ ?——
If y # 0, then

and the space

Endo(M) ~ {([& &1, [§5]) € Mawa(k) 1§81 2] =[5 ] 1981}
~{([& &l [§a]) [aal =[a0ly = {([& 2] [§4])}
is of dimension 3, i.e. dim @y; = 5. Thus y = 0 and

/ / m/ m/ _
£ 07 = ([ e | [ 702 ) € Oy, then
M1 Mpaa2

Ma21 Ma22

Ml Miz1e Mhqp ML,
rk([ g1 Mp1z Madl /12]>§rk([8(1)(1)8]):1’

M1 Mpaaa Ma21 Ma22

by Lemma 3.4. Moreover, tr <|:m?11 mme = 0. Thus Oy C HDP(2,4).

Mga1 Mpaag

Since HD[!(2,4) is irreducible of dimension 4, we get Oy ~ HDP (2, 4).

Let d = (1,3). By Lemma 4.11 and Corollary 4.13, @ does not contain
any oriented cycle. Thus dim Oy is divisible by 3, by Corollary 4.14.

In the remaining cases, dim Oy > 4 and G does not contain a cycle of
length less than 4, by Proposition 4.22.

Ifd=(1,1,1,1,1), then by Lemma 5.4, Oy is isomorphic to one of the
following varieties:

K D2,2) x ks D(2,3);  C(2,2,2);  C(2,3).
Let d = (1,1,1,2) and a be the vertex of @ satisfying d, = 2. If a has

only one neighbour, then Oy ~ k*, by Corollary 4.14 and Lemmas 5.1(5)
and 4.6. If a has two neighbours, then G is of the form
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SN N
a d o a d
c c

In the first case, by Lemma 4.6 and 5.1(5), we have Oy ~ Oy x k, where
M’ is the restriction of M to the full subquiver of @ with vertices a, b and c.
In particular, dim Oy = 3 and Oy =~ D(2,2), by Proposition 5.7. Thus
On ~ D(2,2) x k. In the second case, the dimension of Oy, where M’ is
the restriction of M to the full subquiver with vertices b, ¢ and d, equals 2
(Lemma 5.1(5)). By Lemma 4.12 applied to a, we know that a is either
a sink or a source vertex, and the images (or kernels, respectively) of the
corresponding maps coincide. Therefore it suffices to check the following two
possibilities (Remark 4.3, Lemma 4.24):

N e
\/ \/u]

Q= a

N BN
AN

We may assume that v = 1, by Corollary 4.4. The first representation is
not admissible as § — ayd € Ann(M). The second one is admissible. If

M = ([m} , [mﬁ} [, [mg]> € Oy, then

L Mg

(2] <n )

by Lemma 3.4. Thus Oy € D(2,3) and since D(2,3) is irreducible of di-
mension 4, we obtain Oy ~ D(2,3). If a has three neighbours, then, by
Lemma 4.24, it suffices to consider the case when three arrows end at a:

b

Q= a

B

Q=c——a
é
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Suppose that Im(Mg) # Im(M, ). Let M’ be the restriction of M to the full
subquiver with vertices a, b and c¢. By Lemma 4.12 applied to d and next
to a, we get dim Oy > dim Opp + 1 > 5. Thus Im(Mg) = Im(M,), and in
the same way Im(M,) = Im(Mj5). Therefore

[9/k
ST
- NG
k
e = ([ ][] [ ]) € O, then
i ([ ) <3 4D = 1,

by Lemma 3.4. Therefore Oy C D(2,3) and consequently Oy ~ D(2, 3).
If d = (1,2,2) and the vertex a satisfies d, = 1, then G is of the form

b b

a C or a C

In the first case Oy ~ k*, by Lemmas 4.6 and 4.14. In the second case, by
Lemma 4.24 and Remark 4.3, it suffices to compute the orbit closure when

Q=a<"—b—">c
We get rk(Mp3) = 1, by Lemma 4.8 and Corollary 4.13. It is easily seen that

[6.0]

[l‘y]kg 12

M~k
Suppose that y # 0. Then

[6.0]

101420067,

M~k
and
Endo(M) = { ([ 18 %1 [ 12717]) € Muxa (k) x Maxa(k)  Maxa(k);
[2][01] = mﬂ%ﬁﬂJ8H£%=[EEM%H
= (L1 g [ e]) oz = (ool 15 %1=[10]}
~{(1=1.159. [s2]) }
which yields dim O = 5. Thus y = 0 and

[6.6]

[1 0}k2 2

M~k
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If M' = ([m’al mis |, [mm m,mD € O, then, by Lemma 3.4,

mbd Mgy
Mo Mo 10
tk [ | me M, Srk([lo]):l.
m%3 m,/84 00
Therefore Oy; C D(2,3), and consequently, Oy ~ D(2,3).
Ifd =(1,1,3) and d, = 3, then G is of the form

b

In the first case, by Lemmas 4.6 and 4.14, we get Op; ~ k*. In the second
case, by Corollary 4.13, a is either a sink or a source vertex. Thus we can
assume (Remark 4.3) that

c or b

a a C

Q= b4a>a</8—c

By Lemma 4.12, Im(M,) = Im(Mp), thus

Hi
Mo~ 0320 g
me m,/51 _
If M' = [m;2] , | mBa € Oy, then
m:xs mfgg

al £l 11
w([5E]) < i
Mg mbs
by Lemma 3.4. Thus Oy € D(2,3) and consequently, Oy ~ D(2,3).
Ifd = (1,4) or d = (2,3), then, by Lemmas 4.8 and 4.18, @ has one

arrow o and rk(M,) = 1. Moreover, in the former case On =~ k*, while in
the latter Oy ~D(2,3). =
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