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TILTING SLICE MODULES
OVER MINIMAL 2-FUNDAMENTAL ALGEBRAS

BY

ZYGMUNT POGORZALY (Toruii) and KAROLINA SZMYT (Bydgoszcz)

Abstract. A class of finite-dimensional algebras whose Auslander—Reiten quivers
have starting but not generalized standard components is investigated. For these compo-
nents the slices whose slice modules are tilting are considered. Moreover, the endomor-
phism algebras of tilting slice modules are characterized.

Introduction. We shall denote by K a fixed algebraically closed field.
Moreover, we shall only consider finite-dimensional associative K-algebras
with a unit element that will be assumed to be basic and connected.

For a given algebra A we shall denote by mod(A) the category of finite-
dimensional left A-modules, and by I'4 the Auslander—Reiten quiver of A
[2, 3]. We shall denote by mod(A) (respectively, mod(A)) the stable category
of mod(A) modulo projectives (resp., injectives). If f € Homy(X,Y') then f
(resp., f) denotes its coset modulo projectives (resp., injectives).

We are interested in minimal 2-fundamental algebras, introduced in [8].
In many cases, their Auslander—Reiten quiver contains a component at the
beginning that is not generalized standard in the sense of Skowroniski [12]
and contains projective vertices. Therefore it is reasonable to generalize the
notion of slice introduced in [7] and study when a slice module is a tilting
module. That was done in [9], where a postprojective (resp., preinjective)
slice § was defined and a slice module Mg considered. It was shown that
there are only finitely many postprojective (resp., preinjective) slices S whose
slice modules Mg are tilting (resp., cotilting).

In the present paper our objective is to provide a detailed description of
such slices S. Our first main result is

THEOREM 1. For a minimal 2-fundamental algebra A let C be the starting
(resp., ending) component in I'y that is not generalized standard. Let S =
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{X:}t_, be a postprojective (resp., preinjective) slice in C. Then the slice
module Xg = @le X; is a tilting (resp., cotilting) A-module if and only
if S is contained in the postprojective starting cone Cy. (resp., preinjective
ending cone Cec) in C.

We also have the following characterization for End 4(Xs)°P, where S is
a postprojective (resp., preinjective) slice contained in Cy. (resp., Cec).

THEOREM 2. For a minimal 2-fundamental algebra A let C be the starting
(resp., ending) component in I'4 that is not generalized standard. Let S be
a postprojective (resp., preinjective) slice in C, contained in Cs (resp., Cec).
Then End4(Xs)°P is a (t,p, s)-algebra (resp., (t,p, s)°P-algebra).

The definitions of a (t, p, s)-algebra (resp., (¢, p, s)°P-algebra) are given in
Section 3. The integers t, p, s are uniquely determined by the algebra A.

We shall use freely all information on Auslander—Reiten sequences and
irreducible homomorphisms that can be found in |2, 3|. For background on
the representation theory of algebras we refer to [1, 3, 10, 11].

1. Preliminaries. Following Gabriel [6] one can associate a bound quiver
(Qa,I4) to a finite-dimensional basic K-algebra A in such a way that A =
KQa/Ia, where KQ 4 is the path algebra of Q4 and I4 is a two-sided ideal
in KQa contained in the square of the two-sided ideal generated by the
arrows. The algebra A is said to be triangular if Q4 has no oriented cycle.
We shall use the standard notation. To every vertex x of Q)4 we can attach
a simple A-module S,, its projective cover P, and its injective envelope F,.

An algebra A is said to be special biserial (see [13]) if there exists a bound
quiver (Qa,14) with A= KQ4/14 such that:

(1) Every vertex of Q4 is the source of at most two arrows.

(2) Every vertex of Q4 is the sink of at most two arrows.

(3) For every arrow « in @4 there exists at most one arrow [ (respec-
tively, v) such that a8 & I4 (resp., ya & I4).

Throughout the paper we shall always consider special biserial algebras of
the form KQ4/I4 with (Qa,14) satisfying the above conditions.

Let A = KQ4/I4 be special biserial. Then A is called a string algebra
(see |4]) if I4 is generated only by paths. For a string algebra A there is a
full classification of indecomposable finite-dimensional left A-modules [5, 14].
Every such module X is a string module or a band module. In the first case X
is induced by a walk w in (Q 4, [4), which is denoted by writing X = X (w).
The other case will not be used here. Moreover, an algorithm for computing
Auslander—Reiten sequences for string modules is due to Skowroniski and
Waschbiisch [13]. Recall that if X (w) is a noninjective string A-module then
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we have the Auslander—Reiten sequence
0 — X(w) — X(wr) ® X(wg) — X(wrg) =7 (X (w)) — 0.
If X (w) is nonprojective then we have the Auslander—Reiten sequence
0—7(X(w)) =X(wp-15-1) = X(wp-1 & X(wp-1) — X(w) — 0.

A triangular string algebra A = KQa/I4 is said to be A,-separated
provided that for any two subquivers Q’, Q" in Q4 of type A,, such that
KQ' NIs=0=KQ" NI wehave Q)N Q[ =0, where Q, Qf denote the
sets of vertices of @', Q”, respectively.

A triangular string A,,-separated algebra A = KQu/14 is said to be
2-fundamental [8] if it is connected and the following conditions are satis-
fied:

(i) There exist exactly two full subquivers Q’, Q" of type A,, in (Q4,14)
such that KQ'NI4 =0 = KQ" N 14 and the quiver Q4 obtained
from Q4 by removing the arrows from Q" and Q" and identifying the
vertices of @’ with a vertex 0’ and the vertices of Q" with a vertex
0" is a tree.

(ii) For 0/ = 0’ or 0” there exists either a maximal path v in Q 4 starting
at 07 such that v € I 4, or a maximal path u in Q 4 ending at 0/ such
that u & I4. If v (treated as a path in Q4) starts at some vertex x
in @’ that is a sink of two maximal paths vy, vy in Q7 then viv & I
or vov & I4. If u (treated as a path in Q4) ends at some vertex y in
()7 that is a source of two maximal paths u, us in @’ then uuy & 14
or uus & I4.

A 2-fundamental algebra A is said to be minimal if the graph obtained
from the quiver Q4 by forgetting orientations of the arrows is of the form
0/ . 0//.

Following Auslander and Reiten [2, 3] we can attach to any K-algebra
A its Auslander—Reiten quiver I'4. We shall not distinguish between inde-
composable A-modules and vertices of I'4. A component in I'4 will always
mean a connected component. A component C of I'4 is said to be starting
(resp., ending) (see [8]) if there is no nonzero morphism f : X — Y between
indecomposable modules X, Y such that Y € C and X ¢ C (resp., X € C
and Y ¢ C).

We say that a component C of I'4 is generalized standard (see [12]) if
rad> (X, Y)=0 for any indecomposable X,Y €C. Recall that rad* (mod(A))
is the intersection of all positive powers of the Jacobson radical rad(mod(A)).

Let p = (p1,...,pq), s = (51,...,8,) and z = (z1,...,2,) be strictly
increasing sequences of nonnegative integers. Let [1,ls > 1 be integers. Con-
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sider a quiver Q(p I of the following form:

z,8,02)
0 o
! /
@0,1 1,1 1,1 «0,1
gz "‘ll,a
1" "
. " . n,Ep—Tp_1  Yp1
Z e T Ty T - < 4/
1" 1
1,1 *1,xq
X1,z41 ""1 a+1
CV(JL a@q (x/ Q/
sl sP1 1,51 0,l9
*2,p3—p1 2,1 , ’ ’
Pq P1 < <— P2 Sg ————=> - —> 57 S
/ /
2,1 2,59 —s]
3,1 a3 1\L

4, pq—Pg—1 . . /

“3,p3—p2 a,3,53752 \L
, Asa—s3
“4,p4—p3 " °
(1 .
Let I(p,h,a: s lg) be the two-sided ideal of KQ (pdrz.s.la) generated by the paths

_ koW

(p,lhx s,02) / (p,l1,z,8,l2)" We can also

1)
041,2051,17 al ,a n Set A(P l1,2,8 12)

consider the quiver Qgi)h xsb) dual to Q(pl1 2.5.12)" Let I((p)l1 2.5.12) denote

the two-sided ideal in K Q
4@ Q(Q)

(p,l1,z,8,l2) (p,h,g@lz)/ (Q,lhgé,lz)’
Recall from [9] the following lemma.

"
pyll’xsb) generated by of ja1., aj 0, Set

LEMMA 1.1. Let A be a minimal 2-fundamental algebra.

(1) If I’y contains a starting component that is not generalized standard
then there are strictly increasing sequences p, z, s of nonnegative

(1)

(pl1,z,8,02)"

(2) If 'y contains an ending component that is not generalized standard
then there are strictly increasing sequences p, x, s of nonnegative

(2)

(pl1,z,8,12)"

integers and integers ly,lo > 1 such that A= A

integers and integers ly,ls > 1 such that A= A
Let A= AV

(p)l1,z,8,l2
Then C contains all indecomposable projective left A-modules and it is not

) and consider the unique starting component C in I'4.
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generalized standard (see [8; Theorem 5.7|). A postprojective slice in C is a
set S = {Ny,..., Nt} of vertices of C such that:

(0) S consists only of postprojective modules.
(1) There is no oriented cycle of irreducible morphisms in C between
modules from S.
(2) If My — My — --- — My, is a path in C such that My, M,, € S then
My,...,My,_1 €S8.
(3) S contains exactly one representative of every 7-orbit of projective
A-modules.
For A = Agv)h 1.s,l) ODC can dually define a preinjective slice in the
unique ending component of I'4.
If § is a postprojective (resp., preinjective) slice in C, then Xg = @221 N;
is called the postprojective (resp., preinjective) slice module of S.

2. Slices in cones. For A = Ag;?lhwsb) (resp., A = Agz?h,gé,b)) and

the starting (resp., ending) component C in I'y we define some walks in

1)
Q(p’ll’mslz (resp., @ pll’xsb)) First consider the case of A = A(p,ll,rrslz)

Then we put u = aq 41001 242... 1, In Q (pis 2.5.12) if z# p1, and u = py

: _ _ / o _
if z = py. Further, U*a1a+1a1a+2--~0‘1,sl if a # 51, and v = s} if a = 7.

Now consider the case A = AE Then we put u = aqp, ... 1241 in

p,l1,2,8,l2)"
Q(p’ll’msl2 if 2 # p1, and u = py if z = p1. Further, v = o} ; ...} .y if
a+# sy, and v =g] if a = 5.

For a starting (resp., ending) component C in I'4 we define the postpro-
jective (resp., preinjective) starting cone Cy. (resp., ending cone Cec) in C to
consist of all vertices X of C such that:

(1) X is postprojective (resp., preinjective).

(2) There is an integer ix > 0 and a path (maybe trivial) in C from X
to X (u RZX) (resp., from X (u;-iy) to X).

(3) There is an integer jx > 0 and a path (maybe trivial) in C from X

to X(vpsx) (resp., from X (v~ L) to X).

A module X in Cy or Co is defined to be inner if ix > 1 or jx > 1
respectively.

(1)

(p,l1,z,8,l2) we define

For the quiver )

p=p2—pP1+ps—p3+-+pg-1—pg—2+l1,
§=82—51+84—83+ -+ S_1— Sp—2+ I,
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P’ =Pg — Pg—1+t Pg—2 — Pg—3 + -+ Pp3— D2+ p1,

/
S =8 —8-_1+8_9—8_3+---+ 83— 89+ 51.

LEMMA 2.1. Let A= AEl)l Y
p,l1,2,5,l2)

(1) For any integers j,i > 0 we have
X((uil)LjRp’H)/X((O/ll,z - -O‘,ll,xl)Ri)

(2) For any integers j,i > 0 we have
X (o) /X (@ gy - o)1) = X (vpsss)-

Proof. First we prove the condition in (1) for ¢ = 0 by induction on j > 0.
If 5 =0 then

12

X((u™) pors)-

X((u_l)Rp/) = X(u_lal_; .. 041_&04071 ... ao,lla;;quq,l .. .a;}aq_m ..
-1 1 -1

— " /"
o aq_laqul_pq72aq—?,pq_z—pq_g o a27p2—p1a1,p1 e al,z—}—lal,l T al,x1)'

Moreover,

-1 -1 -1 -1 —1
X((u")pp) = X(oszl SO Q01 OO Qg pe g e g 1O, - - -

-1 -1 -1
e aqflzpq—l*pq—2aq—2,pq,2—pq,3 e a27p2*p1a1,p1 T al,z+1)‘

Hence it is clear that X ((u™") g )/ X (af 5. .. 0f ;) = X((u™")Ls).

Now we assume that the condition in (1) holds for some jp > 0 and
set 5 = jo+ 1. Then X((u™) jo+1pr) = X(((w ™) jopw)r)- Similarly,
X((u™Y priorr) = X(((u™Y) pt4o)r). Furthermore, by the inductive as-
sumption, X ((u™") o per )/ X (a5 af ) = X ((u™") pp+io ). Then the Sko-
wrotiski-Waschbiisch algorithm gives X (((u™) 1o g )2)/X (e 5. 0l ) =
X ((u™Y) ;p+40)1), which finishes the proof of (1) in the case i = 0.

Now, applying the Skowronski-Waschbiisch algorithm, we get (1) for
all 4, 5.

Similarly one can prove (2).

2)
pl1,z,8,l2)"

LEMMA 2.2. Let A= A

—

(1) For any integers j,i > 0 we have
X(up-jpr-i) /X (ug-5-») = X((5" - a3 p1)-
(2) For any integers j,i > 0 we have
X0 )X (0 pems) = X (g lh) ).
Proof. Use arguments dual to those in the proof of Lemma 2.1.

For a fixed postprojective (resp., preinjective) slice S, we shall consider
the slice module Xs = @'_, X (w;). Moreover, we shall fix an indexing of
the walks w1, ..., w; in such a way that X (w;) belongs to the 7~ !-orbit of



TILTING SLICE MODULES 293

P,_1 (resp., T-orbit of E, 1) and X (w;) belongs to the 7~ !-orbit of Pa—1y
(resp., T-orbit of E(,_;)). Then we can identify S with the set of vertices of
a subquiver X (w;)—X (w2)—---—X(w¢) in C, where — stands for a left or
right arrow. For X (w;), X (w;) € S with ¢ < j we define Is(X (w;), X (w;))
and rs(X(w;), X(w;)) to be the numbers of left and of right arrows in
X (w;)—---—X(wj), respectively.

Let Sy denote the postprojective (resp., preinjective) slice formed by the
projective (resp., injective) vertices of C.

LEMMA 2.3. Let A = AEp)ll sl
Let S = {X (w;)}._, be a postprojective slice in C.

(1) If X(w1) = 77¢(P,—1) and X (w;y) = 774P,) then
Is(X(w1), X(wig)) =p+c—d, rs(X(w),X(wy)) =p' +d—c
(2) If X(wy) = 77(Pla—1y) and X (wj,) = 7= (Py) then
Is(X (wjo), X(we)) =8+ f—e, rs(X(wj,), X(we)) =s5+e—f
(3) If X(w1) 2 77¢(P,_1) and X (w;,) = 774P;) for some i € {0,1,...,
pg+ U —1}\ {z — 1}, then
ls(X (w1), X (wig)) = lsy(Pz—1, Pi) + ¢ — d,
rs(X (wr), X (wiy)) =7, o( P +d—c
(4) If X (we) =77¢(Pgo1y) and X(wjo) =274 Py) for some i€{0,1,...,
sp+ 1y — 1} \{a — 1} then
lS(X(U)jO), X(’wt)) = lSO (,PZ'/7 P(afl)’) + d— C,
rs(X (wjo), X (wi)) = rs,(Py; Pa—1y) + ¢ —d.

Proof. We prove (1) by induction on ¢+ d. If ¢4+ d = 0 then ¢ =0 = d.
Thus X (wl) = P,y and X (wj,) = P;,. Furthermore, replacement of X (w;)
with 771(X (w;)) does not affect Is(X (w1), X (w;,)) and rs(X (w1), X (wy,))
for 1 < i < ig. Therefore ls(P,—1, P,) = p and rs(P.—1, P.) = p’ as desired.

Now assume that (1) holds for ¢ +d < ng, and let ¢ +d = ng + 1.
Then either 7(8) = {7(X(w;))}!_; is a postprojective slice in C, or there is
X(wj,) € S that is projective.

If 7(S) is a postprojective slice in C then by the inductive assumption

L) (r(X (o)), 7(X (i) = p+ (e~ 1) — (d— 1) = pte—d
But the left hand side equals Is(X (w1), X (wj,)). Similarly we show that
rs(X(wy), X (wi,)) =p' +d—c.

If there is a projective vertex X (wj,) € S then choose one with jp min-

imal. If jo = 1 then X (w;) = P,_;. Then it is easily seen that every shift
of P, along its 7~ !-orbit decreases Is(X (w1), X (w;,)) by 1 and increases

) and C be the starting component in I'4.

z—1
z—1
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rs(X (w1), X (wi,)) by 1. Moreover, shifts of the other indecomposable pro-
jective A-modules along their 7~ !-orbits do not affect these numbers. There-
fore (1) is satisfied. If jo > 1 then we proceed similarly.

The proofs of (2)—(4) are similar.

LEMMA 2.4. Let A= AEQ)Z ;
p,l1,2,8,02)
Let S = {X(w;)}._; be a preinjective slice in C.
(1) If X(w1) 2 74(E,—1) and X (w;,) = 74(E,) then
Is(X(w1), X(wi)) =p' +d—c, rs(X(w1), X(wi,)) =p+ec—d
(2) If X(wy) = 7(E(q-1y) and X (wj,) = H(Epr) then
ls(X (wj0)7 (w)) =s+e—f, TS(X(wjo)vX(wt)) =5+ f—e
(3) If X(w1) = 7¢(E,_1) and X (w;,) = 74E;) for some i € {0,1,...,
pq+ U —1}\ {z — 1} then
lS(X(U)l), X(wlo)) = lSO (EZ—17 EZ) +d - ¢,
rs(X (wy), X(wio)) =TS, (E.-1,E;) +c—d.
(4) If X (wy) = 79(E(y_1y) and X (wj,) = 7/ (Ey) for some i € {0,1,...,
sp+ 1y — 1} \{a — 1} then
ZS(X("LUJ‘O), X(wt)) = lSO (Ei’7 E(afl)’) +e— f,
rs(X (wjy), X(we)) = rs,(Bir, Eg_1y) + [ —e.
Proof. Dual to the proof of Lemma 2.3.

LEMMA 2.5. Let A = Agp)ll 25,12
Let 8 = {X (w;)},_; be a postprojective slice in C.
(1) If X(w1) = 77¢P.1) and X(wy,) = 77¢(Pjr) for some j € {1,...,
Xy — 1} then
ls(X (w1), X (wi))) = p+ sy (Pz, Pjr) + ¢ — e,
rs(X(wr), X(wi,)) =p' + 15 (P, Ppr) +e = c.
(2) If X(w1) 277 ¢(Poot) and X (wiy) 271 (Pyr) for some j€{0,1,...,
Sy +la — 1} then
ls(X (w1), X (wiy)) = p+ sy (P, Pyr) + ¢ — f,
rs(X(w1), X(wi,)) = p' +rs,(P:, Py) + f —c.
(3) If X (wy) = 77¢(Pu_1y) and X (wj,) = 7-4(Py) for somei € {1,...,
Ty, — 1} then
ZS(X(wj1)7
rs(X(wjy),

and C be the ending component in I'4.

and C be the starting component in I'4.

X
X

(wt)) = S/ + lso(]:)i”u Pa’) +d— e,

X
X(wt)) =s+ TSO(Pi”a Pa/)) +e—d.
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(4) If X(wy) =Z77¢(Pg_1y) and X (wj,) =77(F;) for some i€{0,1,...,
pg+ 1 — 1} then

ZS(X(wj2)7 X(wt)) =5+ ls, (B,

TS(X(wj2)7X(wt)) =s+ TSO(R7

Pa’) +c—e,
Py)+e—c.
Proof. To prove (1), observe that for X (w;,) = 7=%(P,) the arguments
from the proof of Lemma 2.3 yield
lS(X(wio)’ X(wh)) = ZSO(PZ’ Pj”) +d—e,
rs (X (wig), X (wiy)) = 18, (Pz; Pjr) + ¢ — d.
Then the equalities Is(X (w1), X (wi,)) = p+c—d and rg(X (w1), X (w;,)) =
p' +d — ¢ from Lemma 2.3 imply
Ls(X (w1), X (wi;) = ls(X (w1), X (wi)) + ls(X (wi), X (wi;))
=p+c—d+ls,(P.,,Pjn)+d—e
=p+lsy (P, Pjr) +c—e
and
rs(X(wi), X (wi,) = rs(X(w1), X (wig)) + rs(X (wi), X (wi, )
=p +d—c+rs, (P, Pj)+e—d
=p' +rs,(P., Pjn) +e—c.
Similar arguments yield (2)—(4).

LEMMA 2.6. Let A = AEQ)Z ;
p,l1,2,8,l2)

Let S = {X (w;)}._; be a preinjective slice in C.
(1) If X(w1) = 79(E.—1) and X(w;,) = 7¢(Ejn) for some j € {1,...,
Ty — 1} then
Is(X (uw1), X (w;,)) =p" + s, (Ex, Ejn) + e — ¢,
rs(X(wi), X(w;,)) =p+ TSO(EZ7 Ej") tc—e.
(2) If X(w1) =2 7¢(E,—1) and X (wi,) = 7/ (E;) for some j € {0,1,...,
Sy + 1o — 1} then
Is(X(w1), X (wi,)) = p' + lsy (B, Ey) + f — ¢,
rs(X(wi), X(wiy)) = p +lsy (Ez, Ejr) + ¢ — f.
(3) If X(wy) = 7°(E(q_1y) and X (wj,) = 7%(Ey) for some i € {1,...,
Xy — 1} then
ZS(X(wjl)’X(wt)) =s+ lSo(Ei”7 Ey)+e—d,
rs(X(wj,), X (w)) = s +rs, (B, Ey) +d —e.

and C be the ending component in I'y.
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(4) If X(wy) = 7(Eq-1y) and X(wj,) = 7¢(E;) for some i € {0,1,...,
pg+ 1 — 1} then
ZS(X(wj2)7 X(wt)) =s+ ZSO (Ei7 Ea’) +te—g,
rs(X(wj,), X (wy)) = 8 +rs,(Ei, Ey) + ¢ —e.
Proof. Dual to the proof of Lemma 2.5.

For a given postprojective (resp., preinjective) slice § = {X (w;)}!_; in
the starting (resp., ending) component C we can define &' = {X (v;)}!_;,
where for each ¢ = 1,...,t the walk v; satisfies:

X 7(X(w;)) if X (w;) is not projective,
(vi) = {X (w;) otherwise
(resp.,
x 7YX (w;)) if X (w;) is not injective,
(i) = { X (w;) otherwise).

LEMMA 2.7. Let A = A&?ll&,éb) (resp., A = Agz?lhzé,lz)) and C be the
starting (resp., ending) component in I'y. Let S = {X (w;)}._; be a postpro-
jective (resp., preinjective) slice in C. Then 8" = {X (v;)}i_, is a postprojec-
tive (resp., preinjective) slice in C.

Proof. 1t is easily seen that if S consists only of postprojective A-modules
then so does &’. Furthermore by [9; Lemma 3.2] there is no finite oriented
cycle in C consisting of modules from &’.

Consider a path Xg — X; — .-+ — X,,, in C such that Xy, X,, € §'.
If Xo = 7(X{) and X,,, = 7(X],) for some X{, X, € S then we have
the path X) - X| — --- — X/ | — X/ in C, where 7(X]) = X, for each
i=1,...,m—1. Since S is a postprojective slice, we have X{,..., X €S
and they are not projective, because 7(X/) = X;. Thus Xi,...,X;n-1 € S

If Xo =7(X{) and X,, = X}, is projective, and X, X/, € S, then each
X; is projective, because the above path in C connects postprojective mod-
ules. Now we show inductively on m that Xi,...,X,,_1 € 8. If m =1 this
is obvious. Assume that this holds for all paths with the above properties
whose length is mg. Let Xg — -+ — X041 be a path with Xo, ..., Xn+1
postprojective such that Xo, Xpno4+1 € 8" and X, 41 € S is projective. Then
50 is Xomo. If Xy & S then we use the fact that S contains exactly one repre-
sentative of any 7~ !-orbit of projective A-modules and that a path in C whose
source and target belong to S passes only through vertices from S. These two
facts imply that 771(X,,,) € S. Thus X,,, € 8’ and so X1,..., X;py—1 € S’
by the inductive assumption. Similarly if X,,, € S then X,,,, € &', and we
obtain the same conclusion.

If Xo € S is projective and X,,, = 7(X,,) for some X,, € S that is
not projective, then we shall prove the required condition inductively on the
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length m of paths with these properties. The case m = 1 is obvious. Assume
that, for every path of length mg in C which starts at a projective Xg € S
and ends at X, € S’ such that X,,, = 7(X},,) with X}, € S, we have all
Xi,..., Xmg—1 in &. Consider now a path Xg — X7 — -+ — X, 41 with
the above properties. If X; is projective and X; € S then it is clear that
X, €8, and Xy, ..., X, € S’ by the inductive assumption. If X7 is projec-
tive and X1 ¢ S then as above we find that X; must belong to &', because
S is a postprojective slice, and so contains a representative of the 7~ !-orbit
of Xi. Since any path starting at Xy and ending at that representative can
only pass through vertices from S, the representative must be Xj.

If X is not projective then X7 = 7(X71) for some nonprojective X| € S.
But we have the path Xo — X; — X — X/, where X is from the 1
orbit of Xg. Thus X7, X € S, which is impossible, because Xy € S. This
contradiction finishes the proof in the case in question.

Since S contains exactly one representative from every 7 !-orbit of in-
decomposable projective A-modules, the same holds for &’ by construction.
Consequently, S’ is a postprojective slice in C.

If § is a preinjective slice in C, one proceeds dually.

PROPOSITION 2.8. Suppose that the assumptions of Lemma 2.7 hold.

(1) If A= AW ) (resp., A = AP )) and X (wy) =2 77 Py—q),

(P,l1,2,8,l2 (P,l1,2,8,l2
X(wiy) =2 77¢(P) (resp., X(w1) = 79(E2—1), X(wi,) = 7¢(E)) for
some indecomposable projective (resp., injective) A-module P (resp.,
E) and ls(X (w1), X (wiy)) = p+1 (resp., rs (X (w1), X (wyy)) = p+1)
then there is a monzero homomorphism f : 71X (w;,)) — X(w1)
(resp., g : X(w1) — 7(X(wj,))) such that f # 0 (resp., g # 0) for

c#0.

(2) If A A&?h&é,lz) (resp., A Agp)ll s lz)) and X (w) =77¢(Pg-1y),
X (wjy) = 1=UP) (resp., X (wr) = 7°(E(g1y), X(wj,) = 79(E )) for
some indecomposable projective (resp., m]ectwe) A-module P (resp.,
E) and rs(X (wj,), X (we)) = s+1 (resp., ZS(X(w]O), (wy)) = s+1)
then there is a monzero homomorphism f : 771X (wj,)) — X (wy)
(resp., g + X(wy) — 7(X(wj,))) such that f 7& 0 (resp., g # 0) for
e # 0.

Proof. Assume that A = AEp)llﬂf 5.2) and X (wy) =77 Ps1), X(wg,) =

77 ¢(P) for some indecomposable projective A-module P. Furthermore, as-
sume that {s(X (w1), X (wi,)) =p+ 1. Thus P 2% P,_;.

The first case we consider is P = P; for some i € {0,1,...,p, + 11 — 1} \
{z —1}. Then ls(X (w1), X (wi,)) = lsy(Ps—1, P;) + ¢ — e = p+ 1 by Lemma
2.3, hence ¢ = e —ls,(P;—1, P;) + p+ 1. Now we prove (1) inductively on c. If
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¢ = 1 then the equation [s,(P,_1, P;) = e+ p has exactly one solution in the
case e = 0 and i = z. Define f : 771(P,) — 77(P,_1) to be the composition
of an epimorphism f; : 771(P,) — X((x~')r) and a monomorphism f; :
X((u™Y) — 771(P,_1). It is clear that f = fof1 # 0 as desired.

Now assume that for any ¢ < ¢y the desired f can be found and let
¢ = ¢p+1. Then we deduce from cp+1 = e—Is,(Ps—1, P;)+p+1 that cp = e—
lsy(Poe1, P) +p. If ls(X (w1), X (w;y)) = p+1 then either X (w;,) is not pro-
jective and lg/ (X ((w1)p-15-1), X ((wiy)-1p-1)) = p+1, or X (w;,) is projec-
tive by Lemma 2.7. If X (w;,) is projective but not simple then there exists an
irreducible homomorphism P;;1 — P; and ls/(X ((w1)-15-1), Pit1) = p+1.
If X (w;,) is a simple projective A-module then X (w;,) = 5, for an odd j
and we replace either S, with P, |1, or S, with P,. In the former case, for
j > 0, we obviously have ls/(X((w1)-1p-1), Pp,_,—1) = p+ 1. In the latter
case lg/(X ((w1)p-1p-1), P.) = p, which means that X ((w1)r-1p-1) = Ps_1.
Then, as above, we obtain a homomorphism f : 77(P,) — X(w;) =
X((u=Y)p2) that factorizes through X ((u~')z) but not through X (u=!),
which shows that f # 0.

Now we can consider the other subcases. If X (w;,) is not projective,
then ls/(X((w1)p-15-1), X((wiy)r-1g-1)) = p + 1 and by the inductive
assumption there is a nonzero homomorphism f' : 77 (X ((wiy)r-15-1))
— X((w1)-1p-1) such that f’ # 0. Then f = 771(f) # 0 as desired
(in fact, it factorizes through X ((u 1) eo+1)).

If X (wj,) is projective but not simple then X (w;,) = P; and we have
ls'(X((w1)p-1p-1), Pi+1) = p + 1. Then the inductive assumption yields a
nonzero homomorphism f’ : 771(P;1) — X((w1),-1z-1) that factorizes
through X ((u=1)L%) and satisfies f’ # 0. But then for P11 = X(w) we
have w;, = wr,. Therefore there is a nonzero homomorphism f” : 7=1(P;) —
X (wy) that factorizes through X ((u=!) co+1) and satisfies f” # 0.

If X(w;,) is a simple projective A-module and X (w;,) = S, for an odd
j > 1 and we have replaced Sy, by Py, _, 1, then ls/(X((w1)-15-1), Pp,_,-1)
= p + 1. The inductive assumption yields a nonzero homomorphism h :
7Y (Py,_1—1) — X((w1)-15-1) that factorizes through X((u™')ze) and
satisfies h # 0. Further, we have an inclusion hy : ), — Tfl(ij_l_l)
that induces an embedding hy : 77(S,,) — 7 %(P,,_,—1). Moreover, h
induces a homomorphism h' : 772(P,,_,_1) — X (w1) that factorizes through
X((u™1)peo+1) and satisfies 771 (h) = b'. Then h'hg : 771(S),) — X (w1) is
nonzero and does not factorize through X ((u™1)ze0). Thus h'hy # 0. This
finishes the inductive proof of the first case.

Now we consider the second case: P = P;» for some j € {1,...,x, — 1}.
Then Is(X(w1), X(wiy)) = p+ ls, (P, Pj») + ¢ — e = p+ 1 by Lemma 2.5,
and hence Is,(P,, Pj#) + ¢ — e = 1. In this case we shall prove inductively
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on ¢ that there is a nonzero homomorphism f : 77 1(X (w;,)) — X (w;) that
factorizes through X ((u=')zc) and satisfies f # 0 for ¢ > 1.

If ¢ = 0 then lg,(P;, Pju) — e = 1, hence ls,(P;, Pju) — 1 = e. Thus
it is easy to verify that, for 77¢(Pjn) = X(w;,), there is a walk w’ such
that w;, = a’l”Qw’ provided z; > 1, and w;, = ex/l/w’ provided z; = 1,
where e, is the trivial walk attached to the vertex . Thus 7N X (wyy)) &
X ((wiy)Lr), where (wi)Lr = 041_,7131---041_,i+104,1/,1(wio)R- Hence there is a
nonzero homomorphism f : 771(X(w;,)) — P,—; that factorizes through
X((u™Y0) = X(u™t). Thus f =0, but ¢ = 0 and the required condition is
satisfied. N

Assume that for every postprojective slice S of C and any ¢ < ¢g the
required condition holds. Consider now any postprojective slice S of C with
the above X (w;,), X (w1) such that ¢ = c¢g+ 1. Then, since p+Is, (P, Pj»)+
co+1—e=p+1, wehave ls,(P,, Pjn)4co = e. As in the case ¢ = 0, it is eas-
ily seen that wi, = (u™')eoaf jw”. Thus 77 1(X (wj,)) = X ((wi,)Lr), Where
(wio)Lr = (™) pegr1af jwh, which shows that there is a nonzero homomor-
phism f: 771X (w;,)) — X (wy) that factorizes through X ((u=1) ¢ +1) but
not through X ((u™1)Le0), because wy = (u™1) e geo+1. Thus f # 0 and the
second case is proved. N

Finally, consider the third case: P = Py for some j € {0,1,...,s,+lo—1}.
Then Is(X (w1), X (wi,)) = p+ls,(Pz, Pjr)+c—e = p+1 by Lemma 2.5. Hence
e = ls,((Pz, Pj)+c—1. Further, it is easy to verify that T_ZSO(PZ’PJ")H(P]-/) =
X(w), where w = af yw'" provided 2 —z1 > 1, and w = ag;;_mw’ pro-
vided g — 21 = 1. Thus 77¢(Py) = TﬁlSO(PZ’PJ")H*C(Pj/) = X(wrepe) and
WreRe = Upe-107 jwre. Moreover, X (wy) = 77¢(Py—q) = X((u™Y) peger),
yielding an obvious nonzero homomorphism f : 771(X (w;,)) — X (wy) that
factorizes through X ((u=1)re) but not through X ((u=!) c-1), because w;, =
W[ecRe — ucha’l'vlec and Tﬁl(X<’wZ'0)) = X((in)LR) with (in)LR =
U Lco/l”lw re+1. Consequently, f # 0 as desired.

Dual arguments show (1) if A = A@zl,g,ﬁ,zz)' Similarly one can prove (2).
We omit the details.

3. Proofs of the main results. For a finite-dimensional K-algebra C,
we recall the notions of tilting and cotilting C-module, introduced by Happel
and Ringel [7] (see also [1]). A finite-dimensional C-module 7T is said to be
tilting (respectively, cotilting) if:

(1) projdim(cT) <1 (resp., injdim(cT) < 1),

(2) Exty(T,T) =0,

(3) The number of nonisomorphic indecomposable summands of 7T

equals the rank of the Grothendieck group Ky(C).
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LEMMA 3.1. Let A= AW (resp., A = A? )) and C be the

(p,l1,2,8,l2) (p,l1,z,8,l2
starting (resp., ending) component in I'y. Let X, Y € C be indecomposable
postprojective (resp., preinjective) A-modules with Y € Cye (resp., X € Cec).
If there is a monzero nonisomorphism f : X — Y such that f # 0 (resp.,

f #0) then there is a finite path X — --- — Y in C.

Proof. Let A = Ag;)ll £.505) and C be the starting component in I'4.

Suppose that X, Y € C are postprojective with Y € Cs.. We shall argue by
induction on n = dimg(Y).

If n =1 then Y is a simple A-module that is postprojective. Thus Y is
projective, and the assertion is obvious.

Now assume that the assertion holds for all Y as above with dimg(Y)
< ng. Consider Y € Cy with dimg(Y) = ng + 1. Suppose that there is a
nonzero nonisomorphism f : X — Y such that f # 0. Since f # 0, Y is not
projective. Consider the Auslander—Reiten sequence N

(i1,i2)

0— Y('U)LflRfl) — Y(wal) D Y(QURfl) — Y(w) — 0,

where w is a walk in QE;)II 2.502) such that Y 2 Y (w). Then there are homo-

morphisms f; : X — Y (wp-1) and fo : X — Y (wp-1) such that

~(inin) [
f_(172><f2>'

Furthermore, f1, f2 are not both zero, because f # 0. Suppose that f1 # 0.
By the Skowroriski-Waschbiisch algorithm, for Y postprojective, iy, i are
monomorphisms. Therefore dimg (Y (wr-1)) < mng. If fi is not an isomor-
phism then the inductive assumption yields a finite path X —---—Y (wp-1),
because f1 # 0 and it is clear that Y (wp-1) € Cg. Thus we have a fi-
nite path X — -+ — Y(wy-1) — Y in C. If f; is an isomorphism then
X =Y (wp-1) and we have the path X — Y in C. This finishes the proof for

~ A1)
A= A(gh&é,lz)‘
fAx Agi)ll 2.5,l2) O1€ proceeds dually; we omit the details.
LEMMA 3.2. Let A = AE;)ZI £.505) (resp., A = Ag)h $8l2)) and C be the

starting (resp., ending) component in I'y that is not generalized standard.
Let S = {X;}._, be a postprojective (resp., preinjective) slice in C, contained
in the postprojective starting cone Cy. (resp., preinjective ending cone Cec)
in C. Then the slice module Xs = @E:l X is tilting (resp., cotilting).
Proof. We give the proof for A = AE;)zl 2.50) and C the starting compo-

nent in I'4. If § = {X;}!_, is a postprojective slice in Cc, then proj dim(Xs)
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< 1 from [9; Corollary 2.5]. Since S C Cy and there is a nonzero homo-
morphism f : 771(X;,) — X, suppose that f # 0. Then Lemma 3.1
yields a finite path 771(X;,) — --- — X;, in C. Thus we have a path
Xy — Y — 774X;) - -+ — X;, in C with X;,,X;, € S. Hence
771(X;,) € S, which contradicts the fact that S is a postprojective slice,
because X;,, 7 1(X;,) € S. Consequently, f = 0. Applying the Auslander—

Reiten formula DHom,(77'(Xs),Xs) = Ext4(Xs,Xs) we see that
Exth (Xs, Xs) =0, so Xs is tilting.

The case A = AEQ)Z .
p,l1,2,8,l2)

is dual; we omit the details.

Proof of Theorem 1. Let S be a postprojective slice in C. If it is contained
in Cy. then Xg is tilting by Lemma 3.2.

Now suppose that a postprojective slice S = {X;}!_; in C is such that
Xs = @le X, is tilting. Suppose to the contrary that S is not contained
in Cge. Let X1 = X (w1) = 779(P,—1) and X; = X(wy) = 77(Pg—1)y). Then
Lemma 2.5 shows that ls(X (w1), X (wt)) > p or rs(X (w1), X (wy)) > s.

Consider the case [s(X (w1), X (w¢)) >p. Take the minimal ig€{1,...,t}
such that ls(X (w1), X (wi,)) = p+ 1. If ¢ > 1 then Proposition 2.8 yields
an f : 771 (X(wiy)) — X(w1) with f # 0. Thus ExtY(Xs, Xs) # 0 by
the Auslander—Reiten formula, which contradicts the assumption that Xg
is tilting. Hence ¢ = 0. Then applying again Lemma 2.5 we find that
rs(X (wi), X (wy))>s. Take the maximal jo€{1,...,t} such that rs(X (wj,),
X (wt)) = s+ 1. If e > 0 Proposition 2.8 yields an f : 771X (w;,)) — X (wy)
with f # 0, so again Extl(Xs,Xs) # 0, a contradiction. Hence e = 0.
Consequently, P,_1, P—1y € S. Thus it is clear that S C Ci as de-
sired.

In the case rs(X (w1), X (wt)) > s we proceed symmetrically.

We omit the details of the case when S is a preinjective slice in C.

LEMMA 3.3. Let A~ AY (resp., A = AP ) and C be the

(pil1,z,s8,l2) (P.l1,z,8,l2)
starting (resp., ending) component in I'y that is not generalized standard.
Then, for an indecomposable projective (resp., injective) A-module X (w):

(1) Isy(Py, X(w)) =d (resp., rs,(E, X (w)) = d), where d is the minimal
nonnegative integer such that wra (resp., wr-a) is of the form wpa =
al_;n . aiiﬂa’ﬁlw’ (resp., Wp—a = w'a’l’ylail‘,ﬂ )

(2) rs,(X(w), Py) = b (resp., ls,(X(w), Ey) = b), where b is the min-

imal nonnegative integer such that wgy (resp., wy-v) is of the form

o =1 ! 0 / n—1,
Wry = WA O Qg (TESP, Wb =0 g e, O 0w ).
. ~ 401 .
Proof. Consider the case of A = AW and C the starting compo-
(p,l1,z,8,l2)

nent in I'4. It is clear that [s,(P;, P) is defined if P € {P,, Pju, Py} for
all possible j and i. Now we proceed inductively on d = Is,(P;, X (w)). If
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d = 0 then X (w) = P, and 0 is the minimal nonnegative integer d such that
Wra = ali,zln . aiiHa’l”l 0

Assume that (1) holds for all indecomposable projective A-modules P
with ls,(Pz, P) < do. Suppose that X (w) is an indecomposable projective
A-module such that Is,(P,, X (w)) = do + 1. Then consider X (wz,). By the
Skowroniski-Waschbiisch algorithm, w; = 8, Lo B taw, where B.... [0 is
a maximal nonzero path or is trivial, and « is an arrow. But X (w) is pro-
jective, hence either w zéb...él,w:'yfl...q/gl orw:fyl_l...ygléb...él
for some integers b, e. If w = d...d; then X(wp) is projective with
ls,(Ps, X (wr)) = do. Then by the inductive assumption and the Skowronski—
Waschbiisch algorithm, wja,+1 = al_jn . aiiﬂa/l”lw’ and dp+1 is minimal
with this property.

If w=~;"... 47" then the indecomposable A-module X (8;"... 3 a)
is projective and ls, (P, X(ﬂl_1 ... 1)) = dp, so by the inductive assump-
tion (B7'...0: )4 = aill)l...aii+1a’1’71w'. Thus (wr)jde = Wrdg+1 =
0‘1_,;191 . .aii+1a’1’71w/'yl_1 ...7. t and dp + 1 is minimal with this property.

Ifw= 7{1 ...y 16, ... 01 then again X(ﬁfl ... 1) is projective and
we get (1) just as for w =7 1.y L

Similarly one proves (2). If A = Ag)ll £.50) then we use dual arguments.

LEMMA 3.4. Let A = A&?lhzé,lz) (resp., A = A@h@&lz)) and C be the
starting (resp., ending) component in I'4 that is not generalized standard. Let
S = {X(w;)}t_; be a postprojective (resp., preinjective) slice in C, contained
in Cse (resp., Cec). Then:

(1) szl,P(a_l)/ eS (’)”&S‘p., Ezfl,E(a_l)/ S S)

(2) Ifls(Py—1, X (wiy)) = p (resp., rs(E—1, X (w;,)) = p) then

o -1 —1 " / N -1 -1
Wig = Qp gy w2 QL O W (resp., wi, = w Qy 10 o4 - 'O‘l,p1)'

(3) If rs(X(wjy), Pa—1y) = s (resp., ls(X(wy,), Eq—1y) = s) then
wj, = w”a:f;llo/l’aﬂ .. a/1,51 (resp., wj, = 0/1751 . a’LaHa;{’lw”).

Proof. Consider the case of A = Agj)ll 2.51) and C the starting compo-

nent in I'y. Let § C Cy be a slice. Then by the definition of a postprojective
starting cone, P, 1, P,—1) € S and (1) holds.

To prove (2) consider an indecomposable projective A-module P and an
integer d > 0 such that X (w;,) = 77%(P). Then Lemmas 2.3 and 2.5 show
that ls(P.—1, X (wj,)) is independent of the choice of the slice S.

If Is(P,—1, X (wi,)) = p then we deduce from Lemmas 2.3 and 2.5 that
lsy(P., P) = d and X (w;,) = 7~%(P). Hence, Lemma 3.3(1) and the Sko-
wronski-Waschbiisch algorithm imply that w;, = wpags for some w such
that P = X (w) and the required shape of w;, is clear.
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Similar arguments prove (3). For A = AP

(p.l1,z,8,02) and C the ending com-

ponent in 'y, § C Cec, we proceed dually.
~ 41 ~ 22
LEMMA 3.5. Let A = A(B7l17£,§7l2) (resp., A = A(g,h@é,b)) and C be the
starting (resp., ending) component in I'y that is not generalized standard. If
X, Y are inner modules in Cse (resp., Cec) then any nonzero homomorphism
f: X =Y is a linear combination of paths in Cs. (resp., Cee) from X to Y.

Proof. Suppose that A = Ag;)ll 2.505) and C is the starting component

in I'4. Consider two indecomposable inner A-modules X, Y in Cyg.. We use
induction on n = dimg(Y). If n = 1 then Y is a simple A-module that is
inner in Cy.. Thus Y is simple projective and the assertion is obvious.

Assume that it holds for all inner A-modules X, Y in Cs such that
dim K (Y) < ng.

Suppose that X, Y are inner A-modules in Cy such that dimg(Y) =
ng + 1. Observe that Y cannot be simple. Thus we have to consider two
cases. In the first case, there is only one indecomposable inner A-module Z
in Cy. such that we have an arrow Z — Y in C. The Skowroriski—Waschbiisch
algorithm then yields an irreducible homomorphism A : Z — Y that is
a monomorphism. Hence dimg(Z) < dimg(Y) and every homomorphism
f X — Z is a linear combination of paths in Cy. from X to Z by the
inductive assumption. Every homomorphism ¢g : X — Y is then clearly of
the form g = hg; and the assertion is obvious.

In the second case, there are exactly two indecomposable inner A-modules
Z1, Zy in Cy. such that we have irreducible homomorphisms hy : Z7 — Y,
ho : Zy — Y. Then the argument is similar.

fAx Ag)ll 2.502) then we argue dually.

We shall say a homomorphism f : X — Y between indecomposable
A-modules X, Y is combinatorial provided it is either an isomorphism or a
linear combination of finite compositions of finitely many irreducible homo-
morphisms. Then the above lemma says that any homomorphism between
inner modules of Cs. or Ce. is combinatorial.

Let Xi,...,X, be indecomposable A-modules. We shall denote by
End$™ (@), X;) the subalgebra of Enda(€D)_, X;) consisting of all ho-
momorphisms (fi;) : @i, X; — @, X; such that fi; : X; — X is combi-
natorial for all 1 <1[,j < n.

PROPOSITION 3.6. Let A = AELIIJ?thib 8?11@@12
C be the starting (resp., ending) component in s, that is not generalized
standard. Let & = {X (w;)}t_, be a postprojective (resp., preinjective) slice
in C, contained in Cy (resp., Cec), and set Xs = @221 X (w;). Then:

) (resp., A = A )) and
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(1) There are homomorphisms 0 # f1 : X(w;,) — Ps—1, 0 # fo :
X(wjy) — Pa-1y (resp,, 0 # f1 : E.1 — X(wy), 0 # fo -
Eq—1y — X(wj,)) such that:

(1a) f1, fa are not combinatorial,

(1b) ls(Pi—1, X (wiy)) = p (resp., rs(E.—1, X (wi,)) = p) and iy is
mazimal with this property,

(1c) rs(X(wjy), Pla—1y) = s (resp., Is(X(wjy), Eq—1y) = 8) and jo
1s manimal with this property,

(1d) if 0 # f: X(w;,) — X (wj,) is not combinatorial then f factor-
1zes through either f1 or fo.

(2) End™P(Xs) is a hereditary algebra of type A;.

Proof. Consider the case of A = AE;?ll,z,s,lg) and C the starting com-
ponent of I'y. Let S C Cy be a slice. Then P,_1,P,4_1y € S by Lemma
3.4. From Lemma 3.4 we know that if Is(P,_1, X (w;,)) = p then w;, =
aizl)l . 'O‘ii+10/1/,1w,- Thus there is a nonzero homomorphism f; : X (w;,) —
P,_1 whose image is X (u~!); choose one with ig maximal. Then it is obvi-
ous that any other homomorphism g : X (w;,) — P,_; factorizes through f.
Furthermore, f] is clearly not combinatorial. Similarly there is a nonzero ho-
momorphism f2 : X(wj,) — P_1y whose image is X (v); choose one with
jo minimal. Then again any other homomorphism h : X (wi,) — Pg_1y
factorizes through fo, and f2 is not combinatorial.

Now consider 0 # f : X(w;,) — X (wj,) that is not combinatorial. Then
by Lemma 3.5 at least one of X (w;,), X (wj,) is not inner. If X (w;,) is not
inner then neither is X (w;,) by the shape of C. Since we have a nonzero ho-
momorphism f : X (w;, ) — X (wj,) and both X (w;, ), X (wj,) € Cy, we have
a chain of irreducible monomorphisms X (wy, ) & X (w;,) & - — X (w;,) 2
X (wj,) by the Skowroniski-Waschbiisch algorithm and the definition of Cl.
Furthermore, f = k- gq...g291 for some k € K*, which contradicts the fact
that f is not combinatorial. Therefore X (wj,) is inner and X (wj,) is not.
Hence there is a combinatorial homomorphism g; : P,_; — X (wj,) or gs :
Pl4—1y — X (wj,) such that any homomorphism from an inner module fac-
torizes through g; or go. Thus f factorizes through either fi or fs as desired.

To prove (2) we observe that the irreducible homomorphisms between
X (w;), X(w;) and identical isomorphisms form a basis of End"™P(Xs).
Thus it is clear from the properties of a slice contained in Cg. that the
algebra in question is hereditary of type A;.

For A= A® ) we proceed dually.

(pol1,z,8,l2

Let B be a hereditary algebra of type A,,. For positive integers ¢, b with
¢+ b < m we shall construct a new algebra B(c,b) under some additional
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assumptions on B. Suppose that the Gabriel quiver Qg of B is of the form
1 — --- — m and let ¢,b be positive integers such that ¢ + b < m and
there exists the maximal vertex i, with r(1,i.) = ¢ and there exists the
minimal vertex j, with [(jp,m) = b. Here r(1,i.) is the number of right
arrows in the subquiver 1 — --- — i, of @p, and [(j,, m) the number of
left arrows in the subquiver j, — -+ — m of @ g. Then we consider a new

quiver Qp.;p) obtained from @p by adjoining two arrows 1 L ey b & om.
By the maximality of i, there is an arrow i, 2 (ic + 1) or i = m. By the

minimality of j; there is an arrow (j, — 1) £ jp or 7, = 1. Consider the
two-sided ideal Ip(.p) in KQp(.p) generated by the paths ya if i. # m and
006 if jy # 1 and ~6 if i, = m and dv if j, = 1. Then we call the algebra
B(c,b) = KQpcp)/IB(cep) an (m,c,b)-algebra. One can also consider the
dual construction that leads to an (m, ¢, b)°P-algebra.

Proof of Theorem 2. Let A be a minimal 2-fundamental algebra and let C
be the starting component in I'4 that is not generalized standard. By Lemma

1.1(1), A = Ag;?ll,gé,lg) for some p, z, s, 11, lo. Let S = { X (w;) }i_; be a post-

projective slice in C, contained in Cy.. By Proposition 3.6(2), End§¢™P(X ) is
hereditary of type A;. Moreover, Proposition 3.6(1) shows that End4(Xg)°P
is obtained from Endffmb(Xg)"p by the above construction for ¢ = p and
b = s. Therefore End4(Xs)P is a (¢, p, s)-algebra.

If A is a minimal 2-fundamental algebra and C is the ending component

in I'4 that is not generalized standard, then we proceed dually to conclude
that End4(Xs)°P is a (¢, p, s)°P-algebra.
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