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AN ELEMENTARY EXACT SEQUENCE OF MODULES
WITH AN APPLICATION TO TILED ORDERS

BY

YOSUKE SAKAI (Tsukuba)

Abstract. Let m ≥ 2 be an integer. By using m submodules of a given module,
we construct a certain exact sequence, which is a well known short exact sequence when
m = 2. As an application, we compute a minimal projective resolution of the Jacobson
radical of a tiled order.

Let R be a ring with an identity, and let M be a right R-module. For
R-submodules X,Y of M , there is an elementary short exact sequence

0→ X ∩ Y η→ X ⊕ Y ϕ→ X + Y → 0

where η(t) = (t,−t) for t ∈ X ∩ Y and ϕ(x, y) = x + y for (x, y) ∈ X ⊕ Y .
In this paper, we extend this elementary short exact sequence to the case of
more than two R-submodules of a given right R-module, and as an applica-
tion, we compute a minimal projective resolution of the Jacobson radical of
a tiled order given by Fujita and Oshima [5], which provides a tiled order
of finite global dimension without neat primitive idempotent (see [1], [4] for
neat primitive idempotents, [3], [4], [6]–[8], [10], [13] for global dimension of
tiled orders), and e.g. [11], [12], [14], [15] for further facts on tiled orders).

In [6], Jansen and Odenthal found a series of tiled orders having large
global dimension. In order to compute the global dimension of their tiled
orders, they used a short exact sequence constructed with three irreducible
lattices. We begin by clarifying the short exact sequence used in [6].

Proposition 1. Let X,Y, Z be R-submodules of a right R-module M .
Let

(X ∩ Z)⊕ (Y ∩X)⊕ (Z ∩ Y )
ψ→ X ⊕ Y ⊕ Z ϕ→ X + Y + Z → 0

be a sequence of R-modules and R-homomorphisms defined by

ϕ(x, y, z) = x+ y + z, ψ(x0, y0, z0) = (x0 − y0, y0 − z0, z0 − x0)
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for all (x, y, z) ∈ X ⊕Y ⊕Z and (x0, y0, z0) ∈ (X ∩Z)⊕ (Y ∩X)⊕ (Z ∩Y ).
Then:

(1) Kerψ ∼= X ∩ Y ∩ Z, Imψ ⊂ Kerϕ and ϕ is surjective.
(2) The following are equivalent :

(a) Imψ = Kerϕ.
(b) (X + Y ) ∩ Z ⊂ X + (Y ∩ Z).
(c) For any (x, y, z) ∈ Kerϕ, there exists x0 ∈ X ∩ Z such that

x0 − x ∈ Y .

(3) If two of X,Y, Z are related by inclusion, then Imψ = Kerϕ.
(4) Suppose that X ∩ Y ∩Z = Y ∩Z. Then Imψ ∼= (X ∩Z)⊕ (Y ∩X).

If the equivalent conditions of (2) hold , then there is a short exact
sequence

0→ (X ∩ Z)⊕ (Y ∩X)→ X ⊕ Y ⊕ Z ϕ→ X + Y + Z → 0.

Proof. (1) Straightforward.
(2) (a)⇒(b) Take an arbitrary x + y = z ∈ (X + Y ) ∩ Z where x ∈ X,

y ∈ Y , z ∈ Z. Then (x, y,−z) ∈ Kerϕ. Hence (x, y,−z) = (x0 − y0, y0 − z0,
z0 − x0) for some (x0, y0, z0) ∈ (X ∩ Z) ⊕ (Y ∩ X) ⊕ (Z ∩ Y ). Then z =
x0 − z0 ∈ X + (Y ∩ Z).

(b)⇒(c) Let (x, y, z) ∈ Kerϕ. Then z = −x − y ∈ (X + Y ) ∩ Z ⊂
X + (Y ∩ Z). Hence z = −x0 + z0 for some x0 ∈ X and z0 ∈ Y ∩ Z. Hence
x0 − x = x0 + y + z = y + z0 ∈ Y .

(c)⇒(a) Take an arbitrary (x, y, z) ∈ Kerϕ. Then there exists x0 ∈
X ∩ Z such that x0 − x ∈ Y . Put y0 = x0 − x and z0 = y0 − y. Then
y0 = x0 − x ∈ Y ∩X and z0 = y0 − y = y0 + x+ z = x0 + z ∈ Z ∩ Y . Hence
(x, y, z) = ψ(x0, y0, z0) ∈ Imψ.

(3) If X ⊂ Y , then (X +Y )∩Z = Y ∩Z ⊂ X + (Y ∩Z). If Y ⊂ X, then
(X+Y )∩Z = X∩Z ⊂ X+(Y ∩Z). If X ⊂ Z, then (X+Y )∩Z = X+(Y ∩Z)
by the modular law. If Z ⊂ X, then (X + Y ) ∩ Z ⊂ Z ⊂ X + (Y ∩ Z). If
Y ⊂ Z, then (X + Y ) ∩ Z ⊂ X + Y = X + (Y ∩ Z). If Z ⊂ Y , then
(X + Y ) ∩ Z ⊂ Z ⊂ X + (Y ∩ Z).

(4) Since X ∩ Y ∩ Z = Z ∩ Y , we can define an R-isomorphism

θ : (X ∩ Z)⊕ (Y ∩X)⊕ (Z ∩ Y )→ (X ∩ Z)⊕ (Y ∩X)⊕ (Z ∩ Y )

by θ(x, y, z) = (x−z, y−z, z) for all (x, y, z) ∈ (X ∩Z)⊕ (Y ∩X)⊕ (Z ∩Y ).
Then we have a commutative diagram with exact rows

0 −−−−→ X ∩ Y ∩ Z η−−−−→ (X ∩ Z)⊕ (Y ∩X)⊕ (Z ∩ Y )∥∥∥ yθ
0 −−−−→ X ∩ Y ∩ Z i−−−−→ (X ∩ Z)⊕ (Y ∩X)⊕ (Z ∩ Y )
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where η(t) = (t, t, t) and i(t) = (0, 0, t) for all t ∈ X ∩ Y ∩ Z. Hence

Imψ ∼= Coker η ∼= Coker i ∼= (X ∩ Z)⊕ (Y ∩X).

In what follows, D is a discrete valuation ring with a unique maximal
ideal πD and a quotient field K.

Let n ≥ 2 be an integer, and let {λij | 1 ≤ i, j ≤ n} be a set of n2 integers
satisfying λii = 0, λik + λkj ≥ λij for all 1 ≤ i, j, k ≤ n. Then Λ = (πλijD)
is a semiperfect Noetherian D-subalgebra of the full n × n matrix algebra
Mn(K), and Λ is a D-order in Mn(K) (see [9]). Following [7] and [13], we
call such a D-order Λ a tiled D-order in Mn(K) (see also Chapter 13 of [11]).
We note that Λ is basic if and only if λij + λji > 0 for all 1 ≤ i, j ≤ n with
i 6= j.

Let V = Kn = (K, . . . ,K) be a simple right Mn(K)-module. Assume
that a1, . . . , an are integers satisfying ai +λij ≥ aj for all 1 ≤ i, j ≤ n. Then
L = (πa1D, . . . , πanD) is a right Λ-submodule of V . We call L an irreducible
right Λ-lattice in V (see [10] and [15]).

The following fact is well known (see Lemmas 1.9, 1.10 of [6]).

Corollary 2. Let Λ = (πλijD) be a basic tiled D-order in Mn(K), and
let X,Y, Z be irreducible right Λ-lattices in V = Kn. Then:

(1) There is an exact sequence

0→ X ∩ Y ∩ Z η→ (X ∩ Z)⊕ (Y ∩X)⊕ (Z ∩ Y )
ψ→ X ⊕ Y ⊕ Z ϕ→ X + Y + Z → 0

of right Λ-lattices.
(2) Suppose that X∩Y ∩Z = Y ∩Z. Then there is a short exact sequence

0→ (X ∩ Z)⊕ (Y ∩X)→ X ⊕ Y ⊕ Z → X + Y + Z → 0

of right Λ-lattices.

Proof. (1) By Proposition 1(1), it is sufficient to show that Imψ = Kerϕ.
Put X = (X1, . . . , Xn), Y = (Y1, . . . , Yn), Z = (Z1, . . . , Zn) where Xj , Yj ,
Zj (1 ≤ j ≤ n) are nonzero ideals of D. Let (x, y, z) ∈ Kerϕ, and let
x = (xj), y = (yj), z = (zj) where xj ∈ Xj , yj ∈ Yj , zj ∈ Zj for j = 1, . . . , n.
Then xj + yj + zj = 0 for each 1 ≤ j ≤ n. Since D is a discrete valuation
ring, Xj , Yj , Zj can be linearly ordered by inclusion, for each 1 ≤ j ≤ n.
Hence by (3) and (2) of Proposition 1, we can find x0 = (x0j) ∈ X ∩Z such
that x0 − x ∈ Y . Hence Proposition 1(2) implies that Imψ = Kerϕ.

(2) This follows from (1) and Proposition 1(4).

Lemma 3. Let X,Y, Z be nonzero ideals of a principal ideal domain.
Then (X + Y ) ∩ Z ⊂ X + (Y ∩ Z).

Proof. Since each nonzero ideal of a principal ideal domain is generated
by a product of prime elements, it suffices to show that max{min{α, β}, γ}
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≥ min{α,max{β, γ}} for any integers α, β, γ ≥ 0. If α ≤ β ≤ γ, then
max{min{α, β}, γ} = γ ≥ α = min{α,max{β, γ}}. Similarly, we can check
the remaining cases.

Remark. (1) The converse of Proposition 1(3) does not hold in general.
By Lemma 3, we can find such examples among ideals of principal ideal
domains. In fact, for example, let R = Z be the ring of integers, and let
X = 2Z, Y = 3Z, Z = 5Z. Then (2Z+3Z)∩5Z = 5Z ⊂ Z = 2Z+(3Z∩5Z),
but no two of 2Z, 3Z, 5Z are related by inclusion.

(2) The sequence of Proposition 1 is not exact in general. In fact, let
R = Z[t] be the polynomial ring over Z in the indeterminate t, and let
X = 2R, Y = tR, Z = (2 + t)R. Then (X + Y )∩Z 6⊂ X + (Y ∩Z), because
2 + t 6∈ X + (Y ∩ Z).

Next, we explore analogous elementary exact sequences constructed by
using more than three submodules of a given module.

Proposition 4. Let R be an arbitrary ring and let X1, . . . , Xm = X0

be R-submodules of a right R-module M , where m ≥ 3. Let
m⊕
i=1

(Xi ∩Xi−1)
ψ→

m⊕
i=1

Xi
ϕ→

m∑
i=1

Xi → 0

be a sequence of R-modules and R-homomorphisms defined by

ψ(y1, . . . , ym) = (y1−y2, . . . , ym−1−ym, ym−y1) and ϕ(x1, . . . , xm)=
m∑
i=1

xi

for (y1, . . . , ym) ∈
⊕m

i=1(Xi ∩Xi−1) and (x1, . . . , xm) ∈
⊕m

i=1Xi. Then:

(1) Kerψ ∼=
⋂m
i=1Xi, Imψ ⊂ Kerϕ and ϕ is surjective.

(2) For any fixed 1 ≤ a ≤ m, the following two statements are equiva-
lent :

(a) Imψ = Kerϕ.
(b) For any (xi) ∈ Kerϕ, there exists y ∈ Xa ∩ Xm such that y −

(xa + · · · + xt) ∈ Xt+1 for all t (a ≤ t ≤ a + m − 3), where the
indices are counted modulo m.

(3) Suppose that there exist 1 ≤ a, b ≤ m such that Xa ⊂ Xi ⊂ Xb for
all 1 ≤ i ≤ m. Then the following two statements are equivalent :

(a) Imψ = Kerϕ.
(b) Xa ⊂ Xa+1 ⊂ · · · ⊂ Xb−1 ⊂ Xb and Xa ⊂ Xa−1 ⊂ · · · ⊂ Xb+1 ⊂

Xb, where the indices are counted modulo m.

Proof. (1) Straightforward.
(2) We can assume that a = 1 by shifting the indices.
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(a)⇒(b) Let (xi) ∈ Kerϕ. Since Kerϕ = Imψ, we have xi = yi − yi+1

(1 ≤ i ≤ m) for some (yi) ∈
⊕m

i=1(Xi ∩ Xi−1), where ym+1 := y1. Put
y := y1 ∈ X1 ∩Xm. Then, for t = 1, . . . ,m− 2,

y − (x1 + · · ·+ xt) = y1 −
t∑
i=1

(yi − yi+1) = yt+1 ∈ Xt+1 ∩Xt ⊂ Xt+1.

(b)⇒(a) Let (xi) ∈ Kerϕ. Then, by (a), there exists y ∈ X1 ∩Xm such
that y−(x1+· · ·+xt) ∈ Xt+1 for 1 ≤ t ≤ m−2. Put y1 := y and yi := y−(x1+
· · ·+xi−1) for 2 ≤ i ≤ m. Then y1 = y = y− (x1 + · · ·+xm) = ym−xm, and
for 2 ≤ i ≤ m, yi = y−(x1+· · ·+xi−1) = yi−1−xi−1. Hence xi = yi−yi+1 for
1 ≤ i ≤ m, where ym+1 = y1. Since y1 ∈ X1∩Xm and yt+1 = yt−xt ∈ Xt+1

for 1 ≤ t ≤ m − 2, it follows that yi ∈ Xi ∩ Xi−1 for 1 ≤ i ≤ m − 1, and
ym = ym−1 − xm−1 ∈ Xm−1 ∩ Xm, because ym = y1 + xm ∈ Xm. Hence
(xi) = ψ(yi) ∈ Imψ.

(3) Without loss of generality, we can assume that a = 1.
(⇒) Let 2 ≤ r < b and take an arbitrary x ∈ Xr. For 1 ≤ i ≤ m, we set

xi :=


−x if i = r,
x if i = b,
0 otherwise.

Then (xi) ∈ Kerϕ. It follows from (2) that there exists y ∈ X1∩Xm such that
y+x = y−(x1 + · · ·+xr) ∈ Xr+1. Hence x ∈ Xr+1, because y ∈ X1 ⊂ Xr+1,
and we get Xr ⊂ Xr+1. Therefore X1 ⊂ X2 ⊂ · · · ⊂ Xb−1 ⊂ Xb.

Let b < s ≤ m and take an arbitrary x ∈ Xs. For 1 ≤ i ≤ m, set

xi :=


x if i = s,
−x if i = b,
0 otherwise.

Then (xi) ∈ Kerϕ. It follows from (2) that there exists y ∈ X1 ∩Xm such
that y + x = y + (xm + · · · + xs) = y − (x1 + · · · + xs−1) ∈ Xs−1. Hence
Xs ⊂ Xs−1 for all b < s ≤ m.

(⇐) Let (xi) ∈ Kerϕ. Put y := x1 ∈ X1 = X1 ∩Xm. If 1 ≤ t < b, then
y − (x1 + · · · + xt) = −(x2 + · · · + xt) ∈ Xt ⊂ Xt+1. If b ≤ t ≤ m − 2,
then y − (x1 + · · · + xt) = y + (xm + · · · + xt+1) ∈ Xt+1. Hence (2) yields
Kerϕ = Imψ.

Remark. We notice that the sequence of Proposition 4 is not always
exact, even if X1, . . . , Xm can be linearly ordered by inclusion. In fact, for
example, consider the submodules X1 = 4Z ⊂ X3 = 2Z ⊂ X2 = X4 = Z of
M = Z. Then it follows from Proposition 4(3) that the sequence

4⊕
i=1

(Xi ∩Xi−1)
ψ→

4⊕
i=1

Xi
ϕ→

4∑
i=1

Xi → 0
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is not exact. However, if we interchange the indices of X2 and X3, then
X1 = 4Z ⊂ X2 = 2Z ⊂ X3 = X4 = Z and the sequence is exact.

The following is a generalization of Corollary 2.

Corollary 5. Let Λ = (πλijD) be a basic tiled D-order in Mn(K), and
let L1 = (L11, . . . , L1n), . . . , Lm = (Lm1, . . . , Lmn) = L0 be irreducible right
Λ-lattices in V = Kn, where m ≥ 3. For each 1 ≤ j ≤ n, let aj , bj be integers
in {1, . . . ,m} such that Laj ,j ⊂ Lij ⊂ Lbj ,j for all 1 ≤ i ≤ m. Let

m⊕
i=1

(Li ∩ Li−1)
ψ→

m⊕
i=1

Li
ϕ→

m∑
i=1

Li → 0

be a sequence of Λ-lattices and Λ-homomorphisms defined by

ψ(y1, . . . , ym) = (y1 − y2, . . . , ym−1 − ym, ym − y1), ϕ(x1, . . . , xm) =
m∑
i=1

xi

for (y1, . . . , ym) ∈
⊕m

i=1(Li ∩ Li−1) and (x1, . . . , xm) ∈
⊕m

i=1 Li.

(1) The following statements are equivalent :

(a) Imψ = Kerϕ.
(b) For each 1 ≤ j ≤ m, Li,j ⊂ Li+1,j for all i ∈ {1, . . . ,m} with

aj ≤ i < bj (mod m) and Li,j ⊂ Li−1,j for all i ∈ {1, . . . ,m}
with aj ≥ i > bj (mod m).

(2) Suppose that the equivalent conditions of (1) hold. Then there is an
exact sequence

0→
m⋂
i=1

Li →
m⊕
i=1

(Li ∩ Li−1)
ψ→

m⊕
i=1

Li
ϕ→

m∑
i=1

Li → 0

of right Λ-lattices. In particular , if
⋂m
i=1 Li = Lm−1∩Lm, then there

is a short exact sequence

0→
m−1⊕
i=1

(Li ∩ Li−1)→
m⊕
i=1

Li →
m∑
i=1

Li → 0

of right Λ-lattices.

Proof. Apply Proposition 4 and the arguments used in the proof of
Corollary 2.

Remark. Condition (b) always holds if m = 3.

As an application of our elementary exact sequence, we compute a min-
imal projective resolution of the Jacobson radical of a tiled D-order given
by Fujita and Oshima [5].
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We use the following notations. Let Λ = (πλijD) be a basic tiled D-order
in Mn(K), and let J(Λ) be the Jacobson radical of Λ. For each 1 ≤ i ≤ n,
let ei ∈ Mn(K) be the matrix whose (i, i)-entry is 1 and the other entries
are 0. For each 1 ≤ i ≤ n, let Pi be the irreducible right Λ-lattice

Pi = (πλi1D, . . . , πλinD)

in V = Kn, and let

Ji = PiJ(Λ) ' eiJ(Λ)

be the radical of Pi ' eiΛ for 1 ≤ i ≤ n. Moreover, we put

Si := Pi/Ji

for each 1 ≤ i ≤ n. Then Pi (1 ≤ i ≤ n) are the indecomposable projective
right Λ-modules, and Si (1 ≤ i ≤ n) are the simple right Λ-modules.

Example 6. We compute minimal projective resolutions of Ji (1 ≤ i ≤
13) for the following basic (0, 1)-tiled D-order Λ in M13(K) where π = πD
(see [15] and Chapter 13 of [11]):

Λ :=



D π π D D π π D D D D D D

π D π D D D D π π D D D D

π π D π π D D D D D D D D

π π π D π π π π π D π D π

π π π π D π π π π π D π D

π π π π π D π π π D D π π

π π π π π π D π π π π D D

π π π π π π π D π π D D π

π π π π π π π π D D π π D

π π π π π π π π π D π π π

π π π π π π π π π π D π π

π π π π π π π π π π π D π

π π π π π π π π π π π π D



.

Let F := D/π be the residue field, and let A be the F -algebra Λ/M13(π). It
follows from [2] that the link graph of Λ is obtained from the Gabriel quiver
Q(A) of A by adding the arrows from non-domains in Q(A) to non-ranges
in Q(A) to the set of arrows of Q(A). Note that Q(A) is the quiver



314 Y. SAKAI

1 2 3

4 5 8 9 6 7

10 11 12 13

Q(A) :

>>|||||||||||||||

77ooooooooooooooooooooooooo

JJ����������

==zzzzzzzzzzzzzzzz

aaDDDDDDDDDDDDDDDD

TT))))))))))

ggOOOOOOOOOOOOOOOOOOOOOOOOO

``BBBBBBBBBBBBBBB

WW...........

<<xxxxxxxxxxxxxxxxx

bbFFFFFFFFFFFFFFFFF

GG�����������

YY444444444444

55lllllllllllllllllllllllllllllll

88rrrrrrrrrrrrrrrrrrrrrr

99sssssssssssssssssssss

NN����������

[[777777777777

\\9999999999999

hhRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

::tttttttttttttttttttt

iiRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

EE













^^<<<<<<<<<<<<<

Step 1. Since J1/J1J(Λ) ∼= S4 ⊕ S5 ⊕ S8 ⊕ S9, J1 has the projective
cover

ϕ : P4 ⊕ P5 ⊕ P8 ⊕ P9 � J1, (x4, x5, x8, x9) 7→ x4 + x5 + x8 + x9.

Note also that the modules P4, P8, P5, P9 satisfy condition (b) of Corollary
5 in that order. Moreover, P4 ∩ P9 = P10, P8 ∩ P4 = P12, P5 ∩ P8 = P11,
P9 ∩ P5 = P13 and P4 ∩ P8 ∩ P5 ∩ P9 = J10. Hence, by Corollary 5, we have
the exact sequence

0→ J10
η→ P10 ⊕ P12 ⊕ P11 ⊕ P13

ψ→ P4 ⊕ P8 ⊕ P5 ⊕ P9
ϕ→ J1 → 0.

Note that P10 ⊕ P12 ⊕ P11 ⊕ P13

ψ
� Imψ is a projective cover, because

Im η ⊂ (P10 ⊕ P11 ⊕ P12 ⊕ P13)J(Λ). Similarly, we get the exact sequences

0→ J10 → P12 ⊕ P10 ⊕ P11 ⊕ P13 → P4 ⊕ P6 ⊕ P5 ⊕ P7 → J2 → 0,

0→ J10 → P10 ⊕ P11 ⊕ P12 ⊕ P13 → P6 ⊕ P8 ⊕ P7 ⊕ P9 → J3 → 0.

Step 2. Note that Ji (4 ≤ i ≤ 9) have the following projective covers:

0→ J10 → P10 ⊕ P12 → J4 → 0,
0→ J10 → P11 ⊕ P13 → J5 → 0,
0→ J10 → P10 ⊕ P11 → J6 → 0,
0→ J10 → P12 ⊕ P13 → J7 → 0,
0→ J10 → P11 ⊕ P12 → J8 → 0,
0→ J10 → P10 ⊕ P13 → J9 → 0.

Step 3. Note that X := (D, . . . ,D) ∼= J10 = J11 = J12 = J13 and
X/XJ(Λ) ∼= S1 ⊕ S2 ⊕ S3. Hence by Corollary 2, we get the exact sequence

0→ P1∩P2∩P3
h→ (P1∩P3)⊕(P2∩P1)⊕(P3∩P2)

g→ P1⊕P2⊕P3
f→ X → 0.
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If we put Y := Ker f , then we get two short exact sequences

0→ Y → P1 ⊕ P2 ⊕ P3
f→ X → 0,

0→ P1 ∩ P2 ∩ P3
h→ (P1 ∩ P3)⊕ (P2 ∩ P1)⊕ (P3 ∩ P2)

g→ Y → 0.

Note that the projective covers of P1∩P3, P2∩P1, and P3∩P2 are given by
0→ J10 → P8 ⊕ P9 → P1 ∩ P3 → 0,
0→ J10 → P4 ⊕ P5 → P2 ∩ P1 → 0,
0→ J10 → P6 ⊕ P7 → P3 ∩ P2 → 0.

Hence (P1 ∩ P3)⊕ (P2 ∩ P1)⊕ (P3 ∩ P2) has the projective cover

0→ J10 ⊕ J10 ⊕ J10 → P
θ→ (P1 ∩ P3)⊕ (P2 ∩ P1)⊕ (P3 ∩ P2)→ 0,

where P := P4 ⊕ P5 ⊕ P6 ⊕ P7 ⊕ P8 ⊕ P9. Note that

Imh ⊂ [(P1 ∩ P3)⊕ (P2 ∩ P1)⊕ (P3 ∩ P2)]J(Λ).

Hence, the projective cover of Y has the form

0→ Z → P
θ◦g−→ Y → 0,

where
Z := Ker θ ◦ g

= {(x4, x5, x6, x7, x8, x9) ∈ P | x4 + x5 = x6 + x7 = x8 + x9}.
Step 4. Note that

P10 + P12 = J4 ⊂ P4, P11 + P13 = J5 ⊂ P5,

P10 + P11 = J6 ⊂ P6, P12 + P13 = J7 ⊂ P7,

P11 + P12 = J8 ⊂ P8, P10 + P13 = J9 ⊂ P9.

Hence, we obtain a Λ-homomorphism α : P10⊕P11⊕P12⊕P13 → Z defined
by

α :


x10

x11

x12

x13

 7→



1 0 1 0
0 1 0 1
1 1 0 0
0 0 1 1
0 1 1 0
1 0 0 1




x10

x11

x12

x13

 .

Claim 1. If charF 6= 2 then α is an isomorphism.

Proof. First note that 2 ∈ D \ πD and 2 is invertible in D, because
charF 6= 2.

Let (x10, x11, x12, x13) ∈ Kerα. Then 2x10 = x10 + x12 + x10 + x11 = 0,
and similarly 2x11 = 0, 2x12 = 0, 2x13 = 0. Hence (x10, x11, x12, x13) =
(0, 0, 0, 0), so that α is a monomorphism.
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Let (x4, x5, x6, x7, x8, x9) ∈ Z. Since x4 +x5 = x6 +x7 = x8 +x9, we put

2x10 := x4 + x6 − x8 = x9 − x5 + x6 = x4 + x9 − x7,

2x11 := x5 + x6 − x9 = x8 − x4 + x6 = x5 + x8 − x7,

2x12 := x4 + x7 − x9 = x8 − x5 + x7 = x4 + x8 − x6,

2x13 := x5 + x7 − x8 = x9 − x4 + x7 = x5 + x9 − x6.

Further, we put xi = (xi1, . . . , xi13) ∈ Pi (4 ≤ i ≤ 9). Then, for each
1 ≤ j ≤ 13 with j 6= 10, we have x4j+x6j−x8j = x9j−x5j+x6j = x4j+x9j−
x7j ∈ πD. Hence x10 ∈ P10. Similarly, we check that x11 ∈ P11, x12 ∈ P12,
x13 ∈ P13. Hence α is an epimorphism, because α(x10, x11, x12, x13) =
(x4, x5, x6, x7, x8, x9).

Claim 2. If charF 6= 2, then gl.dimΛ = 5 and Λ has no neat primitive
idempotent.

Proof. It follows from Steps 3, 4 and Claim 1 that Jk (10 ≤ k ≤ 13) has
the minimal projective resolution

0→
13⊕
i=10

Pi →
9⊕
i=4

Pi →
3⊕
i=1

Pi → Jk → 0.

Note that every Pi (1 ≤ i ≤ 13) appears in the above resolution, and that
minimal projective resolutions of Jk (1 ≤ k ≤ 9) are given by connecting
the above resolution to the sequences of Steps 1 and 2. Hence gl.dimΛ =
sup{pdJi | 1 ≤ i ≤ 13}+ 1 = 5, and it follows from Proposition 1 of [4] that
no ei (1 ≤ i ≤ 13) is neat.

Step 5. Note that for any x10 = (x10,1, . . . , x10,13) ∈ J10 ⊂ P10, x10j ∈
πD for each 1 ≤ j ≤ 13. Hence we get a Λ-homomorphism β : J10 → Z
defined by

β(x10) = (x10, 0, x10, 0, x10, 0).

Claim 3. If charF = 2 then β is a split monomorphism.

Proof. For any (x4, x5, x6, x7, x8, x9) ∈ Z, put y := x4 + x5 = x6 + x7 =
x8 + x9 and z := x4 − x6 + x8 = −x5 + x7 + x8 = x4 + x7 − x9. Put
y = (y1, . . . , y13) and z = (z1, . . . , z13). Then for each 1 ≤ j ≤ 13 with
j 6= 12, zj = x4j − x6j + x8j = −x5j + x7j + x8j = x4j + x7j − x9j ∈ πD. If
j = 12, then z12 = x4,12 − x6,12 + x8,12 = 2y12 − x5,12 − x6,12 − x9,12 ∈ πD
because 2 ∈ πD. Hence we get a Λ-homomorphism β′ : Z → J10 defined by

β′(x4, x5, x6, x7, x8, x9) = x4 − x6 + x8.

Since we can check that β′ ◦ β = idJ10 , β is a split monomorphism.

Claim 4. If charF = 2, then gl.dimΛ =∞.
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Proof. It follows from Step 3 that there exists a long exact sequence

0→ Z →
9⊕
i=4

Pi →
3⊕
i=1

Pi → J10 → 0.

Claim 3 shows that Z ' J10 ⊕ W for some right Λ-lattice W . Therefore
pdJ10 =∞ and gl.dimΛ =∞.

Remark. Extending the (0, 1)-tiled D-order Λ in M13(K) of Example 6,
for each n ≥ 14, one can construct a basic (0, 1)-tiled D-order Λn in Mn(K)
such gl.dimΛ = 5 if charF 6= 2, and gl.dimΛ = ∞ if charF = 2. In fact,
for example, let An be the F -algebra whose quiver Q(An) is obtained by
adding arrows n → n − 1 → · · · → 13 to the quiver Q(A) of the F -algebra
A = Λ/M13(π), and let Λn be the (0, 1)-tiled D-order in Mn(K) such that
An = Λn/Mn(π). Then gl.dimΛn = 5 if charF 6= 2 and gl.dimΛn = ∞ if
charF = 2 as in Example 6.
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