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A NOTE ON OPTIMAL PROBABILITY LOWER BOUNDS
FOR CENTERED RANDOM VARIABLES

BY

MARK VERAAR (Karlsruhe)

Abstract. We obtain lower bounds for P(§ > 0) and P(§ > 0) under assumptions
on the moments of a centered random variable . The estimates obtained are shown
to be optimal and improve results from the literature. They are then applied to obtain
probability lower bounds for second order Rademacher chaos.

1. Introduction. In this note we obtain lower bounds for P(¢ > 0)
and P(§ > 0) under assumptions on the moments of . Here £ is a centered
real-valued random variable. For instance, we consider the case where the
first and pth moments are fixed, and the case where the second and pth
moments are fixed. Such lower bounds are used in [2, 4, 6, 9] to estimate
tail probabilities. They can be used to estimate P(¢ < E¢) for certain ran-
dom variables £. Let ¢, = (E|¢|P)Y/? and ¢, , = ¢,/c,. Examples of known
estimates that are often used for p = 2 and p = 4 are respectively

1

1222

C1p p/(p—1)
P(¢>0)> (=2 and P(¢>0) >
D,2

2

A proof of the first estimate can be found in [9]. The second estimate is
obtained in [3]. In this note we will improve both estimates and in several
cases we will show that the results obtained are sharp.

In the last part we give some applications of our results. We improve
an estimate for second order Rademacher chaos from [3]. This result has
applications to certain quadratic optimization problems (cf. [1, 3]). Finally,
we give applications to Hilbert-space-valued random variables. In particular,
this improves a result from [2].
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2. Probability lower bounds. The following result is an improvement
of [9, Proposition 3.3.7].

PROPOSITION 2.1. Let € be a centered non-zero random variable and let
€ (1,00). Then

1 p/(p—1)
(2.1) P(&zo>zw<s>o>z(;> (6 (e1,)) "D,

Here ) : [1/2,1) — (0, 1] is the strictly decreasing function defined by
Y(x) =22~V P 4 (1 — g)~ V= y==D/p,

The same lower bound holds for P({( < 0) and P(§ < 0). Moreover, the
estimate (2.1) for P(§ > 0) and P(§ < 0) is sharp.
For all p € (1,00) the following bound holds:

(22) P =0)=P(E>0)

. <012,p)p/(p_1) (1 - ((Clzp) —p/(p—1) - 1) —(p—1)>—1/(p—1).

The estimate (2.1) improves the well-known estimate
P(§ > 0) > (er,p/2)" 7
(cf. [9, Proposition 3.3.7]) by a factor (»~'(c1,))~®~1. The lower bound

(2.2) is not optimal, but in general it is more explicit than (2.1).

In the cases p = 2 and p = 3 one can calculate )~ explicitly. For p = 2,
the inverse is given by ¥~ 1(x) = %—i— %\/ 1 — z2. Therefore, a straightforward
calculation gives the following explicit lower bound, which is sharp as well.

COROLLARY 2.2. Let £ be a centered non-zero random variable. Then
1 1
PE>0)>PE>0) > 5 5\/1 -,

This result can be used to slightly improve certain probability lower
bounds from [4], where the bound ¢7 ,/4 is used.

Proof of Proposition 2.1. By symmetry it suffices to consider P(§ > 0).
By normalization we may assume that ¢, = 1, and therefore ¢ = c¢; = ¢1p.
Let pp = P(§ > 0) and py = P(§ < 0). Let & = max{{,0} and {_ =
max{—&,0}. Then 0 = E¢ = E{, —E{_ and ¢ = E[¢| = E&, + EE_. Tt
follows that E{T = E(™ = ¢/2. Let u = E¢Y. Then 1 — u = E¢”. By the
Cauchy—Schwarz inequality we have

P /20 = (B&, )P = (B&y sign(&y))” < B&X (Esign(&y)P " = up) .
Therefore, py > (?/2Pu)Y/ =1, Similarly, po > (c?/2P(1 —u))Y/ =1, 1t
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follows that

&\
=1-PE< <1-— <l— (| — .
D1 (£<0)< p2 < (2p(1—u)>

Hence, to estimate p; from below, we only need to consider the u € (0,1)

which satisfy
P\ /(1) P 1/(p-1)
— <1—(— .
() =-(w)

This is equivalent to

2 _ 1 1 Pt
o 2 W= e Y g gren )

¢ < (u) = 2w VP 4 (1 — o)~V =) ==1)/p,

Notice that ¢ is strictly increasing on (0,1/2] and strictly decreasing on
[1/2,1). One easily checks that there exists a unique ug € (0,1/2] and a
unique uj € [1/2,1) such that ¢(ug) = ¢p(u1) = c. Moreover, ¢ < ¢(u) if and
only if u € [ug,u1]. It follows that (¢?/2Pu)Y/P=1) attains its minimum at
u1, and therefore

1> (0/2)23/(13—1)“1*1/(17*1)‘

This completes the first part of the proof.
To prove (2.2), note that it suffices to estimate ¢~! from above, or equiv-
alently 1 from above. Clearly for all x € [1/2,1),

Y(x) <21+ (1 — )"V === D/p —: ().

Now a~(z) =1 — ((z/2)~?/°=1) —1)~(=1) This clearly implies the result.
To prove the sharpness of (2.1) let ¢ € (0,1] be arbitrary and let p =

(c/2)p/(p_1)u;1/(p71), where u; = ¢ ~1(c). It suffices to construct a centered
random variable £ with E|¢[P = 1, E[¢| = c and P(€ < 0) = p. Let 21 = ¢/2u
and z9 = ¢/2(1 — p), and let £ = x; with probability p and £ = zo with
probability 1 — p. Then E|{| = ¢ and

(' + (A=)

op c p/(p—1) 1) 1-p
2p(cp“1+<1‘(z> " ))
p D p/(p—1) 1-p
5 (e () o))
C

Cp

p_ —_

SRS
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In [3] it is shown that if & satisfies E¢ = 0, E¢? = 1, E¢* < 7, then
P(¢ > 0) and P(¢ < 0) are both greater than or equal to (2v/3 —3)/7. Below

we will improve that result. More precisely, we obtain sharp lower bounds
for P(£ <0), P(¢€ >0), P(§ <0) and P(¢ > 0).

PROPOSITION 2.3. Let £ be a centered non-zero random variable. Then
P(E>0)>PE>0) > f(ciQ), where

1 1 [z—1 3V3 3
2 aVers MTEM )
23 f)=
2v3 -3 . 3v3 3
T ifx > ——— .
T 2 2
The same lower bound holds for P({§ < 0) and P(§ < 0). Moreover, the

estimates are already sharp for P(§ > 0) and P(¢ <0).

Proof. By symmetry we only need to consider P(¢ > 0). By normal-
ization we may assume that c; = 1 and therefore ¢ := ¢} = Ci?‘ The
proof of the first part is a slight modification of the argument in [3]. Let
p1 =P(£ > 0) and py = P(€ < 0). Let £ = max{&,0} and {_ = max{—¢,0}.
Then 0 = E§ = E§, — EE_. Let s = E€T = E£. By Holder’s inequal-
ity we have IE{_%_ < (Efi)l/?’sz/?’ and E€2 < (E&*)'/35%/3, From this and
1 =E¢ =E&2 + E€2 we deduce that

c>E& + Bt > (B3 )3s72 + (B2 ) s 2 = (u® + (1 —u)?)s™2,

where u = E{i. On the other hand, by the Cauchy—Schwarz inequality we
have

s? = (B&y)? = (B&y sign(€y))? < EEE (Esign(€y)) = upr.
Therefore, p; > (u? + (1 — u)3)/uc. Minimization over u € (0,1) gives u =
1/v/3 and p; > (23 —3)/c.

Next we improve the estimate for ¢ € [1,3+/3/2 — 3/2). In the same way
as for py, one can show that py > (u® + (1 — u)3)/(1 — u)c. Therefore,
ud 4+ (1 —u)?

(1 —u)c
If we combine this with the lower estimate for py, the only u € (0,1) which
have to be considered are those for which

ud + (1 —u)3 1 ud + (1 —u)?
uc - (1—u)c

p=1-PE<0)<1-p2<

One easily checks that this happens if and only if

1 1 c—1< <1+1 c—1
u J— J—
2 2Ve+3 7~ T2 2Ve+3

= Uui.
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For the ¢’s we consider one may check that 1/v/3 ¢ (ug, uy). Therefore, the
minimum is attained at the boundary. Since g(up) = w1 and g(u1) = uo,
up is the minimum of g on [ug, u1]. This shows that p; > up.

To show this estimate is sharp for z > 33 /2 — 3/2 we will construct a
certain family (£.):>0 of random variables. Let € > 0 be not too large. Let
& be equal to x;(¢) with probability \;, for i = 1,2,3. Let

3 3 3vV3 3
)\1: **i /C, )\2:]—* \[*7 /Ca )‘3:(2\/573)/0
2 2 2 2
Let x2(e) = —¢, and let z1(¢) < 0 and z3(e) > 0 be the solution of
EE = May + dog +A323 =0, B2 = \jwd + Aoe? + A3zl = 1.
Notice that
1-1V3 V3
_73\[ ﬁ, z9 =0, acg(O) — L
2-V3 2—-3
For £ > 0 small enough one may check that z1(¢) < z2(¢) < 0 < x3(¢) and
P(& > 0) = A3. Moreover,

lifg E¢l = liﬂr)l Mzi(e)+Xoxa(e) + Azza(e) = M\z](0)+Aazy(0) + A3z (0) = c.
3 13

z1(0) = Ve.

This part of the proof is complete.
The sharpness of the result for z € [1,3v/3/2 — 3/2) follows if we take
for £ a random variable with two values. Indeed, let

1
xgzi\/2+20+2\/(c—1)(c+3), x1 = —1/x9,

A1 = x9/(x2 — 1) and Ay = —z1/(x2 — x1). One easily checks that E¢ = 0,
E&? =1, E¢* = ¢ and

1 1 je—-1
AMl==-—= . m
2 2Ve+3

In [3] also a lower bound is obtained if one uses the pth moment instead
of the fourth moment. It is shown that P(§ > 0) > %c;;p/(p_m. In the next

remark we improve the factor i.

REMARK 2.4. Let £ be a centered non-zero random variable and let
€ (2,00). Then

P(E>0) > P(E > 0) > 16,7/ (3 —a/p) /0D 1)

e+ 1 _op/p-2
> ; Cp’2p/ (r—2)
Proof. Tt follows from the proof in [3] that

- — 1
PE>02 min oI, S0 = L0 - Yen,
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The function f has a minimum at v = wug in [1/2,1). Moreover, it satisfies
f’(uo) =0.

Indeed, if uy € (0,1/2) were a minimum point of f, then f(1 — ug)
< f(up), which is impossible. That a minimum u exists on [1/2,1) and that
it satisfies f'(u) = 0 is clear. A calculation shows that f'(u) = a(u)g(u),
where a(u) > 0 and

g(u) = puP™ = p(1 — P u — p(1 — w)P 72 +2(1 — )P~
Therefore, f'(u) = 0 if and only if g(u) = 0. Let us estimate ug from above.
Since g(up) = 0, we have

2 _
<1—w?”(1‘>=ud%2—wl—wV*»
p

As ug > 1/2, we obtain

- ?(1-2) 2 S - - wp )
and therefore
> (3—4/p) VP2 41,

uQ
We conclude that
Fu) > ((3—4/p) VP2 L )Pt 4 (1 — )P~/ (=2
> ((3—4/p) P2 1) i
The final estimate follows from (3 — 4/p)1/(p—2) leaspl2. m

3. Applications. We will need the following estimate for second order
chaoses. It is well-known to experts. For a random variable £ and p € [1, 00),
let [[€]l, = (E[¢[P)"/7.

LEMMA 3.1. Let (&)i>1 be an i.i.d. sequence of symmetric random vari-
ables with E|&;|>=1 and E|&|* <3. Then for any real numbers (a; j)1<i<j<n,

(3.1) H Z §i&jaij 4§<4/BH Z §ijaij

1<i<j<n 1<i<j<n

)
Moreover, in the case (&;)i>1 is a Rademacher sequence or a Gaussian se-
quence the inequality (3.1) is sharp.

Proof. For j > i let a;; = aj; and let a;; = 0. By homogeneity we may

assume that
2 1
_ § 2 _
2 Ty

(3.2) H Y Ggay

1<i<j<n 1<i<j<n

Let (vi)i>1 be a sequence of independent standard Gaussian random vari-
ables. Since E|&;|? < E|y;|? and E|&]* < E|v;|*, we have
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(3.3) | > agau|, <] X e,

1<i<j<n 1<i<j<n

Denote by A the matrix (a;;)1<i j<n. By diagonalization we may write A =
PDPT where D = ()\;) is a diagonal matrix and P is an orthogonal matrix.
Clearly, (Avy,v) = (Dv',7'), where v = (y1,...,7v,) and v/ = PT~. Since P
is orthogonal, 4" has the same distribution as . Therefore,

= E(Av,7) = E(Dy,7) ZA
Similarly one may check that Y1 ; A? = 1. It follows that

E(47,9)* = EDY, ) =E| 3 xa? - 1) —362/\4+24Z/\2
=1

< 36(Zn:)\§>2 + 24Zn:)\? = 60.
=1 =1
Therefore,

1
= —E(Ay,7)* <

4
E‘ Z ViV Qi
1<i<j<n
By (3.2) and (3.3) this implies the result.

To show that the inequality (3.1) is sharp it suffices to consider the case
where the (&;);>1 are standard Gaussian random variables. Indeed, if (3.1)
holds for a Rademacher sequence (&;);>1, then the central limit theorem
implies (3.1) for the Gaussian case. Now assume (&;);>1 are standard Gaus-
sian random variables. Let a;; = 1 for all 7 # j and a; = 0. Notice that
Y icicjen Si€jais = 3(AE,€), where € = (&)i,. For the right-hand side of

(3.1) we have
2 1
H > &gay , = > ai= n(n2 )-

1<i<j<n 1<i<j<n

As before, we may write A = PDPT, where D is the diagonal matrix with
eigenvalues (\;)]; of A and P is orthogonal. It is easy to see that the
eigenvalues of A are n — 1 and —1, where the latter has multiplicity n — 1.
By the same calculation as before it follows that

E(AE, ) —GOZ)\4+24Z)\2/\2—36 —1)*+n)+24((n—1)%+n)%
i#]
Letting C denote the best constant in (3.1) gives
36 2(n —1)?

(= 1)+ m) + 1o (0= 1+ ) < 0

16 4
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Dividing by n*/4 and letting n tend to infinity yields 9 4+ 6 < C*, as re-
quired. m

By standard arguments (cf. [9, Chapter 3]) using Holder’s inequality one
also deduces from Lemma 3.1 that

(3.4) H 3 gigjaij| < 15(- 2/2PH > gay| forpe ),
1<i<j<n 1<i<j<n

H Z fifjaij <1527 /2pH Z fzfjaw for p € (0,2).
1<i<j<n 1<i<j<n

As an immediate consequence of Proposition 2.3 and Lemma 3.1 we
obtain the following result. We state it for Rademacher random variables,
but the same result holds for random variables (&,),>1 as in Lemma 3.1.

PROPOSITION 3.2. Let (1)i>1 be a Rademacher sequence. For any real
numbers (a;;)i i,

2v/3-3 3
P( Z TiT Qg > 0) > 715 > ﬁ
1<i<j<n

If not all a;j are identically zero then

2v/3 -3 3
IP( Z Tirjaij>0)2\[ >

1<i<i<n 15 100

This result has applications to certain quadratic optimization problems
(cf. [1] and [3, Theorem 4.2]). It improves the known result with 1/87 from
[3, Lemma 4.1].

A conjecture (see [1]) is that the estimate in Proposition 3.2 holds
with 1/4. The methods we have described will probably never give such
a bound, and a more sophisticated argument will be needed. However, an-
other conjecture is that for a Rademacher sequence (7;);>1 and p =1, (3.5)
holds with constant 2, i.e.

<o T o,

H E T’iT‘jai]’

1<i<j<n 1<i<j<n

If this were true, then Corollary 2.2 implies that
1 1 1
IP’( ,,,,>0>>,_, 3> —
2 iy 20) 25 -5 V3> g5
1<i<j<n
. . 3
which is better than 155.

REMARK 3.3. Let (7;)i>1 be independent exponentially distributed ran-
dom variables with En; = 1 and let £ = > " | a;(n; — 1) for real numbers
(a;)i>1. In [3] the estimate P(§ > 0) > 1/20 has been obtained. It follows
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from Proposition 2.3 and (see [3])

(3.6) (BIE[M)* < 9(EI¢P)2.

The inequality (3.6) is optimal. As in (3.5) we see that (3.6) implies
(E¢*)'? < CEl¢))

for a certain constant C' < 3. One the other hand, taking n = 2 and a; = 1,
az = —1 gives C' > /2. It is interesting to find the optimal value of C. If
this value is small enough, then Proposition 2.1 will give a better result than
1/20.

A similar situation can be considered if one replaces 7; by 2.

Next we prove another probability bound. A uniform bound can already
be found in [2].

COROLLARY 3.4. Let (r;)i>1 be a Rademacher sequence. Let (H,(,-))
be a Hilbert space. For any vectors (a;)_, from H,

0 B[ Snel| < () )2 202 2
(38) P(Hi;”“i —(Z”a”)m) 2\f53 130'

For real numbers (a;)}", (3.7) holds with constant 3/8 (see [5]). A well-
known conjecture is that it holds with 1/2. Again, for real numbers (a;)?_;,
(3.8) holds with constant 1/10 (see [8]). A conjecture (see [4]) is that it holds
with constant 7/64.

Poof of Corollary 3.4. As in [2] one can show that

P(ng z(§||a@-||2)”2)=ﬂ”( >, mirjey 2 0)

1<i<j<n
where a;; = 2Re((a;, a;)). Therefore, (3.8) follows from Proposition 3.2. The
proof of (3.7) is the same. m

In the next result we obtain a probability bound for Gaussian random
variables with values in a Hilbert space.

ProPOSITION 3.5. Let H be a real separable Hilbert space and let G :
2 — H be a non-zero centered Gaussian random variable. Then

(3.9 223 <o) > @161 < .

By [7] the upper bound % is actually valid for Gaussian random variables
with values in a real separable Banach space. We also refer to [10] for related
results on Gaussian quadratic forms.
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Proof of Proposition 3.5. It is well-known that we can find independent
standard Gaussian random variables (v )n>1, orthonormal vectors (an)n>1
in H and positive numbers (A,)p>1 such that G = > -, VAn Ynarn, where
the series converges almost surely in H. The convergence also holds in
L?(£2; H). Notice that

&= |GIP -EIGI> =Y M7 - D),

n>1

so that as in Lemma 3.1, E€2 = 23", A2 and E¢* < 603", -, A\2. Therefore
the lower estimate follows from Proposition 2.3. = a
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