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MOVING AVERAGES

BY

S. V. BUTLER and J. M. ROSENBLATT (Urbana, IL)

Abstract. In ergodic theory, certain sequences of averages {Ax f} may not converge
almost everywhere for all f € L'(X), but a sufficiently rapidly growing subsequence
{Ap,, f} of these averages will be well behaved for all f. The order of growth of this sub-
sequence that is sufficient is often hyperexponential, but not necessarily so. For example,
if the averages are

1 4k ok ,
Af(@) = o D f(T72),

j=4k 41

then the subsequence Az f will not be pointwise good even on L, but the subsequence
Agk f will be pointwise good on L'. Understanding when the hyperexponential rate of
growth of the subsequence is required, and giving simple criteria for this, is the subject
that we want to address here. We give a fairly simple description of a wide class of averaging
operators for which this rate of growth can be seen to be necessary.

1. Introduction. Let (X, B, u,T) be a measure-preserving system and
f a p-almost everywhere finite B-measurable function. We denote by 15(z)
the characteristic function of B. We will use the notation n; " oo for a
non-decreasing unbounded sequence {ny}.

Let {(nk, lx) }72, be a sequence of pairs of natural numbers. In a number
of articles, the a.e. convergence of averages

g+l
1) Af@) =~ S f(TIa

R jmnpt1
is considered for specific sequences {(ng,lx)}72,. We need to describe the
background for these types of averages because we will be giving some results
that use them. Our results give examples of when convergence occurs and
when it does not based on the growth rate of various parameters.

In [1] it is shown that for ny, = k and I, = vk there exists an f € L™ for
which a.e. convergence of Ay f fails. From work in [3] one sees that if nj, = 4%
and I, = 2F then convergence fails. On the other hand, it can be shown
that if n, = 22" and Il = \/ny; then a.e. convergence of Ay f occurs for all
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f € L' (see [2]). The above-mentioned results also follow, respectively, from
Theorem 2.5 (with u(k) = logy logy v/k), Theorem 2.8 (with u(k) = log, k),
and Theorem 2.2 in the present paper.

For a non-empty, finite set I of non-negative integers let || be the car-
dinality of I. We consider averaging operators

1 i
(2) Arf(@) = 7 2_f(T").
i€l

If I ={ngp+1,...,n5+ I} then the averages (1) and (2) coincide.

For two sets of integers A and B we denote by A — B the set of integers
j for which there is b € B so that j+b € A; in other words, (j+ B)NA # 0.
Given intervals [a,b], [c,d] we define the interval

[a,b] — [e,d] = [a—d,b—c].

Let {I,,} be a sequence of finite sets of non-negative integers. Let
n

Q) = | — 1)
i=1

Notice that Q(n) < >, |I, — I;|, and that equality occurs if and only if
all sets I,, — I; are pairwise disjoint.

DEFINITION 1.1. We say that the strong sweeping out property holds for
operators A, if and only if for every e > 0 there is aset B € B with u(B) < ¢

such that
limsup A,1p(x) =1 for a.e. z,

n—oo
liminf A,15(x) =0 for a.e. x.
n—oo
We will need the following theorem and remark. They are Theorem 2.5
and Remark 2.6 respectively in [4].
THEOREM 1.2.

(a) Let {I,} be a sequence of finite sets of non-negative integers. If

QW)
®) ¢ =sup =7

< o0

then for any measure-preserving system (X,B,u,T), f € L' and
A > 0, we have

C
p(sup [Ar, f| > A) < 5 £l x)-

(b) Let {I,} be a sequence of finite intervals of non-negative integers.
Suppose

lim Qn) =

n—oo |I,| o

(4)
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Then in every non-atomic ergodic probability measure-preserving sys-
tem (X, B, u, T) the operators Ay, have the strong sweeping out prop-
erty.

REMARK 1.3. In general, assumption (4) cannot be replaced by the
weaker
Q(n)
5 sup —
(5) w7
However, if the sequence {|I,,|} is increasing then property (5) suffices to
deduce the strong sweeping out property.

In Example 2.7 in [4] it is stated that if I, = [n%,n? + n) then the op-
erators Ay, have the strong sweeping out property (this result also appears
in [2]). Considering subsequences of Ay, , the example shows that the subse-
quence Ay, f converges a.e. for f € L', where n, = [2(119)°] for a positive 6,

Q.

but ns = 2" for a fixed positive integer ¢ gives the subsequence Ay, that
has the strong sweeping out property. All these statements are clear from
results in this paper. See Example 2.9 and Remark 2.3.

There is an alternative approach to Theorem 1.2 that is different (at least
formally) and which we will find useful here. Let {2 be an infinite collection
of lattice points with positive second coordinates. Define

2, =A{(z,5) : |z —y| < a(s —r) for some (y,r) € £2, (z,s) a lattice point}.
In other words, {2, is the union of lattice points in cones with aperture «
and vertex in 2. The cross section of {2, at integer height A > 0 is
Qo(N) =A{k: (k,A) € 2,}.
For an ergodic measure preserving point transformation 7" on (X, B, u)

define the maximal function associated with the set {2 by
k+n

Mof(z)= swp = S [f(T72).

(ke ™ 57
The next two theorems are from [2].
THEOREM 1.4.
(a) Assume there exist constants B and o > 0 such that |2,(X)| < BA

for every integer A > 0; then Mg, is weak type (1,1) and strong type

(p,p) for 1 <p < oo.

(b) If Mg, is weak type (p,p) for some p > 0 then for every a > 0 there
exists By, < 0o such that for every integer A\ > 0 we have |£24(N)]
< BaA.

The linear growth condition for £2,(-), i.e. the existence of B, < oo such
that [£2,(A)| < BaA for every integer A, is called the cone condition. It holds
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for a particular o > 0 if and only if it holds for all @ > 0. So we may consider
the aperture a = 1. We say that 2 satisfies a linear growth condition if there
exists a constant B < oo such that [£2(\)| < B for every integer A, where
Q) =21 (N).

THEOREM 1.5. Let 2 = {(ng,li) : I / oco}. If the linear growth condi-
tion on |£2,(N)| fails, then the operators

1 ng+lg )
Af =1 2 fol’
Jj=ngr+1

have the strong sweeping out property.

In all of the results above, there is a common feature that certain se-
quences of averages may not converge almost everywhere in general, but
a sufficiently rapidly growing subsequence of these averages will be well
behaved. The order of growth of this subsequence is typically hyperexpo-
nential. This is the phenomenon that we want to address here. We describe
1) classes of averaging operators for which this rate of growth can be seen
to be necessary, and 2) other classes for which it is excessive despite all of
the examples.

2. The interval condition. In this section we consider intervals I, =
[m§ 4+ 1,m{ 4+ mt], where my is a non-decreasing sequence of integers and
s >t > 0. The associated averages in this case have the form

1 mi—&—m}i .
Apf = — oT7.
of=r 2 f
Jj=mj+1
They arf the averages Ay f in (1) with (ng,l;) = (m§,m}). Notice that
‘Ik‘ = my,

S_

Ik—Ij:[mZ—mj

and for 1 < j <k,
(6) mi < |Ik—Ij|:m}i+m§—1§2m};.

mé—i—l,mi—i—m};—m}?—l],

REMARK 2.1. The intervals I}, — I;41 and I, — I; intersect if and only if

S _
J

We say that the intervals I, — I;, ..., I — I;, | > i, are linked if the intervals
I, — Ij4q and I, — I; intersect for j =¢,...,1 — 1. The resulting interval

s t t
mip—m mjgmk—z

[mj —mj —mf + 1,mj, + mj, —mj — 1]
has length
Ll7i:mf€+mf+mf—mf—1.
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In particular, if the intervals Iy — I1,..., I — I; are linked then we obtain
the interval

[ —mf —mj +1,mi, + mj, —mi — 1]
with the length
(7) Ly =mj, +mj +mj —mj — 1.
Here is a convergence result under a hyperexponential condition on the
subsequence being chosen.
THEOREM 2.2. Let s > t be integers. If my = 22" then for every f €
LY (X) the sequence of moving averages
1 mk—i-mk
Af=— > foT’
"k jZm 41

satisfies the weak (1,1) mazimal inequality
C
plsup [Aef| > A) < Sl

Proof. The theorem will follow if we show that condition (3) of Theorem
1.2 is satisfied. Let n be a natural number such that s/t < 2". This is
equivalent to saying that mj_, < ml, where k& > n. Then for j = 1,...,
k—n-—1,
mjﬂ—m;—m; §mj+1—2§mz_n—2§m};—2.
By Remark 2.1 the intervals Iy, — Iy, It — Ip_nn_1,..., I — I7 are linked,
and since m{_ < mfc, the resulting interval has the length
Li—p=mh +mj_, +mh_, —mi—1<3m}.
Now we estimate (k) using (6):
Q(k) < [Ix — Ii| + -+ + Iy — Ik—nt1] + Ly—n
< (n = DI = Il + Li—p < (20 + 1)mj
It is clear that condition (3) of Theorem 1.2 is satisfied. =

REMARK 2.3. It is easy to see that the previous theorem holds for m; =
[abp(k)] where a,b > 1 and p(k) is a polynomial of degree > 1. The remaining
results in this section are stated for my = [22u(k>], but they are also valid for

my = [abu(k)] where a,b > 1.

LEMMA 2.4. Suppose that my = [22u(k>], where u(k) is non-decreasing,
u(k) = o(k), u(k) — oco. Let p < 1. Then for any integer M,

me—m
8
(8) Sup P

= Q.
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Proof. Assume that there exists an integer M such that for all &,
my—yp < Dmb

for some constant D. For simplicity, we will use C' to denote different con-
stants. Let w(k) = 2“), Then

2w(ka) 1< mpy < (D 2w(k))p — 2pw(k)+C‘

Consequently,
2w(kz—M)(1 _ 2—w(l<:—M)) S 2pw(k)+C’

With (k) = logy (1 — 27%*=M)) we have
w(k — M) +~(k) < pw(k) + C.
For a = logy(1/p) > 0 this gives
24=M) 4y (k) < 2470 4
gulk=M) (1 | () . 2 ul=M)y < guik)=a(] 4 (. g-ulk)Fay.

We rewrite it as
2u(k—M)+o¢(k) S 2u(k:)—a+ﬁ(k)’

where
a(k) =logy(1 + (k) - 27~y B(k) =logy(1 4 C - 274R)F),

Now
u(k — M) +a(k) <
— 0,

Note that a(k) —
we have a + a(k) —

)—a+B(k), u(k)>ulk—M)+a+ alk)—pB(k).

u(k
B(k) — 0 as k — oo. Choose k' such that for all k > k'
B(k) > a/2. Then for all k > ¥/,

u(k) > u(k — M) + 2.

2
Also,
u(k + M) >u(k)+%
Then a a a
u(k+2M) >u(k+M)—|—§ >u(/<:)+2§ >2§.
In general,
u(k + jM) >j%.
Taking k = k' +jM, j =1,2,..., we see that

u(k) ja a

> — —

k2K + M) 2M

as j — oo, i.e. as k — oo along the arithmetic progression k = k' + jM.
This contradicts our assumption that u(k) = o(k). Therefore, (8) holds. m

>0
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Here is a companion result to Theorem 2.2 which shows that under suit-
able regularity the hyperexponential condition of Theorem 2.2 is necessary.
The regularity assumption here addresses cases where {my} is increasing
rather slowly; other cases will be treated later.

THEOREM 2.5. Let t be an integer, s =t + 1. Let my, = [22u<k)], where
u(k) is non-decreasing, u(k) = o(k), u(k) — oo and mygy; — my < B for
some constant B. Then the operators Ay where

1 karmk
Ak;f = 7t Z f ¢} Tj
My, Jj=mj+1
have the strong sweeping out property.

Proof. We need to show that

Q(k)
(9) sup
The statement will then follow from Remark 1.3.
For a given k, let J(k) C {1,...,k— 1} be the set such that the consecu-
tive intervals I, — ;41 and I, —I; are disjoint for j € J(k). If {|J (k)| : k € N}
is unbounded then, by (6),

Qk) > > I — Ij| > |J(k)|mj,

JjEJ (k)

= Q.

so (9) is satisfied.

Now suppose that {|J(k)| : k£ € N} is bounded, i.e. there exists an integer
M such that |J(k)| < M for all k. This means that for each k the intervals
I —1I;, 5=1,...,k, form no more than M + 1 linked pieces. Fix k. Let

kE>In>ry>Inag2>2ryaa>->h > >1

so that we have N (where N < M + 1) linked parts as follows: the intervals
Iy —1Ip,,..., I — I, are linked with the total length

t t .
Ly = my +mj, +my, —my, —1;

the intervals Iy, — I;,, ..., I — I, are linked with the total length

¢ t
Ly = my +mj, + my, —m;, — 1;

and so on, the intervals Iy, — I;, ,,..., I — I, , are linked with the total
length
Ly = m}; + mfol + m}thl B miN—l -1

and finally, I, — I, ..., Iy — I, are linked with the total length
(10) Ly =mj +mj, +mj, —m; —1.
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Now

Q(k)ZLN—i-LN_l—i-"‘—i-LQ—FLl
= mp +mj, +mi —mi

t s t S
tmptmy gy My
+mk + my, + me —my,

+m§€+m?1+m§1_mf‘1_N

Note that r; < M and k — M < Iy < k since |J(k)| < M. We see that

Q(k) >miy, — (miy —miy_ ) —(miy_ —mi )= —(m, —mf).
Then
S
ay BT
my, my,
> _mf“N B mlszv_1 _ mf'Nfl o mfN—Q L miz - mlsl
m m; mp

To estimate the terms on the right hand side of (11) suppose we have
r,leN, | <r<l+ M < k. By the assumption of the theorem, m, —m; <
M B, so by the binomial formula,

ms —mi < (m, —my)smit = s(m, —my)ml < sMBm.
Therefore,

s _ S t
My 7T sMB<m’”> < sMB.
my,

There are at most M terms in (11). So all these terms are bounded by the
same constant that does not depend on k. Then

k m;
Q(t) > —lf - C.
my my

The integer [y depends on k, and we write x = ly). Notice that my_p <
myy (k) for every k. Using Lemma 2.4 we see that

Q(k)

l _
sup — Zsup#—Czsup ktM—C’:oo-
EooMy k my k my

Here is a more general version of the need for hyperexponential growth
on the subsequence. We need this simple observation. Suppose we have two
sets of cones, one with the set of vertices 2 = {(n,l;)} and the other with
the set of vertices 2 = {(ny, lx)}. Suppose ngy1 — ng < nj; — ny. Then
at each level A the cross section (2'(\) is not smaller than the cross section
Q2(N). So if {2 fails the linear growth condition then (2’ also fails the linear
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growth condition. If £’ satisfies the linear growth condition then so does (2.
See also Lemma 3 in [2].

THEOREM 2.6. Let p and t be integers, p > t. Let my = [22 ], where
u(k) is non-decreasing, u(k) = o(k), u(k) — oo, myy1 —my < B for some
constant B. Then the operators

my+mp
Aef=— Y foTl
] =m{+1

have the strong sweeping out property.

Proof. For s = t+ 1, my = [22u(k>] the averages Ay have the strong
sweeping out property by Theorem 2.5. Let 2 = {(m{,m}) : k € N} and
2" = {(m},m}) : k € N}. By Theorem 1.4, £2 does not satisfy a linear growth
condition. Taking a = myy1, b = my and observing that a? —b” > a®—b°® we
see from the comment above that for £2’ the linear growth condition also fails.
Theorem 1.5 then gives the strong sweeping property for the averages Ay. m

EXAMPLE 2.7. The basic example of this result is when u(k) = log, logs k.

We can also establish the need for hyperexponential growth of the subse-
quence of alternative regularity assumptions as in the following. This result
is meant to handle cases where {my} is increasing rather quickly, in contrast
with the previous results.

THEOREM 2.8. Let s and t be integers, s > t. Let my, = [22" o )], where
u(k) is non-decreasing, u(k) = o(k), u(k) — oo. If 2ulk+l) _oulk) > B
eventually for some constant B > 0 then the operators

mk—i-mk

Akf—it Z foT?
my,

Jj=mj+1
have the strong sweeping out property.

Proof. The theorem will follow from Remark 1.3 if we show that

(12) sup Q(k) =
k mk

We will use notations from the proof of Theorem 2.5. As in that proof, (12)
holds if {|J(k)| : & € N} is unbounded. So assume that |J(k)| < M for
each k. Then from (10) it follows that for each k,

Q(k) > Ly =mj +mj +mj, —m; —1>mj —m;

TN TN
Assume that for all &,
Q(k) < Cmj,
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for some positive constant C. Then
mj, <ms  + Cmj.

Here In = Iy(x), "N = T depend on k. We will write [(k) = Iy(x), r(k) =
TNk and w(k) = 24(k) | There is no harm in assuming that (k) > (k) and
r(k) — oo as k — oo. We have

My(k)y < My(k) + sz/s.

Choose E > 1 such that logy F < B/2. Let a = 1/E, f =1— «a. Then
amy(g) + ﬁml(k) < My ) + Cm}i/s.
Note that k& — (k) < M, so my_pr < my@y. By Lemma 2.4 we must have

By = C’mk/ , and hence amy) < m, ), for all k in some infinite set K.
For all k € K we have my;) < Em, ;). Then

Qullk) _ 1 < . gu(r(k)

So
qu(l(k) < QW(T(k))(E + 2_“)("'(]“))).

Then
w(l(k)) — w(r(k)) < logy(E +27*0®)) < B/2,

which contradicts the assumption w(j + 1) — w(j) > B of the theorem. =

EXAMPLE 2.9. Suppose my, = [2P%)] or my, = [p(k)], where p is a polyno-
mial of degree at least 1. Then Theorem 2.8 (applied with u(k) = logy p(k)
and u(k) = log, log, p(k) respectively) implies that pointwise convergence
of the averages Ay f fails for f the characteristic function of a measurable
set. Notice that Theorem 2.5 does not apply here unless my, = [p(k)] and
the degree of p is one.

At the expense of some additional technicalities, the previous theorem
can be strengthened.

THEOREM 2.10. Let s and t be integers, s > t. Let my = [22u(k>], where
u(k) = o(k),u(k) is non-decreasing, u(k) — oo. Suppose 20 — gulk=1) >
10f(u(k)) where f(z) > 0, f(z ) N 0 as z — oo. If there exists 0 < a <
1 —t/s such that f(u(k)) > m,;“ then the operators

mi+my,

A= Z S
k

have the strong sweeping out property.
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Proof. The theorem will follow from Remark 1.3 if we show that

(13) sup Q(]:) =00
Eo My

We will use notations from the proof of Theorem 2.5. As in that proof, (13)
holds if {|J(k)| : & € N} is unbounded. So assume that |J(k)| < M for
each k. Then from (10) it follows that for each k,

Q(k) = Ly = mj +mj, +mj, —mj, —1>mj —m}
Here (as in Theorem 2.5) Iy = Iy, ™~ = Tn(x) depend on k. We will
write [(k) = Ingy, 7(k) = rvw) and w(k) = 2u(k) We may assume that
[(k) > r(k). Suppose that for all k,

Q(k) < Cmj,
for some positive constant C. Then

Let E), = 3/(wk) ) = 1/Ex, Brp=1—ap, p=t/s+a<1.
1) We shall show that eventually

1 E;

15 — = —— < mf.
(15) By  Br—1- %
Indeed, mj, < 2mf{ — 2, so using the fact that

log(1
(%) lim 70g( +2) =1,
z—0 T

and hence eventually = > %bg(l + x), we see that

1112 1
B)) > moe > - = Zlog(1 .
flulk)) 2 m* 2 5 me 172 3°g< +mg—1)

Since 3f(u(k)) > log(1 + 1/(m{ — 1)), we have E, —1 > 1/(m{ — 1), and
then

1 B 1
— = =1 < m¢.
Br Ep—1 +Ek—1*mk

2) By Lemma 2.4, my_ps > 3m}, > 3m{ eventually. Therefore,
200D > gy > my_pg > 3mig > 2mif + 1.
Then 2v((F) — 1 > 2mg, so

2 < 1
qull®) — 1 " m

Let (k) = (2@®) — 1)2-w(k) | Using again () we have

1 2 .
—logy y(k) = log, (1 T Sulm) — 1> < ey 7 <M < flulk)).
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So

(16) —logy (k) < f(u(k)).
3) Note that p = t/s+a < 1. Using Lemma 2.4 and taking an appropriate
subsequence if needed, we may assume that
lim %M

k—oo mi

Recall that £k — M < (k) < k. So we also have
myk)

lim - = 00
k—o0 mk

Then for all k > k; (for some ki), myyy > Cmf, ie. by (15),

Brmyy > Cmil®.

Since ay, + [k = 1, from (14) we see that for all k > ky,
QEMy (k) < Mep(k)-

Then
qwl(k) _ 1 < myy < gu(r(k))—log, k.

that is,
w(l(k)) +logy y(k) < w(r(k)) — logy .
Then by (16) and the definition of ay,

w(l(k)) —w(r(k)) < —logy (k) —logy i < 7f (u(k)).
On the other hand, by the assumptions of the theorem,

w(l(k)) —w(r(k)) = 10f(u(l(k))) = 10f (u(k)).
The contradiction shows that we must have (13). u

EXAMPLE 2.11.

(a) Consider u(k) = o(k) where u(k) = logy(logy k + vk). Then my, =
k‘[2‘/E] Note that 2¢(F) —2u(k=1) 0 and my —my — oo as k — oo.
We cannot apply Theorem 2.5 or 2.8, but it is easy to see that the
conditions of Theorem 2.10 are satisfied. Hence, the averages Ay
have the strong sweeping out property.

(b) Let u(k) = logy vk, or more generally, u(k) = log, k* for some
0 < o < 1. In this case my = [2F"]. Note that 2¢() — 2u(k=1) _, @
and my1 —my — o0 as k — oo. Again, while Theorems 2.5 and 2.8
are not applicable, we may use Theorem 2.10 to conclude that the
averages Ay have the strong sweeping out property.

In the previous theorems we needed some extra regularity requirements
in addition to the conditions that u(k) = o(k), u(k) is non-decreasing, and
u(k) — oo in order to get the strong sweeping out property for Ag. The
next example shows that in general we do not get the strong sweeping out
property without additional requirements of some sort.
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EXAMPLE 2.12. Let s = 2, t = 1. Define u(k) = n whenever 2"+1 < k <
2"l p =1,2,.... Then u(k) = o(k), u(k) is non-decreasing, u(k) — co.

Fix k. Say, 2" +1 < k < 27l 50 u(k) = n. For any 1 < i < n the
intervals I, —1I; and Iy — Iy are equal for 2041 < j, t <271 Let 1 < i < n.
If j =2, ie. j+1=2+1, then u(j+ 1) =i and

m?+1_mj2‘_mj SW?H—Q:?ZHI —2<2” —2=my —2.

By Remark 2.1 the intervals I}, — I 1 and I — I; intersect. Let [ = 2", so
le = my. Notice that all intervals I, — I;, ..., I — I; are linked with the
total length, given by (7),

L:mk+ml2+ml—m%—1<3mk.

Then
k k
Qk) = ‘ U(Ik_lj)‘ < ‘ U(Ik—lj)) +‘ U —Ij)‘
j=1 j=1 Jj=l+1
< 3myg + ‘Ik — Ik’ < 3myg + 2my = dmy.
Hence,
QW) _ e
ko k| ko Mk

and by Theorem 1.2 the sequence {Af} of moving averages satisfies the
weak (1,1) maximal inequality.

3. The cone condition. There are several basic properties of subse-
quence results for moving averages that need to be put in the record. These
all relate to the use of Theorem 1.4; they give a general framework in which
to view the technical estimates in the previous section. The arguments given
here also show how to work effectively with the cone condition. See [2] for
additional information and related results. According to the discussion in
the introduction, we may consider cones with aperture 1, and we denote
21 (A) by 2()).

Two cones with vertices (v;,l;) and (vj,;) where v; < v; are disjoint at
the level X if and only if
(17) v — v+l 4+ > 20
The cross section of the cone with vertex (v;,[;) at the level A > [; is 2(A—1;).

We consider the averages

1 Vit ‘
Apf = e Z foT'
i=vE+1

PROPOSITION 3.1. Given a sequence ly < ly < --- there exists {vn} such
that the linear growth condition for £2 = {(v,lx) : k € N} fails.
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Proof. We take any positive v1 < vy and construct v,,’s in dyadic blocks.
Namely, for each k& € N let

vV = Vi1 + 2
for i = 2% +1,...,2 where
>\k = lgkﬂ-
Without loss of generality we may assume that [ > 2, so l? —; > %lf for
all i. Since v; — v;_1 > 2\ for i = 28 +1,..., 281 from (17) we see that
the cones with vertices (v;,1;) are all disjoint for i = 2% +1,...,2F1 at the
level \z. Note that Ay > I; for i = 28 +1,..., 251, Then
2k+1
2(\g)
5 > Z e — 1) > Qk()\k —lgkt1) = Qk(lng — lokt1)
i=2k41

> 2 E = 2R
Hence,
2(\g)
Ak

It is clear that the linear growth condition fails for (2. m

> ok,

REMARK 3.2. This result says that no matter how fast {l;} grows, there
can be {vg} such that {(vg,lx)} does not satisfy the cone condition.

PROPOSITION 3.3. Given vy, — oo there exists lj, — oo (not necessarily
strictly increasing) such that the linear growth condition fails for

2= {(vk,lk) ke N}

Proof. Let M; ,/ oo be a sequence. We construct the sequence [ in
blocks that correspond to the sequence M;.

Pick vy, > 0. For i = 1,..., Mj choose vy, such that vy, — v, , > 4M;.
Define [,,’s in the block corresponding to Mj by l,, = M; forn =1,..., kpy, .

For i = My +1,..., My + My choose vy, such that vy, —vy, | > 4M>. De-
fine /,,’s in the block corresponding to Ms by [, = My for n = kpr, 41, kar 41
+ 1, kM-

In general, let j > 3. For ¢ = My +---+M;_1+1,..., My +---+ M;
choose v, such that vy, —vg,_, >4M;. Define I, = M; for n=kns, ...+ 0, +1,
kanygont 41+ 1o Ry -

For A = 2M; we have, for ¢ = My +---+M;_ +1,..., My +--- + M;,

Uy — Uky_y = 4Mj > 2\ — lki — lki—l’

which by (17) means that the cones with vertices (vy,,lx;) are disjoint for
i:M1—|—---—l—Mj_l—I—l,...,Ml—l----—l-Mj. At the levelz\:2Mj we have
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M; disjoint cones, each contributing 2(\ — lx,) = 2M; to £2(\). Then
200
2

20) | 2M; A
LA - M; =2,
AT 2M; 72
It is obvious that the linear growth condition for 2 = {(vg,lx) : k € N}
fails. m

2
> luj .
So

REMARK 3.4. This result says that once one moves away from the best
scenario where v, = 0 for all k, then one cannot guarantee that {(vg,lx)}
satisfies the cone condition by just assuming that { — oo.

Here is an obvious fact, but one that is useful nonetheless.

LEMMA 3.5. Suppose we are given {vi}. Then for any {lx} such that
vi /g is bounded, if l — oo, then the averages

v+l
Arf =1 Z fol
i=vi+1
converge a.e. for every f € L' to
=1 T
= Jm 7 Zf °

Proof. Since {v/lx} is bounded, the max1mal function of { Ay f} is finite
a.e. and this is sufficient for the result to follow since I, — oo. More directly,

v+l
Z foTZ ()
1=vE+1
Vg Vg
v + g 1 3 1 v+ g V,
= — oT"——=— " I(x)+-—=I(x
U Uk“‘lk;f lk Uk;f Uy () Ik (@)
1)+lk
v + U 1 :
< TZ Tl
b vk+lszo Uszo

i=1
Say v/l < b. For every € > 0 the first term in the last line is no larger
than (b+1)e if [}, is large enough. Also, the second term is no larger than be
for large enough k. This follows fairly easily from vy /I being bounded and
Il — oo even though {v;} is not assumed to be bounded nor itself going to
infinity. m

Now we can easily see that for any v, — oo, even though there may be
{1} for which {(vg,lx)} do not satisfy the cone condition, there will be some
{l.} for which they do.
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COROLLARY 3.6. Given {vy} there exists a rate Ly such that for any
{lp} with ly > Ly the averages

1 v+l .
Akf = E ‘ Z f ¢} 71Z
1=vi+1

converge a.e. for every f € L.

Proof. Take Ly = max{k,vi}. Then if I}, > Ly, we have vy /l; bounded
and [ — oco. Now apply Lemma 3.5. u

EXAMPLE 3.7. Let vy = k. If [}, is strictly increasing then
1
lkZ(k—1)+112k:—12§k.

By Lemma 3.5 the averages
1 v+l '
Af =7 D foT

i:vk+1
converge a.e. for every f € L'. This shows why in Proposition 3.3 it may
not be possible to have {l} strictly increasing as well.
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