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Abstract. The class of linear (resp. quadratic) mappings over a commutative ring is
determined by a set of equation-type relations. For the class of homogeneous polynomial
mappings of degree m > 3 it is so over a field, and over a ring there exists a smallest
equationally definable class of mappings containing the preceding one. It is proved that
generating relations determining that class can be chosen to be strong relations (that
is, of the same form over all commutative rings) iff m < 5. These relations are already
found for m < 4. The purpose of the present paper is to find the first of two parts
of generating relations (namely, all the 3-covering relations) satisfied by homogeneous
polynomial mappings of degree 5. Moreover, we find some strong (m — 2)-relations for any
degree m > 4.

1. Preliminaries. Let R be a commutative ring with 1, and let X,Y
be R-modules. A mapping f : X — Y is called a homogeneous polynomial
mapping of degree m if it is obtained from a form of degree m between X
and Y in the sense of N. Roby [7]. Note that such a form is an ordinary
form (in n variables) if X = R™ and Y = R. Any homogeneous polynomial
mapping f : X — Y of degree m is an m-application, that is, it satisfies the
following conditions:

(A1)  f(rx)=r"f(z) forr € R, x € X,
(A2) A™f:X™ — Y is a (symmetric) m-linear mapping over R,

where A"f: X" - Y (n=0,1,2,...) is defined by the formula
A", a) = > (D) (Y @)
HC[1,n] ieH
and [1,n] = {1,...,n} (see, for example, [1]). If m > 0 then f(0) = 0 and
hence A" f can be defined inductively as follows: Al f = f and
(+) (A" ) (@0, wn) = (A" f) (w0 + 21,22, -, T)
— (A" f)(xo, 2, ..., xn) — (A" f)(x1,22,...,20).
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Moreover, (A" f)(x1,,...,x,) = 0if z; = 0 for some i and A" f is, evidently,
symmetric. It is proved in [3] that any m-application which is a homogeneous
polynomial mapping of degree m is also regular. This means that () = A™~!f
satisfies the following reqularity condition:

(A) (Tﬂj‘, Y, _) - r(x, sY, _) - S(T‘fL‘,y, _) + ’I”S(ﬂ?,y, _) =0
forr,se R, z,y € X

where — stands for the remaining m — 3 variables. The condition has some
interesting consequences, listed in the following

THEOREM 1 (|3, Proposition 2.5|). If f is a regular m-application on X
then for any ri,v,s € R, x5, € X the mapping () = A™ L f satisfies the
following equalities:

(]‘) (Tlxlv s )Tmflxmfl)
m—1

=3 T Tt (T, 1, T, T 1 - T—1)
— (m—2)r1...rm_l(wl,...,xm_l),
(2) Z;’;_ll(xl,...,xi_l,rwi,xi_,_l,...,xm_l)
(r + (m—=2)r)(z1,...,2m-1) =0,
(3) (rsz,—) =r(sz, —)+52(7“~T,—) —rs*(z, —),

(4) (7“ z, —) (r+7%)(re, =) —r3(z, —),
(5) (r—r Y(sz,—) = (s — s%)(rz, =) + (rs? — r2s)(z, —).

The functor of regular m-applications on X is represented by Km(X ),
defined as the R-module generated by elements & (x), z € X, with relations
meaning that 6 : X — A" (X) is a regular m-application (that is, f =8
satisfies (A1), (A2) and (A)). Thus any regular m-application f on X has a
unique expression in the form f = f 08" where f is an R-homomorphism.

In order to find all equations satisfied by homogeneous polynomial map-
pings of degree m, we consider the mth divided power I'"(X) of X (see, for
example, [7]), and the following homomorphism:

" =h"(X): A"(X) = (X)), B0 (x) = 2™,
Finding generators of Ker(ﬁm) allows us to describe generating equations,
called covering relations for the functor Hom; of homogeneous polynomial
mappings of degree m (see [2]).

Let {x1,...,x;} be the standard basis of the module R*, k = 1,2,....
Define

Ik — rmk(R) = R{xyl) . ‘-xg’“); Zij =m, i; > 1} c I'™(R*),

Zmﬂk = Kmk(R) = R{(mxl, .. Tkxk) T1y...,Tk € R} C Zm(Rk),

—m,k  m —“~m,k m
R =R g gyt AT (R) = T *(R),
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Fm.k i i
R (rixn, . reTy) = Z(T‘lfﬂl)( D () )
()

_ ZTH i 11) x}g’tk)

where () = AF§™" and (i) runs over all sequences of positive integers iy, . . . , i
satisfying i1 + - - - + i = m. Since ((i1,...,i)) := l‘g”) e ml(;’“) form a basis
of I'*(R), we can also consider the “coordinate homomorphisms”

1L

— 7k . .
i A" (R) = R, 1L, . (raxy,... rpxy) =717k

Since A™ is a functor, we can substitute any elements for the base elements
Z1,...,%k, obtaining an R-homomorphism on Zm(Rk) In particular, any
permutation of x1,...,z; gives us an automorphism of Km(Rk), or, conse-
quently, of Zm’k(R). Another example is the substitution of z; for xx, which

gives us a homomorphism Ak (R) — Zm’k_l(R), as follows from (x) (this
is used in the proof of Theorem 2 below).

Any system of covering relations of the functor Hom; is composed of
partial systems of so-called k-covering relations (for any k > 1), and these

relations arise from generators of Ker(ﬁm’k). In order to obtain relations from
generators, it suffices to change the meaning of the symbols (r1z1, ..., mkxk)
as follows: () means now AFf instead of AF§™ and 1, ..., z) become arbi-
trary elements of the domain of f.

It follows from [2] that 7™ is an isomorphism for k =1 and £k > m—1.In
other words, (A1), (A2) and (A) form for any such k a system of k-covering
relations of the functor Hom%. That system is strong, meaning that it is
of the same form over any base ring R. The only other strong k-covering
systems exist for (m,k) = (4,2),(5,3) and (5,2) (see |2, Main Theorem
6.2]). Such a system is found for (4,2) in [4], and for (5,3) it is described in
the present paper. The last case will be considered in the second part of the
paper (in preparation).

Our goal requires investigating Ker(ﬁg)’s) or, more generally, Ker(ﬁm’md).

We assume that m > 4, so m — 2 > 2. If we denote B2 by h then

E(lel, oo s T —2Tm— 2)
Z re...ri— 17‘ Ti4+1 - .’l“mle'gl) . 2(1)1{[}( )xz(-li-)l l’g)_Q
+ Z rl...r?...r?...rm_gscgl)...mgz)...xf)...:cg)_Q.

1<i<j<m—2
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—“~~m,m—2
(

2. Some useful elements of A R). For any r € R, consider the

following elements of A™"™" 2(R):
(ry = (re1, 2, ..., Tm—2) + (X1, 722, .. ., Tip—2) + -+ (T1, T2, .. ., Ty —2),
[r] := (re1, 21,22, ..., Tm—2) + (T1, 722,22, ..., Tpy—2) + -+

+ (21,29, o, T2, T2) — 72 (21, 1, T2, . . ., Tyy2)

+ (21,22, %2, ..., Tm—2) + -+ (T1, T2, ..., Tm—2, Tm—2))

—3(r —r?)(z1, T2, .., Tm_2)

= (r+1) — {r) — (1) = r2((2) — 2(1)) = 3(r — r*) (21, T2, . - ., Ty—2).
Observe that E(ml, .eeyTm—g) = 03 + 09 where
Z G 137(3)5‘3521 1‘1(71)727
e S o a®ea P 0

1<i<j<m—2
The proof of the following fact is a straightforward calculation.

LEMMA 1. The following equalities hold for any r € R:

(1) h((r)) = (r* + (m = 3)r)os + (2r* + (m — 4)r)o,
(2) h([r]) = (r —1%)02,

and (2) means that
(3) My 5..1([F]) =0,y 2. 2. .1([r]) =7—17%
where the positions of 3 and 2 can be chosen arbitrarily.

Let P :
— 1

COROLLARY 1. P([r]) =72 —r for any r € R.

Km’mJ(R) — R denote any homomorphism of the type Il . 3.1

2,...2,..,1- The above lemma yields

PR e RS

The following fact generalizes Proposition 2.2 of [4].

THEOREM 2. The submodule [R] = R{[ ;7 € R} on’”””‘Z(R) is 1s0-
morphic under P to the ideal I(R) = (r?> —r;r € R). The inverse homomor-
A% (R) = Ker(P) & [R).

Proof. By the above corollary, P gives an epimorphism of [R] on I(R).
We must check that P is mono on [R]. Assume that ), a;[r;] € Ker(P)
for some a;,7; € R. This means that ), ai(r? — ;) = 0, and we define
s=>.a;r? =3 . a;r;. Consider the element

U= Zai(ri:nl,:vg, ce 1) €A

phism splits P, therefore A

—“~m,m—1
(

R)
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where {1,..., 2,1} is the standard basis of R™~!. Since 7™ is mono
(see Section 1) and
m—1
B (u) = Z az(rzxg ) LT+ r¢x1x§2) TR+ TiT1T 52) 1)
)
= 3(9352)332 TR+ xlxg) e T+ T . gn) )
1
=0""" (s(x1, ..., Tmo1))

it follows that u = s(x1,...,xy,—1). Returning to Zm’m_Z(R) by the substi-
tution x,,—1 = x1 we obtain

E ai(riT1, 1, o Tm—2) = S(T1,T1, ..., Tim—2)-

Symmetric considerations give us also

g ai(x1, ..., 1T, Ty Tm—2) = S(T1, ..., L5, T, ..., Tp—2)
for j = 2,...,m — 2, and therefore
E az‘[ﬁ'] = g ai (1T, T, .o, Tpe2) + oo F E ai(T1, -, TiTm—2, Tm—2)
2
= a;ri (21,21, .., Tm—2) =Y @i (@1, T2, Tn—2)

i

- 3Zai(ri — ) (21, T2)
i

=s(x1,21,. -, Tm—2) + -+ 8(x1,...,Tm—2, Tm—2)
—s(x1, @1,y Tm—2) — - — S(T1, ..., T2, Tip—2) = 0. m

COROLLARY 2. For any r,s € R we have

) I+l =[]+ Is] 4+ 7sf2),

[rs] = r(s] + s°[r],

(r? = 7)[s] = (s* = s)[r],

2[r] = (r* —r)[2], [2r] = (27’2 r)[2],

[r]=[1-r], [0]=[1]=0, [2
if 2 —1r = 2s then [r] = []
) if s is invertible then [s71] =

J=[=1,

_3[

(1

(2)
(3)
(4)
(5)
(6)
(7 s].

—S

For any r € R, let us introduce the following element of Zm’m_Z(

S(r) = (r) = (r® + (m = 3)r)(x1, 22, ..., Tm—2) + (1 = 7)[r]
= (re1,22, .., Tm—2)+(T1,7T2, .. ., Tm—2)+- -+ (T1, T2, .. ., TTi—2)
— (7“3—|—(m—3)7‘)(m1,x2,...,$m,2)—|—(1—T)[r].

It follows immediately from Lemma 1 that

R):
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COROLLARY 3. S(r) € Ker(h).
For m = 4 the element
S(r) = (ray,x0) + (z1,729) — (r* + 1) (21, 22) + (1 — 7)[r]
is zero ([4, Lemma 3.2]). In contrast, for m = 5 the element
S(r) = (rxy, xa, x3) + (z1,7@0, 23) + (21, 2, 723) — (1° + 27) (21, T2, 23)
+ =)

is, in general, non-zero, because the corresponding relation is not satisfied
by the following regular 5-application f : Z3 — Zs defined in [5, p. 178]:

s(s+1)t(t+1) +8r(r+1)t(t+1)

flrey + swo + tas) =

2 2 2 2
+tr(r+ 1) s(s+1)
2 2
1 1 tt+1
—i—rst(l%-r(T; )—i-S(S;_ )—i- ( —; )) mod 2.

In fact, (rz1,sxe,txs) = f(rey + sxo + tws) gives us (x1,z2,23) = 1 and
(=21, 22, 23) = (w1, —22,23) = (¥, 72, —x3) = 0, hence

f(S(—l)) = (—z1,22,23) + (21, —x2,23) + (1,22, —23) + (71, T2, 23) = 1.
Finally, let us introduce the element
Cy(r,s) := (rz, sy, —) —r(z,sy,—) — s(ra,y, —) + rs(z,y, —)
of A" 2(R), which satisfies the following:

LEMMA 2.

h(Ci(r,s)) = (r —r*)(s = s*)((2, 2,1,---, 1))
(2) 1 1
=(r—r?)(s— 52)x 2! )---fﬁ‘fn),g-
Proof. Observe that II;, ;, . i (Ci(r, s)) is zero if 4 = 1 or i2 = 1. In the
remaining case, lla21. 1(C1(r,s)) = (r —r%)(s — s?). u

3. The submodule A;. Let us consider the submodule
Ay = A1(R) := R{(ra1, 29, ..., xm_0); 7 € Ry C A" (R).

Observe that E(’Fﬂ?l,ﬂfg,...,Im_Q) Z(Z r“xfl (1’" 2) then the
conditions 4; > 1 and i1 + -+ + ty—2 = m give i} = 1 2 or 3 Hence we
have only three different coordinate homomorphisms on Zl. Let 11y, 1o, I3 :
A1 — R denote these homomorphisms, that is, compositions of the homo-
morphism le with suitable projections:

7 .
IL(rzy, x2, ...y Tm—2) =1', =123
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In the previous notation we have, for example,

Ih =1L 1slx,, He=1Iboi alx, Hs=1I31 1[5,

Define II = II;, P = 1I; — IIy, Q = II; — II3 and observe that the definition
of P is compatible with the previous notation. Then

Ker(h|a,) = Ker(IT;) N Ker(Ilz) N Ker(I13) = Ker(IT) N Ker(P) N Ker(Q).

In what follows, we will write z1 = x, and abbreviate (rz1,zo,...,Zm—2) to
(rx,—), and (rx1, 821,22 .., Tm-2) to (rx,sz,—). Then we have I, P, Q :
A1 - Ra

N(re,=)=r, Plra,=)=r—r’ Q(rz,—)=r—r".
Since (rx, sz, —) = ((r + s)z,—) — (rx,—) — (sz, —) we also have

COROLLARY 4.

(1) (re, sx,—) =0,

(2) P(ra,sx,—) = —2rs,

(3) Q(rx,sx,—) = —3(r?s + rs?).

4. Computation of Ker(Q). Consider first the homomorphism @ :
A1 — R, Q(rz,—) = r—r3. The goal of this section is to prove the following
generalization of |4, Theorem 3.1|, using, in fact, the methods of the original
proof.

THEOREM 3. The submodule Ker(Q) is generated by elements of the fol-
lowing two types:

(1) (rsx,—) —r(sz,—) —s3(re,—), r,s € R,
(2) 3(rx,—)+ (1 —r)(re,z,—), r € R.

It is easy to compute that the above elements belong to Ker(Q). Con-
versely, observe that Q(Q(u)z, —) = Q(u) — Q(u)? = (1 — Q(u)?)Q(u) for
u € Ay. If we define T(u) = (1 — Q(u)?*)u — (Q(u)z,—) then the above
gives us T'(u) € Ker(Q). Since also T'(u) = u for u € Ker(Q) it follows that
Ker(Q) = {T(u); u € Ay}

Let ~ and = denote the congruence relations modulo the elements of the
type (1) and of both types of Theorem 3, respectively. We must prove that
T(u) =0 for any u € A;. First we need some lemmas.

LEMMA 3. Q(u)v ~ Q(v)u for u,v € Ay.

Proof. Since @ is linear, it suffices to assume that v = (rz,—), v =
(sz,—). Then
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= (r—r3)(sz,—) — (s — %) (rz, —)
= (r(sz, =) + s3(rz, =) — (s(rz, =) + r3(sz, —))
~ (

rse,—)— (srz,—) =0. =

Qu)v — Qv)u

LEMMA 4. For any elements r € R and u,v € Ay we have
(1) T(ru) ~ r*T(u),
(2) T(u+v) ~T(u)+T(v).
Proof. (1) Using Lemma 3 we compute that
T(ru) — 3T (u)
= (1= r?Q(u)*)ru— (TQ( )z, —) — (1= Q(u)*)u+1r*(Q(u)z, -)
= ru— Q) u — ru + 9Q(u)u — (rQ(u)r, —) + 1 (Q(u)z, -)
~ (= 13)u — Q(u)(rz, —) = Q(m “Ju - Qu)(ra, ) ~ 0
(2) First observe that
T(u)+T(w) —T(u+v)
= (1= Q()*)u — (Qu)z, =) + (1 = Q)*)v = (Q)z, )
— (1= Qu+v)*)(u+v) = (Qu+v)z,~)
= (1-Qu?)u+ (1 -Q)*)v— (1 - Qu)? - Qv)* = 2Q(w)Q(v))(u + v)
+(Qu+v)r, —) — (Qu)z, —) — (Q(v)z, —)
= Q(v)*u + Q(u)*v +2Q(u)Q(v) (u +v) + (Q(u)z, Q(v)z, ).
Because of (A), Lemma 3 and Corollary 4 we get
(Q(u)z, Q(v)z, —)
= Q(@,Q(s), ) + QW -) = Q) ,)
Qz,Qv)z, —)u+ Q(Q(u)z, z, —)v — Qu)Q(z, z, —)v
= = 3(Q()* + Q(v)u — 3(Q(u)* + Q(u))v + 6Q(u)v
~ =3(Q(v) + DQ(u)v — 3Q(u)*v + 3Q(u)v
= —3Q(u)(Q(u) + Q(v))v.
On the other hand, we have
Qv)*u + Q(u)*v + 2Q(u)Q(v)(u + v)
~ Q(u)Q(v)v + Q(u)?v + 2Q(u)*v + 2Q(w)Q(v)v = 3Q(u)(Q(u) + Q(v))v
by Lemma 3. This completes the proof. =

x,
2

LEMMA 5. For any r € R we have

(a) (z,—)~0,
(b) (rPw, =) ~ (r+7r°)(rz, -),
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(c) (rPz, =) ~ (r? +rt +r0)(re, -),

(d) (=z,—-) =0,

(e) (—7“1‘, _) = —(T‘{L‘, _)a

(f) (re,—rx,—)=0,

(g) (rz,—r3z,—) = —r*(1 —r)(rz,z,-),

h) (r—rdz, ) =1 —-r2—r* =% (rz, ) —r*(1 - r)(rz, 2, -).

Proof. (a) Put r = s =1 in element (1) of Theorem 3.
(b) (rPa, =) = (r-ra, =) ~r(rz, =) + r’(re, =) = (r +1°)(ra, -).
(c) We have (r3z, —) = (r?-rz, —) ~ r2(rz, =) +r3(r’z, =) ~ r?(ra, —)+
34+ (rz, ) = (r2 +r* + % (rz, -).
(d) It follows from (a) that (—z,z, —) ~ —(—z, —). Then putting r = —1
in (2) we obtain (—z,—) = 0.
(e) Putting s = —1 in (1) we get (—rz,—) ~ r(—z,—) — (rz,—) =
—(raz, =) by (d).
&) (re,—rz,—) = (r = rz,—) — (rx,—) — (—rz,—) = —(rz,—) +
(rxz,—) =0 by (e).
(g) Using Theorem 1(3),(4) and (f) we compute that
(re, —r’z,—) = (rz,r - (—r)z, —)
= ri(re, —rz, =) — r(re, e, =) + r°(re, z, —)
= —r(ra, (—r)%x, =) + r(re, z, —)
= —r((r? = r)(rz, —rz, =) + r3(rz, z, =) + r°(rz, z, —)

=1 —r)(rz,z, —).

= (rx,—) — (r’e,—) — (1= r)(re, z, —)

Proof of Theorem 3. Because of Lemma 4, it suffices to check that T'(rz, —)
= 0 for r € R. Using Lemma 5(h) we compute that

T(rz,—) = (1= (r—r*)?)(rz, =) = ((r —r’)z,-)
=(1-r*+ ot — Y rz, =) — (1 —r% =t = (rz, )
+ 7‘4(1 —r)(re,x,—) = 37‘4(rm, —)+ T4(1 —r)(re,x,—) =0

by (2). This completes the proof.
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5. Submodules Ker(Q) N Ker(P) and Ker(h) N Aj. Recall that
Ker(h) N Ay = ﬂ Ker(II;) = Ker(II) N Ker(P) N Ker(Q).

Observe that, for any r,s € R,
O((rsz, —) — r(sz,—) — s°(rz, —)) = —rs>,
n3(re,—)+ (1 —r)(re,z,—)) = 3r,

by Corollary 4. Then, using the element (z, —) € Ker(Q), we can exchange
the generators of Ker(Q) from Theorem 2 in the following way:

COROLLARY 5. Ker(Q) is generated by the elements

(1) Cy(r,s) == (rsz,—) —r(sz,—) — s3(rz, =) +rs®(x,—), r,s € R,

(2") Cs(r) :=3(re,—) = 3r(x,—)+ (1 —r)(rez,z,—), r € R,

3) (z,-).

The profit we get is the following: Ca(r, s), C3(r) € Ker(Q) NKer(II) and
I(z,—) =1.

COROLLARY 6.

(1) Ker(Q) = (Ker(Q) NKer(Il)) ® R(x, —),

(2) Ker(@Q) N Ker(II) is generated by the elements Ca(r,s), Cs(r) for
r,s € R.

It is easy to compute that
P(Co(r,5)) = (r —r*)(s* = s%),  P(C3(r)) =7 —1?,

hence for any r, s € R the elements Cy(r, s)— (s> —5*)C3(r) belong to Ker(P),
and consequently to Ker(h).

COROLLARY 7. Ker(Q) is generated by the following elements:

(1) Ba(r,s) := Co(r,s) — (s*> — s3)C5(r), r,s € R,

(2) C3(r),r € R,

3) (z,-)
and Ba(r, s) € Ker(h) N Ay. In other words,

Ker(Q) = Ba + C3 + R(z, —)

where

By = R{Bs(r,s); r,s € R} C Ker(h) N A1, C3=R{C3(r); r € R}.

It follows from the above that Ba(r,s) and Cs(r) generate Ker(Q) N
Ker(IT). We will show that the elements Ba(r, s) and (x, —) generate Ker(Q)N
Ker(P), and the elements Ba(r, s) generate Ker(h) N Ay, that is, Ker(h) N
A1 = By. First we prove some auxiliary facts.
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LEMMA 6. For any r,s € R, we have

(1) 2(rz, sz, —) = 2rs(x,z,—) + (rs® + r2s — 2rs)(z, z,z, —),
(2) C5(2) = (z,2,—) — (z,2,2,—),

(3) (—T.’L‘, _> + (Tl‘, _) = T2C3(2)7

(4) Ca(r,—1) = (r* —r)C5(2).

Proof. (1) Theorem 1(5), for r = 2, gives us
sz, x,—) = (s* — 5)(2z, 2, —) + (45 — 25%)(z, =, —).
Hence using (A) we obtain
2(rx, sx,—) = 2(r(z, sx,—) + s(re,x, —) —rs(x,z,—))
=r((s® = 5)(2x,x, —) + (45 — 25?)(z,z, —))
+s((r2 = )2z, z, =) + (4r — 2r)) (z, z, —)) — 2rs(x, x, —)
= (rs* +r%s — 2rs)(2z,x, —) + (6rs — 2rs* — 2r%s)(z, 2, —)
= (rs® +r%s — 2rs)(z, z,z, —) + (2rs® 4+ 2r’s — 4rs)(x, z, —)
+ (6rs — 2rs® — 2r%s)(x, x, —)
= (rs® +r%s — 2rs)(z, z,z, —) + 2rs(z, z, —).
2) We have C5(2) = 3(2z,—) — 3 - 2(z,—) — (2z,2,—) = 3(z,x,—) —

(

2(z,z,—) + (z,z,2,—-)) = (x,z,—) — (z,x,z,—).

(3) Using (A), (A2), (1) and (2) we compute that

(—rx,—)+ (ra,=) = — (=rz,rz,—) = (re,rx,—) + (—rz,ra, re, —)
=2 (re,x, =) — r*(x, 2, —) — r’(x, 2,2, —)
=22 (z,z,—) + (r* — ) (z, 2,2, —) — (2,2, —)

—r(z,z,z,—)

=r2((z,z,—) — (z,z,z,—)) = r’C3(2).

(4) Since Cy(r,—1) = (=rz,—) —r(—z,—) + (rz,—) — r(z, —) we can
apply (3) to write it as r2C3(2) — rC3(2). =

PRrROPOSITION 1. For any r,s € R we have

(1) Cs(r+s) = Cs(r) + C3(s) + rsC3(2),
(2) C3(rs) — rCs(s) — s2C3(r) = 3Ba(r,s) — (s> — s3)Ba(r, —1).

Proof. (1) Observe that
03(?" + S) — 03(7“) — 03(8)
=3((r+s)x,—)=3(r+s)(z,—)+ (1= (r+9)((r+s)z,z,—)
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—3(rz,—)+3r(x,—) — (1 —r)(rz,z,—)
—3(sz,—) +3s(x,—) — (1 — s)(sz,z,—)
=3(rz,sx,—)+ (1 — (r +s))((rz,z, —) + (sz,z,—) + (rz, sz,z, —))
—1=r)(rz,z,—) — (1 — s)(sx,z,—)
= 3(rz,sx,—) —r(sz,z,—) —s(rx,z,—) + (1 —r — s)(rz, sz, x, —).
Using (A2), Lemma 6 and (A) we find that the above is equal to
2(rz, sz, —) + ((rz, sz, —) — r(sz,x,—) — s(rz,z,—))
+ (rs — r%s — rs?) (x, x, z, —)
=2rs(z,x,—) + (rs* + r%s — 2rs)(x,z, 2, —) — rs(z, z, —)
+ (rs —r’s —rs?)(z, x, x, —)
=rs(z,x,—) —rs(z,x,z,—) = rsC3(2).
(2) Observe that
Cs(rs) — rC3(s) — s°C(r) — 3Cy(r, 5)
= 3(rsx,—) — 3rs(x,—) + (1 —rs)(rsz,xz,—)
—r(3(sx,—) — 3s(x,—) + (1 — s)(sx,x,—))
— s (3(rz, =) = 3r(z, =) + (L = 7)(ra,z, -))
—3((rsz, =) — r(sz,—) — > (rz, =) + rs3(z, —))
=1 —rs)(rsz,z,—) —r(l —s)(sz,z,—) — (1 —r)s>(rz, z, —).

By Theorem 1(3), (5), the above is equal to

(1 —rs)(r(sz,z, =) + s*(re,z—) — rs’(x, x, =) + (rs — r)(sz, z, —)

2= 80w,z ) = (1= rs)rs?(z, @, -)

rs? — ?”28)(% r,—)) + (32 - 53)0%’ z,-)

s — %) (r + %) (2,2, —).
Using Lemma 6(1) and (2) we deduce that the last element is equal to

(s — 3 (©2r(z,z, =)+ (r* =) (z, z, 2, —)) — (52 = ) (r + 1) (x, 2, —)
= (s =) (r — 7“2)((13, z,—)— (x,z,x,—)) = (s — &%) (r — r2)03(2).

Finally, the above and Lemma 6(4) give us
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Cs(rs) —rCs(s) — s*Cy(r)
= 3Cy(r,5) — (52 — 3)C3(r) — (s* — s°)(r* — r)C53(2)
=3(Ca(r,s) — (s* = 8°)C3(r)) — (s° = ) (Ca(r, —1) — 2C3(r))
= 3By(r,s) — (s> — %) Ba(r,—1). m
We combine the above fact with the following one, which is the main
result of [6]:
THEOREM 4. Let C(R) be the R-module generated by the elements c(r),

r € R, with relations
(1) c(r+s) =c(r) +c(s) +rsc(2), r,s € R,
(2) c(rs) =rc(s) + s%c(r), r,s € R.
Then there exists an R-isomorphism p : C(R) — I(R) such that p(c(r)) =
r—r? forr € R.
This gives us a key result of our investigation, similar to Theorem 2.
COROLLARY 8. The homomorphism induced by P,
P:Ay/By —» R, P((rz,—)+ By)=r—12
is a monomorphism on the submodule C3 generated by the elements Cs(r)
+ By, 7 € R, and therefore C5 N Ker(P) C Bs.

Proof. Since By = R{Ba(r,s); r,s € R} C Ker(P) the induced homo-
morphism P does exist. By Proposition 1, the elements Cs(r) + By satisfy
relations (1) and (2) of Theorem 4. Hence there exists a homomorphism
i : C(R) — Cj3 such that i(c(r)) = C3(r) + B2. Then P|g, oi = p. Since i is
epi and p is mono, it follows that P|53 is mono. m

We now prove the main result of this section.

THEOREM 5. The following equalities hold true:

(1) Ker(Q) NKer(P) = By © R(z, —),

(2) Ker(h) N Ay = By,
where By is the submodule generated by the elements Ba(r,s), r,s € R. In
particular,

(3) Ker(Q) NKer(P) = (Ker(h) N Aq) ® R(z, —).

Proof. If v € Ker(Q) N Ker(P) then, by Corollary 7, we can write v =
b+>,a;C3(r;) + r(z,—) where b € By and a;,r;,r € R. Since v, b, (z,—) €
Ker(P) it follows that »_; a;C3(r;) is in Ker(P), and hence belongs to By
by Corollary 8. Hence v € By + R(x,—). If, moreover, v € Ker(h), then
v=">0b+r(x,—) where b € By and r € R; but 0 =1II(v) =r,so v =0>b € Bs.
The same argument for v = 0 shows that By and R(x,—) form a direct
sum. m
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6. The case of degree 4. The above result lets us give a short proof of
the main theorem of [4]. This section can also be regarded as an introduction
to the much more complicated case of degree 5.

Let m = 4 and let {z,y} be the standard basis of R2. Then the homo-

morphism £ : Z4’2(R) — I'*2(R) is defined by the formula
h(rz,sy) = r3s((3,1)) +r2s*((2,2)) + rs*((1,3))
where ((4,7)) = 2WyU). The notation I = Tl 3,P = T3 — Ilp2,Q =
IT; 3—113 1 is compatible with other similar notations in the paper. Moreover,
(rz,sy) =rs>, P(re,sy) =rs® —r2s?,  Qrz,sy) =rs® —rds
and
Ker(h) = Ker(II3 1) N Ker(I; 3) N Ker(Il22)
= Ker(II) N Ker(P) N Ker(Q).
For any r,s € R, we have the following elements:
Cy(r,s) = (ra, sy) — r(x, sy) — s(rz,y) + rs(z,y),
Co(r,5) = (rsz,y) — r(sz,y) — s° (ra,y) + rs°(z,y),
Cs(r) = 3(rz,y) — 3r(z,y) + (1 —r)(rz, z,y),
[r] = (rz, 2, y) + (2, 1y, y) — (2,2, 9) + (2,9,9)) = 3(r —17) (2, ).
Recall that
R(Cy(r,8)) = (r —1%)(s — s°)((2,2))
for r,s € R by Lemma 2. Moreover,
a([r]) = (r —r*)oz2 = (r —r*)((2,2))
by Lemma 1(2) and hence II([r]) = Q([r]) = 0 and P([r]) = r* —r.
LEMMA 7. h(C3(r)) = (r?2 —1)((2,2)) forr € R.

Proof. Since C3(r) € Ker(Q) N Ker(II) = Ker(Il; 3) N Ker(Ilz;), and
P(C3(r)) = 7 — 12, it follows that Ty 2(Cs(r)) =72 — 7. =

The above and Corollary 7 give us

COROLLARY 9. For any r,s € R the elements

(1) Ci(r,s) + (s — s*)Cs(r)

= (rz, sy) — r(z, sy) — s(rz,y) + rs(z,y) + (s — s2)Cs(r),
(2) Ca(r,s) = (s* = s*)Cs(r)

= (rsm,y) — r(s2,y) — (rwy) + 7532, y) — (2 — $2)Cs(r),
(3) Cs(r) + [r]

belong to Ker(h).
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We prove that the submodule K generated by the above elements is
equal to Ker(h). Recall that A; = R{(rz,y); r € R}; by symmetry we
define Ay = R{(z,ry); r € R}. Note that (as pointed out in Section 2)

S(r) = (rz,y) + (z,ry) — (° +7r)(2,y) + (L= r)[r] = 0.

LEMMA 8.

AY(R) =D, + 8o+ K+ [R] = A, + K +[R],
Ker(Q) C K + [R] + R(z,y).

Proof. Using elements (1) and (3) of Corollary 9 we find that any gener-
ator (rx, sy) of 54’2(1%) can be written modulo K as a linear combination of
(rx,y), (z, sy), (z,y) and [r]. Moreover, (z, sy) € Aj + [R] because S(s) = 0.
This proves the required presentations of Z4’2(R). Let now v € Ker(@). Then
v =1 +k+7 where v; € Ay, k € K, 7 € [R]. Since k,T € Ker(Q) it follows
that v1 € Ker(Q) N Aj. Then Corollary 7 shows that v, € K + Cs + R(x,y).
Using (3) of Corollary 9 we conclude that v, and consequently v, belongs
to K + [R] + R(z,y). =

THEOREM 6 ([4, Corollary 4.3]). Ker(h) = K, that is, Ker(h) is gener-
ated by the elements

(1) Ci(r,s) + (s— s2)Cs(r

(2) Ca(r,s) = (s* = s*)C3(

(3) Cs(r) +[r];

where r, s € R, or, equivalently, by the following elements of [4]:

(1) Ci(r,s) = (s = s?)Ir],

(2) Ca(r,s) + (s* = s*)r],

(3") Cs(r) +[r].

Proof. As we know, K C Ker(h). We prove that Ker(h) C K. Let v €
Ker(h). Then obviously v € Ker(Q), and therefore Lemma 8 gives us v =
k47 +r(z,y) where k € K, 7 € [R] and r € R. Since II(v) = II(7) = 0 and
II(z,y) = 1 we obtain » = 0, and hence v = k + 7. Moreover, the equalities
P(v) = P(k) = 0 give us 7 € Ker(P) N [R]. Observe that P is of the type
Iy, 3.1 — 11 2. 2.1, therefore P][R} is mono by Theorem 2, and hence
Ker(P) N [R] = 0. This gives 7 = 0, and consequently v =k € K. »

);
r);

7. The case of degree 5. Let m =5 and let {z,y, z} be the standard
basis of R3. The homomorphism h : 25’3(R) — I'>3(R) is defined by the
formula

h(rz, sy, tz) = r3st((3,1,1)) + rs3t((1,3,1)) + rst>((1,1,3))
+1r25%1((2,2,1)) + r2st2((2,1,2)) + rs*t%((1,2,2))
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where ((i, 4, k)) = 2Dy (%) Let us also define
M=1I113, P=1I,;3—-1227,
Py =199 —1Ilz21, P=119—1l221,
Qr=1II13—-1311, Q2=1II113—1l131.

Thus
Ker(h) = ﬂ Ker(IL; j 1)
i+j+k=5
ig k>1
= Ker(II) N Ker(P) N Ker(P) N Ker(P) N Ker(Q1) N Ker(Q2)
and

(rz, sy, tz) = rst3, P(rz,sy,tz) = rst® — r’s’t,
Py (rz, sy, tz) = rs*t? — r2s*t, Py(rz, sy, tz) = rist® — r’s’t,
Q1(rz, sy, tz) = rst® — r3st, Qq(rz, sy, tz) = rstd — rs’t.
For any 7, s,t € R define the elements
B(r,s,t) = (rx, sy, tz) — r(z, sy,tz) — s(rz,y,tz) — t(rx, sy, z)
+rs(x,y, tz) + rt(z, sy, z) + st(rz,y, z) — rst(x,y, 2),
Ci(r,s) = (z,ry,sz) — r(x,y,82) — s(x, 1y, 2) + rs(z,y, 2).
We also have the elements
Cs(r) = 3(rz,y, 2) = 3r(z,y,2) + (1 —r)(rz,z,y, 2).
LEMMA 9.
(1) B(r,s,t) € Ker(h).
(2) The expression B(r,s,t) is additive with respect to r,s and t.
Proof. (1) By symmetry, it suffices to observe that
311 (B(r, 8,t)) = r3st — r(st) — s(r3t) — t(r3s)
+ (rs)t + (rt)s + (st)r® — rst = 0,
Moo (B(r,8,t)) = r?s%t — r(st) — s(r’t) — t(r’s?)
+ (rs)t + (rt)s* 4 (st)r? — rst = 0.
(2) It is easy to check that
B(r+1',s,t) — B(r,s,t) — B(r', s, 1)
= (rz,r'z, sy, tz) — s(ra, 'z, y,tz) — t(rax,r'z, sy, 2) + st(rz, 'z, y, 2),

and this is zero by the regularity condition (A). The rest follows by symme-
try. |
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LEMMA 10.
h(Ci(r,s)) = (7‘—7“2)(5—32)((1,2,2)), r,s € R,
E(C?)(T)) = (TQ - T)(((Q’ 1, 2)) + ((27 2, 1)))? r € R.

Proof. The first equality follows from a symmetric version of Lemma 2.
Recall that, in the notation of Section 5, we have Q(C3(r)) = II(Cs(r)) =0
and P(Cs(r)) = r — r%. This means that

I1,3(C3(r)) = 31 (C3(r)) = Ii22(C(r)) = 13,11 (Cs(r)) = 0,
M2,12(C3(r)) = Ma2,1(Cs(r)) = r* — .
Hence h(C3(r)) = (r? —7)(((2,1,2)) + ((2,2,1))). =
Recall that for any r € R we have an element
[r] = (re,x,y, 2) + (x,1y,9,2) + (z,y,72, 2)
— (@, 2,y,2) + (29,9, 2) + (2,9, 2, 2)) = 3(r = 1%) (2, y, 2).
Since
A([r]) = (r = r*)oz = (r —*)(((1,2,2)) + ((2,1,2)) + ((2,2,1)))
it follows that
R(Cs(r) + [r]) = (r = r*)((1,2,2)).
Consequently, we have
COROLLARY 10. Cf(r,s) — (s — s%)(Cs(r) + [r]) € Ker(h) for r,s € R.
Let us introduce the following notation:
)= C(r,s) = (z,1y,82) — r(z,y,82) — s(z,ry, 2) + rs(z,vy, 2),
(r,s) = (rz,y, sz) —r(x,y, sz) — s(rz,y, z) + rs(z,y, 2),
(r,s) = Ci(r,s) = (rz, sy, z) — r(z, sy, z) — s(rx,y, z) + rs(x,y, 2),
Ca(r,s) = Co(r,s) = (rsx,y, z) — r(sz,y, 2) — s>(re,y, 2) +rs°(x,y, 2),
(r,s) = (z,rsy, z) — r(x, sy, z) — s°(z, 7y, 2) + 75> (2, ¥, 2),
(r,s) = (x,y,rs2) — r(x,y, s2) — s°(x,y,r2) + rs> (2, y, 2),
) =Cs(r) = 3(rz,y,2) — 3r(x,y,2) + (1 —r)(re, z,y, 2),
) =3(@,ry,2) = 3r(z,y,2) + (1 —r)(z,ry,y, 2),
C3(r) = 3(z,y,r2) — 3r(x,y,2) + (1 — r)(z,y,72, 2),
for r, s,t € R. We will prove the following

THEOREM 7. Ker(h) = K where K is the submodule generated by the
following elements:
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(1) B(r,s,t),
(2) BY(r,s) = C7P2(r,8) — (s — s2)(Ca(r) + [r]),

(3) By (r,s) = C}2(r,8) — (s — s2)(C3(r) + [r]),

(4) By?(r,s) = C12(r, ) — (s — s2)(C3(r) + [r]),

(5) Bi(r,s) = Ci(r,s) — (s> — *)Ci(r),

(6) B3(r,s) = C3(r,s) — (s> — $)C3(r),

(7) S(T) = (’I“l’, Y, Z) + (:Ca Ty, Z) + (.’E, Y, TZ) - (T3 —|—2T)(I‘, Y, Z) + (1 —T)[T]a

where r,s,t € R.
Recall that A} = R{(rz,y,2); r € R}. By symmetry we define Ay =
R{(z,ry,2); r € R}, As = R{(z,y,72); r € R}.
LEMMA 11.
ZE)’?’(R) =A1+A0+ A3+ K+ [R] A +MA+ K+ [R].

Proof. Consider a generator (rz,sy,tz) of ZS’?)(R). Using B(r,s,t) we
can write that element modulo K as a linear combination of elements of the
types (rz, sy, z), (rz,y,tz), (z, sy, tz). Using (2), (3) and (4) of Theorem 7
we can write these elements modulo K as linear combinations‘of elenfnts of
the types (rz,v, 2), (z, sy, z), (z,y,tz), C5(r) and [r]. Since C5(r) € A;, this
gives the first equality. Then the second follows from (7). m

Let

Ky= Ker(Pl) N Ker(Pg) N Ker(Ql) N Ker(Qg).
Then Ker(h) = Ko N Ker(P) N Ker(IT).

LEMMA 12. KgN (Zl +Z2) = Ky ﬂZl + Ky QZQ.

Proof. Fiist obierve that P|x, = Q2|x, = 0, P1|ZL: Q1|K27: 0. Let
v € KognN (A; + Ay) and v = v; + v where v; € Aj,v9 € Ag. Since
Pi(v) = 0 = Pi(v2) we also have Pi(v1) = 0, and Py(v) = 0 = Pa(v1) gives
us P2(v2) = 0. Similar considerations show that Q1(v1) = Q2(v2) = 0, hence
v1,v2 € Ko, and finally v € Ko N Ay + Ko N As. The inverse inclusion is
evident. m

Observe that all the generators of K belong to Ker(h), and consequently
K C Ker(h) C Ky. Moreover,

LEMMA 13. [R] C K.
Proof. By Lemma 1 (2) we have
My 22([r]) = H212([r]) = 221

)= 2.1(

My 15([r]) = My ([r]) = 3,1 (

and hence Pi([r]) = Py([r]) = Q1([r]) = @1([r]) =
z).

)=
ProprosiTION 2. Ky C K + [R] + R(x,y,

E =
~— —
I
P ﬁ

[\3
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Proof. Let v € Kyg. Then Lemma 11 gives v = v; 4+ v9 + k + 7 where
v1 € A1, va € Ay, k € K, 7 € [R]. Since v, k,7 € Ko we get v1 + v2 € Ko,
and hence vy, vy € Ky by Lemma 12. Therefore v; € A; N Kop,i = 1,2.

First consider A; N Ky. We have P2|Z1 = Q> ’Zl = 0 and, in the pre-
vious notation (Section 3), Pilg, = P, Qilg, = Q. Hence A; N Ky is
the submodule Ker(P) N Ker(Q) considered in Section 3, and then Theo-
rem 5(1) shows that A1 N Kg = By @ R(wx,y,2) C K + R(z,y, z). There-
fore v € K + R(z,y,z) and, by symmetry, vo € K + R(z,y,z). Hence
veE K+ R+ R(z,y,2). =

Proof of Theorem 7. It suffices to prove that Ker(h) C K. Let v €
Ker(h). Then v € Ky, and, by Proposition 2, v = k +7 + r(z,y, z) where
k € K C Ker(h), 7 € [R] and r € R. Since II(v) = (k) = II(F) = 0 and
II(z,y, z) = 1it follows that » = 0. Then 7 € Ker(h)N[R] C Ker(P)N[R]. The
homomorphism P is of the type II; 3.1 —1I1 . 2 . 2 . 1,andso Theorem 2
shows that the restriction P|(g) is mono. This means that Ker(P)N[R] =0,
therefore 7 = 0. Finally, v =k € K. n

Theorem 7 gives us, according to [2] (or Section 1), the main result of
the paper. Observe that the symmetric versions of the following relations
can obviously be omitted.

THEOREM 8. The following relations constitute a complete 3-covering
system for the functor Hom% : (A1), (A2), (A) and
(B)  B(r,s,t) := (rz,sy,tz) —r(x, sy, tz) — s(re,y,tz) — t(re, sy, z)
+ rs(x,y, tz) + rt(z, sy, z) + st(z, sy, tz) — rst(z,y, z)
=0,
(Bl) Bl(ra S) = (CC, Ty, SZ) - T(J:? Y, SZ) - S(x’ ry, Z) + TS(I’ Y, Z)
— (5= s)(C3(r) + [r]) = 0,
(B2)  Ba(r,s) := (rsz,y,z) —r(sz,y,2 ) — 8% (rz,y,2) + 15’ (2,y, 2)

— (s* = 8°)C3(r) =
(S) S(r) = (rz,y, 2) + (z,ry, z) + (w,y,rz) — (r® 4+ 2r)(z,y,2)
+(1=n)[r]=0

where r,s,t € R, x,y,z are arbitrary elements from the domain of a 5-
application and

C3( ) (Tl’ Y,z )—3r(:c,y,z)+(1—7“)(r:v,x,y,z)7
[r] = (re,z,y,2) + (z,1y,,2) + (2, 9,72, 2)
- T2(($, LY, Z) + (xvyaya Z) + ($a Y, %2, Z)) - 3(T - 7‘2)(.%,3/, Z)'
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