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COMPACT HOLOMORPHICALLY PSEUDOSYMMETRIC
KAHLER MANIFOLDS

BY

WLODZIMIERZ JELONEK (Krakow)

Abstract. The aim of this paper is to present the first examples of compact, simply
connected holomorphically pseudosymmetric Kahler manifolds.

1. Introduction. The holomorphically pseudosymmetric Kéhler man-
ifolds were defined by Z. Olszak [O-1] in 1989 and studied in [D], [H], [Y].
A Kahler manifold (M, g, J) is called holomorphically pseudosymmetric if its
curvature tensor R satisfies the condition

R.R = fIL.R,
where R, Il act as derivations of the tensor algebra,
(U V)X =YgV, X)U — g(U, X)V + g(JV, X)JU
—g(JU, X)JV —2¢(JU,V)JX)

is the Kéhler type curvature tensor of constant holomorphic sectional cur-
vature and f € C*(M) is a smooth function. A Riemannian manifold
(M, g) is called semisymmetric if R.R = 0. Until now examples of compact,
holomorphically pseudosymmetric and not semisymmetric Kéhler manifolds
have not been known. Z. Olszak in [O-2] proved that if (M,g,J) is com-
pact, holomorphically pseudosymmetric, has constant scalar curvature 7 and
f > 0 then M is locally symmetric, i.e. VR = 0, where V is the Levi-Civita
connection of (M, g, J), and thus semisymmetric. He also constructed many
examples of non-compact holomorphically pseudosymmetric Kéhler mani-
folds, among others holomorphically pseudosymmetric, not semisymmetric,
Ka&hler—Einstein manifolds with f > 0. The (QCH Ké&hler manifolds are the
Kahler manifolds admitting a smooth, two-dimensional, J-invariant distri-
bution D whose holomorphic curvature K(m) = R(X,JX,JX,X) of any
J-invariant 2-plane m# C T,M, where X € 7 and ¢(X,X) = 1, depends
only on the point = and the number |Xp| = /g(Xp, Xp), where Xp is the

2010 Mathematics Subject Classification: 53C55, 53C25.
Key words and phrases: Kahler manifold, holomorphically pseudosymmetric curvature
tensor.

DOI: 10.4064/cm117-2-6 [243] © Instytut Matematyczny PAN, 2009



244 W. JELONEK

orthogonal projection of X on D. In this case we have
R(Xv JXa ']XaX) = ¢($, |XD|)

where ¢(z,t) = a(z) + b(z)t? + c(x)t* and a, b, c are smooth functions on M.
Also R = all + b® + ¥ for certain curvature tensors IT,d,¥ € ®* x*(M)
of Kéhler type. The investigation of QCH Kéahler manifolds was started by
G. Ganchev and V. Mihova in [G-M-1], [G-M-2]. Compact, simply connected
QCH Kahler manifolds were partially classified by the author in [J]. We shall
show in the present paper that any QCH Kéhler manifold is holomorphi-
cally pseudosymmetric. In that way using the classification result from [J]
we obtain many compact, simply connected examples of holomorphically
pseudosymmetric K&hler manifolds which are not semisymmetric.

2. The curvature tensor of a QCH Kihler manifold. Let £ = D',
which is a 2(n — 1)-dimensional, J-invariant distribution. Let h denote the
tensor h = g o (pp X pp), where pp is the orthogonal projection on D. By
2 = g(J-,-) we denote the Kédhler form of (M, g,J), and by w the Kéhler
form of D, i.e. w(X,Y) = h(JX,Y). We shall recall some results proved by
Ganchev and Mihova [G-M-1]. Let R(X,Y)Z = ([Vx, Vy] — V[xy])Z and
write

R(X,Y,Z,W) = g(R(X,Y)Z,W).
We shall identify (1,3) tensors with (0,4) tensors in this way. If R is the
curvature tensor of a QCH Kéhler manifold (M, g, J), then
(2.1) R =all +bP + c¥,

where a,b,c € C*°(M) and II is the standard Ké&hler tensor of constant
holomorphic curvature

H(X,Y,2,U) = 1(9(Y, 2)9(X,U) — g(X, Z)g(Y,U) + g(JY, Z)9(J X, U)
—9(JX, Z)g(JY,U) = 29(JX,Y)g(JZ,U)),

the tensor @ is as follows:

d(X,Y,Z,U) = é(g(Y, Z2)h(X,U) — g(X, Z)h(Y,U)
+ g(X, U)(Y, Z) - g(Y, U)h(X, Z) + g(JY, Z)(X,U)
— g(JX, 2)0(Y,U) + g(J X, U)a(Y, Z) — g(JY, U)(X, Z)
—29(JX,Y)w(Z,U) —29(JZ,U)w(X,Y)),

and

UV(X,Y,Z,U)=-wX,YwZU)=——(wew)(X,Y,Z,U).

Let V = (V,g,J) be a real n-dimensional, n = 2k, vector space with a
scalar product g and a complex structure J such that g(J-, J-) = g(-,-). Let D
be a 2-dimensional, J-invariant subspace of V. By E we denote its orthogonal
complement in V. Thus V. = D & E. The tensors II,®,¥ given above are
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of Kéahler type. We have the following relations for a unit vector X € V:
(X, JX,JX,X)=1,6(X,JX,JX,X)=|Xp|?,¥(X,JX,JX,X)=|Xp|*
where Xp is the orthogonal projection of X on D and |X| = /g(X, X).
Consequently, for a tensor (2.1) defined on V' we have

R(X,JX,JX,X)=¢(Xpl|)
where ¢(t) = a + bt? + ctt.

3. QCH Kihler manifolds are holomorphically pseudosymmet-
ric. Let us recall that Z. I. Szab6 [Sz-1], [Sz-2| classified semisymmetric
Riemannian manifolds, i.e., manifolds whose curvature tensor R satisfies
R.R = 0. In particular the products (CP", gean) X (X, g), where (CP", gcan)
is the complex projective space with the standard Fubini-Study metric and
(X, g) is any Riemannian surface, are semisymmetric Kéhler manifolds. It
is clear that the product (M, g) = (M(k), gr) x (X(1), g;), where (M(k), gr)
is an (n — 2)-space, n > 4, of constant holomorphic sectional curvature k
and (X(1), ;) is a 2-dimensional Riemannian surface of constant sectional
curvature [, is a locally symmetric (and in particular semisymmetric) Kéhler
manifold. Using this fact we shall prove

THEOREM 3.1. Any QCH Kdhler manifold is holomorphically pseudo-

symmetric, more precisely if R = all +b® + ¥ is the curvature tensor of a
QCH Kdhler manifold (M, g, J) then

R.R=(a+b/2)II.R.
Proof. We first prove that the tensors I, @, ¥ satisfy the following rela-
tions:
20.0 =¢.I1 + 11.d, VYU =0,
Il + 1Y =2(d¥ +V.D).
Let V = Txo,yoM for (Mag) = (M(k)agk) x (2(1),91) where (M<k)7gk)
is an (n — 2)-space, n > 4, of constant holomorphic sectional curvature k
and (X(1),¢9;) is a 2-dimensional Riemannian surface of constant sectional
curvature [, and zg € M(k), yo € X(1). If E = T,yM and D = T,, X then
V = E @ D is an orthogonal sum. Let R, R¥. R! be the curvature tensors
of (M,qg),(M(k),gr), (X(l), g1) respectively. If X =Y + Z is a unit vector,
where X e VY € E, Z € D, then
R(X,JX,JX,X)=RNY,JY,JY,Y)+ R 2,7Z,JZ,2)
= (1 |Xp|)*k + | Xp|"l,

(3.1)

where Xp = Z is the orthogonal projection of X on D. Thus
R(X,JX,JX,X) =k —2k|Xp|>+ (1 + k)| Xp|*.
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Consequently,
R=FkII — 2k + (1 + k)¥.

Let us take | = —k. Then R = k(II — 29). Since R.R = 0 we obtain
(I —29).(II —29) =0,
and consequently, since I1.11 = 0,

20.9 =11 + 11.9.

Nowlet k=1andd=1+k #0. Then R = Il —2®+d¥. Since R.R =10
we get (I —2¢ + d¥).(I1I —2¢ + d¥) = 0 and

—2I1.$ + 4D.P + dII.W — 2811 — 2dD.W + dU.IT — 2dV. + d*P.¥ = 0.

One can easily check that W.¥ = 0. Hence W.II + II.W = 2(P.¥ + U.D).
Note that these formulas obtained for particular Kédhler manifolds are purely
algebraic in g, h,w, {2 and thus remain true for general tensors II,®, ¥ on
a complex vector space (V,J) such that V. = F® D, JE = E, JD = D,
dim D = 2 and a J-invariant metric g on V such that ¢g(E,D) = 0 and
w = h(J-,:) with h = g|p. Now let (M,g,J) be a QCH Kéhler manifold
with curvature tensor R = all 4+ b® + c¥. Then

R.R = (all +b® + c¥).(all + bP + c¥)

= all.R + ab®.IT + b*®.P + bed.W + acW.IT + bel.d
b2
= all.R + 5 (@11 + 11.9) + bc(DP.Y + ¥.D) + abd. Il + acW. 11

b2 b
= aIL.R+ o (001 + I1.0) + EC (W11 + I1.0) + a(bd + ). 1T

= all.R + g I1.(b + W) + g (b® + cW).IT + aR.IT

b b b
(o ) (o D)= (o1 2,

since R.II = 0 in view of the equality VII = 0.

We also give another, algebraic proof of relations (3.1). Note that
U(X,Y)Z = —w(X,Y)J onZ where 7 : V — D is the orthogonal pro-
jection and J is the complex structure. Note that mo J = Jox. It is easy to

see that V.1l = V¥.¢ = ¥.W = (. We shall show that
v =29y,

We have ¥ = —w ® w and consequently

U =-Jlww-—w® Ilw.
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Thus it is enough to show that Il.w = 2&.w. Note that
nu,vyw = %(g(V, WHU — g(U, W)V + g(JV,W)JU
—g(JUW)JV —2g(JU, V)JW)
and consequently
—AII(U,V)w(X,Y) =wU,Y)g(V,X) + g(V,Y)w(X,U)
—g(U, X)w(V,Y) —g(U,Y)w(X,V)+ g(JV, X)w(JU,Y)
+9(JV,Y)w(X,JU) — g(JU, X)w(JV,Y) — g(JU, Y )w(X, JV).
Note that
8O(U, V)W = g(V,W)xU — g(UW)xV + h(V,W)U — h(U, W)V
+g(JV,W)m o JU — g(JU,W)m o JV +w(V,W)JU
—w(U,W)JV —=29(JU, V)1 o JW — 2w(U,V)JW.
Thus
—8(U,V).w(X,Y) =gV, X)w(U,Y) + g(V,Y)w(X,U)
—g(U,X)w(V)Y) —g(U,Y)w(X, V) + h(V,X)w(U,Y) + h(V,Y)w(X,U)
—h(U, X)w(V,Y) = h(U,Y)w(X,V)+ g(JV,X)w(JU,Y)
+9(JV.Y)w(X,JU) — g(JU, X)w(JV,Y) — g(JU,Y)w(X, JV)
+wV, X)w(JU,Y)+w(V,Y)w(X,JU) — w(U, X)w(JV,Y)
—w(U,Y)w(X,JV)
=g(V, X)w(U,Y) +g(V,Y)w(X,U)
—g(U,X)w(V)Y) —g(U,Y)w(X,V) + g(JV, X)w(JU,Y)
+9(JV.Y)w(X,JU) — g(JU, X)w(JV,Y) — g(JU,Y)w(X, JV).
Hence
U, V)wX,Y)=20U,V)w(X,Y).
It is easy to see that IT(U,V).h(X,Y) = 2¢(U,V).h(X,Y) and by easy
calculations we get
P.g=0, &J=0 &.02=0,
and consequently @.II = 0. Also by direct calculations one can see that
II.g=0,11.J =0, I1.22 = 0. Since (IT —2¢).w =0 and (I —2P).h =0 it
follows that
(Il — 20).¢ = 0.
Thus I1.¢ = 2¢.¢. Summarizing, we have
nNi=¢IlI =911 =v.¢ =9V =0,
Ho=200, [NV =20YV. u

Now it is easy to prove
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THEOREM 3.2. There exist infinitely many mutually nonhomothetic holo-
morphically pseudosymmetric compact, simply connected Kdihler manifolds
which are not semisymmetric. The class of compact simply connected QCH
Kihler manifolds is included in the class of holomorphically pseudosymmetric
Kdhler manifolds.

Proof. Note that in the case of a QCH Kéhler manifold (M, g, J) con-
structed in [J] we have M, = P, x g1 CP!,k € N, where p : P, — CP" ! is
the S'-bundle over CP"~! with a connection form 65 and n > 2. Hence M
is a holomorphic CP'-bundle over CP"~!. An open and dense subset of Mj,
is isometric to the manifold (0, L) x P with the metric

(3.2) gk = dt* + f(1)%07 + r(t)*p*h,
where f = 271’ /s, h is the metric of constant holomorphic sectional curvature
on CP"" ! s = 2k/n, k € N. The metric (3.2) extends onto the whole of Mj,
if the function r is positive and smooth on (0, L), even at the points 0, L,
with ' > 0 on (0, L), »'(0) = 7'(L) = 0 and

2r(0)r"(0) = s, 2r(L)r"(L) = —s.
There exist uncountably many functions r satisfying these conditions. The
curvature tensor of (Mg, gk, J) is of the form R = all + bP + c¥ and

2 r rf r\r f
Since
lim In(r*”) = lim In(r*”) = —oo,
t—0+ t—L—

it is clear that the function a + b/2 changes sign on M. From the results of
Szabo [Sz-2| it is clear that (Mg, gk, J) is not semisymmetric. One can also
verify directly that I1.R # 0 for (M, gk, J) and hence R.R # 0. m
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