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Abstract. We apply the Feynman—Kac formula to compute the A-Poisson kernels and
A-Green functions for half-spaces or balls in hyperbolic spaces. We present known results
in a unified way and also provide new formulas for the A-Poisson kernels and A-Green
functions of half-spaces in H" and for balls in real and complex hyperbolic spaces.

1. Introduction. In a series of papers (|[BGS|, [BM|, [IG], [Ma], |Z])
the Poisson kernels and the Green functions in hyperbolic spaces were in-
vestigated. The authors of all those papers use the Feynman—Kac formula
as the main tool in describing the distribution of a stopped multiplicative
functional. In this paper we summarize these investigations and exhibit the
main idea of the method. We also give several new results, namely formulas
for the A\-Poisson kernels and the A-Green functions of half-spaces or balls
for hyperbolic Brownian motions. This complements the results obtained by
Matsumoto [M].

In [BDH] the global Poisson kernel (for the whole space) and generators
of the form of a Laplace—Beltrami operator plus some additional term of the
first order were investigated for NA groups. The main example of NA group
is complex hyperbolic space, realized as Siegel upper half-space. We believe
that our method can be applied also in this context.

2. Preliminaries

A. Hypergeometric function and Bessel functions. The equation
(2.1) 2(1=2)y"(2) + (v + (a+ B+ 1)2)y'(2) — aBy(z) = 0,
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where «, 3 and v are constants independent of z, is called the hypergeo-
metric equation. A solution of (2.1) which is regular at z = 0 is given by
the hypergeometric function oF) (o, 3;7;2) defined by the hypergeometric
series

(@)n(B)n
(V)an! 7

21 (o, B33 2) = Z 2] <1,
whenever v # 0, —1,—2,.... Here (a), = I'(a+n)/I'(«) denotes the Poch-
hammer symbol. For analytic continuations of the hypergeometric series see
|[E, Chapter II|. Another solution of is given by some modifications of
oF1 and will be described later.

The modified Bessel function Iy of the first kind is defined by (see, e.g.,
[E, 7.2.2 (12)])

2 2\ 1
(2:2) Iy(z) = 2791@2_0 (2) Wt otD) - € C\ (-R4),

where ¥ € R is not a negative integer. The modified Bessel function of the
second kind is defined by (see [El 7.2.2 (13) and 7.2.5 (36)])

s

(2.3) Ky(z) = Tsin (o) H-9(z) = Iy(z)], 9 ¢Z,
(24)  Ku() = lim Ky(2) = (1) % [8(;919 _ %{;9] net.

The functions Iy, Ky are linearly independent solutions to the differential
equation

(2.5) 22" (2) + 29/ (2) — (2% + 0%)p(2) = 0,

which is known as the modified Bessel equation of order ¢. The Wronskian
of the pair (Iy, Ky) is given by

(26) Wy Ky)(z) = I(2)Kj(z) — I(2)Kg(z) = =1/

B. One-dimensional diffusion. Let us recall briefly some notions per-
taining to linear diffusion |[BS]. We consider the one-dimensional diffusion
with generator of the form

Q1) L) = 5 @) Th@) ) D) — elw) (),

with regular coefficients a(x), b(z) and c(z). Let B(x) be any indefinite in-
tegral for 2b(x)/a?(z). The basic characteristics of the diffusion (the speed
measure density m(x), the scale function s(x) and the killing measure den-
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sity k(x)) are given by

m(x) = 2 eB@)
(2.8 (1) = s )
<29) sl(gj) = e—B(x)’
(2.10) k(x) = aQ?a;) c(x)eP@),

The \-Green function Gé"b(x,y) of the interval (a,b), —0o0 < a < b < o0,
with respect to the speed measure m(y)dy is given by

e Gy = [ T

c o1y (z), a<y<z<b,
where ¢ and 9| are respectively increasing and decreasing solutions of the
equation Lu = Au, such that lim, .+ ¢1(x) = 0 and lim, - ¢ (x) = 0.
The constant c is given by
_ s

W(dr,9)(2)’
where W(¢1,)) is the Wronskian of the pair (¢1,)).

Cc

C. Hyperbolic spaces and hyperbolic Brownian motion. We in-
vestigate Brownian motion in three models of hyperbolic spaces: in H" which,
as a set, is a half-space of R", in D", being the unit ball in R"™, and in the
unit ball of C™. The last one is a model of complex hyperbolic space. In every
model there is a specific Riemannian (hyperbolic) metric, which determines
the Riemannian volume and the Laplace—Beltrami operator Arpg. Being the
divergence of the gradient, Arp is a second-order differential operator. By
the general theory of diffusion processes on manifolds, Arp is the generator
of a diffusion process (X;), which is called the hyperbolic Brownian motion.
The transition probabilities p(¢; x,y) of the process (X;) are solutions of the
so-called heat equation 9p(t; x,y)/0t = Arpp(t; x,y); their properties and
estimates are well-known (see [D]).

D. Killed stochastic processes and their potential theory. Let D
be a domain in a hyperbolic space and let (X;) be a hyperbolic Brownian
motion in this space, starting from a point x € D. We set 7p = inf{t > 0:
X; ¢ D} and consider (X/), the process killed on exiting D, defined as
X; for t < 7p and O for t > 7p. Here 9 is some additional isolated state
(cemetery). The explicit form of the transition densities of (X) are known
only for a few classes of D. In general, such a density is given by the formula

pp(t;z,y) = p(t;2,y) — E¥[p(t — 7p; X7py,y) 1 T > 7).
There are two notions, crucial in potential theory of stochastic processes: the
Poisson kernel and the Green function of a domain D. Because diffusions
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have continuous trajectories, when exiting D, they hit the boundary of D.
If z € D and A > 0 define the A-harmonic measure by setting, for a Borel
set A C 9D,

(2.12) P (x, A) = E*[e P 14(X,,)].

We will consider two types of domains D: half-spaces and balls. In both cases
there exist natural measures on 9D: the Lebesgue measure or the uniform
surface measure on the sphere. The \-Poisson kernel P[)‘) (z,y) is the density
of the A-harmonic measure with respect to the corresponding measure on 9D.

The Green function Gp(z,y) measures the time spent by a process at y,
when starting from 2. More precisely, Gp(z,y) = Sgo pp(t;z,y) dt. We con-
sider a more general object, namely, for A > 0, the A\-Green function is
defined by the following formula (z,y € D):

[e.9]

(2.13) Gh(x,y) = | e Mpp(t;a,y) dt.
0

3. Harmonic measures and Green functions of a half-space in H".
We start with the description of the half-space model of real hyperbolic
space. Define H" = {& = (z1,...,2n—1,2n) = (Z,2,) : ©, > 0} C R™. The
Riemannian distance in H" is given by the formula

(3.14) cosh(din (2, ) = 1 + 12— vl
’ 2Tnyn |
and the canonical (hyperbolic) volume element is given by
dry...dx,
dVign (z) = u
xn

We will denote the Laplace—Beltrami operator in H” by Agn. It is given by

Agn :$22n:i2—(n—2)$ni.
" — ox? oz,

The heat kernel on H" is a function of d = dyn(x,y) and is given by Gruet’s
formula (see [Grl])

e~ (n1)*t/4 n+1 OSO (™ =)/ 4 ginh (7 sin(7r /2t)
2(n+1)/2714n/241/2 2 (cosh(r) + cosh(d))(m+1)/2

fen(t, d) = dr.

The transition probability of the process (X;) starting from = € H" is given
by

P*(X, € B) = | kn(t, dun (z,9)) dVan (y), B € B(H").
B
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Consider the half-space D, = {x € H" : x, > a} for some fixed a > 0.
Define

Tp, = inf{s > 0: X(s) ¢ D,}.

Using the law of the iterated logarithm it is easy to check that for every
Ty > 0,
lim X, (t) =0 P"-as.

t—00
This means that 7p, < oo a.s. Observe that X,,(7p,) = a and consequently
the function Pﬁa (z,y) depends only on the starting point z of the process
X (t) and § € R*!, where y = (¢, a). We will use the notation Pga (x,7) for
the function P (z, (7,a)).

A. )-Poisson kernel of a half-space. Now we will compute the
Fourier transform of the A-Poisson kernel of D,.

THEOREM 1 (Fourier transform of the A-Poisson kernel). For every x
in Dy, y € 0Dy and u € R" ™! we have

[ explitu )P, o) i = exp(ifn ) (2 ) 520,

Rn—1
where r = |u|, v = (n—1)/2, p = W? + N2 and K, is a modified Bessel
function of the third kind.

Proof. In a natural way the process (X;) can be decomposed into two
parts: X (t) = (X1(t),..., X,_1(t)) and X,,(t). Observe that the process (X;)
reaches 0D, for the first time when X, (¢) hits the point a.

In order to compute the Fourier transform of the distribution of X (p,)
we consider the family of processes

Fu(X (1)) = X for y e R?1,

and try to compute the characteristic function ¢(u) = Ex(e““’f( ). The
main tool here is martingale theory; in order to apply it we will make the
process f,(X(t)) a martingale. For that purpose let us define the multiplica-
tive functional .
Vi = exp[s q(Xn(s)) ds} ,
0

where ¢ is a non-negative, locally bounded Borel function to be specified
later, and consider the process

t

Zy = e_/\tfu(X(t))V;f = e—/\tei<u,X(t)> eXp[S Q<Xn(3)) ds} :
0
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The process V; is of bounded variation, hence dV; = q(X,(t))V; dt. Because
d(Xj, Xi) =205, dt, j,k=1,...,n— 1, the Ito6 formula gives

dZ; = =X M (X ())Vidt + e M (X Vtzzukx (t)dBy(t)

(Zz E)e M PR (0)VAX2(0) 2t 47 (X (1) Vi (X (1)

n—1

= MK O)Vi[iXalt ZukdBk + (a(Xa®) = A= X20) Y-t .
k=1

The process Z;, being a sum of n — 1 stochastic integrals and a bounded

variation term, is a martingale if that term vanishes for all ¢. This is achieved

if we put
n—1

q(zn) = [ul*z?2 + X, where |u*= Zuz
k=1

Now we can compute the expectation E*(h(X,,(t)) ei<“7)~((t)>), where h is a
bounded Borel function. We have
Ex(h(Xn (t))e—)\tei(u,X(t)>) _ Em(h(Xn (t))e—)\tei(u,X(t»% . ‘/tfl)
=E*(h(Xn(t))Ze - Vi)

But we know that Z; is a martingale defined by the stochastic equation
4z, = (kax )dBy( ))e_/\t FulX()Vi

This implies that Z; = Zp+ Z( ) , where Zt( Vis a martingale with IEZt(l) =0.
1)

Moreover, Z, " is a stochastic integral with respect to the Brownian processes
Bi(t),..., Bp—1(t), which are independent of B, (t), and X, (t) depends only
on By, (t). This implies that Ex(h(Xn(t))Zt(l) -V, 1) =0, hence
EF (h(Xa(1)Ze - V) = B (h(Xa(0) (Z0 + 2{) - Vi)
= E*(h(Xu(t))Zo - Vi ') = ZoE™ (M(Xa(t)) - V).

Finally, for all bounded Borel functions i we have
t
B2 (h(Xn(0)e Vel X O) = ZgE (h(X, () exp| — [a(Xa(s) ds] ).
0

Approximating 7p, by bounded stopping times (cf. [Z, p. 177]), we get

TDg

Eocn(e—)\TDaei(u,f((TDa))) = Z K <exp[— S q(Xn(s))dsD.
0
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If Xo=(0,...,0,zy,), then obviously Zy = ei(wXo) — ¢0 = 1. The quantity

TDgq

owa) = E™ (exp| = | a(Xa(s)) ds])
0

is called the gauge (JChZ]); by the general Feynman—Kac theory for the
Schrédinger equation, ¢ is a solution of the appropriate Schrédinger equa-
tion, based on the generator of the process X, (t) and the function ¢. In the
case we consider, the generator of X, (¢) is

) d2f($n)

and, as we have just found, g(z,) = |u|?z2 + X\. This means that ¢(z,) is a
solution of

(3.15) 22¢"(z) — (n — 2)z¢/ () — (Ju[*z® + N)¢(z) = 0.
After substitution ¢(z) = £~ 1/2¢)(z) we get
22" (x) + 2 (x) — (Ju]?2?® + X+ (n — 1)*/4)p(z) = 0.
Putting v = (n — 1)/2 and p = /((n — 1)/2)2 + A = V12 + ), we get
29" () + a'(2) = ([ul’2® + p?)y(x) = 0.

After substituting y = |u|x the above equation becomes precisely ([2.5)), the
modified Bessel equation of order u. Taking into account the general solution

of (2.5) we infer that
¢(xn) =z (1l (|ulzn) + c2 Ky (fulzn)).

Because ¢ is non-negative for all A > 0 and z, > 0, the gauge function
¢(xy) is bounded for z,, — oo. The function I,(|u|z,) is not bounded at
infinity, hence ¢; = 0. Moreover, if the process starts from the point a, it is
instantaneously killed, hence ¢(a) = 1 and this implies c; = 1/(a” K, (|u]a)).
Thus

Bln) = (‘“)%

which gives the desired conclusion when the process starts from (0,...,0, x,).
If it starts from (Z, zy,), then
o) = explitu,2)

) K, (|ul)
o) Ku(ula)”

B. A\-Green function for a half-space. In a similar way one can com-
pute the A\-Green function of D,. Observe that for every isometry I of R?~1
the function H" > x — (I(Z), x,) € H" is an isometry of H". This is an easy
consequence of the distance formula . The Laplace—Beltrami operator,
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the generator of (X3), is invariant under isometries of H". Moreover, 7p,
depends only on X,,. Hence

G, (z,y) = GD,((F+b,zp), (F+b,yn)), beR™™

This means that it is enough to consider GADa ((0, ), y). Moreover, the func-
tion

g G, ((0,20), (7. yn))

depends only on |g|. Consequently, its Fourier transform, taken at u, depends
on r = |ul:
(GD), (@nyn) = | expli{u, §)GD, (0, zn), (§,yn)) dj,  weR™.
Rn—1

We have the following formula for (Gi‘ja)r(xn, Yn)-

THEOREM 2. For every r >0, A >0 and x,y € D, we get

@r($nayn)
(:Enyn)VK#(r-Tn) <Iu(ryn) - K/L(Tyn) II(l;((,’:;) )7 Tn 2 Yn,
B I,(ra)

(xnyn)”K”(ryn) <Iu(7”$n) - Ku(rxn)

where v = (n—1)/2 and p = (V> + \)/2.

Proof. Being (£ — g)-harmonic, the Green function must satisfy equa-
tion (3.15]). Moreover, from the general theory of the Feynman—Kac equation
(see [ChZ]) and diffusions on the real line (see [BS]), we get

(@) ama) = { £ = =
c-d(xn)V(yn), a <z < yn.
Here the functions v, ¢ are defined (up to a multiplicative constant) as
solutions of the equation such that ¢(z,) is decreasing, ¢(y,) is
increasing and they satisfy the boundary conditions lim,, o ¥ (z,) = 0,
limy,, 4 ¢(yn) = 0. The constant c is given by the Wronskian of the pair
(1, @), the density of the speed measure m(dx) and the function a(z). Let
u(w) = w’g(w), where v = (n — 1)/2. We get

w?g” (w) + wg' (w) — (W? + p)g(w) =0, p= 2+ N2

This is precisely ([2.5)), the modified Bessel equation of order p. Taking into
account the general solution of (3.15)), we infer that

P(an) = wp(elu(@n) + 2Ku(@n)),  ¢(yn) = yn(cslu(yn) + cakyu(yn))-
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From the boundary conditions we get ¢; = 0 and ¢4 = I,(a)/K,(a). Thus
Y(ry) = xZK,u(CUn)v
$(m) = 2 ( Tulm) — Kouln) 242
n n| tulYn u\Yn Ku(a) .
Using ([2.6)) we calculate the Wronskian of the pair (¢, ¢):

W (i, 9)(2) = b(2)d/(z) - ' (@) (x)
= 2" (K (@) (@) — K@) (2)) = 2" 2,

The density m(x) of the speed measure m(dz) for the diffusion with the
generator Lf(x,) = 22" (zn) — (n — 2)z, f'(z5) is given by the functions
a(z) and b(x) (formula (2.8)). Thus

m(x) _ mfZef(an) logz _ "

The constant ¢ is given by ¢ = 2a?(z)W (¢, ¢)(z)m(z) = 1, which ends the
proof. m

REMARK 3. The Fourier transform of the function § — G3, (2, (§,yn))
for a general point x € D, is given by

o — —

(GD.) (@, yn) = exp(i(u, 2))(GD,), , ((0,20), yn)-

Jul

4. Harmonic measures and Green functions of balls in real hy-
perbolic spaces. In [BM] the Poisson kernels for balls were computed. Now
we will show how one can modify those computations to get formulas for the
A-Poisson kernels and A-Green functions.

By D™ we denote the ball model of n-dimensional hyperbolic space, that
is, the unit ball in R™ equipped with the metric dpn(z,y) given by

2|z — y|?
(1 —lz[») (1 = [y?)’

The hyperbolic volume element in D™ is given by

cosh(2dpn (z,y)) = 1+ 2| <1, Jy[ < 1.

dry...dz,

(1 — Jz[2)n

Let (X;) be the hyperbolic Brownian motion in D", that is, the diffusion
generated by the Laplace—Beltrami operator Apn:

(4.16) dVipn (2) =

n 62 n 8
Apn = (1— |21 a7+ 2(n —2)(1 = [z*) Y ax Bor
k=1 "k k=1

As shown in [BM]|, the process (X;) can be decomposed into radial and
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spherical parts: R; = |X;|?, ®; = cos Z/(Xo, X¢) = ‘%T@O)P where

dRy = 2(1 — Ry)(V/Re dW1(t) + ((n — 4) Ry + n)dt),

d®, = (1— Ry) (1 ;f?>1/2dw2(t) —(n—1) (“‘592)@ dt.

Here W1(t), Wa(t) denote two independent one-dimensional Brownian mo-
tions such that E°W2(t) = 2¢, i = 1, 2.

A. )\-Poisson kernel of a ball. Our task is to compute the A-Poisson
kernel of a ball B, = {z : |z| < r}. To do this, we define 7, = inf{t > 0 :
X; ¢ B,} and compute the density of the measure E*(e™ 5 14(X,, )),
defined in (2.12)).

When working on the unit sphere in R", it is natural to consider the
family of Gegenbauer polynomials (C}(z))%2,, where p = (n —2)/2. This
family is an orthogonal basis in La((—1,1), (1 — 22)("=3)/2dz), hence the
coefficients of any function f € Lo((—1,1), (1 — 22)»=3)/2dz) with respect
to this basis determine f uniquely.

We recall the orthogonality relations for Gegenbauer polynomials:

1

(4.17) S CP(z)CF (x)(1 — 22) =32 gy = 5y, - i o C,E”)(l)
-1

where CL(1) = I'(k + 2p)/(k! T'(2p)) and wy,—1 = 27™/2/T"(n/2) is the total
mass of the associated (n — 1)-dimensional spherical measure on the unit
sphere in R".

Consider the family of processes Y (t) = Cf(P;). Our task is to compute
E(e " C?(®,.)), k =0,1,2,.... In order to do it, we examine the family of
processes

Wn—1

: )
Wn—2

Zi(t) = CL@)V; = Cf (@) exp ([ a(R,) ds)
0

and try to find ¢ that makes Z; a martingale. From the It6 formula we get

_1_Rt 2\1/2 o/ (1_Rt)2
dZy(t) = R (1= @7) “Vi(CL) (D) dWa(t) + TR H(Ry, ®y)d,
t
where H(Ry, ;) is equal to
Ry
m q(Rt)C;é)(@t).
The Gegenbauer polynomials satisfy the equation

(1 -2y (@) — (n— Dy (@) + k(k +n - 2)y(x) = 0,

(1= 2)(CP)"(@1) — (n = 1)P(CF) (Pr) +
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and consequently the non-martingale part H (R, ®;) is equal to zero for all
_ 2
t whenever q(R;) = %k(k +n —2). Thus
t
4_%+qu@mu—mm
0

1— @2
R,

1/2 .
) AWy (s) = Zo + 27,

We start to evaluate the quantity E(e=*™ cy (75, )) by computing the value
of E(e=C7(®,)). We obtain
E(eMC{(®0) = B(CL(@))Ve -V 'e ™) = E((Zo + 2 -V 'e ™)
— E(Zow—lef)\t) + E(Zt(l)‘/t—lef)\t) _ E(Zovt_lei)\t),
because Zt(l) is a stochastic integral with respect to Ws(t), it has expectation

zero, and the process V, ! depends only on Wi (t). This means that we have

to evaluate
TB

pla) = EX(ZoVy e ) = Zo - B ((exp| | (=a(Rs) - N ds]).
0

where Zy = C}}(1). But this is the gauge for the generator of the process (Ry)

and potential —(¢+\). From the general theory (JChZ|), ¢ () is a solution of

the appropriate Schrédinger equation, based on the generator of the process
(Rt) and the function —(¢ + A). In this case the generator of (Ry) is

, d? d

L=4(1—-x) x@—l—Z(l—w)((n—@x—i—n)—

dx
and, as we have found, ¢(z) = %k(k‘ + n — 2). Observe that z = R; =

|X|> € [0,1). This means that ¢(x) is a solution of the differential equation
(4.18)  4(1—2)zy"(z) + 2(1=2)((n — 4)z +n)y'(z) — (g(x) + N)y(z) = 0.

Making the substitution o(z) = (1 — z)(®~1D/2=#/22k/2 £ (1) in (4.18)), where
p=+/(n—1)24+ X we get

(1 — 2)zf"(z) + [iw % x(g+1 ,u+k:)]f’(x)

1—pu n—1 u _

This is the hypergeometric equation with coefficients & = k+(n — 1)/2—pu/2,
B =(1—pu)/2 and v = k + n/2. The general solution of the equation is

c1 - Fppa(x) +c2- Gy,

where
n—1 1—
ka’)\(l’): 2F1<k'+ K M;k‘-{—;l’).

2 27 2
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The definition of Gy, » is more complicated. If n € 2N + 1 or n € 2N and
p=mn—1and k > 0 then

G () :xl_k_n/22Fl< S—on—sp—k2—k- Zw>

and if n € 2N and p=n —1, kK = 0 we have
n—2

n-2 n—2\ (D"
G ="57 X (")t
1=0, i#(n—2)/2

+ ”7_2 ((n”__2)2/2>(—1)”/2 log .

In the case n € 2N and p is not an integer we have

n—1 u l—p
= L F S P R
Gmk,)\(iﬁ) 2 1<k+ 9 27 9 ) 22 :L‘>>

and if n € 2N and g > n — 1 and g is an integer then

1+ ~1 1
Grea(®) = (1—96)“2F1<2M,k+n2 +2u;1+u;1—x>.

In all cases the function F, ; » is bounded at 0 and lim, o+ xk/ZGmk,)\(aﬁ)
= 00. We are looking for a solution ¢ that is bounded in the neighborhood
of x =0, so that

o(z) =c (1 — x)(”_1)/2_“/2xk/2Fn7k7>\(x).
Moreover, if the process starts from the boundary of B, (i.e. if (R;) starts
from 72), we have 75 = 0, hence ¢(r?) = 1, which implies

1
(1 _ r2)(nfl)/Zf,u,/2ran7k7/\(r2) ’
Finally, if the process starts from the point x inside B,., then the number x
in the above calculation is equal to |z|?, so that
(1 — |22 P F o (2]?)
(1= r2) o727 o (r7)

We have just proved the following representation for the A-Poisson kernel of
a ball in D":

Ccl1 =

E” (e "Br Cf (Py, ) = CL(1)

THEOREM 4 (A-Poisson kernel for a ball in D). For every x € B, and
y € OB, denote by 0 the angle between x and y. Then

X ktp (1— a2\ b g (l2]?)
A _ K,
Pg (z,y) =C E ; < T2 T Fa () Cy(cos ),
]C:O 7’1,, )

where C = I'(n/2)/(2x™ 2™~ 1).
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Proof. It is easy to see that both sides have the same Gegenbauer co-
efficients, hence they are equal. The constant C(k + p)/p appearing in the
above formula is a consequence of the orthogonality relation for the
Gegenbauer polynomials. The proof of the convergence of the above series is
precisely the same as the proof of the analogous result for the Poisson kernel
in [BM] and is omitted. m

REMARK 5. If we put A = 0, we get the formula of [BM].

B. M\-Green function of a ball. Let (X", PPr) be the hyperbolic
Brownian motion in D™ killed at the boundary of the ball B,. We want to
find a formula for the A-Green function of B, defined in (2.13]).

We introduce the following definition. If n € 2N + 1 or n € 2N and
@ =mn—1, then
I'((n—2)/2)

4qn/2 ’
if n € 2N, u > n — 1 and p is not an integer then
Dk + (n = 1)/2 = p/2)0(1/2 = u/2) T((n—2)/2).

[ = I (k+n/2—1) ETEE
and finally for n € 2N, gy > n — 1 and p an integer we put
I'k+(n-—10/24p/2)I'(1/2+ p/2) I'((n—2)/2)
Irai+4+wpwl(k+n/2-1) Amn/2 '
Due to the symmetry of the A-Green function (with respect to the hyper-

bolic volume element (4.16))) it is enough to find the formula in the case
|z <yl

an.kX =

Qp kA = —

ank X = —

THEOREM 6 (A-Green function formula). For |z| < |y| < r,

(4.19) Gy (,y) = anpn@nin(2?)eniea(yl?) CLcos ).
k=0

where

Pra(2) = (1 — 2) " VR27R2ERE L (),
/o G (1?)
n—1)/2 2_k/2 n,k,A
Yora(z) = (1 — Z)( )2=ul2 k] (Gn,k,k(z) — Foga(2) w)

and 0 denotes the angle between x and y.
Proof. Similar arguments to those in the case of the A-Poisson kernel

show that the A\-Green function GgT (z,-) as a function on the sphere S|,
(with radius |y|) is invariant under each orthogonal transformation U such
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that Uz = x (see [BM]). Consequently, it is enough to find the values of

1 1
a3 ), (. ]y]) =
( Br)k(x ’y|) C]?(l) anl‘y|n71

| CLlcos0)G (z,y)doy(y), = #0,
S)y|

for all K = 0,1,.... Observe that the function = — (G”\ ), (@, |y|) depends
only on |z|. Exactly the same arguments as in [BM] show that

(@), ol ) = s Gl ).

where G(n,£) is the A\-Green function for the interval [0,7%] and the one-
dimensional diffusion with generator
1 2
L) = 5 02() TL ) +b(a) D () — ela) 1),
where a(z) = 2(1 — x)\/ﬁ b(x) = 2(1 —z)((n — 4)z +n) and c(z) =
k(k+n—2)(1 — x)?/x. The speed measure density, scale function and killing
measure density are given by

1 xn/Q 1 xn/2—1
M) = AR A A=
1—2 n—2
Sy = LI
1 (1 _ .’E)2 xn/271
= - -2 .
k(x) 1 <k;(k‘—|—n ) . ) A=
Using (22.11) we get

GY(10,8) = Crger Prged (M),  0<n<&<r?
where ¢, 1. and 1,  \ are positive solutions of the equation Lu = Au such
that lim, o @nea(n) = 0 and lime_,2 ¥, A () = 0 (the boundary con-
ditions are consequences of the character of the boundary points for the
diffusion). The constant C), i » is given by

s'(2)
W (@ngens Unen)(2)
where W(@p k., ¥n.k,\) is the Wronskian of the pair (©n k1, ¥n k.2 )-

The equation Lu = Au is just (4.18]) and taking into account its general
solution, we find that the functions

Pnga(n) = (1 —n) D220k 2E (),

Une(£) = (1 — &) D/27n/2gh/2 (Gn,k,ms) — Fupa(€)

Cnix=

Gn,k,,\(rz)>
Fora(r?)

are the solutions which satisfy the boundary conditions at 0 and 2. From
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the general formula for the Wronskian for solutions of the hypergeometric
equation we get

W (fnsens Ynga)(2) = 21 = 2)" W (Fppx, Gaen) (2)
ey b 1 k+p I'(n/2)
_ k1 o\n—1l-p_—k-—n/2/1 _ \p—1
=2"(1-2) z (1-2) p 1 Pay

k+p I'(n/2)
p AT 2a,

= 5'(2)

Finally, comparing the formulas for the volume element dVp-» and the density
of the speed measure m(§), we arrive at

/A\ o p
(GBT)k(!x\,\y!) = m

The formula (4.19)) is now an easy consequence of the orthogonality relation
(4.17)) for Gegenbauer polynomials. The proof that the series is convergent
is very similar to that in [BM] and is omitted. m

an g7 e 7|22 U e n (Y1)

5. Harmonic measures and Green functions of balls in complex
hyperbolic spaces. Using a similar method to the one in the preceding
section, we can compute formulas for the A-Poisson kernel and the A-Green
function of a ball in complex hyperbolic space. For A = 0 it was done in [Z].

Consider C" with the Hermitian product (z, w)=>"_, zjw; for 2z, w € C™.
Let By be the unit ball in C™ equipped with the Bergman metric, induced
by the form h = —4091log K (z) with K(z) = 1 — |z|?. This means that the
metric is given by the matrix (h;;), where
oo (1= |21%)dij + Zizj

CA (R Py
The unit ball for this metric is a model of complex hyperbolic space. The vol-
ume element is given by dVen(2) = (1 — |2/2)7" "1 dz and Acn, the Laplace—
Beltrami operator in this space, is (see |R])

fori,7=1,...,n.

n 82
Ao () =41 = <P Y (B = 230 522
7,k=1

Denote by (X;) the process generated by Acn. It is called the complex hy-
perbolic Brownian motion.

A. )\-Poisson kernel of a ball. In order to compute the Poisson kernel
or the Green function, we decompose (X;) (as in |Z]) into the radial part
7y = | X;|? and “unitary spherical” part Y; = (X3, Xo)/(|X¢| | Xo|) = Ree®.
Now for 0 < r < 1 take B, = {z € C" : |z| < r} and put 7, = inf{t > 0 :
X: ¢ B, }.
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We are looking for E*(e~*™ X, ). In this context it is convenient to con-
sider the family of processes (HZ?(Rie)),q4=01..., where (HE?), p,q =
0,1,..., is the family of unitary spherical harmonics, described by Koorn-
winder in [K| (cf. also [F]). This family forms an orthogonal basis in
L2({2? +y* <1}, (1 — 22 — )" 2da dy).

The structure of unitary spherical harmonics is rather complicated, hence
the computations we need would be very long. Therefore we will use the
computations and results from [Z]: if we put

Q(x) =4(1—m)[p§q(p§qx+n— ) <p;q>2]’

then the process

t
Zy = Hﬁg(%) exp(éQ(rs) ds)

is a martingale. The generator of the process r; = | X;|? is

E—lezc(l—:lc)zai—I—4(1—ac)(n—ac)i
B dx? dx’

Now we compute the expectation just as for D" in the previous section:

E* <e)‘tHf{’q <m>> =B (e Z exp( - S)Q(TS) as))

¢
- ZOIEI(exp( ~{(Qrs) + N ds)).
0
We see that this time the gauge

o(x) = B (exp( - ST(Q(TS) +2)ds))
0
satisfies the equation

(5.20)  4a(l —z)%¢"(z) + 4(1 — 2)(n — 2)¢ () — (Q(z) + M) (x) = 0.

Making the substitution ¢(z) = (1 — 2)"/2 #/2xP+D/2y () where p =
Vn? + X, we get

z(1—2)y’(@) + (n+p+q—(n+p+q+1—pa)y(z)

1
+ 12+ p+ @) —2(n+p+q)n — 4pg — Aly(z) = 0.
This is the hypergeometric equation (2.1) with « = p + (n—pu)/2, § =
g+ (n — p)/2 and v = n+p+q. Here the roles of the coefficients p and q are
symmetric, hence we always assume that p < g. The general solution can be
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written (|E 2.2.2 and 2.3.1]) as
1 Frpga(®) + 2 Gnpga (),

where

—p  n—p

2

The definition of G, ;, 4.2 () is more complicated: if (n — p)/2 ¢ Z and 1—p #
0,—1,—2,... then (|E| p. 75, formula (7)])

n
Frpax(@) = 2F1<p+ ;n—i—p—i—q;a:).

n — n —
Grpar(®) = 2F1<p+ 5 M>Q+ 5 M;l—,u;l—x);

if(n—p)/2¢Zand 1 —pu=0,—-1,-2,... then (JE, p. 75, formula (8)])

n -+ n—+
waA@%=ﬂ—$Wzﬂ<p+2uﬂ+-i;ﬁ1+m1—x>
if(n—p)/2€Zand p+ (n—p)/2=p—1,...,1 then (JEL p. 72, case 20])

—g—(n— n— n-+ _
Grpgr(r) = (—x) q“lm”zﬂ<q+2ﬁal—p—Qﬁ%q—p+hx'ﬁ;

and finally if (n —p)/2 € Z and p+ (n—p)/2 = 0,—1,... then (JE, p. 73,
case 23|)
n—+u n+p

Grpgr(T) = (1 —2)! o1 <Q+ T’p+ 5

1+u;1—x>,

which is the same formula as in the second case.

In all cases F}, 4 1 is bounded at 0 and lim,_,q+ x(p+q)/2Gn7p7q7>\($) = 00.
Investigating the Poisson kernel, we are looking for a solution ¢ that is
bounded in the neighborhood of x = 0, so that

n— n2+)\

o(x) = czPTO/2 (1—2) 2 Fopoa().

Condition ¢(r) = 1 gives ¢; and we finally get, for the process (X;) with
XO =7,

N X7, , Xo)
EZ|( e )\Tng,q<< ) ))
( | Xz, [ Xol
ne/aZ A

_ gy (D) (LY T B el
" r 1—r2 Fypaa(r?)

Knowing the coefficients with respect to the orthogonal basis (HA'?), we can
write down the series expansion of the function.
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THEOREM 7 (A-Poisson kernel for a ball in complex hyperbolic space).
For every x € B, © # 0, and y € 9B,

n—

n=yn24x
Pé (.I‘ y) = 1 io: m r ﬂ 2 va%n(|m’2) Hp,q <y7x> )
'r ’ ,,,anl r 1— 702 Fp,q,n(rz) n ‘y| |$|

p,q=0

The proof of the convergence of the above series is precisely the same as
the proof of the analogous result for the Poisson kernel in [Z] and is omitted.

REMARK 8. 1. If x = 0 then, by the unitary invariance of the process,
the variable X, is uniformly distributed on the sphere 0B,.
2. If we put A = 0 in the above formula, we get the result of [Z].

B. A-Green function of a ball. We continue the calculations from
the previous section, using the analogous method to compute the A-Green
function in D™. This time we compute the coefficients of the expansion of the
A-Green function with respect to the orthogonal basis, consisting of (H,,).

Recall that p = v/n? + X. Denote by wa,—1 = 27™/I'(n) the area of the
unit sphere in R?” and define b pg to be
[ T+ ") (g +"5")
wgn_lf(l — /J)F(TL +p+ Q)
_ Tla+ ) (p+ )
won—1I'(L+p)I'(n+p+q)

if 55t ¢ Zand 1 —p#0,-1,...,

if %5¢¢Zand 1 —p=0,-1,...,

or "5 € Z and 2]”#: -1,-2,...,
()P (g5 (g + )
won-1I'(1+g—p)I'(n+p+q)

We have the following formula.

if "5 € Z and 2"ﬂr#:p—l,...,O.

THEOREM 9 (A-Green function formula for B,). For 0 < |z| < |y| < r,

1

o0
. (z,9)
G, (©9) = gt D bnvpvqﬂ%vpqu*(’:”')w”’p’“('y)H£’q<\x! \y!>’
p,q=0

where

Qpn7p7q«\(|x|) =(1- mz)(n_#)ﬂ|$|p+an,p,q,>\(|$‘2)a

Unpan(yl) = (1 — [y|?)"mm/2 |y Pt
Gn,p,q,k(r2)>_

x |G ) - F i
< n,p,q7/\(‘y| ) n7p707>‘(|y| ) Fn,p7q7A<T2)

Proof. The Laplace-Beltrami operator Acn commutes with unitary
transformations, hence the complex hyperbolic Brownian motion generated

by Acn and starting at x is invariant under each unitary transformation U
such that Uz =  (see [Z]). This implies that the A-Green function G (z, -),
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as a function on the sphere S}, with radius |y|, is invariant under all unitary
transformations U with Uz = .

Let (G)BT)p,q denote the coefficient of the expansion of G)]‘3T with respect
to the basis (H};,). We will compute the values of

(@), (ol = § e ({56 e day ), 0,

P |z [y
Syl

for all p,g = 0,1,.... Observe that the function z — (G )p q( ,|y|) depends

only on |z|. Exactly the same arguments as in [Z] show that

G5 (al,lyl) = ——

P wan—1ly|?n—1

G (I, lyl?),

where G} is the A-Green function for the interval [0, 7] of the one-dimensional
diffusion with generator

df

42 f
o 2 (2) - (@) (@),

L) = 5 () TH() + ()

where

a(z) =2(1 — z)V2z, b(z) —4(1—x)(n—ac
Pa(2E 4 g ) q)?

c(x) = 4(1 —a:)( 2

The basic characteristics of this diffusion are (cf. ( . (2.10))

T

( )_ 2 Bl) _ 1 " B n— 1
T2 T w22 Q-2 1_4(1—x)”+1’
_ n—1
S/(CC) = eiB(x) = 7(1 17;) s
X
_ 2 B | +n—=1) (p—q\’] 2"}
k(z) = () c(x)e = . 5 Ao

The general theory of one-dimensional diffusions says that the A-Green func-
tion for the interval [0,7] is of the form

Cnapzq))\ ’ 9071717,(1,)\("/L‘Dwnupyq,)\ﬂy‘)? |x| < |y’7

where ¢, , 4.2 and v, p, , \ are positive and monotone solutions of the equa-
tion Lu = Au.

The equation Lu = Au is just and taking into account its gen-
eral solution, we get the formulas for ¢, , 1 (|z]) and ¥y, p 42 (|y|) as in the
statement.
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Finally, using the formula for the Wronskian of solutions to the hyperge-
ometric equation (|Ll p. 84]), we get
W(‘Pn,p,q,)\a wn,p,q,k)(z) = Zp+q(1 )n HW( n,0,q,\> Gn,p,q,)x)(z)

= 2PTI(1 — 2)" TP Z)H_lcn,p,q = 5'(2)Cnpa

where Cy, , 4 equals
—I'1—pl'(n+p+q
I(p+534) (g +"5")
—I'A+pl(n+p+q)
F(q + n—i—u) (p + n+u)

if SE 2,1 —pu#0,— ,

OS¢ 71— =0,—1,...,

or S e, % =-1,-2,...,

(_1)n+p+q[’(1+q_p)F(n+p+q) if R c7 2p+n—p —
Ig+ ") (g +%5") Lo

Comparing the formulas for the volume element dVgr and the density of the
speed measure m(z), we arrive at

3 HE(1)

(GBT pq(\x’ lyl) = m

Hence the theorem follows, because the set of unitary spherical harmon-

ics (HR?), p,q = 0,1,2,..., is an orthogonal basis in L?({2? + 3? < 1},

(1— 22 —y?)"~2dx dy). The proof that the series is convergent is very similar

to that given in [Z]. =

p—1,...,0.

‘Pn,p,q,/\(‘x‘z)wn,p,qd(’Z/P)-

6. General case. Summarizing the above examples we can exhibit the
main idea of calculations. Suppose we are given a diffusion (Xi);>¢ with
values in a subset of R"™. Suppose also that D is a regular domain in R"
and 7p = inf{t > 0 : Xy ¢ D} is finite with probability one, that is,
P?(1p < 00) = 1. Consider the process (X{);>0 killed upon exiting D.

ASSUMPTIONS.

A. The generator £ of the diffusion (X;) commutes with a group G of
mappings of D, hence the distribution of the process starting from a point
xo € D is invariant with respect to all those mappings from G that leave zq
invariant.

B. (X}) can be decomposed into two parts: a process r; such that 7p =
inf{t > 0 : 1, = a} for some constant a € R and the second part, called
(X;), invariant with respect to all those transformations from G that leave
o unchanged.

C. It is possible to use harmonic analysis on 9D, i.e. there exists a set
of functions (f,)ues such that f, : 9D — C and the family (E(f,(X¢)))uer
describes a distribution of X; in a unique way.
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D. There exists a multiplicative functional V; = exp(gg q(rs) ds) such
that the process Z; = fu(X;)V; is a martingale.

If all these assumptions hold then we can find an ordinary differential
equation describing the gauge, so we can compute E* (e~ f,(X,,)).

Observe that all the above assumptions were satisfied in the examples
discussed in Sections 3, 4 and 5. If the domain D is a half-space or a ball,
the group G consists of automorphisms of the half-space (inner translations
and rotations) or the ball (orthogonal or unitary transformations).

The method can also be applied in non-hyperbolic contexts. The authors
of |[JG] computed the Poisson kernel for balls in the case of an Ornstein—
Uhlenbeck process. Using our method it is possible to describe the A-Poisson
kernel for such a process.

As we mentioned in the Introduction, the authors of [BDH] investigated
the global Poisson kernel (on the whole space) for NA groups and genera-
tors of the form of a Laplace—Beltrami operator plus some additional term
of the first order. Complex hyperbolic space, realized as Siegel upper half-
space, is the main example of such NA groups. It is an interesting ques-
tion whether the above methods can help to compute the A-Poisson ker-
nel or A-Green function for a “half-space” of the Siegel domain, that is, for
D={z€C":32 — > 1y |2k|* > a}, for given a > 0.
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