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Abstract. We study the holomorphic Hardy-Orlicz spaces HT (£2), where £ is the
unit ball or, more generally, a convex domain of finite type or a strictly pseudoconvex
domain in C". The function @ is in particular such that H'(£2) ¢ HT(2) C HP(2) for
some p > 0. We develop maximal characterizations, atomic and molecular decomposi-
tions. We then prove weak factorization theorems involving the space BMOA(S2). As a
consequence, we characterize those Hankel operators which are bounded from H¢(Q) into

HY(£2).

Introduction. This work has been motivated by a new kind of fac-
torization in the unit disc, obtained in [BIJZ]. Namely, the product of a
function in BMOA with a function in the Hardy space H' of holomorphic
functions lies in some Hardy—Orlicz space defined in terms of the func-
tion @1(t) := t/log(e + t). Conversely, every holomorphic function in this
Hardy—Orlicz space can be written as the product of a function in BMOA
and a function in H'. This exact factorization relies heavily on the classical
factorization theorem through Blaschke products and does not generalize
to higher dimensions. Nevertheless, it was proven by Coifman, Rochberg
and Weiss in the seventies [CRW] that HP, for p < 1, admits weak fac-
torization, namely, F' = >, G;H; with >, |G IGIH IR < Cpgl| F||5 when
1/q+ 1/r = 1/p. This was extended later on by Krantz and Li to strictly
pseudoconvex domains [KL], then by Peloso, Symesak and the present au-
thors to convex domains of finite type [BPS1], [GP]. We rely on the methods
of these two last papers, which are somewhat simpler, to obtain the weak
factorization of Hardy—Orlicz spaces under consideration. Note that such a
weak factorization for HP is typical of the case p < 1, in contrast to the case
of the unit disc where factorization is valid for all p > 0.
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A natural application of such factorizations is to characterize classes of
symbols of Hankel operators. We are able to characterize the symbols of
Hankel operators mapping continuously Hardy—Orlicz spaces into H' for a
large class of Hardy-Orlicz spaces containing H'. We do this for all do-
mains for which we have weak factorization. However, weak factorization is
a stronger property, since the Hardy—Orlicz spaces under consideration are
not Banach spaces. We have given in [BGS|] a direct proof of the fact that
Hankel operators are bounded on H! of the unit ball if and only if their
symbol is in the space LMOA, without involving Hardy—Orlicz spaces, even
if the idea of weak factorization is indirectly present in that note.

Let us mention, in the same direction, the factorization obtained by
Cohn and Verbitsky [CV] in the disc, which allows characterizing those
symbols for which the corresponding Hankel operator is bounded from H?
into some Hardy—Sobolev space. A generalization to higher dimensions of
their factorization seems much more difficult than ours.

At the end of this paper, we state the same theorems for a class of
domains in C" which includes the strictly pseudoconvex domains and the
convex domains of finite type. We explain briefly how to modify the proofs.

Let us give some notations and describe the results more precisely. Let
B"™ be the unit ball and S™ be the unit sphere in C". Let @ be a continuous,
positive and non-decreasing function on [0,00). The Hardy—Orlicz space
H®(B") is defined as the space of holomorphic functions f such that
(1) sup | &(|f(rw)]) do(w) < oo

0<r<1 sn

where do denotes the surface measure on S"™. We recover the Hardy spaces
HP(B™) when &(t) = tP. We are especially interested in the case ®,(t) =
tP/log(e +t)?, 0 < p < 1, since the space H®»(B") arises naturally in
the study of pointwise products of functions in HP(B"™) with functions in
BMOA(B™) inside the unit ball. Indeed, we prove that the product of an
HP(B")-function and a BMOA(B")-function belongs to H®?(B"), and con-
versely, there is weak factorization.

We will restrict ourselves to concave functions ¢ which satisfy an addi-
tional assumption so that H!'(B") c H?(B") C HP(B") for some 0 < p < 1.
In particular, any function f in the Orlicz space H?(B") admits a unique
boundary function still denoted by f which, by the Fatou Theorem, satisfies
§sn (| f]) do < 0.

Before going on, we need some basic notations for the geometry of S™.
We recall that the Kordnyi metric on S™ is given by d(z,w) := |1 — z.w0| (see
[R]). All along the paper, except when speaking of the unit ball itself, balls
(or Kordnyi balls) will be open subsets of S that are balls for the Kordnyi
metric.
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We also consider the real Hardy-Orlicz space H?(S") defined as the
space of distributions on S™ which have an atomic decomposition defined
in terms of Koranyi balls. More precisely, H?(S™) is the space of distribu-
tions f which can be written as Z;‘io aj, where the a;’s satisfy adapted
cancellation properties, are supported in some ball B; and are such that
>, 0(Bj)®(|lajll20(B;)~1/?) < oo,

We first prove maximal characterizations of Hardy—Orlicz spaces. As a
corollary, we deduce that the Hardy-Orlicz space H?(B") continuously em-
beds into H?(S™), while the Szegd projection is a projector onto H®(B"). In
particular, every f € H®(B") has boundary values that belong to H?(S"),
and f may be written in terms of the Szegé6 projection of its atomic decom-
position. The work of Viviani [V] plays a central role: atomic decomposition
is proved there for Hardy—Orlicz spaces in the context of spaces of homoge-
neous type with a restriction on the lower type p of @, which, in the case
of the unit ball, is the condition p > 2n/(2n + 1). We prove the atomic de-
composition for all values of p, with the same kind of control of the norm as
obtained by Viviani.

Since the Szego6 projection of an atom is a molecule, we also get a molec-
ular decomposition as in the classical Hardy spaces (see [TW] for instance).

The atomic decomposition allows us to prove a (weak) factorization the-
orem on HY(B"). In particular, we generalize the factorization theorem
proved in the disc for H®' in [BLJZ]. More precisely, we prove that, given
any f € HY(B"), there exist f; € H?(B"), g; € BMOA(B") such that f =
Z;‘;O fjg9; where ¥ and & are linked by the relation ¥ (t) = @(t/log(e +t)).

As a consequence, we characterize the class of symbols for which the
Hankel operators are bounded from H?(B") to H!(B"). The symbols belong
to the dual space of HY (B™), which can be identified with the BMOA-space
with weight py where py(t) = 1/t0~1(1/t). Weighted BMOA-spaces have
been considered by Janson in the Euclidean space [J]. Here they are defined
by
BMOA(py)

1

. 2 ny . : _ 2
={renE o, i BBy ) <

where the integral is taken on the unit sphere, f stands for the boundary
values of the function, and balls are with respect to the Koranyi metric.
Moreover, Py (B) denotes the set of polynomials of degree < N = Ny in an
appropriate basis, with N large enough.

When ¥ = @4, this space is usually referred to as the space LMOA of
functions of logarithmic mean oscillation. Duality has been proven in R™ by
Janson [J]. Viviani proves it as a consequence of atomic decomposition. In
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the context of holomorphic functions, this is also a consequence of atomic
decomposition and continuity of the Szego projection.

Our method allows us to characterize BMOA(pg) as the class of symbols
of Hankel operators which map H? into Hvlveak.

As pointed out before, we have chosen to allow the lower type of @ to be
arbitrarily small, and not only the upper type to be larger than 2n/(2n + 1)
(for the unit ball of C™, or for a strictly pseudoconvex domain; for a general
convex domain of finite type, the critical index is different). This raises many
technical difficulties: for instance, it is not sufficient to deal with atoms with
mean 0 and we need extra moment conditions; in parallel, one has to deal
with polynomials of positive degree to define the dual space BMO, and not
only with constants.

Here and in what follows, H(B") denotes the space of holomorphic func-
tions in B". For two positive functions f and g, we use the notation f < g
when there is some constant ¢ such that f(w) < ¢g(w), where w stands for
the parameters that we are interested in (typically, the constant ¢ will only
depend on the geometry of the domain under consideration). We define the
symbols 2 and ~ analogously.

1. Statements of results

1.1. Growth functions and Orlicz spaces. Let us give a precise
definition for the growth functions which are used in the definition of Hardy—
Orlicz spaces (see also [V]).

DEFINITION 1.1. Let 0 < p < 1. A function @ is called a growth function
of order p if it has the following properties:

(G1) @ is a homeomorphism of [0, c0) such that #(0) = 0. Moreover, the
function ¢ — &(t)/t is non-increasing.

(G2) @ is of lower type p, that is, there exists a constant ¢ > 0 such
that, for s >0and 0 <t <1,

(2) O(st) < ctPd(s).

We will also say that @ is a growth function whenever it is a growth
function of some order p < 1. Two growth functions ®; and @, define the
same Hardy—Orlicz spaces when @1 ~ &,. In particular, the growth function
& of order p is equivalent to the function Sg(@(s) /s) ds, which is also a growth
function of the same order and has the following additional property.

(G3) @ is concave. In particular, it is subadditive.

Our typical example @, (t) = t¥/log(e + t)? satisfies (G1) and (G2) for p < 1.
The same is valid for the function @, ,(t) = t?(log(C'+t))*?, provided that C
is large enough, for p < 1 and any «;, or for p = 1 and a < 0. In the following,
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we still denote by @, (or @, ) the modified but equivalent functions which
satisfy (G3) as well.

REMARK 1.2. If @ and ¥ are two growth functions, then so is @ o .

Observe also that @ is doubling: more precisely,
(3) (21) < 20(t),

a property that will be widely used.
For (X, du) a measure space, we denote by L? the corresponding Orlicz
space, that is, the space of functions f such that

[ fllpe == S O(|f]) du < oo.
X

The quantity |- || is subadditive, but is not homogeneous. One may prefer
the Luxemburg quasi-norm, which is homogeneous but not subadditive. It
is defined as

11 = it {2 > 0§ @(1£(@)/A) dp(e) <1},
X

It is easily seen that, when & is of lower type p,

1
I < masc{|| £ o 1 FI1E2)
while

1Fll e S max{ £, (1757

Endowed with the distance ||f — g||;#, L? is a metric space. When T is a
continuous linear operator from L? into a Banach space B, there exists a
constant C' such that

ITfls < ClIFI
Conversely, a bounded operator is continuous.

1.2. Adapted geometry on the unit ball. Let us recall here some
geometric notions (see [R]) that will be necessary for the description of
spaces of holomorphic functions.

For ¢ € S” and w € B", let
We recall that, when restricted to S™ x S™, this is a quasi-distance. For
Cop € S" and 0 < r < 1, we denote by B({y,r) the ball on S™ of center (y and
radius r for the distance d. Recall that o(B({o,r)) ~ r". In particular,

(4) a(B(Co, Ar)) = Ao (B(Co, 7)),

with constants that do not depend on (y and r.
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For each ¢y € S™, we choose an orthonormal basis v, ..., v(™ in C™ such
that v is the outward normal vector to the unit sphere. In particular, we
can choose the canonical basis for the point with coordinates (1,0, ...,0). Let
xj +1y; be the coordinates of z — (o in this basis. Then y1,...,yn, 22,..., Ty
can be used as coordinates on S in a neighborhood of (y, say in the ball
B({o,9). We can take ¢ uniformly for all points (y. We will speak of the
special coordinates related to (.

Given ¢ € S™ we define the admissible approach region A, (C) by

Ao(Q) ={z=rweB": d((,w) =1 - ({,w)| < a(l—7)}.

We then define the admissible mazimal function of a holomorphic function
f by

(5) Ma(f)(C) = sup [f(2)].
z€A4(Q)
1.3. Hardy-Orlicz spaces. Hardy Orlicz spaces H®(B") have been
defined in (). We define on H?(B") the (quasi-)norms by
1£ll32@ny == sup | &(|f(rw)]) do(w),

0<r<1 sn

1£1134% gy = int {)\ >0: sup | @(Ww)'> do(w) < 1},
0<r<1 sn A
which are finite for f € H?(B") and define the same topology.
The assumptions on the growth function @ give the inclusions

(6) HY(B") c H?(B") C HP(B").

A basic property of Hardy spaces is that they can be equivalently defined
in terms of maximal functions, which generalizes to our setting.

THEOREM 1.3. Let a > 0. There exists a constant C > 0 such that, for
any f € H®(B"),
(7) [@(MalfDlLrsny < Cllf e @n)-

So the two quantities are equivalent.

Next we define the real Hardy—Orlicz spaces on the unit sphere in terms
of atoms.

For {p € S", we denote by Pn((o) the set of functions on B({p,d) which

are polynomials of degree < N in the 2n — 1 special coordinates related
to o. Notice that Py ({y) does not depend on the choice of v, ... v,

DEFINITION 1.4. A square integrable function a on S™ is called an atom
of order N € N associated to the ball B := B((p, o), for some (y € S", if
the following conditions are satisfied:
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(Al) suppa C B;
(A2) when ry <0, {g, a(¢Q)P(¢) do(¢) = 0 for every P € Pn (o).

The second condition is also called the moment condition.

We can now define the real Hardy—Orlicz spaces. Recall that the term
“real” is related to the fact that the definition makes sense for real func-
tions, and does not require any assumption of holomorphy. Here we consider
complex-valued functions, since in particular we are interested in the fact
that these spaces contain boundary values (in the distribution sense) of
holomorphic functions in H?(B").

DEFINITION 1.5. The real HardyOrlicz space H®(S™) is the space of
distributions f on S™ which can be written as the limit, in the distribution
sense, of series

(8) F=Ya;, Y o(B)®(|lajllao(B;)/?) < o0,
J J

where the a;’s are atoms of order N, associated to the balls B;. Here N is

an integer chosen so that N > N, :=2n(1/p—1) — 1.

The (quasi-)norm on H?(S") is defined by

) Il =int { 3" o(B)@(lasllao(By) ) - f = Zag}

J
It is also subadditive. In particular, with the distance between f and g given
by || f =gl o, H®?(S™) is a complete metric space. It is easy to verify that the
series in (8) converges in the metric. Observe that convergence in H?(S")
implies convergence in the sense of distributions.

We will see that the Szegd projection Pg is a bounded operator from
HP(B") into itself.

REMARK 1.6. The condition on N guarantees that the Szego projec-
tion of the atom a (or its maximal function) is well defined with L® norm
uniformly bounded in terms of &(||allzo(B)~1/?)a(B). It follows from the
theorems below that the space H?(S") does not depend on N > N,,.

We have the following atomic decomposition.

THEOREM 1.7. Let N € N be larger than N,. Given any f € H?(B")
there exist atoms a; of order N such that 3722 a; € H?(S"™) and

f:PS<Z ) ZPS aj).

7=0
Moreover,

> o(B)B(llasllzo(B)) ™) = || f 3o any.

Jj=0
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As in the atomic decomposition of Hardy spaces on R, the order of the
moment conditions on the atoms can be chosen arbitrarily large. Having
optimal values has no importance later on, which allows an easy adaptation
of the proofs to a class of domains including convex domains of finite type
and strictly pseudoconvex domains, for which the optimal values of N, are
different. The fact that atoms may satisfy moment conditions up to an
arbitrarily large order will play a crucial role for the factorization.

Szegd projections of atoms are best described in terms of molecules,
which we introduce now.

DEFINITION 1.8. A holomorphic function A € H?(B") is called a mole-
cule of order L, associated to the ball B := B(zp,79) C S™, if it satisfies

d , L+n d 1/2
000 ALy = (s § (14 W25 vl ST57) <o

PROPOSITION 1.9. For an atom a of order N associated to a ball B C S",
its Szegd projection Ps(a) is a molecule associated to B of double radius, of
any order L < N + 1. It satisfies

1A oty S llall2o(B)~/2.

PRropPOSITION 1.10. Any molecule A of order L associated to a ball B,
such that L > L, := 2n(1/p — 1), belongs to H*(B"™) with

[ Al < P Allmoi(,L)) o (B).

The atomic decomposition and the previous propositions have, as corol-
laries, the molecular decomposition of functions in H?®(B"), the continuity
of the Szego projection, and the identification of the dual space. Let us state
first the molecular decomposition.

THEOREM 1.11. For any f € H?(B"), there exist molecules A; of order
L > L,, associated to balls Bj, such that f may be written as

F= 4
j

with ||f”714>(18n) = Zj @(HAJ‘”mol(Bj,L))U(Bj)-

The continuity of the Szeg6 projection is also a direct consequence of the
atomic decomposition and the fact that an atom is projected to a molecule.

THEOREM 1.12. The Szego projection extends to a continuous operator
Ps : HP(S™) — H®(B™).

Before giving the duality statement, let us define generalized BMO(p)-
spaces as follows. We assume that ¢ is a continuous increasing function from
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[0, 1] onto [0, 1], which is of upper type «, that is,
(11) o(st) < s%o(t)
for t € [0,1] and s > 1 with st < 1. We then define
1
BMO(p —{ e L*S") :sup inf ————
(=1 L) B PePn(B) 0(0(B))%0(B) ;

Here, for B a ball of center (g, assumed to be of radius r < §, we denote
by Pn(B) the set Py({p). The integer N is taken large enough, say N >
2na — 1. Before going on, let us make some remarks.

\f—P|2da<oo}.

REMARK 1.13. The definition does not depend on N > 2na —1. We will
not prove this and refer to [BPS2| for a proof for o < 1/2. It is a consequence
of duality and atomic decomposition.

REMARK 1.14. One may prove that, as in the Euclidean case (see [J]),
if o is of upper type less than 1/2n and satisfies the Dini condition
1

§ 2 s < o(r),

then BMO(p) coincides with the Lipschitz space A(p), defined as the space
of bounded functions such that

1f(2) = £(OI < eo(d(z,)").

Spaces BMO(p) have been introduced by Janson [J] in R™, and proved
to be the dual spaces of maximal Hardy—Orlicz spaces related to the growth
function @ when o(t) = 0g(t) := 1/t~ (1/t). With our definition of H®(S")
in terms of atoms, this duality is straightforward, as pointed out by Vi-
viani [V]. For holomorphic Hardy—Orlicz spaces, we also have

THEOREM 1.15. The dual space of H®(B") is

1
BMOA(p)={ f € H*(B") : su inf ———— P2da<oo}
© {f (&) BpPePN(B) o(o(B))?a(B) ]S3|f |
where o(t) = og(t) := 1/t&~1(1/t). The duality is given by the limit as r
tends to 1, r < 1, of scalar products on spheres of radius r.

In other terms, BMOA(p) is the space of holomorphic functions in the
Hardy space H2(B") whose boundary values belong to BMO(p).

1.4. Products of functions and Hankel operators. We now have
all prerequisites to study the product of a function h € H®(B") with a
function b € BMOA(B™). Observe that, using @, we already know that
the product is well defined as the product of an HP(B™)-function and an
H*(B"™)-function for all 1 < s < co. So it is in H?(B") for ¢ < p. We want
to replace this inclusion by a sharp statement.
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PROPOSITION 1.16. The product maps continuously H® (B")x BMOA(B")
into HY (B"), where ¥(t) = &(t/log(e + t)).

Proof. We know that ¥ is also a growth function by Remark We
prove more: using the John-Nirenberg inequality, we know that a function
b in BMO is also in the exponential class. More precisely, we only use the
fact that b(r-) is uniformly in the exponential class, and prove that, for such
a function b and for a function h € H®(B"), the product bh is continuously
embedded in HY(B"). We start from the following elementary inequality
(see [BLIZ]): for any u,v > 0,

uv

— < v—1.
log(e +uv) — ue

It follows that
U(w) SP(u+e’ —1) S P(u) +e” — 1.

When u and v are replaced by measurable positive functions on the measure
space (X, du), we have, by homogeneity of the Luxemburg norms,

£ gz < IAIEE gl -
We refer to [VT] for a more general Holder inequality on Orlicz spaces.

Let us come back to Hardy spaces. Applying this inequality on each
sphere of radius less than 1, we conclude that

1 1 1 1
(12) 1 9llze S I fllzallgllesr < I1F I3 llgllBraoa. =
We are going to prove converse statements.

THEOREM 1.17. Let A be a molecule associated to the ball B. Then
A may be written as fg, where f is a molecule and g is in BMOA(B™).
Moreover, f and g may be chosen such that

HAHmOI(B,L)
~ log(e +o(B)71)
when L' < L. In particular, if U(||Allmoys,))0(B) < 1, then

(|| fllmorm,ry) < ¥

THEOREM 1.18. Given any f € HY(B") there exist f; € H*(B"), g; €
BMOA(B"), j € N, with the norm of g; bounded by 1, such that

o0
=Yg
§=0
Moreover, we can take for f; a molecule and, if || f||w < 1, then

> B fillmors;.2))7(Bj) S (1 fllzer-
i

9l Broammy S 1, 1f llmoi(s,1)

Allmol(B,L))-
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In particular,

(0.0
> fillaeellgslmroa S N f -
i=0

Notice that the quantity > . @(||f;llmoi(B;,r))o(B;) is not equivalent to
the norm of f. When the dimension is equal to 1, one can proceed as in
[BIJZ], and prove that there is an exact factorization.

As a corollary, we obtain the following characterization of bounded Han-
kel operators. Recall that, for b € H?(B"), the (small) Hankel operator Ay,
of symbol b is given, for functions f € H2(B"), by hy(f) = Ps(bf).

COROLLARY 1.19. A Hankel operator hy extends to a continuous opera-
tor from H®(B") to H'(B™) if and only if b € (H¥(B")) = BMOA(oy).

All these results may be extended to the more general setting of strictly
pseudoconvex domains or of convex domains of finite type in C". We give a
sketch of the proofs in Section [6]

2. Maximal characterizations of Hardy—Orlicz spaces. Let us
prove the equivalent characterization of H®-spaces, given in Theorem In
order to adapt the proofs given for usual Hardy spaces, we need the lemma
below, where M denotes the Hardy-Littlewood maximal operator related
to the distance on the unit sphere. In fact, the statement is valid in the gen-
eral context of spaces of homogeneous type. In particular, we will also use it
for the maximal operator on the sphere related to the Euclidean distance.

LEMMA 2.1. Let @ be a growth function of order p, and 3 < p. There
exists a constant C' > 0 such that, for any measurable function f,

J oMIE(fIM)VP) do < C § @(|£) do
Sn Sn
Proof. Set g := |f|®. We only use the fact that
toMPE(g) =)< | gdo,
{g9=t/2}
which is a consequence of the weak (1,1) boundedness of MHL,

Define ¥(t) := ®(¢t'/7), which is a function of lower type p/f > 1. In
particular,

Mdt:.s_lx

2
0

(13)

O e

since 8(1) tP/8=2 q¢ is finite. It follows, by splitting this integral into intervals
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(2%, 2F+1) | that

(14) 3 2 k(b < (s)

S
k; s>2k

Now, we have to estimate

| w(MTE(g))do < Zw Vo (ML (g) > 2k

Sn
< 22*’@ 2ty | gdo
{g>25-2}

Interchanging the integral and the sum and using , we conclude that
the left hand side is bounded by C SSn ¥ (g) do, which we wanted to prove. m

Proof of Theorem[1.3. We proceed in two steps, as is classical. Let
Mo(f)(C) = sup [f(r()]
0<r<1
be the radial maximal function. We first prove that
(15) [@(Mo(fD)lLrsny < Clif llre@ny-
Let 8 < p, ¥ and g = |f|” be as before. The function g is subharmonic, and
satisfies the condition

sup | ¥(g(r¢)) do(¢) < oo.

0<r<1 sn

We claim that there exists some constant C', independent of g, such that

(16) ) #( sup g(r())do(¢) < C sup | ¥(g(r())do(C),
o 0<r< 0<r<l g,

which will immediately imply . The proof of follows the same lines
as in the unit disc. Assume first that g extends to a continuous function
on the closed ball and let g be the function on the unit sphere that coin-
cides with this extension. With this assumption, the right hand side is the
integral of ¥(g). Then it follows from the maximum principle that g < G,
where G is the Poisson integral of §. Moreover, we know that supy., - g(r()
is bounded by the Hardy-Littlewood maximal function (for the Euclidean
metric on the unit sphere) of g. We deduce the inequality by using
the previous lemma, or its proof, in the context of this Hardy—Littlewood
maximal function. To handle general g, it is sufficient to see that inequality
is valid for g once it is valid for all g(r-) with 0 < r < 1.

Let f be the a.e. boundary values of f, which we know to exist since f
belongs to HP(B") by @ Observe that once we have done this first step,
we also know, using Fatou’s lemma, that ”@(‘f’)”Ll(Sn) < | fllne-
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To deal with M, we use the known inequality (see for instance [St])
(17) Ma(f)7 < CaMTE Mo (1)),
We then use Lemma [2.1] to conclude the proof of Theorem .

We need stronger characterizations of H%(B") to obtain atomic decom-
position. First, looking at the proof of , one observes that the constant
C, has a polynomial behavior when « tends to co. In the Euclidean case,

details are given in [St]. This means in particular, using the fact that @ is
doubling, that for some large ng and all a > 0, we have the inequality

(18) [Ma(llreny < COA+ )|l @n)-

Let us now consider the tangential variant of admissible maximal oper-
ators, defined by

1—r M
W) M0 = sw () MO0l

Here d((, w) denotes the pseudodistance on S”, given as before by d((, w) :=
|1 — (¢, w)|. We claim that

(20) 12N (Nlprsny < Cllf e @ny-

Using the definition, we have

N 1—1r M

S sup 27 "M Mo f(€).
keN
It then follows that
BN (i) < DN Mo f) L1 sm)

keN
<Y 27D (Mogi f) | L1 gy
keN
For Mp > ng we can conclude the proof by using .

Let us now introduce the grand maximal function. Firstly, we define
the set of smooth bump functions at ¢, which we denote by Y (), as the
set of smooth functions ¢ supported in B({p, 7o) for some (y € A,(¢) and
normalized in the following way. In the neighborhood of (y, when we use
special coordinates related to (p, the unit sphere coincides with the graph
Rwy; = h(Swy,w'), with w' = (we,...,w,) and h a smooth function. We
write w; = x; +y;, and consider all derivatives D®EDy where D consists
of k derivatives in 2’ or ¢/, and [ derivatives in y;. We assume that bump
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functions ¢ € KN (¢) satisfy the inequality
k/2+1 _
> ID™g) e migyronre T < o(B) 7.
k+I<N,
The grand mazimal function is defined as

(21) Kon(H(Q)= sup |lim | f(r()e(¢) do(0)].

pelT (€) gn

The limit exists for f € H?(B") C H?(B") since holomorphic functions in
Hardy spaces have distributional boundary values.

We use the following inequality (see |[GP], and [St] for the Euclidean
case).

_ LEmMA 2.2. With the definitions above, there exist c = c(B") and N =
N(a, N) such that

Ka,Nf(C) 5 Mca(f)(g) +NN(f)(C)

We now turn to atomic decomposition. We first prove in the next section
that holomorphic extensions of H?(S")-functions are in the Hardy-Orlicz
space.

3. Atoms and molecules: proof of Theorem We first consider
the Szeg6 projection of atoms and prove the following lemma.

LEMMA 3.1. Let a be an atom of order N associated to the ball B =
B({o,70), and let A = Ps(a). Then

do(w) 12
(22) Oigng(CO§2r0)¢<|A<rw>|> S 0llalao(5) ),
o nt+(N+1)/2 o
(23) |A<T<>|5(M) lalao(B) 2 for d(¢.co) > 2ro.

Proof. Let us prove . We have assumed that @ is concave. In partic-
ular, if du is a probability measure and f a positive function on the measure
space (X, du), then we have the Jensen inequality

(24) Jo(r)du < (| fdu) < @(1fllp2xam):
X X

If we use it for the measure do on B(zg,2rg) after normalization, we find
that

do(w) [[All¢2
(25) Oil::ng(gOS’Zm)@qA(rw)D O‘(B) 5@(0.(3)1/2>

Since the Szegd projection is bounded in L?, we have the inequality
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[l < llallz2,

and this proves .

The inequality is classical and used for classical Hardy spaces. It is
a consequence of the estimates of the Szégo kernel, which are explicit for the
unit ball. Without loss of generality we can assume that (o = (1,0,...,0),
so that the coordinates related to (y may be taken as the ordinary ones.
Otherwise we use the action of the unitary group. In the neighborhood
of (o, the unit sphere coincides with the graph ®w; = h(Swy,w'), with v’ =
(w2, ..., wy). We recall that S(¢,w) = ¢, (1 — (¢, w))™". In the following, we
are interested in estimates on Di(f’l)S(rC, (h(t1,s" +it") + ity,w’)), where
DD consists of k derivatives in s’ or ¢/, and [ derivatives in ¢1. It follows
from elementary computations that

IDSDS(r¢, (h(tr, s’ +it') +itr, w'))| < C(IF + |0 [F)[1 = 7(¢, w) |-,
For d(w,(y) < 79 and ¢ ¢ B((p,2ro), we know that |1 — r((,w)| 2 |1 —
(¢, ¢0)| = 7o. In particular, |[w'| < |1 —7(¢, ¢o)|Y?, and the same for |¢|. So,
(26)  [DEVS(r¢, (h(tr, s’ + it") + ity w'))| < C1 = (¢, Go)| Y,
We use the vanishing moment condition, in the computation of

Psa(r¢) = | S(r¢, w)a(w) do(w),

to replace S(r¢,-) by S(r(,-) — P, where P is its Taylor polynomial of
order N. By Taylor’s formula, the rest may be bounded by the sum, for
k41 = N +1, of the quantities [t;]|w'|*]1 — (¢, Co)|~"H*/2+D. Using the
fact that |t1|'|w'|F < rg/2+l, we have

FNFD)/2
_ 0

1S(r¢, w) — P(w)| < C d0rC. Co) NI
This gives the result, as o(B) <. =

Proof of Proposition [1.9 The fact that Pg(a) is a molecule is classi-
cal. We give the proof for completeness. Coming back to the definition of
I|Ps(a) anol( p,r) 8iven in (L0), we split the integral involved into two pieces.

We already know that the integral on B((p, 2r) satisfies the right estimate.
So it is sufficient to show that

d L+4n d
i (M) s 2 < ol
§"\B(Co,2r0) ‘

with C' independent of » < 1. By , this is a consequence of the estimate

o \"do(¢)
0 5 )<d<£,<o>> o) = °

S™\B(Co,270
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for some constant C' that does not depend on ¢y and 9, when M > n (see
for instance [R]). =

Proof of Proposition [1.10. Let A be a molecule of order L associated
to B := B(z,r). We want to prove that A belongs to H?(B") for L large
enough, with the estimate

HAHWB S QS(HAHmol(B,L))U<B)‘

Let us denote By := B(z,2%r). It is sufficient to prove that, for g a positive
function on the unit sphere,

o005 =0 (1 (122) wer 29) ),

N
Splitting the integral into pieces, it is sufficient to prove that

]8945(9) J((Z;) SP < < é} 9(¢)? i?g)) > UQ) :

which is a direct consequence of the Jensen inequality as before, and,
for k> 1,

| 29 Uc(l;) < 2k€g5<<2k(L+n) i g i(zg;)lﬂ)

Bi\Bg -1 Bi\Bg-1

for some € > 0. To prove this last inequality, we use again the Jensen
inequality for the measure do on By \ By_1, divided by its total mass
o(Bg \ Bx_1) ~ 2¥"0(B). This gives

| st 1 o sis)”)

Bi\Bg-1 Bip\Bg—1

We conclude by using the fact that @ is of lower type p, which yields
2kngp(t) < d(2+7/Pt). Tt is sufficient to choose L > 2n(1/p —1). m

4. Proof of the atomic decomposition Theorem Let f be a
fixed function in H®. As noticed before, f admits boundary values defined
a.e. on S, which we still denote by f.

We also fix an integer IV larger than N).

Let kg be the least integer such that

(28) 1B(Kanr(f) + Mal )Ly < 2%
For a positive integer k, we define
(29) Op = {2 €S": Kamf(2) + Ma(f)(2) > 207F}.

For each k, we then fix a Whitney covering {B¥} of Oy. As usual, one
can associate to f an atomic decomposition (see [GL] for a proof for Hardy
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spaces in the unit ball; we also refer to [GP] for a proof in the general context
considered in the last section).

Namely, there exist a function hy and atoms bf corresponding to the
Whitney covering {B¥} such that the following equality holds in the distri-
bution sense and almost everywhere:

(30 S ST

k=0 i=0
Here, ho is a so called “junk atom” bounded by c2*0 while the bf’s are
atoms supported in the Bf ’s, bounded by ¢2Ft%0 with moment conditions
of order N.
Since [|bF||20(BF)~1/2 < |||, it is sufficient to prove that

S o (BEYB([bf o) < o0

ik
We have
a(B)2(|[b [leo) <D B(2577)5(O4)
k=0 =0 k=0
T @(t) n M
<c | T o({Cesm KN A0+ MalHQ) = 1) dt
1
Sel#(o({Ces™: K F(O)+ MalH)(Q) = 1)) dt
1

< 1DEL )l sny + 12(Ma ()l < el flle-

To obtain the converse inequality, we use the decomposition f =) A,
where the A;, = P(bj)’s are molecules and satisfy, by Proposition

14jkllzge < o (B)D(|0F|20(Bf)™1/?) < o(BF)P([bF 1) m

As pointed out before, atomic decomposition allows us to obtain a lot of
results such as molecular decomposition that we are going to consider now.

5. Factorization theorem and Hankel operators. Now, we prove
the factorization theorem.

Proof of Theorem[I.17. Let A be a molecule associated to the ball B =
B(¢p,ro) with rg < 1. We write A = fg with

o) =tox( 11 ):

where ¢ := (1 —179)Cp. The constant 4 has been chosen in such a way that g,
which is holomorphic on B", does not vanish. We first observe that we have
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the required inequality for f, that is,

| Al mol(5,L)
/ < 7
(31) ||f||mol(B,L )~ log(e +o(B)~1)

for L' < L. For this, we have the two inequalities
(32)  [g9(&)| Zlog(e+ryt) ~logle+0(B)™"), &€ B(o,r0) C S,

(33) |g<rs>|zlog<e+a<B>—1><d(<ny§)), € ¢ B(Couro),

for all » < 1 and some € > 0. We have used the fact that, for v > 1 and
v>e,
log(uv) < Ceu logw.
In view of , we can use for the computation of the integral outside B.
Inside B, we observe that it is sufficient to prove that
[Alle2
<
which uses the boundary values of f and estimate .

We now prove that g belongs uniformly to BMOA(B™), or equivalently,
that (1 — |2]?)|Vg|> ~ (1 —|2|?)/|1 — (z,¢)|? is a Carleson measure with
uniform bound. Let B, = B(zo,p) be a ball on the boundary of B" and
T(B,) be the tent over this ball. We have to prove that

1|2
) 1= (0P

with constants that are independent of B,, r and (o, or, equivalently,

av(2) < o(B,)

T(Bp)

" t

)) (d(w,Co) +1)?

0B,

dtdo(w) S o(B,).

If d(zo, (o) > 2p then, for w € B, we have d(w, {y) > p and the denominator
is bounded below by p, which allows us to conclude. If d(xg,{y) < 2p, then
B, is included in Ep := B((o,3p) which has a measure comparable to B,.
Integrating first in ¢, we have to prove that

~§ log<d(cﬁ w)>da(w) <a(B,).

P

To prove this last inequality, we cut the ball Ep into dyadic shells. We
conclude by using the inequality

Y Ja(B(¢0,277p)) S o(By),

7>0
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which is a consequence of the fact that
a(B(z,277p)) S 277"0(B(2,p))-
We have recalled this classical inequality in (4)).
Assume now that ¥ (|| Allo1(,2))0(B) < 1. We use the fact that logt ~
log¥(t) to get
log(e + || Allmoi(z.2)) < log(e + o (B)™)
and to conclude that

P(|f lmorB,2)) S Y Allmor(B,z))- =
Observe that we have as well the following.

PROPOSITION 5.1. There exists a constant C such that every molecule
A can be written as fg with ||g||Bmoa < 1 and

1 £135 < CllAllmor(s.2)0 (B)ew(o(B)).
Proof. Indeed, by homogeneity of both sides of the last inequality, it is

sufficient to prove it when the right hand side is equal to 1. Equivalently,
this means that

[ Allmol(s,r) =¥ (1/a(B)),
or o(B)¥(||Allmo(B,z)) = 1. So we know that we can find f and g such that
lgll Broa <1 and
[fll3e < o(B)P(Ifllmors,Lry) S 1-
This means that || leHu?,% < 1, which we wanted to prove. m
Weak factorization, that is, Theorem [I.I8] follows directly from The-
orem [1.11] (molecular decomposition) and Theorem (factorization of

molecules), with the bound below for the quasi-norm of f in the Hardy—
Orlicz space.

Proof of Corollary[1.19. Let hy be a Hankel operator of symbol b. Let
us first assume that b € BMOA(gy). Then, for any g in BMOA,

[{he(f), 9)| = 1{Ps(bf), 9)] = (b, fg)

lux lux

S 1l srzoacen) 1913 S 110l Breoa(en) 1/ 1321191 Brr04-

It follows that hy is bounded from H®(B") to H!(B"), which we wanted to
prove.

Conversely, assume that h, is bounded from H?(B") to H!(B"). To prove
that b € BMOA(ow), it is sufficient to show that there exists a positive
constant C' such that for each ball B we can find a polynomial R € Py (B)
such that

| [b— RI?do < Cou(a(B))’0(B).
B
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We take for R the orthogonal projection of b onto Py (B), so that the func-
tion a := xp(b— R) on S™ is an atom. We know that A := Pa is a molecule
associated to B, with [[Almes,1) S |a|l2o(B)~'/2. From Proposition
we know that A may be written as fg with

lgllsroa <1, If156 S Il Allmois,)0(B)ow(a(B)).

Next, we write

| [b— RI?do = (b,a) = (b, Pa) = (h(f), ),

B
so that
Vb= R do < bl 111555 gl Broa < 1]l llallzo(B)? 0w (a(B)).
B

We divide both sides by |lal2 = ({5 [b — R|%do)/? to conclude the proof. =

We will give some complements to the characterization of symbols of
bounded Hankel operators. If exp H denotes the class of holomorphic func-
tions f such that f(r-) is uniformly in the exponential class exp L, then
Proposition is still valid with BMOA replaced by exp H. Let us point
out that exp ™ is the dual of Pg(Llog L), the space of functions that may
be written as Pgg with g € Llog L, equipped with the norm

||h||Ps (Llog L) lnf{HgHLlogL h = PSQ}

Then, looking at the proof of Corollary [1.19] we see that we have as well
the following improvement, since Pg(Llog L) is contained in H!.

PROPOSITION 5.2. If b belongs to BMOA(ow), then hy extends to a con-
tinuous operator from H®(B") to Ps(LlogL).

This has been proven by different methods in [BM].

The same reasoning allows us to characterize as well the Hankel operators
which map H?(B") to H.

weak

PROPOSITION 5.3. hy, extends to a continuous operator from H®(B") to
if and only if b belongs to BMOA(og).

weak

The necessity of the condition follows from the fact that

[0, A = The (O] < NPl 1 1l

so that b defines a continuous linear form on H?. We have used the fact that
HE weak 18 continuously contained in H'/2, and evaluation at 0 is bounded on
this space. For the sufficiency, we prove that hy, maps H®(B") to Pg(L')
when b € BMOA(04). But the dual of Pg(L') identifies with H>°. So, using
duality, it is sufficient to prove that multiplication by an element of the dual,
that is, H*>°, maps Hg into itself. This is straightforward.
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6. Extension of the results to a general setting. We are now going
to give the main points which allow extending our results to a larger class
of domains including strictly pseudoconvex domains and convex domains of
finite type. Let {2 be a smooth bounded domain in C". Define the Hardy—
Orlicz space on {2 as the space of holomorphic functions f such that

sup S O(|f)(w) dos(w) < 0o
0<e<eg é(w)

ES

where @ is as before of lower type p, §(w) is the distance from w to 92, and
do. the Euclidean measure on the level set d(w) = €. Recall that the usual
Hardy space HP(§2) of holomorphic functions on {2 corresponds to the case
O(t) =tP.

6.1. Geometry of H-domains

DEFINITION 6.1. We say that {2 is an H-domain if it is a smoothly
bounded pseudoconvex domain of finite type and if, moreover, for each ¢ €
012 there exist a neighborhood V¢ and a biholomorphic map &, defined on
V¢ such that @¢(§2 N V) is geometrically convex.

We recall that a point ¢ € 92 is said to be of finite type if the (nor-
malized) order of contact with 0f2 of complex varieties at ¢ is finite. By
[BS] and our assumption it suffices to consider the order of contact of 912 at
¢ with 1-dimensional complex manifolds (see [BS] and references therein).
The domain (2 is said to be of finite type if every point on 02 is of finite
type. We denote by My, the maximum of the types of points on df2. Notice
that the class of H-domains contains both the convex domains of finite type
and the strictly pseudoconvex domains.

We describe the geometry of an H-domain 2. This is done locally, using
a partition of unity. Moreover, in a neighborhood of a point ¢ € 92, using
local coordinates, we may assume that {2 is geometrically convex. Thus, we
do not lose generality if we assume that it is globally convex. Then, there
exist an g9 > 0 and a defining function p for {2 such that for —gg < € < g¢ the
sets 2. := {z € C": p(z) < €} are all convex. Moreover, denote by U = Ug,
the tubular neighborhood of 9f2 given by {z € C" : —gp < o(z) < o}
By taking £y > 0 sufficiently small, we may assume that on U the normal
projection 7w of U onto 942 is uniquely defined. Let z € U and let v be a
unit vector in C"™. We denote by 7(z,v, ) the distance from z to the surface
{7 : 0(2') = 0(2) + r} along the complex line determined by v. One of the
basic relations among the quantities defined above is the following. There
exists a constant C' depending only on the geometry of the domain such
that, given z € U, any unit vector v € C™ orthogonal to the level set of the
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function p, and r < rg and n < 1, we have
(34) 0_1171/27'(2,2),7‘) < 7(z,v,mr) < Cnl/M”T(z,v,r).

We next define the r-extremal orthonormal basis {U(I), . ,v(")} at z, which
generalizes the choices that we have made for the unit ball. The first vector is
given by the direction transversal to the level set of ¢ containing z, pointing
outward. Among the complex directions orthogonal to v(¥) we choose v(?
in such a way that 7(z, 0@, r) is maximum. We repeat the same procedure
to determine the remaining elements of the basis. We set

Tj(z7 ’I") = T(Zv U(j)a ’l“).
By definition, 71 (z,r) ~ r. The polydisc Q(z,r) is now given as
Qz,r) ={w: |lwp| < (z,7), k=1,...,n}.

Here (w1,...,wy,) are the coordinates determined by the r-extremal or-
thonormal basis {v), ..., v(™} at z. Note that these coordinates (w1, . . . , wy,)
= (w}",...,wy") depend on z and r. They are called special coordinates at
the point z and at scale r. A quasi-distance is defined by setting

(35) dp(z,w) =inf{r:w € Q(z,7)}.

Notice that by the above properties the sets Q(z, ) are in fact equivalent
to balls in the quasi-distance dp. We also consider balls on the boundary 92
defined in terms of dp. For ¢ € 042 and r > 0 we set

B((,r) ={z2€ 002 :dy(z,¢) <r}.

These balls are equivalent to the sets Q(¢,r) N 942: there exist ¢,C > 0 so
that
Q(C,er)nof2 C B(¢,r) C Q(¢,Cr)Nnos.

We define the function d on 2 x £2 by setting

(36) d(z,w) = 0(z) + 6(w) + dy(m(z), m(w)),

where 7 is the normal projection of a point z onto the boundary. We set
T(z,r) = (11(2,7), ..., (2, 7)).

and, for o a multiindex,
n
«a 4]
Tz, 1) = HTj (z,71).
=1

When 2 is strictly pseudoconvex, we have simply 7¢(z,7) ~ r(lel+e1)/2 et
o denote the surface measure on 9f2. Then

o(B(w,r)) ~ 7(1:2:2) (w,r).
Moreover, the property is replaced by the double inequality
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(37) X0 (Co,7) S 0(B(Co, Ar)) S AHTE=D/Mag(B(¢o, Ar)),

As we said before, all these definitions are local, and may be given in the
context of H-domains.

As in the case of the unit ball, if w; are the coordinates on w — z in the
basis {vM), ..., v} and if wj = s;j + it;, then s; for j > 2 and t; for j > 1
define 2n — 1 local coordinates on 0f2 in a neighborhood of z. We will still
speak of special coordinates at the point z and at scale r.

In the neighborhood of z € 942, the hypersurface 92 coincides with the
graph Rw; = h(Swi,w’), with w' = (we,...,w,). As in the case of the
unit ball, we are interested in estimates on Dqg,a’ﬁ)S( (h(ty, s +it") +it1,w')),
where « is an n — 1-index of derivation in the variable s’, while 8 is an
n-index of derivation in ¢. The equivalent of is given by the estimates
of McNeal and Stein [McS1] and [McS2] (see also [BPSIl, Lemma 4.7] for an
analogous context). For d(w, z) < r and ¢ ¢ B(z,Cr), we have

(38)  IDEDS(C, (h(t, s+ it') + ity w'))|
< 7.7(1+B1,2+a2+ﬂ2,...,2+an+ﬁn)(27 d(w, 2)).

As in [BPSI], we will also use the existence of a support function given
by Diederich and Fornzess [DFo].

THEOREM 6.2. Let 2 be a smoothly bounded pseudoconvex H-domain of
finite type in C™. Then there exist a neighborhood U of the boundary OS2
and a function H € C*°(C™ x U) such that the following conditions hold:

(i) H(-,w) is holomorphic on 2 for all € U;
(ii) there exists a constant c¢; > 1 such that

1
c—d(z,w) < |H(z,w)| < c1d(z,w).
1

With all these definitions, we claim the following.

STATEMENT OF RESULTS FOR H-DOMAINS. The analogues of Theorems
to Corollary[L.19] are valid for the H-domain £2 with the following modi-
fications: Ny := (1/p—1)(Mg+2n—2) —1 in Definition[L.5}; in Proposition
the condition is L < (2N + 2)/Mg,, while in Proposition [1.10], we have
Ly,:=2(1/p—1)(1+ (2n — 2)/Mg). Finally, for the definition of BMO(p),
we have to take N +1 > a(Mg + 2n — 2).

Let us sketch the modifications. Atoms adapted to a ball B := B((p, ro)
are defined as before, using special coordinates at (y and at scale ry to define
the vanishing moment conditions. Notice that the coordinates depend on 7,
but the space Px((p) does not.
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Then, in Lemma the second estimate has to be replaced by
(39) A S ( - )(NH)/MQ lall20(B)"2
~ d(Ca CO) G(CO» d(<7 CO))

The proof is the same, using the estimates in place of .
Next, molecules are defined as follows.

for d(C,CQ) 2 C’I“o.

DEFINITION 6.3. A holomorphic function A € H?(£2) is called a molecule
of order L, associated to the ball B := B(z, 1) C 0§2, if it satisfies

(40)

)14t - )P 2 <

<1+ (e +d(=0,8))" o(B (20, d(0,€)))

sup | rL 7(B(z0,70))

e<ep 590

with v the outward normal vector. In this case, the left side is HAH?HOI( B.L)

It follows from , by splitting the integral into dyadic balls, that the
projection of an atom associated to the ball B := B(zp,r9) C 9002 is a
molecule of order L < (2N + 2)/Mg.

Finally, to see that a molecule of order L is in the Hardy space H?®, we
prove that, with By, := B(zq, 2r),

do —ke kL U(Bk) QdU(f) 1/2
) 20) 5 52 ¢<(2 3 ) 9O a<B>) >

Bx\By 1 Bp\By 1

for some € > 0. To do this, we use again the Jensen inequality for the
measure do on By, divided by its total mass o(By). This gives

| ot 2el( | 02i8)")

Bir\Bg_1 Bip\Br_1

We conclude by using the fact that @ is of lower type p, which yields

o (By) o(B)\ "
areose((5@) 1)

Using shows that it is sufficient to choose L > L, := 2(1/p — 1)(1 +
(2n — 2)/Mo).

Up to now, we have given the modifications to obtain atomic decom-
position, the continuity of the Szegd projection, and duality. It remains to
indicate the modifications in the proof of the factorization theorem. As at
the beginning of Section [5] we factorize each molecule A associated to a ball
B := B(({p,r) as B = fg, with f a molecule and g a BMOA-function.

For this factorization, we use the support function given in Theorem
We set Hy = H(-,{p), where {y = (o — rv/({p). We choose g = log(cH, )
with ¢ such that g does not vanish in 2.
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We have, as before, the inequality

(41) I f oty < "

for L' < L (just use Theorem |6.2((ii)).

We now prove that log(cH; ") belongs to BMOA with bounds indepen-
dent of (y and r. The proof follows the same lines as the one in the unit
ball, using that |Hp| and |V Hy| are uniformly bounded in (2.

These are the principal points to modify in the proofs.

”AHmol(B,L)
gle+o(B)™)
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