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Abstract. We consider the random recursion X, = M, X5 1 + Qn + No(X5_1),
where z € R and (M, Qn,Ny,) are ii.d., @, has a heavy tail with exponent o > 0,
the tail of M, is lighter and N, (X;,_;) is smaller at infinity, than M,X,,_;. Using the
asymptotics of the stationary solutions we show that properly normalized Birkhoff sums
Si = > r_o Xi converge weakly to an a-stable law for a € (0,2]. The related local limit
theorem is also proved.

1. Introduction. We assume that (M, Qn, Np)nen with My, @, > 0
and N, : R — R, is a sequence of independent random triples identically
distributed according to the measure p. Moreover, we assume that

Yn(v) = Mypx + Qn + Ny(z)  for z € R,
is Lipschitz with Lipschitz constant L, and we consider the stochastic re-
cursion
<1~1) Xﬁ :wn(Xﬁ) :MnXﬁ—l +Qn+Nn( 79571)7

where X7 = xz € R. We are interested in the asymptotic behaviour of the
Birkhoff sums S} = >"}_, X7. We are going to show that S} normalized
appropriately converge to an a-stable random variable (see Theorem [1.7)).
We also prove a related local limit theorem (see Theorem . Throughout
the paper we will assume that the sequence (M, @y, N, )nen satisfies the
hypotheses of the theorem stated below.

THEOREM 1.2 (Grey [B]). Let (M,Q,N) € Ry x Ry x Ry be a generic
triple of the sequence above. Let 1) be a random nondecreasing Lipschitz func-
tion with Lipschitz constant L < oo and let

(1.3) Y(x)=Mzx+Q+ N(z) forzxzeR.

Assume that
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(1) E(L®) < 1, E(LP) < 0o and E(N?) < 0o for some 0 < a < f3.
(2) The tails of Q satisfy

P{Q >t}) ~ct™ ast— oo, for some constant ¢ > 0.

(3) N(z) < N¢(z) for every x € R, where ¢ is a fized nondecreasing
nonnegative function such that ¢(x) = o(x) as x — +oo.

Then there exists a unique stationary solution S of the above equation with
law v such that
c _

The proof goes along the same lines as in [5] and we write here only what
is specific to the current situation.

It is easy to see that E(L*) < 1 and E(L?) < oo imply respectively
E(M?®) < 1 and E(M?) < oo. (1.4) implies immediately that for every
bounded continuous function f,

(1.5) lim ¢* | f(t7'2) v(dx) = | f(z) A(dz), where
fmreo R R
d d
(16) A(d{l)) = Cf]-(—oo,O) (.ZU) me-H + CJr]-(O,oo) (ZU) xT‘—I&-.l’

and C_ =0 and C; = ac/(1 —E(MY)).

One of our main results is the following:

THEOREM 1.7. Assume that the random variables M, N and @ satisfy
the hypotheses of the previous theorem and S is the stationary solution of
(1.1) with law v. Additionally, assume that the function ¢ of Theorem is
bounded. Let S =371 Xi forn € N, m = {pxv(de) and W = 377 M, -
e oo My with law n.

o If 0 < a < 1 and A} is the characteristic function of the random
variable n_l/anL forn € N, then

(1.8) lim AR (t) = Ta(t) = exp(t°Ca),

n—od
where
I1- A
Cy = acﬁaE((W + 1)0‘) and Vo = _(aa) e—tlam/2
o Ifa=1 and A} is the characteristic function of the random variable
n1S% —n&(n~t) forn €N, then

(1.9) lim A7(t) = 11(t) = exp(tCy —iCitlogt),
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where
tx

1+ t2x2 v

&) = | (da),
R

Cy =C9 — iCLE(W + 1) log(W + 1) — Wlog W)

and 91 = —m/2 + ik where k > 0.
o If1 < a < 2 and A] is the characteristic function of the random
variable n='/*(S% — nm) for n € N, then

(1.10) lim AL (t) = Vo (t) = exp(t®Ch),
where
_ « _ F(2 B Oé) —iam/2
Ca = acﬁaE((W + 1) ) Cmd ’190, = m e .
o If oo =2 and Ay is the characteristic function of the random variable
(nlogn)~Y2(S% — nm) forn € N, then

(1.11) Tim A (t) = Ta(t) = exp(£Cy),

where Cy = —(¢/2)E((W + 1)2). Moreover, RCy < 0 for all o € (0,2].

Similar problems have recently been investigated in the context of affine
recursion by Guivarc’h and LePage [6] (one-dimensional case), by Buraczew-
ski, Damek and Guivarc’h [2] (multidimensional matrix case) and by Mirek
[11] (for some class of Lipschitz maps close to affine at infinity) when Kesten’s
conditions are satisfied [10], i.e. E(|]M|*) = 1 and E(]Q|*) < oo for some
a > 0 (see also [4] for simplifications and [3] for generalizations). The proof
of the theorem stated above is based on spectral properties of the transition
operator P and its Fourier perturbations P; (see Section 2.1 for precise def-
initions). The spectral method was initiated by Nagaev [12] and then used
and developed by many authors (for more references see especially [7] and
[8]; see also [2], [6] and [I1]). The most important tool in the proof is the
perturbation theorem of Keller and Liverani [9], which allows us to show
that the operators P; have similar spectral properties to the operator P for
sufficiently small values of |t| (see Proposition 2.6). We also conclude that
the behaviour of the large powers of the operator P; is determined by the
peripheral eigenvalue k(t) associated with this operator. The eigenvalues k(t)
appear naturally in the expansions of the characteristic functions of appro-
priately normalized Birkhoff sums. The asymptotic behaviour of the
stationary measure v allows us to expand the dominant eigenvalue k(t) at
0, which is crucial for Theorem

Now we have the following

THEOREM 1.12. Assume that |E(e'®)| < 1 for every t # 0. Suppose that
the hypotheses of the previous theorem are satisfied. Then
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lim nl/aP({Sx eI} = \Yu(t)dt ifac(0,1),

R

Sn tydt ifae(1,2),

1]
2T

lim n'/°P({S* —nm e I}) =

n—oo

l\.’)‘,\'

for every bounded interval I C R, where \I[ denotes the Lebesgue measure

of 1.

The proof of the above theorem is based on the ideas from [2]. Theo-
rem [3.1] below, which says that the spectral radius of the operators P, for
t # 0 is strictly smaller than 1, plays a crucial role in the proof. It also shows
an interesting connection between the operators P; and the stationary so-
lution S of . The rest of the proof of Theorem m strongly uses the
asymptotic properties and expansions of the dominant eigenvalues k(t).

2. Limit theorem

2.1. Fourier operators. We start by introducing two Banach spaces
Cp(R) and B, A(R) cointained in the space C(R) of continuous functions:

_ _ Ul |f(z)]
= Co(®) = {1 € C(R) 111, = sup - < oo
Byex = Bp,e,A(R) ={f€CR): Hf”p,e)\ = |flp+ [fler < o0},

where

o If(x) — f(y)
lex = S e A+ el P A+

REMARK 2.1. If e+ A < p, then by the Arzela—Ascoli theorem the injec-
tion operator B, . x < C, is compact.

On C, and B, we consider the transition operator
Pf(z) =E(f(Mz+Q+ N(x)))
and its perturbations
Pif(x) = B M@ f (M + Q + N(2)),
where z € R and ¢ € [—1, 1]. We will also use the Fourier operators
T,f(z) = ]E(ei(Mz-i-tQ-i-tN(t*lac))f(Ml, 1 tQ + tN(t_lm)))

for z € R, where t € [~1,1]. Denote T' = Ty = E(e'M? f(M1))). Recall that
for every n € N,

T"f(x) = E(e! &kt MM f (M, - M),

The lemma below shows a connection between the operators P; and T;.
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LEMMA 2.2. If f € C,, then for everyn € N, x € R and t € [-1,1],
(2.3) Pi(f 0 bi)(z) = 17" f (tx).
Moreover, if f € C, is an eigenfunction of Ty with eigenvalue k(t), then fod;
s an eigenfunction of P; with the same eigenvalue.

Proof. A straightforward application of the definitions of P; and 7. =

LEMMA 2.4. The unique eigenvalue of modulus 1 for the operator P act-
ing on C, is 1 and the eigenspace is one-dimensional. The corresponding
projection on C -1 is given by the map f — v(f).

Proof. See the proof of the lemma below.

LEMMA 2.5. The unique eigenvalue of modulus 1 for the operator T' act-
ing on C, is 1 with the eigenspace C - h(z), where h(z) = E(e™®), and
W =>%722, M -...- My has law 1.

Proof. Observe that the random variables > ;2 My - ... - Miz and
> peo My - ...« Mox have the same law, hence

Th(x) _ E(eiMlxh(Mlx)) _ E(@iMlxeiZzozz MkMQ(Mlit))
— E(eiM1xeiZEO:2 Mk-...-Mz-Mlx) — h(x)
This proves that 1 is an eigenvalue for T'. Let f € C, be such that T" f(x) =
f(z). Since h(0) =1 and limy, oo My, - ... - M1z = 0 a.e. we have
|f(z) = f(0)h(z)| =—= 0.
Hence f(z) = f(0)h(x). Now assume that for a z of modulus 1 and a non-

trivial f € C, we have T'f(x) = zf(x). Then for every x such that f(z) # 0
we have lim,, o, 2™ = (f(0)/f(x))h(x), which is impossible. =

The following proposition summarizes the necessary properties of the
operators P; and T;.

PROPOSITION 2.6. Assume that 0 < e <1, A >0, A+ 2e¢ < p =2\ and
2 A+ e < a. Then there exist 0 < p < 1,6 > 0 and tg > 0 such that o <1—0
and for every |t| < tp:
e 0(P),0(Ty) CD={z€C:|z|<p}U{zeC:|z—-1| <4}
o The setso(P)N{z€C:|z—1| <} and o(Ty) N{z € C:|z—1] <}
consist of exactly one eigenvalue k(t), the corresponding eigenspace is

one-dimensional and lim;_,o k(t) = 1.
o Forallz € D° and f € By,

1z = P) " fllper < Dlfllpers 1z =T0) " fllper < DIf

where D > 0 is a universal constant which does not depend on |t| < to.

[ XPY
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e Moreover, for every n € N,
Pl = k(t)nHP,t + Q?D,tv Ty = k(t)nHT,t + Q%tv

where Ilp; and IIT; are projections onto the above mentioned one-
dimensional eigenspaces. Qpy and Qr; are complementary operators
to IIp; and IIT; respectively, such that IIp;Qpy = Qpillpy = 0
and H71Qry = Qrillry = 0. Furthermore, ||Qpy Byex < 0 and
1Q7¢ll5,.., < o

e The above operators can be expressed in the terms of the resolvents of
P, and T;. Indeed, for appropriate parameters £1,&2 > 0,

1
k() = o | z2(z-F)7lde,

lz—1]=&
IIp - S (z — F)'dz
T org t ’
|z—1|=&1
Qry = —— | 2(z-F)ldz
T o t ’
|2[=¢2

where Fy = P, or Fy = T;.

Proof. A direct application of the perturbation theorem of Keller and
Liverani [9], Lemmas and arguments from [11]. =

2.2. Rate of convergence of projections. The main goal of this sec-
tion is to prove the following

THEOREM 2.7. Assume that the hypotheses of Proposition [2.6] hold and
let h be the eigenfunction of the operator T defined as in Lemma[2.5. Then
forany 0 < d <1 and e < § < a there exists C > 0 such that

(2.8) (7 — I70)h) 0 6|, o < CJE°  for every |t] < to.

We start with

LEMMA 2.9. Assume that the hypotheses of Proposition [2.6] hold and let

h be the eigenfunction of T defined as in Lemma[2.5 Then for any 0 < § <1
and € < § < o we have

(2.10) [(Ty — T)h]en < C1]t]°,
(2.11) (T, — T)h|, < Calt]’,

where C1,Co > 0 do not depend on t.
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Proof. We will estimate the seminorm [(T; — T")h]¢ x. Notice that

) v @ =T)h(x) = (T = Dh(y)|
(212) [Ty = T)hlep < ety oyt |7 — gl (L [2])* (1+|y\)
(i = T)h(z) — (Ty — T)h(y )I‘

+ sup
Ty, |z—y|>t |1‘ - y|€(1 + |l‘|) ( + |y|)

For the first term in (|lx —y| < t) we observe that

(Tt = T)h(x) = (T = T)h(y)
(2.13) = E((e!MeHQHEN(E"0) _ i My+QEENE W) )y (MatQ+EN (1))
(2.14)  E(e!MyHQHNC D)) (B(Ma+tQ+tN (t2)) —h(My+tQ+tN(t~'y))))
(2.15)  —E((e"M*—eMV)h(Mz))
(2.16)  —E(e"™V(h(Mz)—h(My))).

We will estimate (2.13)), (2.14)), (2.15) and (2.16) separately. Observe that
for every 0 < § < 1 such that € < § < a we have

(2.17) 2=yl (1+]z[)* (1+]y)>

< 2E(L%)|e—y|*~ < 2E(LO)Je] .

('ez(Mac+tQ+tN(t ) ez(My+tQ+tN(t y))Hh(M.f-i-tQ—i-tN(t_ ))>

Similarly we estimate the second term:

(2.18)

E(|ei(My+tQ+tN(tly))(h(M:v+tQ+tN(t_1x))—h(Mx—i—tQ-i—tN(t_ly)))|)
|z =y (1+]z)* (1+]y])*
< 2E(L)E(W?)|z—y|°~¢ < 2E(LO)E(W°)[¢°~.

The terms (2.15) and (2.16) are estimated in a similar way. Now consider
the second term of (2.12) (|z—y| > t) and notice that

(Ti = T)h(x) = (T = T)h(y)

(2.19) — E((e!MeHQENCET ) _ oiMayp (N 4 4Q + tN (¢ 2)))
(2.20) +E(e™*(h(Mx +tQ + tN(t 'z)) — h(Mz)))
(2.21) — B((eMyHQHNET ) _ iMy)p(My +tQ + tN (¢ )
(2.22) — E(e™MY(h(My +tQ + tN(t"'y)) — h(My))).

As before we will estimate (2.19), (2.20)), (2.21) and (2.22]) separately using
tQ+tN(t~'z)| < |t||R| for some random variable R such that E(|R|®) < oo
where 3 > 0 is as in Theorem [I.2] Indeed, for every 0 < < 1 such that
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€ < 0 < o we have

I(Mz+tQ+tN(t~1z)) _ eiMx| \h(Mac +tQ + tN(tlx))]>
|z = yl(L+ DML+ [y)A

é é
< 2E<|’3‘R’> < 2E(|R|%)|t[>~*.

-yl

(2.23) ]E<‘€

Similarly we estimate the second term:
iMz M N —1 _ M
(2.24) ]E<‘€ (h(Mz+tQ +1t S\t x)) )\h( x))])
[z —yl(1+ 21 + |y[)
M N -1 - M S1r70 é STr70
§2E<‘ r+1Q +tN(t ' x) x]W)§2E<\t\ ]R\W)
|z —yl° |z —yl°
< 2E(|RI)E(W )¢,
Also (2.21)) and (2.22)) can be estimated similarly. Hence, in view of (2.17)),
(2.18), (2.23) and (2.24)), we obtain (2.10). For (2.11)) notice that
(2.25) (T,—T)h(z) = E((eM#HQHNE2) _oiMayp (Vo4 tQ+N (1))
+E(e™M*(hW(Mz+tQ+tN(t'z))—h(Mz))),
and arguing as above we obtain the assertion. =

Proof of Theorem [2.7. Tt is easy to see that for f € B, x, z € R and
t] < top we have

(2.26) ((z= Pro) M (f 0 00)) (@) = ((z = Thw) " f)(t),
2
(2.27) (Iry — Ir)h = % [ (€e® +1—T0,)"1((Ty — T)R) ds.

0
Notice that for every f € B, we have

|flp =+ [t[[f]en if [t] <1,
[L1Pflp + (LA flen i [t > 1.

In view of (2.27) and (2.26)) we have
(2.29)  ((rg — Hr)h)(tz)

(228)  |f 0dillpen < {

2T
= % | (€€ +1—1T) N (Ty — T)h)(tx) ds
0
2
= % | (e + 1= P)7H(((Ty — T)R) 0 61)) () ds.

0
A straightforward application of (2.29), Proposition and inequalities
£28), [2.10) and (@.11) yields
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(7 — I)h) 0 bt p.e.n

27

< o §IEE 41 P (T = TIR) 0 60) e ds
0

< D(|((Ty = T)h) o belp + [((Ty = T)h) © 6t]e,x)

< D([(T; = T)hlp + [t|[(T2 = T)h]e,x)
< D(Colt]” + [t|Cut]’~) < C¢]°
for every |t| < tg, and the proof is finished. =
2.3. Proof of the limit theorem

CONDITION 2.30. Assume that 0 < e <1, A > 0, A+ 2¢ < p = 2\ and
2\ + € < « as in Proposition [2.6] and additionally

o If 0 < <1, take any 0 < 8 < 1/2 such that p+ 26 < .
o If 1 <a<2 takeany A >0suchthat p=2A<land p+1<a.

THEOREM 2.31. Let h be the eigenfunction of the operator T defined as
in Lemma2.5] If 0 < a < 1, then

(2.32) Jim () =1
t—0 ’t’a

= Co = | (¢ = 1)h(z) A(dw).
R
o Ifa=1and &(t) =3 H@i"gxz v(dz), then

k() —1—if(t) i
(2.33)  lim m =C = Hi<(e — Dh(x) - § " 932) A(dz)
o If1<a<2andm= yxv(dz), then
. k(t)—1—1itm iz ,
(2.34) lim e Co = (™ = Dh(x) — iz) A(dz).

o Ifa=2and m = (yzv(dz), then

k(t) — 1 — it
(2.35) lin £ = 1 = itm

1
M Pl T 2 | (14 2E(W)) oa(dw).

{1}
Proof. Notice that II74(h)od; is an eigenfunction of P; corresponding to
the eigenvalue k(t) and we have

(2.36) (k(t) = 1) - v(IIr4(h) 0 &) = v((e®) — 1) - (IT14(h) 0 &),

where v is the stationary measure for P. In view of Condition [2.30] and
Theorem [2.7] for 0 < a < 2 we have

(2.37) Jim | (e — 1) (ITru(h)(tx) — ITr(h) (1)) v(dz) = .
Rd
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If « =2, then

: % o —
(2.38)  lim Pllog 1] Rxd(@ 1)(Hr,¢(h)(tx) — 7 (h)(tx)) v(dr) = 0.
Furthermore, if 0 < § <1 with 6 < « then in view of Theorem [2.7] we obtain
(2.39) v(II74(h) o d; — 1) < DJt|°.

A straightforward application of an argument from [3] extends the conver-
gence in (|1.5)) to measurable functions f such that A(Dis(f)) = 0 and

(2.40) sup |z| = |log |x]|1+5|f(a:)| < oo for some e >0,
zeRd
where Dis(f) is the set of all discontinuities of f. To prove (2.32), write
1 itx
e | (e — 1) 17, (h) (tz) v(dz)
R4
1 i
= g V(€7 = 1) - (Tra(B)(t2) = T2 (h)(t2) v(de)
Rd
1 .
T | (""" — 1) IIp(h)(tx) v(da).
R4

The first summand above tends to 0, by (2.37). Since f(z) = (" — 1)h(x)
satisfies (2.40) the second term tends to Co = {p (e — 1)h(z) A(dz), hence
in view of (2.39)) we obtain

lim RO -1 _ im 1
t—0 ‘t‘a 50 V(HT,t(h) o (St)|t|a

| (" — Dh(tz) v(dz) = Ca.
Rd
This finishes the proof of (2.32)). In a similar way we can show ([2.33))—(2.35));

for more details we refer to [2] and [I1]. =

Proof of Theorem . Case 0 < o < 1. In order to prove (|1.8) notice
that by Proposition we have

Ap(t) = E(e"™50) = (P (1)(2) = K}/ (ta) (P, (1)) () + (Qy, (1)) (@),

where t,, = tn~1/® for n € N. Again Propositionensures that Q% |5

— 0 as n — oo because ||Qp||5,., < 1. By Theorem we have

lim 7+ (k(tn) — 1) = lim ¢ ) =1

n— oo n—oo t%

€A

= t%Cl,
hence
Jim K7 () = Jim (14 k() — 1) R 70 = exp(C).

This proves the pointwise convergence of Al to 1. Continuity of 7, at 0
follows from the Lebesgue dominated convergence theorem. Now we give an
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explicit formula for C,. First notice that

0 ez’tm -1
w dt = l'a’l?a for x > 0,
0
where
oo it
e —1 I'l—a) _qn/m
1904: S Wdt:—Te iom/ .
Then

Co= J(€ — D) Adz) = Oy | [ (07 — ) 22 ()
R RO
= CLOGE((W +1)% — W) = Cyda(l — E(MO)E((W + 1))
act E(W +1)%) #0.

In all cases below convergence is obtained as in the first case. We only give
formulas for the constants C,.

Case o = 1. Convergence in is obtained as in the previous case (see
also [I1]). Now we give a formula for C;. Observe that

) = Hi((em ~ Dh(a) - - fx2> A(dz)
e ) (%)
+i<1 +xa§g(;1t)1)2 1 +x32y2 1 f:ﬂﬂ n(dy) A(dz).

= R iay+)_q__ WY N ey dry \|de
CJFHS{“S)K@ ! 1+22(y+1)2 et 1+ 22y? xQU(dy)

= C+191E((W + 1) - W) = C+191,

where 97 = SR (eix —1- 1}3;2)%“; = —7% + ik for some k > 0. Moreover,
. xz(y+1) Ty x
- - dy) A(d

= —iCLE(W 4+ 1) log(W 4+ 1) — Wlog W).
Now it is easy to see that
C1 =C9 —iCLE(W + 1) log(W + 1) — Wlog W).
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Case 1 < a < 2. As in the first case, we obtain

Ca = Cyda(l = E(M®))E((W +1)%) = actE(W +1)%) # 0,

where
o0 ; .
ﬁa: S ezt_ll_tht:F(Q_a) e_iaﬂ/Q'
5t ala—1)

Case o = 2. Observe that

Co = —i | 1+ 2EW)) oa(dw) = —% Cy(1+ 2E(W))

{£1}
1
= CLE((W + 1)2 =)

= L CL(L - EQP)E((W + 1)) = ~ CE(W +1)%) £0. =

3. Local limit theorem. Recall that S is the stationary solution of the
recursion (|1.1)). We prove the following

THEOREM 3.1. Assume that |E(e®)| = & < 1 for all t # 0. Then the
spectral radius satisfies r(P;) < 1.

Proof. Suppose for a contradiction that r(P;) = 1 for some ¢t # 0. This
implies that for some f € B,.\ and z € C such that |z| = 1 we have
P.f(z) = zf(x), since the essential spectral radius satisfies r.(P;) < o < 1,
where ¢ > 0 was defined in Proposition We will show that f = 0, which
gives a contradiction.

First notice that f is bounded. Indeed, |f(z)| < lim,—oo P"(|f|)(z) =
v(|f]). Suppose that f # 0. By the previous inequality we can assume that
f # 0 on suppr and |f| = 1. Observe that for all z € suppr and n € N we
have 2" f(z) = ¢ f(X?) P-a.s., hence

2 f(w) = €M et f(XE) = e f(Xp et m
i
= @R

This implies that
(32) P'f(x) =E("™" f(X7))

= 2" L (2)E(en) 4+ 2L f(2)R (a’tx% <f(X5)) - 1> >
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Now we obtain

oo W)

FXy
x x € x >\ x
< [f]E,AE(‘Xn - Xn71| (1 + |Xn|) (1 + |Xn71|)/\)
< [eAB((L1 - -+ L) [n (@) — 2] (L + XD+ X5 ])Y)
< ClfJea(l + Jz[)Xeo"
for some 0 < 0 < 1. Fix € > 0 such that 1 — & — ¢ > 0 and observe that

~

IE(e™Xn — ei9)] < ¢ < 1 — ¢ for sufficiently large n € N. Now using (3.2)
and (3.3)), for fixed x € supp v we have

n iXT itS its f(X7)
L= )] < B - )]+ B + B 15 1)
< e+ &+ Clflea(l+ |z eom,
SO
LS e Ml + )P <1
T 1-&§—e7

for sufficiently large n € N, and this contradiction shows that f has to be
Z€ero. m

Let

O={Y:R—>R:9(x) =mz+q+n(x)
for some (m,q,n) € Ry x Ry x Ry and n(z) < n¢(z) for every z € R},

where ¢ is a fixed nondecreasing nonnegative function such that ¢(z) = o(x)
as * — Z£oo. The measure p is a probability measure on ©. We give a
criterion for the stationary solution S for (1.1)) to satisfy [E(e™)| < 1.

PROPOSITION 3.4. Assume that Ry x Ry x Ry 2 (m,q,n) — ¥(z) =
mz + q+n(zx) € R is continuous for every x € R and the functions v are
invertible on supp v. Then |E(e®¥)| < 1 for all t # 0.

Proof. 1t suffices to show that the measure v has no atoms. Suppose
that the set X of atoms of v is not empty. Let A = {x € X : v({z}) =
max,cx v({z}) = a}. The set A = {z1,...,z,} is finite because v is a
probability measure. Since the measure v is p-stationary, we have

n

na = v(A) = | | 1a@(@) v(do) pld) = 3§ [ 1y (00 (@) v(da) pu(d).

OR k=1©OR
Notice that for every ¢ € © and z € R, v({tp~(z)}) < a and

n

5™ {(@ = v({y (@) }) ulde) = o0.

k=16
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Hence v({¢~(z1)}) = a p-a.e. for all 1 < k < n and so ¢(A) = A p-a.e. But
we want more. We prove that ¢(A) = A for every ¢ € supp p. It is enough
to show that ¥(A) C A for every ¢ € supp p. Suppose that there exist 1y €
supp 1 and xg € A such that g(zo) € A. Let Ay = {¢p € O : ¢(xg) € A}, so
that ¢9 € A;. Moreover, A; is open in © (since A is closed) and p(A4;) =0,
contrary to ¥g € supp p. Now let E‘é be the closed semigroup generated by
supp . Observe that A is C‘é—invariant. On the other hand, suppr C A (see
Theorem 1.7 of [II]), but A is finite, which contradicts (1.4). This finishes
the proof. m

Proof of Theorem . Let kK = 1/a. We have d,, =0 if a € (0,1), and
dn, = mn if a € (1,2). A straightforward application of Theorem 10.7 of [I]
allows us to check only that
1

lim n"E(h(SE — dn)) = =— | h(t) dt - | Yo(t) dt

n— oo 2 R
for every integrable function h whose Fourier transform is compactly sup-
ported. By the Fourier inversion formula we have

1 o ~ 1 . ~
E(e™Sn=a)h(t) dt = o | e PP (1) (0)h(t) dt.

o s
R R

E(h(Sy — dn))

n

Now take J = supp h and N = [=6, §]. By Theorem r(P) <lfort#0
by Lemma 3.19 of [2] with f = 1 there exists 3 > 0 such that r(P;) <1 -
for t € J\ N, hence

lim n”
n—oo

S e_itd"ﬂ”(l)(O)/f\L(t) dt‘ < nh—>Hc?>10 Cn"(1—-p)" =0.
J\N

Notice that

(3.5)  lim ;f | e7itd Pr(1)(0)h(t) dt

=

= lim o | e k() [Tp, (1) (0)R(2) dt.

n—oo 27

To get the last equality observe that by Proposition [2.6]there exists 0 < p < 1
such that [|@Qpy||B,., < oforte N, so

PrE N —

lim || e @, (1)(0)A(t) dt‘ < lim Cn®g" = 0.
N

n—oo

To compute the limit in (3.5) we change the variable t — n~"t in (3.5) to
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obtain
(3.6) Jgkﬁgg(aﬂmk@»nnax1xmﬁ@)m
N
::n@?&>§}’ [ (™ () Ty (1) ()R (0 "8) d.

T
{teR: |t|<onr}

By Theorem for a € (0,1) U (1,2) we have k(t) = 1+ itm + [t|*(Cq +
o(1)) with RC, < 1. Therefore it is easy to see that there exists D > 0
such that |e=®™k(t)| < e~ Pl This inequality and the Lebesgue dominated
convergence theorem allow us to pass to the limit in the integrand of .
Hence the limit in is equal

[ () dt - | Tu(t)dt = — h(0) - | Tu(t) dt. =

2T
R R R

2
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