COLLOQUIUM MATHEMATICUM

VOL. 118 2010 NO. 2

REGULAR BEHAVIOR AT INFINITY OF STATIONARY MEASURES
OF STOCHASTIC RECURSION ON NA GROUPS

BY

DARIUSZ BURACZEWSKI and EWA DAMEK (Wroclaw)

Dedicated to the memory of Andrzej Hulanicki

Abstract. Let N be a simply connected nilpotent Lie group and let S = N x (R+)d
be a semidirect product, (R*)? acting on N by diagonal automorphisms. Let (Q,, M) be
a sequence of i.i.d. random variables with values in S. Under natural conditions, including
contractivity in the mean, there is a unique stationary measure v on N for the Markov
process X,, = M, Xn—1+ Qn. We prove that for an appropriate homogeneous norm on N
there is xo such that

tlirgotxoy{x Szl >t} =C>0.
In particular, this applies to classical Poisson kernels on symmetric spaces, bounded ho-
mogeneous domains in C" or homogeneous manifolds of negative curvature.

1. Introduction. Let S = N x A be a semidirect product of a simply
connected nilpotent Lie group N and an Abelian group A = (R*)? acting
on N by diagonal isomorphisms d, i.e.

5a($) = (6)\1(loga)z1’ ce. 7e>\n0(loga)$no),

x = (x1,...,Tp,) € N, a € A, and A1,..., Ay, not necessarily distinct, be-
long to the dual of the Lie algebra A of A. Various classical objects like sym-
metric spaces, bounded homogeneous domains in C” and homogeneous man-
ifolds of negative curvature admit simply transitive actions of such groups
[1, 12] 22] 21) 26]. Given a probability measure p on S, we study properties
of the finite measure v on N such that u* v = v provided v exists and it is
unique up to a constant (see Section . Being the stationary measure for
the Markov chain on N with the transition kernel Pf(z) = {4 f(g2) du(g),
the measure v appears in various situations interesting both from probabilis-
tic and analytical points of view. In particular, classical Poisson kernels on
the spaces mentioned above are of this form.

Existence of v was proved by A. Raugi [27] under the assumption of finite
logarithmic moments of p and contraction in mean (see Section . The
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latter means that for every root A;,

(1.1) | \j(log a) dpu(z, a) < 0.

S
Clearly, (|1.1) implies existence of the positive Weyl chamber, i.e the cone
ATT of H € A such that \;(H) > 0 for every j. If a = exp(—H) for some
H € AT, then

on(x) — e for every x € N,

and so the action of A on N is contractive. Our aim is to study the behavior
of v at infinity, i.e. the size of

vi{lz| > t}

when ¢ — oo and | | is an appropriate norm. We introduce a family of
homogeneous norms | | with the property that given a norm, there is xo > 0
such that

(1.2) tlim tXop{z x| >t} =C

and C' > 0 under natural assumptions, which means that g is optimal (see
Theorem [2.5)).

In the most general situation there is no canonical norm and yg. The
exponent xo depends on | |, but all the results are equivalent. However,
for N x A groups with particular root systems (like those acting simply
transitively on symmetric spaces) there is a norm that is more intuitive than
the others (see Section [2.5)).

Let us now discuss some particular cases and existing results. When A =
R* all the homogeneous norms are equivalent and the behavior of the tail is
well understood. If additionally N = R, i.e. S is the “ax + b” group, it was
observed by Kesten [23] that under natural assumptions there is y > 0 such
that

(1.3) tlim tXv{z : |z| >t} =C >0,

| | being the absolute value of z. His proof was later on simplified by Grince-
vicius 15 [16] and Goldie [14]. If N is a homogeneous group with A = R*
acting on it by dilations, was obtained in [5] (see Theorem [2.1] below).
Then all the norms are equivalent and g is unique.

More can be said if a left-invariant second order subelliptic differential
operator £ and the related heat semigroup u; are considered. Then

He ¥V =V

for every t, and not only (|1.2) holds but also pointwise estimates of v at
infinity have been obtained [6l, 9] [10].
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Finally, the case when A is multidimensional was treated in [3] but the
tail of v was only estimated from above and below,

(1.4) Cit™ < vz : |z| >t} < Cot™X0,

except of a very special case when was obtained. Estimates ([1.4) es-
sentially improve an earlier result of the second author and A. Hulanicki
obtained for kernels coming from differential operators |7, [§].

Suppose now that N = R™ and let us describe briefly the idea of the
estimates we obtain in the paper. We assume that for every root A; there is
a unique s; > 0 such that

(1.5) Sesf’\j(bg“) dp(z,a) = 1.
S

Existence of the positive Weyl chamber allows us to write every root as a
positive combination of so called simple ones 71, ..., Nk, i.e.

k k
(16) A= Zami, a; > 0, Zai > 0,
j=1

=1

where by a simple root we mean a root n that cannot be written as in
for at least two roots and if \; = an then a > 1 Let A be the set of
roots and A be the set of simple roots. Suppose the homogeneous norm is
of the form

1.7 - NNy
(1.7) ] = max{la; |7}

We choose d;’s as follows:
. djzlif)\jEAl,
o di=aif \j =anandn € Ay,
o dj =3  a;if ) is of the form (1.6).
Then | is subaddltlve prov1ded Z i 0 > 1 for all \; (written as in

@ If xo is as in ) then

= IMin S
XO nJGAl{ ]}

and for every nonsimple root A; or a simple root with s; > xo,

(1.8) tlirgo Xz : |xj|1/df >t} =0.

(*) Simple here does not mean simple in the classical sense of [2], but when NA is
a symmetric space then the two notions coincide: £k = dim A and all the roots are linear
combinations of 71, ..., nr with positive integer coefficients.

(?) Otherwise we take dd; for sufficiently large d.
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Moreover, for every simple root A; with s; = xo,
(1.9) Jim v e lz; Y >t} = ;.
—00

Therefore only simple roots with minimal s; count in . This phenomenon
has a simple explanation. Hypothesis implies that supp pN{(z,a) :a< 1}
and supp N {(x,a) : a > 1} are nonempty. Therefore, both contracting and
expanding elements are in the support of u. The stronger the expansion, the
smaller s; is necessary to have . Of course, and are not enough
for and one has to deal with intersections of sets {z : |z;|"/% > ¢},
which is explained in Section (3.3

It is natural to consider more general actions on N than the diagonal
one. The asymptotic remains valid when S = N x AK, where K is
a compact group commuting with A. Then the chosen norm is additionally
preserved by K (see the Appendix).

The case when N = R™ and there is a group G C GL(ng) acting on it
was studied by many authors [11, I8, 19, 24 25]. Then S = R™ x G and
the action of G is assumed to be proximal and irreducible. Let f be the
canonical projection of p onto G. Then irreducibility means that there is
not a finite union of proper subspaces of R™ invariant under the action of
the support of 1. The action is proximal if in the support of i there is an
element with a dominant real eigenvalue (i.e. the corresponding eigenspace
is one-dimensional). Here, of course, the action is generally nonproximal and
highly reducible.

The paper is organized as follows. In Section 2 we introduce a class of
N A groups, a class of norms, we describe previous results and at the end
we formulate the Main Theorem 2.5l Section [B.3] contains the scheme of the
proof, and Sections and [3.5] the details of it.

2. Preliminaries and the Main Theorem

2.1. A class of solvable Lie groups. The semidirect product S =
N x A acts on N in the following way:
(x,a)oy=x-04(y) for (xz,a) € Sand y € N.

Therefore, the group multiplication in S is given by

(2.1) (z,a) - (y,0) = ((x,a) oy, ab).

Let e (0, I respectively) be the neutral element of S (N, A respectively).
The Lie algebras of A, N,S are denoted by A, N and S. Then S =

N @& A and for every H € A, ad H preserves N. The exponential maps are

global diffeomorphisms both between N and N, and between A and A. Their

inverses will be denoted by log. Then for any X € N/,

(2.2) Sa(exp(X)) = exp(erdlosa) x),
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We shall denote the foregoing action of the group A on the Lie algebra N
by the same symbol d,(X).

We shall assume that the action of A on IV is diagonalizable. For any A
in the dual A* of A let

(2.3) Ny={XeN:[H X]|=MNH)X for any H € A}.

Then, for A\, Ao € A*,

(2.4) My s Moyl C N1,

Moreover, any space Ny, is preserved by the action of the group A, i.e.
(2.5) do(X) e Ny for X € N,.

We shall say that A is a root if N is nonempty. The set of all roots will be
denoted by A. Then
N =@M

AEA
All the roots are real and there exists a basis of N, {X1,...,Xp,} (no =
dim N), such that for any H € A,
ad(H)XJ:)\j(H)XJ jzl,...,ng,

for some root A;. In this notation it may happen that A\; = A; for i # j. An
element x € N will be written as

no
(2.6) x:exp(ijXj) = (X1,...,Tny)-
j=1

2.2. Random walks and positive Weyl chamber. Given a proba-
bility measure p on S we define a random walk

Sp = (Qn, My) - ... - (Q1, M),
where (@, M,) is a sequence of i.i.d. S-valued random variables with dis-
tribution p. The law of S, is the nth convolution p*” of p.
Our aim is to study the N-component of Sy, i.e. the Markov chain on N
generated by Sy:

(2.7) R, =7n(Sn) = (Qn, My) o Ry—1, Ry = do,
where mn denotes the projection wy : S — N. By m4 we shall denote the
analogous projection of S onto A = S/N. Let ua = ma(p).

We assume that
(2.8) Ellog* Q] < oo
(where || - || is the Euclidean norm on N identified with A/ via (2.6])) and for
every root A,

(2.9) E[|[A(log M)|] < oo
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and there is a unique sy > 0 such that
(2.10) E[esx o M)] — 1,

As is shown below, (2.10) implies that u is mean-contracting, i.e. for every
root A,

(2.11) E[A(log M)] = | A(log M) pia(dM) < 0.
A

It was proved by A. Raugi [27] that if (2.8]), (2.9) and (2.11]) are satisfied, then

R, converges in law to a random variable R independently of the choice of Ry.
Moreover, the law v of R is a unique stationary solution of the stochastic
equation

V= kU,

where

prv(f) =\ flgo=)u(dg) v(dz),
SN

or equivalently
R =d (Q7 M) © Ra

where R and (@, M) are independent with laws v and u, respectively.
Notice that the functional

A — —E[X(log M)]
on A* is given by a vector Hi, i.e.
ANHi) = —E[A(log M)] > 0.
Thus implies the existence of a nontrivial positive Weyl chamber
AT ={H € A: \(H) > 0 for every A € A}.
Define A=~ = —A™*. Then for every x € N and H € A~
Jim. Sbxp 11(2) = 0,

i.e. the action of A on N is contractive. This means that the only semidirect
products S = N x A that possess random walks with the above properties
are those with a contractive action of A on N.

Now we are going to show that implies ([2.11)). The function ¢(s) =
E[es*1o2 M)] is well defined for s < sy, because for p = sy /s, by the Holder
inequality, we have

W(s) < (Bl s M])Hp,

Moreover,
V" (s) = E[e (8 M) (X (log M))?] > 0,

and so 1 is convex. Since 1(0) = 1(sx) = 1 and 1) is not constant (otherwise
s) would not be unique), ¥'(0) = E[A(log M)] must be negative.
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2.3. Asymptotic behavior of R when dim A = 1. As was mentioned
in the introduction, when the Abelian group A is one-dimensional, the tail
of R is well-known. The ideas of Kesten [23], Grincevi¢ius [I5] and Goldie
[14] were used in [5] to handle the general situation of homogeneous groups,
when the group S is a semidirect product of a nilpotent group N and a
one-dimensional group of dilations A = R*:

Sa(z) = (a¥zy,...,a%02,,), d;j>0.
In this case there are constants c¢; such that the norm

d.
] = ¢jlay MG

J
is homogeneous and subadditive, i.e. |0,(2)| = a|z| and |zy| < |z| + |y| for
all a € RT and z,y € N (see [I3, 20]) for more details). Then we have the
following theorem:

THEOREM 2.1 ([5]). Let S = N x R' and assume that

e E[log M] <0,
o there exists a > 0 such that E[M*] =1,
o the law of log M s nonarithmetic, i.e. log M € aZ for no a > 0,
o E[M%|log M|] < oo,
o E[|Q]*] < oo,
Then
(2.12) lim t*P[|R| > t] = C.
t—o00

The constant C is nonzero if and only if for every x € N,
P(Q,M)ox =2x] < 1.

Moreover, for every j there is C; such that

2.13 CH ™ <P{R;|V% >t} < Cit™.
7 J J

If N =R"™ then

(2.14) lim tP{|R;|Y% >t} = C;,

and C; is nonzero if and only if for every x; € R,
P{Qj + Mjzj = ;) < 1.

If N is non-Abelian and some further assumptions are satisfied then Cj =0
implies that R; is bounded a.s.

The above statement requires some comments. The detailed proof of
Theoremis given in [5] only for the Euclidean case, i.e. when N is Abelian
and the norm is the Euclidean norm. However, as is explained in the appendix
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of [5], it goes along the same lines in the general case. First one proves that

for f € C.(N\ {e}),

(2.15) lim a=® | f(6.2) dv(x) = (f, A)
a—0 N
exists and defines a homogeneous measure A, i.e.
dr
<f7 A> = S f(érw) m da(w),
Rx St
where S} = {x : |z| = 1} is the unit sphere in the homogeneous norm and

x = dyw is the related radial decomposition [I3]. Moreover, extends
to bounded functions f such that 0 ¢ supp f and the A-measure of the set
of discontinuities of f is 0. Therefore may be applied to f = 1pe¢, the
characteristic function of the exterior of the unit ball, which yields (2.12]). To
prove that C' in is strictly positive one has to use an argument due to
Grincevic¢ius [15] [16] in the “ax 4 b” case. It requires only homogeneity and
subadditivity of the norm and generalizes directly to our setting (see e.g. |4}
Proposition 2.6]).

For one has to pick up two bounded continuous functions ¢1, ¢
such that

1isoy 01 < 1y < @2
and apply (2.15) to them. Finally, (2.14) and nonvanishing of C; in the Eu-

clidean case follow directly from the one-dimensional case. The last sentence
of the theorem requires some further arguments, which will be omitted.

Notice that the contribution of all “unbounded” coordinates of R to
P{|R| > t} is of the same size, provided it is measured by a homogeneous
norm.

2.4. Simple roots. Let A C A* be a family of functionals such that
any two A1, Ag € A are linearly independent. A root A\g will be called simple
if it cannot be written as a “positive” sum of other roots, i.e. for all possible
choices of nonnegative numbers cy,

N#E Y o
AeA\{Xo}

PROPOSITION 2.2. Let A be as above and assume that there is H € A
such that N(H) > 0 for every A\ € A. Then every A\ € A is a positive
combination of simple roots Ay = {n1,...,nk}, i.e.

k
(2.16) A=) a2 0.
j=1
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Proof. We proceed by induction with respect to m, the number of
elements of A. If n = 1,2 then any root is simple. Assume that A =
{A,,..-, An+1} and A4 is not simple. We are going to prove that A and
A\ {Ans1} have the same sets of simple roots and so the conclusion will
follow by induction. Clearly, removing a root cannot reduce the number of
simple roots. Let us show that it also cannot increase the number of simple
roots. Assume a contrario that A is simple in A\ {\,41} and it is not in A.
Let Ay = Y2005 BjA; with 35 > 0, Bor1 > 0 and Ayy = 374 oA, a; > 0
and at least two CoePﬁments are strictly positive. We have

Al = Zﬂj)‘j + 5n+1<zaj>‘j>
p; =1

n

(1= Bryra) A = > _(Bj + Buyr0) ;.

=2

and so

Since both A; and the right hand side applied to H are strictly positive, we
have 1 — Bp4+1a1 > 0. Therefore A; is not simple, which gives the desired
contradiction. m

REMARK 2.3. Notice that for any family A of functionals having a pos-
itive Weyl chamber we can define a set of simple roots so that holds.
To do so we take the set A of equivalence classes of the relation of “being
linearly dependent” and so a simple root is defined up to a multiplicative
constant. However, here we will be more precise. We fix an element H of the
Weyl chamber and from any equivalence class we will take the element whose
value on Hj is the smallest. The set of simple roots will be denoted Aj.

2.5. Homogeneous norms on N. Suppose we are given an ng-tuple

of strictly positive exponents dy, ..., d,, so that the dilations
or(x) = (rfizy,. .. ,Tdnoa:no)

are automorphisms of N. Then there is a norm on N such that
| - | is symmetric: |27 = |z|;
|z| = 0 if and only if z = 0;
|or(z)| = r|z| for any r € RT.
| - | is subadditive, i.e. |z - y| < |z| + |y|.

Homogeneous norms (i.e. satisfying the first three properties) were intro-
duced in [13]. Later on W. Hebisch and A. Sikora [20] suggested a construc-
tion that gives a norm that is additionally subadditive (see also Guivarc’h
[17] for a similar result). Their construction was extended in [3] to define an
appropriate norm on N homogeneous with respect to some one-parameter
subgroup of A. Since in this paper we will strongly rely on formulas defining
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norms, we recall some details for the reader’s convenience. The key step is
the following lemma:

LEMMA 2.4 ([20]). Let X; be as in (2.6). If € is sufficiently small then

the rectangle

(2.17) 0= {X:inXieN': 2] <€}

has the property
(2.18)  if logx,logy € 2 with x,y € N and 0 <r < 1 then
log(or(z)o1-+(y)) € 2.
The norm defined on N by
|z| = inf{r : log(o,-1(z)) € 2}
18 homogeneous and subadditive.
The above norm can be explicitly computed:

(2.19) ] = max{ej|a;] '/}
J

for ¢; = e~1/4i. Notice that here and elsewhere |x;| is the absolute value of
x; while |x| is the homogeneous norm.

Now using the above scheme we introduce homogeneous norms adapted
to various dilations.

1st norm. Fix Hy € AT such that A\(Hp) > 1 for all roots A and take
dilations
(220) Or ($) = (5exp(log7")H0 (J?) = (TAl(HO)xla s 7T/\n0(HO)$n0)

for r € Rt and z € N.
Then the exponents of the norm are dy = A(Hp) and

(2.21) dy=> cpdy if A=) e

The norm is a straightforward generalization of the norm considered
in Section [2:3] It depends strongly on the choice of Hy and in general no
norm is better than the others. However, for various specific N we may
define homogeneous subadditive norms that are scaled in the same way for
all simple roots, i.e. there is d > 1 such that

|lz| = m;ix{éj\mj\l/d}

for z € P, cn, Nip-
2nd norm. Assume |A;| = dim A. Given Hi, ..., Hy dual to ny,...,n
let Hy = d(H1 + - +Hk) Then nj(HO) =d, )\(Ho) = dz;?:l )\(HJ> IfNA
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is a symmetric space then all the roots are integer combinations of 7y, ...,
and so we can take d =1 and

x| = mjax{ﬁj\le}

for 2 € @, cn, Nip-

3rd norm. If N = R" we choose d > 1 such that for every root \; =
S aimi, dj =d ) a; > 1. Now given = € Ny, we put

’ | . ’ajj‘l/d if )\j S Al,
N ’l‘j‘l/dj if >‘j = 20%771

d

| | corresponds to dilations §,(x) = (r®zy,...,r%0x,,) and it is subadditive.

4th norm. Assume that N is stratified, i.e. N = @V with [11,V}] =
V1. Since , are automorphisms, each V; is a direct sum of eigenspaces Ny
and if 7 is simple then A, C V;. We assume that

Vi= PN,
neA;
Notice that all the other roots are linear combinations of the simple ones
with integer coefficients and Ny C Vj if and only if > «; = j provided
Aj = > aym;. Writing
X =1 ifXeV

we obtain automorphic dilations. The corresponding homogeneous norm sat-

isfies
dy=1, dy=) a; fA=) an;.
2.6. Main Theorem. Assume now that we fix dilations and the cor-
responding homogeneous norm. Given a root A let dy be the exponent cor-

responding to the eigenspace Ny and let x) = sxdy be the unique positive

number such that
E[em\/\(logM)/d)\] -1

Sometimes the notation y; will be used instead of x,;. Observe that all the
roots proportional to A have the same ). Let xo = min{y, : A € A}
We say that A is dominant if it is simple and x, = Xgo. The set of dominant
roots will be denoted Aggp,. In Section we will prove that xo = min{y, :
A€ Adom}~

For a dominant root Ag let

Iy, = {j : A\; is a multiple of Ao},
N, = Lie span{X;}jer,, = span{Xj}jer,, -

Then N, is a Lie subalgebra of N. For any norm defined in the previous
section we have the following:
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MAIN THEOREM 2.5. Assume

(H1) for every root A there is a unique strictly positive number x such
that E[exxAog M)/dx] — 7 -

(H2) for every root A, E[exxA1og M)/dx| \(log M)|] < oo;
(H3) E|QX° < oo;
(H4) for every root A € Agom the law of A(log M) is nonarithmetic;
(H5) there is A € Agom such that for every X € Ny,
Pllog((Q, M) o exp X)WAO =X <1
Then there exists a strictly positive number Cy such that
(2.22) tlim tXP[|R| > t] = C4.

The above theorem improves the Main Theorem B in [3] which says that
there is a positive C such that

1
(2.23) 0 < PR > 1] < Ot
1

for the norm determined by the dilations deyp(10gr)r,- We are going to use
(2.23)) in the proof. In fact, we will need the second inequality of (2.23) for
any of the norms defined above. For that one proves

(2.24) E|R|® < 0o for every 3 < xo,

which follows from the expression (5.7) in [3] for the coordinates of the back-
ward process (Q1, M1) - ... (Qm, M,,) and below. Moreover, we prove
that the only nonzero contribution to comes from the coordinates
corresponding to dominant roots (see Lemmas and Corollary .

COROLLARY 2.6. Assume that the homogeneous norm is chosen so that
dy, =1 for every simple root 0, i.e.
E[eXn"](logH)] - 1.
Then (2.22)) holds with xo = mingea, Xy, i.e. the nonzero contribution to

(2.22) is determined by dominant roots with the strongest expansion (see
Introduction).

3. Proof of the Main Theorem

3.1. Dominant roots. First we are going to prove that without any
loss of generality we may assume additionally that

(H6) The support of p4 is not contained in an affine subspace of A.

Indeed, suppose there exists a linear subspace W of A and a vector v such
that suppus C W+wv. We take W of minimal dimension. Let i be the image
of p via the map

(x,exp H) — (x,exp(H — v)).
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For H € W we have

5exp(H+v)l' = (6>\1(H+v)$17 ) etno (H+U)$no)
= (M MWy Ao (H) Ao ()
and changing coordinates
(X1, . p) — (e)‘l(v)xl, . ,e)‘"O(U)xno) = (z},...,2})

we have
5exp(H+v)x - 5exp(H) a’.
Eigenspaces are preserved and classes of homogeneous norms satisfying ([2.21))

are the same. Therefore, we may assume that S = N x exp W and that uy
is not supported by an affine subspace of W.

PROPOSITION 3.1. If A is not proportional to a simple root then x ) > Xo
and s0 Agom C A1.

Proof. 1t is enough to prove that
E[eXorlog M)/dr] 1,

Suppose that A\ = Z "o, AL, ..o, Ay being simple and p; = dy/(od;).
Then by (2.2 -, >1 / p; = 1, and by the Hoélder inequality with parame-
ters pj,
m m
E[eon(IOgM)/dA] _ E[H exoaj)\ logM)/dA] H exo)\ (log M) /d; ])1/pj <1,
Jj=1 Jj=1
and the above product is equal to 1 if and only if each of its factors is 1, i.e.
X; = Xo and the Holder inequality applied above is in fact an equality, i.e.
for every j, k,

eXoXj(log M)/dj Cj7keX0’\k(1°gM)/dk [hA-a.S.

This means

X0y, j(log M) =1logCj 1 + X0 Ae(log M) pa-a.s.
d] ’ dp.
on the support of x, which in view of (H6) is impossible. m

3.2. Campbell-Hausdorff formula. The group multiplication in N is
given by the Campbell-Hausdorff formula:

(3.1) exp(X)-exp(Y)=exp(X +Y +[X,Y]/2+---) for X,Y e N.

Since the Lie algebra N is nilpotent, the sum above is finite.

We shall use the lower central sequence to obtain a better description
of the Campbell-Hausdorff formula [I3]. Since A acts by isomorphisms, it
preserves the lower central sequence, i.e. we can choose a basis X of N con-
sisting of eigenvectors and such that for every element of the central sequence



512 D. BURACZEWSKI AND E. DAMEK

there is a basis of it consisting of some of the vectors X;. More precisely,
if (z - y); denotes the ith coordinate of z -y, for x = exp(d>_z;X;), y =
exp(>_ v X;) elements of N, then

(3.2) (x-y)i =z +yi for 1 < iy,
' (x-y)i =x +yi+Pi(z,y) foripq <i<ip, for p>1.
where P; are polynomials depending on x1,...,%;,_,,¥y1,...,¥i,_, and they

can be written as
b
(33) Pl ('Ia y) = Z Ca bP ( y) Z Cg,bxgyia
a,b a,b
where ¢, , are some real numbers, a and b are multi-indices of natural num-

bers of length i,_1, and

e 00 =1,
e if ¢ is a multi-index of length 7 and z is a vector of length at least 7
(usually it will be longer than 7) then

i

The above notation will be used also in the rest of the paper. Moreover, we
shall strongly rely on the following properties of the Campbell-Hausdorff
formula: if ¢, is nonzero then

(3.4) both a and b are nonzero and Z(gj +bj)A; = N

j<t
In order to prove the last equation we shall use (2.3). Fix H € A. Then for
any x,y € N we have

(5epo(my))i = e)w(H) (x : y)i7

but on the other hand, by (3.2)) and (3.3]) we can write

(6epo($y))i = (6epo(x) : 5epo( ))
= ch,b(éepo( )) ( epo ZC be J<z(a +b;)A; (H )mayh

Comparing the last two equations we obtain (3.4]). For any norm with expo-
nents satisfying (2.21]), we then have

(3.5) > (a;+by)d; = d;,

Jj<i

where d;j = dy;.
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3.3. Scheme of the proof and behavior of R;’s. For a dominant
root n let N, = exp N, and let S, = N, x R" be the semidirect product of
N, and RT with the group multiplication

(z,b) - (2',b) = (z - op(2),0), x,2" € Ny, bt/ € RT.

Let | - |, be the restriction of | - | to Ny, i.e. |z|, = |z| for z € N,; by
(2.19)

_ ALY
|y r]%&}z({cj\xj\ }

For any z = exp(}_72; #;X;) € N let xlﬁn denote its restriction to N,
ie.
:1:|Nn = exp(z aijj>.
Jjely
In view of (3.4) for any z,y € N and n € Aqom we have
(3.6) 2ly, vy, = @ yly,-

Applying Theorem [2.1] to S, we obtain
LEMMA 3.2. For every dominant root 1 we have
: XnP[| R dn] —
tlggot Pl|R], > %] = Cy,
where R = R\Nn, and Cy, > 0 if (H5) is satisfied.

As in Lemma we shall write R = exp(}_72; R;X;) and |R;| will be
the absolute value of the coordinate |R;|. To deduce the Main Theorem we
shall need two more lemmas.

LEMMA 3.3. If x; > xo then
lim PRV > ] = 0.
LEMMA 3.4. If x; = xi = Xo but A\, \j do not belong to I, for some
N € Adom then
Jlim OP[|R; Y% > ¢, | RV > 1] = 0.
COROLLARY 3.5. Given n € Agom let
2,1 = {|R|, > t, max¢;|R;|V/% < t}.
J¢ly
Then
tlggo P(§2,,)tX° = Cy,
and Cy > 0 if and only if (H5) holds. Moreover,
Jim (IR >0\ | @)t =0,

77€Adom
i.e. the only nonzero contribution to (2.22)) comes from the “cones” {1, ;.
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Proof of the Main Theorem. We write
P[|R| > t] = P[max{zjmjp/dj} > ]

=P[ max [R,|>t, max  ¢|Rj|"% > 1]
neAdom A .¢U77€Adom In
= > PR, >+ > PR >4
1€ Adom N EUneAgom I
+ Y CLuP(|Ry| > t, n e I, g|R;|Y% > t, j € J],
I,J

where the last sum is taken over all sets I and J such that I C Agqom,
J i A ¢ Upeay,,, Ints I +]J] = 2. The constants C ; are —1, 1 or 0,
and Cy ;=0 only if J =0 and I C I, for some 1 € Agom.

In view of Lemmas

i X0 — 1i X0
lim P[|R| > 1] = lim ¢ > PRI, > 1.
neAdom
The limit exists and is strictly positive. m

3.4. Proofs of Lemmas [3.3] and [3.4l The idea is the same for both
lemmas. We start by giving the main steps needed for Lemma [3.4] Let fo be
a Holder function on R? bounded by 1 and such that supp fo C [1/2,00) x
[1/2,00) and fo(z) =1 for x € [1,00) X [1,00). Define a function f on N by
f(z) = fo(xi,x;). Given a function h on R? we define

ds+dt

(s, ) = e X0 TEED (s, b)),

Let
g(s.t) = | fo(e s, e%'ay) v(da).
N
Then it is enough to prove that
(3.7) lim g(¢,t) =0,
t——o00

because then

tlim Xyl ;> el and a; > eli'}
— 00

< Jim X0 fo(e My, e ) v(da)

t—o0
N
= lim e Xg(¢,t) = lim g(¢,t) = 0.
t——o00 t——o00

Define a measure jg on R? by
p0(U) = pa{M : Ni(log M) /d;, \;(log M)/d; € U}, U C R
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Then

S X0t dpg(t, s) = S X0 dug(t,s) = 1.

R2 R2
Let

¢(S>t) = Ho * g(S,t) - g(s,t),
and
.dis-&-d]-t
fi =" g,
We shall prove that
(3.8) AR?) <1,
and for every s, s” € R,
(3.9) lim ¥(t+s,t+s") =0,
t——00

(3.10) G(s,t) = —G x1(s, 1),

where G = Yol g ¥ is a finite measure. Then will follow by the
Lebesgue dominated convergence theorem.

For Lemma [3.3| we proceed in an analogous way. Let fy be a bounded
Hoélder function on R such that supp fo C [1/2,00) and fo(z) =1 for x > 1.
Define a function f on N by f(z) = f(z;). Let

9(t) = | fole¥'ay) v(de), () = e0%g(t).
N
It is enough to prove that

(3.11) lim §(t) =0,

t——o0

because then

lim eX°'p{z : z; > %'} < lim eXo! S fole™%tz;) v(da)
t—00 t—o00 N

= lim e X0lg(t) = Jim _g(t) =0.
Define a measure po on R by
po(U) = pa{M : Xj(logM)/d; e U}, U CR.

Then

f et o) < 1,

R
i.e. I = eX0?y; is a subprobability measure. Let

D(t) = pox g(t) — g(t), () = e XMP(t),

We shall prove that for every s,
(3.12) lim Pt +s) =0,
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(3.13) g(t) = =G+ (1),
where G = Yol g™ is finite. And again (3.11)) will follow by dominated

convergence.

3.5. Remaining lemmas. Now we are going to prove (3.8)—(3.10)). The
argument for (3.12)) and (3.13) is the same.

LEMMA 3.6. The function 1 is continuous, bounded and for every s', s,
lim ¢(t+s,t+s")=0.
t——o00

Proof. First we will prove that the function g is bounded. For that we
use (2.23) and the Holder inequality with p = (d; + d;)/d;, ¢ = (di + d;)/d;:

d,L-s+djt
~ —X0" . ,
G(s,t) =e Gt Sfo(edlsxi,edﬂtacj) v(dr)
N
dis-&-djt
0 d;+d;
< J S 1{$i>%e—dis}1{$j>%e—djt} V(dl')
N
o distdjt 1 d,il:d. 1 %
<e XaTG (g zxi>—e e R Y R !
2 )
<C.

Next we will prove that fg * ¢ is bounded, using again the Holder inequality
with the same parameters p, ¢:
d;std;t
o wg(s, 0] = |e 5 [ gls + '+ 1) dpo(s', 1)
R2

- ‘ S G(s+ ' t+ e TG TG g0 (s )
R2

’ 1/p / 1/q
< C X0S d /,tl xXot d /7tl
<c( § e dots ) <R§26 ol 1))
=C.

Hence 1; is bounded. Continuity is obvious. To prove the last part of the
lemma assume ed;,ed; < xo. We are going to prove a stronger condition
that for every s',s" € R,

(3.14) I = Z sup ’w(t + 5/775 -+ 5//)‘ < o0,

nez n<t<n+l

which of course implies that {bv vanishes at —oc.
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First we write

Dt + it + 55)

di(t+si)+dj(t+5j)
X0 T Qa.xd. i 1 3 j j j
. a7, S [ S Foleilttsitto) g odi (st 10y dyyo (44, 45)
N “R2
= fole gy, b)) v (da)
disi+djsj

_ e—XOte_Xo'idiﬂlj S S [fO( i (t+si)+N; (loga) dj(t-‘rsj-)-i-)\j(loga)xj)

SN
— fo(e ) mi(b - 84(x)), e (b - 64 (2)))] u(da, db) v(dx)
d;s;+d;s
N P : S S[fo( itrstrilloga) ;, od;(ths;)+Ai(loga)
SN

fo( i(t+si) (e Ailloga) oy p 4 Pi(b,64(2))),
edittsi) (X8 ) g by 4 Py(b, 04 (2))))] p(da, db) v(dz).

We may assume that fo(x,y) = h(z)h(y) for some e-Holder function h
on R such that h(z) = 1 for x > 1 and supph C (1/2,00), where ¢ <
min{xo/d;, xo/d;}. Then the Hélder condition implies

| fo(zisz5) — fo(yi, y;)| = |h(x5)(h(zi) — h(y:)) + h(yi) (h(z;) — h(y;))]
< C(lzi = wil* - (Lays1y2y + Liyos1y2p) + 125 — 4517 - (Mg s1/2y + gy, >1/23))-

Therefore, since s; and s; are fixed,

[Y(t + si,t + s5)]

< Csiys)e X0 > Clse) | | e (|br]® + [ Pr(b, da()) )
ke{i,j} SN

X (1{1/2§edk(t+sk)+)‘k(108 g} T 1{1/2386%(t+s;c)7rk(b.5a($))}) p(da, db) v(dx)
and to prove (3.14) we have to estimate three integrals:

Il,k’(t) = e_X()t S S e&‘dkt|bk|5 . 1{1/2§edk(t+sk)+)‘k<10ga)q:k} ,U(d(l, db) l/(dﬂj),

SN

Lx(t) = e X0 S S eadkt|Pk(b75a($))|e' 1{1/2§edk(t+3k)+)\k(loga)a;k} p(da,db)v(dz),
SN

Iy gi(t) = e | Wby + | P(b, da(2) )
SN

1{1/2§edk(t+sk>7rk(b~5a(:(;))} ,u(da, db) V(dl‘)
for k € {i,j).
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We begin with I ;(t). For n <t <n+ 1 we have

I i(t) < Cle_(xo_adk)n S S |bg|® - 1{026—ndk§e>\k(loga)+log|zk\} w(da,db) v(dx)
SN

Let no(a,x) = | —(1/dg)(log Co + Ax(log a) + log |zk|)]. Then
Lep=> sup Lpty<cl| > e Com=nip | (da, db) v(dx)
neL n<tsn+l S N n>ng(a,x)
< CS S e(l/dk)(X0—€dk))\k(10ga)|xk|(1/dk)(XO—€dk)‘bk|€ w(da, db) v(dz)
SN
= O § lp /= p(da) ) - (] o/ BmNomD by 2 u(da, ab) ).
N S

Both integrals are finite: the first one because of (2.23)), and for the second
one we apply the Holder inequality with (xo/dr — €)p = x0/dk, €¢ = Xxo/dk
to obtain

S e(x0/dr—e)Ax(loga) |bk | (da, db)
S

1/p 1/q
< (SB(XO/dk)Ak(loga) u(da, db)) (S b X0/ % 11(da, db)) < o0,
S S

which proves that Iy is finite. For Iox = ) 7 sup,<y<p11 I2,x(t), arguing
as above we reduce the problem to estimating

[ § e/t =edNone) g o/ e o, (2)2IE pu(da, db) v(da)

SN
< S S e(xo/dk—E)/\k(loga)|$k|xo/dk—6 H |b,.[2r°
SN reA
@ 0E 5 2%) w(de) p(da, b),
sEB
where

A={r:a. #0} C1l),, B={s:b,#0}ClI,,,

because k € Iy,. By (3.4),

1 1
3.15 — E dr + — E b.ds=1.
(3.15) di; Bl dp ==°
reA sEB

First we integrate over N, we apply (2.23)) and the Holder inequality with
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p(Xo/dr — €) < Xo/dk, psbye < xo0/ds and 1/p+ > .1/ps =1 to obtain

S |xk’XO/dk € H |2 ‘b dz)

seB

< ( S ‘.’I}k‘p(XO/dk—zf) V(dx))l/p H ( S ‘xs‘l’sbsﬁ y(da:)) 1/ps -
N

N seB
Such p, ps exist because by (3.15]),

di X0 b,ed,
d. (dk 5>+ZS<1.

X0 B X0

For the integral on S we apply the Holder inequality with p(xo/dx —¢) =

Xo/dk, psbse = xo/ds, qrea, = xo/dy (clearly, by (3.15), 1/p + 32, 1/ps +
Yoo l/ar =1 —edy/x0+ ZS ebyds/xo0 + ), €a.d./xo = 1) and we obtain

Se(XO/dk—s))\k(loga) H ‘br‘grs . H e/\s(loga)bse ,u(da, db)

o reA seB
< (et dm’““"g“)u(da,db))l/p TT (§torpreree u(da,db)y/qr
o rcA S
. H (Se(XO/ds))\s(loga)lu(da7 db))l/p57
seB S

hence Iy, is bounded.
To estimate I3}, we take

1
no(a, k,x) = {—dk(log Cy + log |y (b - 5a(x))])J
and in view of the Campbell-Hausdorff formula we estimate
V5 0kl + [ Pr(b, 00 (2)) )i (b - 6a(2))X/ ¢ u(da, db) v(dz)
SN

by the following sum of integrals:

| | ebxo/dmenwtlon) g, X0/ A< (b <+ | Py (b, 64 ()) %) p(da, db) v(da)
SN

+ |V 1oe X/ (b + | Pr(b, 6a(2)) ) p(da, db) v(dz)
| P (b, a(2)) X0/ % by |° pu(da, db) v(dax)

| Py (b, 64 (2)) X0/ % p(da, db) v(dz).

é
.
.
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To all of them we apply the Holder inequality in the same way as above. Let
us check the last one, i.e.

S S H ’b |arX0/dk H b (x0/dk)As(log a) |xs|bsxo/dk V(daj) u(da,db)
SNreA SEB
We first integrate over N to obtain

| T 1o P/ v(da) p(da, db) < [ (g \xs\pshsxo/dk)” " u(dx) p(da, db)
N seB seB N

where ps are chosen so that b psxo/dr < xo0/ds and ) 1/ps = 1, which is
possible because by (3.15)), > b,ds/di < 1. For the integral over S we have

S H |bT|§TXO/dk . H eRs(x0/dk)As(loga) p(da, db)

SreA s€B
S H (S |b7,‘prérXO/dk ,Uf(da,db))l/pr H (Seqs (XO/dk) (loga) ,u(da7 db))l/qs
reA S B 5

with p, = dk/(grdr)y qs = dk/(bsds) u
LEMMA 3.7. The measure [i is subprobabilistic, i.e. fi(R?) < 1
Proof.

Xj(log M) Aj(log M) A, (log M) d; Aj(log M) d;

ﬁ(]RQ):E[ d+dj e di+dj ]<(Ee a; )dﬁdj(Ee d; )di+dj:1

and we have equality only if
Nillog M)/di _ 1 (log M) /d;
on the support of p4, which contradicts hypothesis (H6). m
LEMMA 3.8. The function g can be written as
G(s,t) = =G x (s, 1),
where G = Yoo 1 is a finite measure.
Proof. By definition of 1 the function g satisfies the Poisson equation
po * g(s,t) = g(s,t) + (s, t).

Hence
o s g(s,t) = " x (9 + )5, )
*(n—1 *N
=" (g O ) V(1) =
(s,t) + Z,u x (s, t).
_ .dls+djt
Multiplying both sides by e ** %¥% we obtain

(3.16) 0D s G(s,t) = Gls, t) + 1 * (s, t).
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Indeed,
g Bistdjt
e AT Msk*¢(37t>
=e G | (s tsid b sttt )
R2 R2
X ,ug(dsl,dtl) e Mo(dsk,dtk)

di(s+sy+-sp)+dj(tHt1+tg)
—xo-

= ... Je it Y(s+ 814+ spt+t+ o+ )

R2  R2

xo Yo kT

e it po(dsy,dty) .. .e it o (dsg, dty) = @ x (s, t).

We have
7 5 55, 1)] < [Flaup (R
Hence
nlingo ) s (s, t) =0

and

n
~_ ~xk ’V:_“’ -~
g= nl;r&kzﬂu * P Gy

with G being finite.
Proof of Lemma 3.4 By the Lebesgue Theorem,
lim g(t,t) = — lim G =1t 1)
t——o0 t——00

= — lim | vt +s t+¢)G(ds', dt')=0. u
R2

Appendix A. Action of a compact group of automorphisms.
Assume now that there is a compact group K acting on N' and commuting
with A. Then every eigenspace N, is preserved by K. On S = N x AK we
define a random walk as in Section @ with M; being in AK. As before, R,
converges in law to a random variable R independent of the choice of Rjy.
The law of R is the unique stationary solution of v = p * v.

We define homogeneous norms analogously as before but making them
invariant under the action of K. To do this we choose on every N, a norm
| |n preserved by K and we define the rectangle {2 as

n= {x:Zx)\ s lxala <8}.

Proceeding as in [20] we prove that if € is sufficiently small then (2.18)) holds.
Then the norm is

(A1) 2] = max{e 1/ |/}
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and it is invariant under the action of K. Theorem [2.5is valid with the same
proof provided we write everything in terms of the decomposition z =), x
and not in terms of coordinates.
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