COLLOQUIUM MATHEMATICUM

VOL. 119 2010 NO. 1

MINKOWSKI SUMS OF CANTOR-TYPE SETS
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Abstract. The classical Steinhaus theorem on the Minkowski sum of the Cantor set is
generalized to a large class of fractals determined by Hutchinson-type operators. Numerous
examples illustrating the results obtained and an application to t-convex functions are
presented.

1. Introduction. The celebrated results of Steinhaus [13] and Piccard
[10] state that if a set S C R™ is either large in the sense of Lebesgue measure
theory (i.e., S is of positive Lebesgue measure) or large in the sense of Baire
category (i.e., S is of the second Baire category), then the Minkowski sum
S+S :={x+y:z,y € S} contains an interior point. An immediate question
arises: Do there exist sets S C R"™ of Lebesgue measure zero and of first Baire
category such that S+.5 contains an interior point? An example of such a set
was discovered by Steinhaus [12] in 1917 who proved that, for the classical
Cantor set C' C [0, 1], the Minkowski sum C'+ C' is surprisingly large, namely

(1) C+C=10,2],

which is the same as the sum of the whole intervals [0, 1] 4 [0, 1]. The above
equality can also be expressed in the form

(2) ic+ic=1,1],

which means that every point of the convex hull of C' (i.e., the interval [0, 1])
is a convex combination of two elements of C' with coefficients 1/2.

The Cantor set C' is usually defined in the following way: We remove from
the interval [0,1] the open middle third, next we remove the open middle
thirds of each of the remaining two intervals, and so on. The remaining set
of points is the Cantor set. It is thinly scattered over [0, 1]. Since the sum of
the lengths of all the removed intervals equals

(1/3) +2(1/3)? +22(1/3)3 +--- =1,
the Cantor set has Lebesgue measure zero and is nowhere dense and hence
it is of first Baire category. In the analysis of the Cantor set, the following
2010 Mathematics Subject Classification: Primary 28 A80; Secondary 52A37, 39B62.
Key words and phrases: Minkowski sum, Cantor set, fractal.

DOI: 10.4064/cm119-1-5 [95] © Instytut Matematyczny PAN, 2010



96 K. NIKODEM AND ZS. PALES

characterization is very useful: C' C R is the unique nonempty compact set
satisfying the Hutchinson-type identity

C=1C+{0,2/3}.

Sets satisfying similar identities are called fractals (cf. [1]). The aim of this
paper is to generalize the Steinhaus theorem to the class of fractals that are
determined by more general Hutchinson-type identities. Our main results
characterize those fractals F' for which a convex combination A1 F'+- - -+ A\, F,
with prescribed coefficients Aq,..., Ay, is equal to the convex hull of F'.
Finally, we present numerous examples illustrating the results obtained and
give an application to the theory of t-convex functions.

2. The Steinhaus theorem. The starting point of our investigations
is the following theorem due to Steinhaus [12].

THEOREM 1. For the Cantor set C, the identity C' + C' = [0, 2] holds.

In this section we will present three short proofs of the Steinhaus theorem.
The first one bases on the original geometric method used by Steinhaus
(slightly modified by Utz [14]). The second one, which is algebraic, is due to
Randolph [II] (see also [7, p. 19]). The third one, proposed by us, is purely
set-theoretical. Our aim is to extend the last idea to fractals determined by
certain Hutchinson-type operators.

Proof 1. Given an arbitrary closed square K C R? with sides parallel
to the coordinate axes, denote by K;, ¢ = 1,2, 3,4, the squares obtained
by removing from K the open middle third horizontal and vertical stripes.
Note that if a line y = —x + a meets K then it also meets at least one of the
squares K;. Since, for every a € [0,2], the line y = —z + a meets the unit
square [0, 1] x [0, 1], it also meets the set C' x C| that is, there exist z,y € C
such that  +y = a. Hence C +C =[0,2]. =

Proof 2. The Cantor set C consists of exactly those points in [0, 1] whose
ternary expansions can be written without the use of the digit 1. That is,

C= {x €01 :z=3 cu/3" cuc {0,2}}.
neN
Hence
3C = {x €[0,1]:z = ch/?)”, cn € {0,1}}.
neN
It easily follows that C + £C = [0,1] and so C + C = [0,2]. Indeed, if
x € [0,1] is of the form = = ) _c,/3", where ¢, € {0,1,2}, then set
Y= D nen /3", 2 1= D, ey bn /3", where ay, = [cn/2], by i= ¢y — [cn /2],
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ie.,

ap :=b,:=0 if¢,=0; a,:=0,b,:=1 ifc,=1;

Qp = by = if ¢, =
Obviously, z =y + z and y,z € %C’. Hence z € %C + %C, proving [0,1] C
%C + 10 . The reverse inclusion is trivial. =

Proof 3. The Cantor set C' can be written in the form C =
where

nEN

C1=10,1, Cpy1=3C,+{0,2/3}, neN.
Of course C; + C; = [0, 2], and by induction, for all n € N,
Cht1 + Cng1 = 3(Cn + Cp) +{0,2/3} + {0,2/3}
= [0,2/3] + {0,2/3,4/3} = [0, 2.
Hence, using the identity (cf. [9])
N(Cn+Cn)= () Cnt ) Cn,
neN neN neN
we conclude that C+ C =0,2]. =

3. Minkowski sums of fractals. In this section we present general-
izations of the Steinhaus theorem for a large class of fractals determined by
certain Hutchinson-type operators.

Given a Banach space X, we denote by K(X) the family of all non-
empty compact subsets of X. It is well-known that K(X), endowed with
the Hausdorff-Pompeiu metric, is a complete metric space, furthermore the
multiplication by scalars and the Minkowski sum are continuous operations
with respect to this metric (cf. [6]). We shall use the notation

ZkA::{.T1+"'+37k:$1,...,$k€A}

for the k-fold Minkowski sum of a set A C X.
Let v € (0,1) and P € X(X) and consider the Hutchinson-type operator
D, p: K(X)— K(X) defined by

(3) D, p(A)=vA+(1—-7)P, AcX(X).
Note that if P is finite, say P = {p1,...,pn}, then
N N
Py,p(A) = U(’YA+ (1- U
J=1 J=1

where S; : X — X is a vy-contraction defined by S;(z) := vz + (1 — v)p;.
Such operators as well as their fixed points were considered by Hutchinson
in his classical paper [5].
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The properties of the map @, p : K(X) — K(X) and of its fixed point
are summarized in the following lemma which is a variant of Theorem 3.1(3)
in [5].

LEMMA 2. Let X be a Banach space, P € X(X) and v € (0,1). Define

D, p: KX ) — K(X) by , Then @~ p has a unique fived point Fyp €
X(X) (i.e., 2y p(Fy p) = F, p); moreover, for all A € X(X),

(4) Tim @ p(A) = F, p

(where D p denotes the nth iterate of 4 p and the convergence is in the
sense of the Hausdorff-Pompeiu metric) and

(5) P CF,pCconv P,
hence also conv F, p = conv P.

Proof. Since @, p : K(X) — K(X) is a contraction with contraction
factor v < 1, by the Banach contraction principle it has a unique fixed point
F, peX(X) and () holds for all A € K(X).

To prove ([5), we apply () in two particular cases. Clearly, P C &, p(P).
Hence @:JD(P) C (P”‘H( ) for all n € N, i.e. the sequence (7 p(P)) of sets

is increasing. Thus, applying for A := P, we obtain
PC nh_)rgo DL p(P)=F,p.

On the other hand, @, p(conv P) C conv P, so the sequence (@7 p(conv P))
is decreasing. Thus, applying with A := conv P, we obtain

conv P D nh_)ngo @7 p(conv P) = F p,
which completes the proof . "

The set F, p is called the fractal determined by @, p. The next theorem
gives a necessary and sufficient condition for its convex hull to coincide with
the set of all convex combinations of m elements of F, p with prescribed
fixed coeflicients.

THEOREM 3. Let X be a Banach space, P € X(X), v € (0,1) and
Ay ooy A > 0 with Ay +---+ Ny, = 1. Let F, p be the fractal determined by
the operator @~ p. Then

(6) MFEyp+-+ ApFy p =conv P
if and only if
(7) yeconv P+ (1 —y)(MP +---+ A\, P) = conv P.

Proof. Let D =conv P.



MINKOWSKI SUMS 99

Sufficiency. Assume that holds. We will show by induction that, for
all n >0,

(8) MPL p(D) + -+ An®] p(D) = D.
By the convexity of D, we have \{D + -4+ X\, D = D, which trivially yields
for n = 0.

Now, assume that holds for some n > 0. Then, using the definition
of &, p and (7)), we obtain
MO (D) + -+ A (D)
=M p(D) + (L =7)P)+ -+ An(v®] p(D) + (1 = 7)P)
= YL (D) -+ A (D)) + (1= 1) (M P+ + AnP)
=D+ (1—~)(MP+- -+ A\, P) =D,
which completes the proof of .
Finally, letting n — oo in and using , we get
)\1F%P + -+ )\mF%p =D =conv P,
which yields @
Necessity. Assume now that @ is valid. By , we have
Eyp=@yp(Fyp) =7F,p+ (1=7)P SyD+ (1 -7)P,
whence, by @,

D=¢convP = MF,p+- -+ ApFyp
CMD+A=y)P) 4+ An(D+ (1 —7)P)
=vyMD+---+ Ay D)+ (1 =) (M P+ -+ N\, P)
=D+ (1 —-y)(MP+ -+ ApP) CconvP =D,

which proves . "
For a given set P, it is not obvious whether or not identity @ can
be satisfied with some convex combination coefficients A1,..., A, > 0. As

we shall see below, in the finite-dimensional case we can always ensure the
existence of such coefficients.

We will need the following almost trivial statement.

LEMMA 4. Let X be a linear space, D C X be convexr, S C D be non-
empty and 0 < B < ~v < 1. Then

(9) BD +(1—p)S CvD + (1 —9)S.

Proof. 1f B = ~, then there is nothing to prove. Thus, we may assume
that v > 3 > 0.
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Let = be an element of the left hand side of (9). Then z = Su+ (1 — B)v
for some uw € D, v € S. Hence,

x:ﬁu+(1—ﬁ)v:7<ﬁu+7_ﬁ
Y v

v>+(1—'y)067D+(1—7)S,

where %u + #v € D by the convexity of D and the inclusion S C D. =

The next result brings two conditions equivalent to ([7]) when D = conv P.

THEOREM 5. Let X be a linear space, D C X be a convex set, P C D be
non-empty, and v € (0,1) be a constant. Then the following conditions are
equivalent:

(i) There exists o € (0,1) such that
(10) aD + (1 —a)P = D.

(ii) There exists m € N such that

1 1
(11) ’)/D+(1—’Y)<P+"'+P>:D.
m m
(iii) There exist m € N and Ay, ..., Ay, > 0 with \y + -+ - + A\, = 1 such
that
(12) ¥D + (1 =) (MP+---+A\yP)=D.

Proof. The implication (ii)=-(iii) is obvious.
(i)=(ii). Assume that is satisfied by some v € (0,1). Using Lemmald]
it follows for o < o/ < 1 that

D=aD+(1-a)PCd'D+(1-d)PCD,

hence we may assume that « is a rational number.
We show by induction that, for all £ € N,

(13) oD+ (1-a) P +...+P)=D.

The case k = 1 follows from condition (ii). Now, assume that has been
verified for some k. Then

oD+ (1 —a)afP+ .-+ P)
=a(d*D+(1-a) " 'P+-- 4+ P)+(1-a)P
=aD+(1—a)P =D,

proving that is valid.
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Now, choose k € N so that a* < . Using the convexity of D and applying
Lemmawith B:=af and S := f‘—%(ak_lp +--+4+ P) C D, we obtain

—Q

D=d"D+(1-a)a* P+ 4+ P)

1-— 1-—
P
-«
Therefore,
k—1 k
« —«a l—-«a
14 D 1-— - P+---+——P ) =D.
Since a = p/q for some p,q € N, (14)) can be rewritten as
k—1 k k k—1
P q—p qa° —pq
(15) vD + (1 —~ <P+"~+P):D.
( ) qF — pF ¢~ — pF

As obviously m;P C X,,. P with m; := pF~igt — pF=Hlgi=1 (j = 1,...,k)
k

shows that is satisfied with m :=my +---+my = ¢* —p

(iii)=(i). Assume that holds for some m € N and Aq,..., Ay, > 0
with A\ +---+ X\, = 1. If m = 1 then is satisfied with « := . In the
case m > 1, using the convexity of D, we obtain

D=9D+ (1 =7)(MP+ -+ Ap1 P+ A P)
CYD+ (1 =7)(MD+ -+ Ap1D + A P)
=(y+ A=)+ 4+ An-1))D+ (1 = y)AP C D.

Therefore, is satisfied with v :=1— (1 — ) \pp,. m

REMARK 6. For to be valid for some a € (0,1), it is necessary that
extr D C P, where extr D denotes the set of extremal points of D. Indeed,
let x € D be an extremal point of D. Then, by , there exist p € P and
q € D such that ag + (1 — a)p = x. By the extremality of x, it follows that
r=q=p,s0ox € P.

Assuming that D is also compact, by the celebrated Krein—Milman the-
orem we have D = conv(extr D). Hence, in this case, D = tonv P is also
necessary for to be valid for some a € (0,1). As we shall see in Lemma [4]
below, if X is also finite-dimensional then D = conv P is also sufficient for
to hold with o = dim X/(dim X + 1).

On the other hand, we shall show that, in an infinite-dimensional Hilbert
space X, there exists a compact set P such that

(16) aconv P + (1 — )P =conv P

is not valid with any a € (0,1). Let (pp)nen be an orthogonal system in X
such that >°°° | [Ip,]|? < co. Let P := {0, p1, p2,ps, ... }. Then P is compact
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since (py,) tends to zero. One can easily prove that

0o 00
(17) conv P = {Ztnpn tn >0, Ztngl}
n=1 n=1

Assume that there exists a € (0,1) such that holds. Choose n € N so
that @« < n/(n+1). Then
PL+ -+ Dn
n+1

€ conv P C conv P,

hence, by (16]),
pLt b caconv P+ (1—a)P
n+1

= qconv P + (1 - a){p07p17p2)p37 s }7

where pg denotes 0. Therefore, using , we can find t1,%3,... > 0 with
ti+ta+---<1and k € NU{0} such that

PL+ -+ Pn

n+1
If k=0, thenn/(n+1) =a(ti+---+1t,) < «, which contradicts the choice
of n. If K > 1, then from the comparison of the coefficients of py, it follows
that kK <m and 1/(n+ 1) = aty + (1 — a) > 1 — «, which again contradicts
the inequality o < n/(n+1).
Thus cannot be valid for any a € (0,1).

= a(t1p1 +top2 + - ) + (1 - a)pk-

The following is a direct consequence of Theorems [3] and [5]

THEOREM 7. Let X be a Banach space, P € X(X) and~y € (0,1). Denote
by F, p the fractal determined by the operator ® p. Then there exists m € N
such that X, F, p = mconv P, i.e.,

1 1
(18) EF%p—F'-'—{—%F%p:mP,
if and only if there exists a € (0,1) such that
(19) aconv P + (1 — )P = conv P.
Proof. If holds, then condition (i) of Theorem [5| is satisfied with

D :=conv P. Thus, by (ii), we can find m € N such that

1 1
(20) 'yconvP+(1—'y)<P—|—---—|—P)zconvP.

m m

Therefore, holds with A\; = --- = A,;, = 1/m and Theorem [3| yields .

Conversely, if is valid then Theorem (3| implies with Ay = -+ =
Am = 1/m, ie., holds. Applying Theorem [5 it follows that, for some
a € (0,1), condition must be satisfied. =
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The next lemma is deduced by using Carathéodory’s theorem; it also fol-
lows from [3, Remark on p. 191]. It shows that condition is automatically
satisfied in finite-dimensional spaces.

LEMMA 8. Let X be a finite-dimensional space and P € K(X). Then

(21) didrgl()ilconvPJr dim;{ﬂpz conv P.

Proof. The inclusion C in is obvious. To prove the reverse inclusion,
let z € conv P. By Carathéodory’s theorem, there exist pg,p1,...,pn € P
and Ao, A1,. .., \p € [0,1] with Ag+ X1+ -+ X\, = 1 such that Agpo+ A1p1 +
<o+ 4+ Appn = x, where n = dim X. We may assume that A\g > A; for all ¢.
Then Ag > 1/(n + 1). Hence

n
=1- < — =i 7.
p 0_n+1 i

Applying Lemma [ for the sets D := conv P and S := {po}, we get

= Aopo+Aip1+ -+ Aypn € Aopo + (1 — Ao)D = BD + (1 — B)po

n 1
C~D+(1— C D P
C D+ ( ’Y)Po_n+1 t—=P

proving the inclusion C in . "

REMARK 9. Note that the coefficient & = n/(n + 1) (where n = dim X)
in Lemma 8]is the smallest one for which is valid, i.e., for @ < n/(n + 1),
the condition

(22) aconv P + (1 — «)P = conv P

may not hold for some compact set P C X. In fact, more generally, we show
that if P is the set of vertices of a k-dimensional simplex (where k < n),
then does not hold if o < k/(k + 1).

Assume that P := {po,...,px}, where po, ..., py are affinely independent
vectors in X. Let o € (0,1) be a constant such that holds. Then

1
m(p0+---—|—pk) € convP =aconvP + (1 —a)P.

Therefore, there exist an index ¢ and constants tg,...,tx > 0 with tg + - - -
+ tx = 1 such that

1
Frl (po + -+ +pr) = altopo + -+ + tgpr) + (1 — )pi.
By the affine independence of pg,p1,...,pg, the coeflicients of p; on both
sides coincide, i.e., 1/(k+1) = at; +1 — a. Thus, t; = 1 — k/(a(k +1)).
Since t; > 0, this yields o > k/(k + 1).
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As an immediate consequence of Lemmalg] we obtain the following result
which shows that in finite-dimensional spaces every fractal of the type F, p
is sufficiently large.

COROLLARY 10. Let X be a finite-dimensional space, P € K(X) and
v € (0,1). Let F, p be the fractal determined by the operator ®~ p. Then
there exists m € N such that X, F, p = mconv P, i.c., holds.

Proof. By Lemma [8] condition of Theorem (7| is satisfied with a :=
dim X/(dim X + 1). Thus, by that theorem, must be valid for some
meN. n

4. Examples and applications. The following examples show some
applications of our main results.

ExaMPLE 1. The Cantor set C' is the fractal determined by the operator
@1/37{0’1} : X(R) — K(R), i.e., C = F1/37{071}. Since
2[0,1] + 2(3{0,1} + 3{0,1}) = [0,1/3] + {0,1/3,2/3}
=10,1/3]U[1/3,2/3]U[2/3,1] = [0, 1],
applying Theorem [3] we obtain
3C+3C =[0,1].

Now, we can raise a more general question: For which values of A € (0,1) do
we have A\C'+(1—A)C = [0, 1]7 In view of Theorem 3, it suffices to determine
all A € (0,1) such that

(23) 3[0,1] + 2(A{0,1} + (1 — X){0,1}) = [0,1].

In the case 0 < A < 1/2, we have
10, 1] + 2(M0, 1} + (1 — A){0,1}) = [0, 1/3] 4 {0,2)/3, (2 — 21)/3,2/3}
=[0,1/3]U[2A/3, (1 +2X)/3] U[(2 —2X)/3,(3 —2))/3] U [2/3,1]
=10,(142X)/3]U[(2—2)N)/3,1].

Thus, condition holds if and only if 1+2X\ > 2 —2X, ie., if A > 1/4.
In the case 1/2 < X\ < 1, we can similarly obtain the inequality A\ < 3/4.

Therefore,
AC+(1-MNC=10,1]
holds if and only if 1/4 < X < 3/4.
EXAMPLE 2. Consider now another set C' C [0, 1] constructed similarly

to the Cantor set. We remove from [0, 1] the open middle half, next the open
middle half of each of the remaining two pieces, etc. Iterating this process,
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we obtain a set C homeomorphic to C. However, %5 + %5’ is not equal to
[0,1]. To show this, first observe that C is the fractal determined by the
operator Py /4 10,1}, 1-€., €' = F1/4 {0,13- We have

300,1]+ §(5{0. 1} + 3{0,1}) = [0,1/4] + {0,3/8,3/4} # [0, 1],
hence condition 1) of Theoremis violated, implying that %éJr %5 # 10, 1].
On the other hand,
10,1] + 3(3{0,1} + 2{0,1}) = [0,1/4] + {0,1/4,2/4,3/4} = [0, 1],
which implies that
(24) 10+ 20=101]
One can also easﬂy check that A = 1/3 is the only p0551b1e parameter in
(0,1/2] for which AC + (1 — \)C = [0, 1]. The equality (24) also gives
0,3]=C+2CCC+C+CClo,3].
Hence
55C=C+C+C=[0,3)]

EXAMPLE 3 (An extension of Examples 1 and 2). For v € (0,1), denote
by C, the fractal F) o1y C [0,1]. (Note that Cy/3 = C and Cyyy = C.)
Then, for every m € N, the identity
(25) YmCy = [0,m]

holds if and only if m > (1 — v)/~. Indeed, by Theorem holds if and
only if

(26) v[0, 1]+(1—ry)<; {0,1}+-~+;{0,1}) = [0, 1].

Obviously,
(27)

7[0,1]+(1—7)<;L{0,1}+---+;{0,1}) = [0,7]%—1_77{0,1,...,771},

which is the union of m + 1 translates of the interval [0,~]. Therefore, this
set can cover [0,1] only if (m + 1)y > 1. Conversely, if (m + 1)y > 1, then
the consecutive intervals of the right hand side of are not disjoint and
hence they cover [0, 1], i.e., holds.

For other examples of this type, see Ger [4].

ExXAMPLE 4. Let S be the classical Sierpinski carpet defined in the fol-
lowing way: We divide the unit square [0, 1] x [0, 1] into the 3-by-3 grid and
remove the central square; next we repeat this process for each of the remain-
ing eight squares, etc. Clearly, S is the fractal determined by the operator
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Dy/3.p: K(R?) — K(R?), where
P ={(0,0),(0,1),(1,0),(1,1),(0,1/2),(1/2,0),(1,1/2),(1/2,1)}.

It can be easily shown that
L(0,1] x [0,1]) + 2(P+ 1P) = [0,1] x [0, 1].
Therefore, by Theorem [3| we also have .5 + 15 = [0, 1] x [0, 1].

ExaMpPLE 5. Consider two other Sierpinski-type sets: T' is determined
by ¢1/3,P17 where Pl = {(07 0)7 (07 1)) (17 0)7 (17 ]-)7 (1/27 1/2)}7 and U is de-
termined by @, 3 p,, where P, = {(0,0), (0,1),(1,0),(1,1)}. By Theorem
we obtain

3T+ 3T = 3U + 35U = [0,1] x [0,1].

Finally, we present an application of our results to regularity of ¢-convex
functions.

Let D be a convex open subset of a normed space and ¢ € (0,1). A func-
tion f: D — R is called t-conver if

f(t.’L'-F(l-t)y)Stf(.’L‘)—i-(l—t)f(y), a?,yED;

f is Jensen-convez if it is 1/2-convex; f is convez if it is t-convex for all ¢ €
(0,1). It is known that a convex function defined on an infinite-dimensional
space need not be continuous; also, Jensen-convex functions may be dis-
continuous even if they are defined on an open interval in R. However, if
a Jensen-convex function is bounded from above on a set with nonempty
interior then, by the Bernstein—Doetsch theorem [2] (see also [7]), it is con-
tinuous. Even a stronger result holds: If f is Jensen-convex and bounded
from above on a set A such that A + A has nonempty interior then f is
continuous (cf. [4], [7]). We will generalize this result to ¢-convex functions.
Given a function f: D — R set

K(f):={te(0,1): f is t-convex on D}.

By Kuhn’s theorem [§], if f is t-convex, then K(f) = [K(f)] N (0,1), where
[K(f)] denotes the subfield of R generated by K (f). In particular, QN(0,1) C
K(f), and consequently every t-convex function is Jensen-convex.

THEOREM 11. Let D be an open convez subset of a normed space X and
let A C D be such that for some ty,... tym € K(f) witht;+---+t, =1 the
set t1A+ -+t A has nonempty interior. Let f: D — R be t-convex and
bounded from above on A. Then f is a continuous convex function on D.

Proof. By Kuhn’s theorem, f is Jensen-convex. One can prove easily by
induction that if f is ¢-convex then

<28) f(Slxl ++Snl‘n) S slf($1)+"‘+5nf($n);
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forall n € N, x1,...,2, € D and s1,...,8, € K(f) such that s; +--- +
sp = 1. Now, if f < M on A for some constant M < oo, then, by , the
same inequality holds on t; A+ - - - +t,, A. Since this latter set has nonempty
interior, the Bernstein—Doetsch theorem implies that f is continuous. =

COROLLARY 12. Let D be an open convex subset of a finite-dimensional
normed space X, let v € (0,1) and let P € K(X) with P C D be such that
conv P has nonempty interior. Let f : D — R be t-convex and bounded from
above on the fractal F, p determined by . Then f is a continuous convex
function on D.

Proof. Apply the previous theorem with A := F, p and Corollary . "

EXAMPLE 6. As an immediate consequence of the above corollary and
Example 2 we see, for instance, that every 1/3-convex function f : I — R
(where I is an open interval containing [0,1]) bounded from above on the

set C' is continuous.
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