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A GENERALIZATION OF BATEMAN’S EXPANSION AND
FINITE INTEGRALS OF SONINE’S AND FELDHEIM’S TYPE

BY

GIACOMO GIGANTE (Dalmine)

Abstract. Let {Ax}{> o be a sequence of arbitrary complex numbers, let o, 5 > —1,
let {PgP 122 be the Jacobl polynomials and define the functions

Ap2z™
ZFa—l—n—i—m—l—l)( —n)!’

T+5x'ry5
y Dla+r+1)I(B+s+ rst

Gla,B,z,y) =

Then, for any non-negative integer n,

/2
S G(a, B,2° sin® ¢, y° cos® @) PP (cos 2¢) sin®* T ¢ cos® ' ¢ dgp
0

2 2
= SHala+ B+ 1,07 + )P0 (3 - Zj) :
When Ay, = (—1/4)*, this formula reduces to Bateman’s expansion for Bessel functions.
For particular values of y and n one obtains generalizations of several formulas already
known for Bessel functions, like Sonine’s first and second finite integrals and certain Neu-
mann series expansions. Particular choices of {Ak}zi_’f) allow one to write all these type of
formulas for specific special functions, like Gegenbauer, Jacobi and Laguerre polynomials,
Jacobi functions, or hypergeometric functions.

1. Introduction and main result. The following formula is very well-
known (see [16, p. 36] or [20, p. 373]), and is usually called Sonine’s first
finite integral:

w/2 .
Ja(zsin ¢) o8 Jatp1(2)
(1.1) (S] g dmas(®) =2"T(B+1) = 2R

Here J, is the Bessel function of first kind and order «,

“+oo
B x® (= /4)F
(1.2) Jo(z) = 20 (o + 1) k:ZO (o + l)kk!7
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a and [ are real numbers, a,3 > —1, the expression (a); denotes the
Pochhammer symbol (a)y = a(a+1)---(a+k—1) = I'(a+ k)/I'(a) for
k>1, (a)g =1, and

(1.3) dme () = sin?* 1 ¢ cos?P+ 1 ¢ dep

is a finite positive measure on [0, 7/2] that we will encounter often along the
paper.

Sonine’s first finite integral allows one to express any Bessel function in
terms of an integral involving a Bessel function of a lower order. It can be
easily proven by a term by term integration of the power series defining the
Bessel function (|1.2)).

There are two possible generalizations of formula . The first, known
as Sonine’s second finite integral (see, again, [16, p. 35] or [20, p. 376]), is
the formula

/2 i Vo)
(14) S Ja(m Zln ¢) Jﬁ(y Cﬂos ¢) dma“@(d)) — xayﬁ Jor‘rﬁ"rl( :L'OHL;;? )
, sin ¢ cosP ¢ (22 +y2) "2

That this is indeed a generalization of can be seen by dividing both
sides by y? and letting y — 0.

The second possible generalization goes in a different direction. Let Hg be
the closed one-dimensional subspace of the Hilbert space L2([0,7/2],dma )
formed by the constant functions. Then Sonine’s first finite integral gives
the projection onto Hy of the function f,(¢) = Jo(zsing)sin™* ¢. If we
denote by Pﬁ‘”g(z) the Jacobi polynomials, given by (see [I8, p. 62])

n

Ia+n+1) (—n)k(n+a+ B+ 1), (1—2\"
F(n—kl)F(oz—i—l)Z (o + 1)k! ( 2 >’

(1.5) Pyi(z) =
k=0
then {Pﬁ"’ﬁ(cos 2¢)}5°, is an orthogonal basis for L2([0,7/2],dma ), and
therefore Sonine’s first finite integral is, in other words, the Oth Fourier—
Jacobi coefficient f;(0) of f;. One could calculate all the other Fourier—

Jacobi coefficients
w/2

~ B Jo(x sin @) .
fz(n) = (S) WPTL (cos2¢) dma,5(9),
obtaining the following identity:
" Jalzsing)
o (T sin T
(1.6) §) o g v (cos26) dma,s(9)

_ 2°I(B+n+1) Jatgtont1(z)
I'in+1) xB+1 '
Of course, formula (|1.1]) is the particular case n = 0.
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The regularity of f, implies that the Fourier—Jacobi series of f, converges
pointwise to f;. In other words, formula (1.6)) can be reformulated as the
following Neumann series expansion (see [20, p. 140]; this formula appears,

in nuce, again in [16 p. 22], and it has been rediscovered several times, see
[19], [15])

Jo(z sin @)
1. —_—
(17) sin® ¢
o0 1
_ Z 21 2n +a+ B+ ) (a+B+n+1) Jatgronii () PO (cos 26),
o I'a+n+1) xh+1

Both Sonine’s second finite integral and the Neumann series expansion
(1.7) follow from a more general formula: it is known as Bateman’s expansion
(see [3], [], or [20, p. 370]),

Jo(psin¢sin®) Jg(pcos ¢ cosb)

1.
(18) psin® ¢psin® @ pP cos? ¢ cost O

pa+,8+2n+1

=S (yrpn o1 (0) a8 cos 20).
n=0

Here p > 0, ¢,0 € [0,7/2], and {p%’ﬁ(cos 2¢)} are the Jacobi polynomials,
properly normalized in order to form an orthonormal basis for L?([0,7/2],

dma,3(9)) (see [18, p. 68])

(1.9 pl(2)
B (2(a+ﬁ+2n+1)F(a+5+n+1)F(n+1))1/2Pa,ﬁ(z)
N I'la+n+1D)I(B+n+1) " ‘

Observe that formula (1.7) follows by taking # = 7/2, and recalling that
(see [18] p. 59])

I'B+n+1)
n+1)I(B+1)
Again, one can write the integral counterpart of ([1.8]) by evaluating on both
sides the nth Fourier—Jacobi coefficient in the variable ¢:

Ped(=1) = (~1)"

ﬂ§2 Jo(psin¢sin @) Jg(pcos ¢ cosb)

1.10
(1.10) p*sin® ¢sin® 0 pP cosP ¢ cos’ f

PP (cos 2¢) dm, 5(¢)

JO[ n
= (=1)"p>" Jatpranti(p) P28 (cos 20).

pa+ﬁ+2n+1

Sonine’s second finite integral is obtained in the case n = 0 with the change
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of variables

{y = pcosb,

x = psiné.

In the literature there are several formulas analogous to Sonine’s first
finite integral, where the Bessel functions are replaced by other special func-

tions. For example, for the Gegenbauer polynomials P,?+1/2 (see [18, p. 80]),
Fat+h+DEa+1) b,

I'a+h+1)I2a+1) "k
the following formula by Feldheim (see [9), p. 278] or [18] p. 95]) holds:

(1.11) PP () =

/2

1.12 1 — sin? ¢ cos? h/zpan( = ) Ma(0) =
(1.12) (g]( sin® ¢ cos” ¢)"/2 P sl veo s 5(%)

I'(la+h/2+ 1) (a+h/2+1/2)(B+1)(a+B+3/2) atp+3/2
2l (a+1/2)(a+ B+ h/2+2)[(a+B+h/2+3/2) ~h

The above formula is a particular case of the more general formula for Jacobi

polynomials

(cos ).

71'/2 <92
_ 1+x)—(1—x)sin ¢>
1.13 1 1—a)sin? gt P | dmq,

(109)  § I esin? o (S ) dmaste)

_ 2h*11—‘(ﬁ + 1)F(Oé + h + 1) Pa+ﬁ+1”y(:[;)

I'(a+B+h+2) h ’

proved by Askey and Fitch (see [2, formula (3.7)]). For the Laguerre poly-
nomials LY, defined by (see [I8], p. 103])

h
I'la+h+1)
1.14 LY (z) =
(1.14) h(@) = r(h+1)I a+1za+1kk'

the following formula due to Koshlyakov [12] can be found in [14, p. 462,
formula 2], [13], p. 94]:
w/2
(1.15) | L§(asin® ¢) dma,g(¢) =
0

Formula 1) has an analog for Whittaker functions M) , /o, defined by (see
[6, p. 11])

Fla+h+DI(B+1) atp1
MatBihty o @

+oo

etl | A
L—(at1)/2,-2/2 )1 _ Z

A, /2 7,

P +1)xk!

F(=2)".
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It can be written as follows:

(1.16)  (zsin®g)~(HD/2e= 25 0N 51 n o jo(25in? 9)
—+oco

_ Fla+f+n+1) a4 B2\ s
7;)(Q+1)np(a+ﬁ+2n+1)<)‘+ D) nZ PP (cos 29)
X z_(a+ﬁ+2n+2)/26_Z/2M/\7(06+5+2n+1)/2(Z)

and can be found in [6, p. 139] or [II, p. 736]. Buchholz attributes this
formula to Erdélyi, and he uses to prove it.

A natural question one could raise in this context is: can these formulas
be generalized in a similar way as, in the case of Bessel functions, Bateman’s
expansion generalizes Sonine’s first finite integral or formula ? In other
words, is there a “Bateman expansion” for Gegenbauer, Laguerre, or Jacobi
polynomials, Whittaker functions, or other special functions? We could for
example look for a formula of this type:

(1.17)  F(a, psinfsin¢)F (3, pcos b cos ¢)

o
= Z cnF(a+ B+ 2n 41, p)p?" PP (cos 2¢) PP (cos 26).
n=0

A first negative answer comes from a theorem of Al-Salam and Carlitz [1].

THEOREM 1.1. The functional equation

F(a, psin@sin¢)F (3, pcos b cos ¢)

= Z(_l)nF(a +08+2n+1, p)anQn(COS 2¢)Qn(cos 26),
n=0

where Qy, is a polynomial of degree n, o, 3 > —1, and F(«,-) is analytic, is
satisfied if and only if
Ja(b2)

ZOé

Fla,z)=a

with a and b arbitrary constants.

Thus, if a generalized Bateman expansion holds, its structure must be
subtler than what we expected in our first guess .

For any complex sequence {Ak}z;’f), for any non-negative integer n and
for any «, 8 > —1, define the functions

Hy,(a,z) = io A"
e _k:nf(a—i-n—i—k:—i-l)(k—n)!’
+oo Ar+s$rys

Gla.fzy) = Y &

o la+r+DI(B+s+ rls!’
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Observe that
I'(B+1)G(a, B,2,0) = Ho(o, z),
I(a+1)G(a, 8,0,y) = Ho(B,y),
and that if A,,, = A, A, for all r, s (that is, if Ay = ¢* for some ¢) then
H,(a,z) = (gz)"Ho(a + 2n, z),
G(a,B,2,y) = Ho(o, z)Ho (53, y).

The above identities suggest replacing the product F(c,-)F(3,-) in (1.17)
with the function G(«, 3,-, ), and the function F(a + § + 2n + 1,-) with

H,(a+£341,"). Indeed, the following generalization of Bateman’s expansion
holds.

THEOREM 1.2. Let {Ak};:ig be a sequence of arbitrary complex numbers
and H, and G be as above. Then

(1.18)  G(a, B, p*sin® Osin? ¢, p* cos® O cos? )
+oo
1
=Y Hu(a+ 5 +1, %) (cos 20)p 7 (cos 26),
n=0

and for alln=0,1,...,

w/2
(1.19) S G(a, B, p? sin® @ sin® ¢, p? cos? O cos? ¢) PP (cos 2¢) dme, 5(b)
0

1
= §Hn(a + B+ 1, p?) PP (cos 26)

provided that the series involved are absolutely convergent.

Proof. The two formulas are equivalent, since the first one gives the
Fourier—Jacobi expansion of the function

¢ — G(a, B, p*sin® Osin? ¢, p* cos? O cos? p),

while the second gives its Fourier—Jacobi coefficients. Let us therefore prove
the second formula. Set y = pcosf, x = psin @, and define

_ P2
PyP(1)

R (2)
Using the identity

R%”B(Z) — Qin lz; (_"E‘ij(_:"f)l_l'ﬁ)l (Z . 1)[(2 + 1)n—l

(see [I8] p. 68]), along with a beta integral computation, we obtain
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w/2
| Gla,B,2%sin® ¢,y cos® §) Riy? (cos 20) dima,5(¢)
0

400 400 22 y /2
T+S a,,@ L3 2r 23
ZZ; Tlatr+ ) (B+s+D)rls! S RyP(cos2¢) sin™ ¢ cos™ ¢ dmq, g(9)
F(a+r+1)I(B+ s+ 1)rlsl2atftstr+2

r=0 s=0
1
x VRO —t) (1 +)°(1 - 1)1+ 1) dt
-1

o Zi A 1‘28 2ky2k
p——— OF (a+s—k+1D)I(B+k+1)(s— k) kl2atB+s+2
1
x | REB(H)(1 =114 1)+ dy
-1

_ZZ Al’QS 2k 2kF(ﬁ+k+n+1)
FB+k+1)(s—k)E2INa+B+n+s+2)

X 3Fy(—n, -8 —n,a+s—k+La+1,—F—k—mn;l).

s=n k=0

On the other hand, recalling that by (1.5),
ROB(» Jio n+a+ﬁ+ 1 (1-2\
Oé + 1)[[' 2 ’

=0

we have

1
S Hn(a+ 3+ 1, p%) Ry (cos 20)

=2 Asp ros (L=
Z2(a+B+n+2+s)(s—n) " \y?+a?

+o0o
- =
8Zn2F(a+5+n+2+s)(s—n)!
n
”‘*‘04‘*'5“‘1) A, 2 | 2s—l

+o0 A
:;2F(a+ﬂ+n+2+s)(s—n)!
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()i b at B+ 1) N (5 =1\ agop o
X; (o + 1)l! Z( k >x Y

k=0
XS Aga?s—2hy2k
:;§2F(a+ﬁ+n+2+s)(s—n)!
min(s—k,n
y (Z "nn 4 a+ B+1) (5 —1
xS A 252k 2k
:;;02F(a+ﬂ+n+2+s)(s—n)!
« io (—n)iln+a+pB+1) (s—1
1=0 (Oé + 1)[“ k
XS Aga?s—2hy2k ol
:;;2F<0‘+5+”+2+8)(s—n)! (s — k)Ik!

XsFhy(—n,a+0G+n+1,k—s;a+1,-s;1).
Now, by Thomae’s identity (see [21]),

sFy(—n,—B—n,a+s—k+La+1,—f—k—mn;1)
(=D"(=5)n
S VA N4 N N 1.k — s 1. —s:1
(ﬁ—i—k—i—l)ng by(—n,a+B+n+1,k—s;a+1,—s;1),

and the theorem follows. =

Observe that formulas ([1.8]) and (1.10]) follow as a particular case of the
above theorem, taking A = (—1/4)F, so that
Jaton(2)
Ha(o, 2%) = (-1 Jo2el®)
Ja(@) 55 J8(Y)
2 .2\ _ oa Yo 8 YB
G(Oz,ﬂ,x,y)—Z o 2 yﬂ .
Certain particular cases of Theorem deserve to be properly empha-
sized, because they generalize Sonine’s integrals of first and second type and
formula (1.7)) to this new general context.

COROLLARY 1.3. For 6 = 7/2 (that is, y = 0), Bateman’s expansion
becomes a generalization of formula (1.7)),

(1.20)  Hp(a, % sin? ¢)

_i" (~1)"(@+ B4 2n+ 1) (a+B+n+1)
_n:o I'(la+n+1)

Hy(a+B8+1,2%) P3P (cos 20),
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or, equivalently

/2
(1.21) g Ho(a, z% sin? ¢) P2 (cos 2¢) dmi, 5(#)
0

()" T (B+n+1) )
pu— H 1' .
2T (n + 1) nlath+1e7)
For n =0, formula (1.19)) becomes a generalized version of Sonine’s second
finite integral

w/2
1
(1.22) S G(a, B, 2% sin? ¢, y* cos® ¢) dm, 5(¢) = §H0(a + B+ 122 +97),
0

while formula becomes a generalized version of Sonine’s first finite
integral

w/2 1
(1.23) S Ho(c; 22 sin® ¢) dmeg, p(¢) = §F(ﬁ + 1) Ho(a + B+ 1;22).

0

The next diagram describes the implications between the above formulas.
In it, we use the following notations:

BE: The generalized Bateman Expansion formula .

BI: The generalized Bateman Integral formula .

NE: The generalized Neumann series Expansion formula .
NI: The generalized Neumann Integral formula @

S2: The generalized Sonine’s second finite integral ((1.22)).

S1: The generalized Sonine’s first finite integral @D

H

S1

2. Particular cases. The formulas we proved in the last section are
very general. Thus, it may be useful to write them in terms of the precise
special function we are interested in. In this section we will consider Laguerre
polynomials, Jacobi polynomials/functions, Gegenbauer polynomials, and
hypergeometric functions. In order to avoid cumbersome repetitions, we will
state only the integral formulas of BI and NI type. Indeed, all
other integral formulas are particular cases corresponding to n = 0, while
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the expansion formulas follow readily from these two by observing that if
w/2
| £(6,0) P (cos 2¢) dm™P(¢) = C, P (cos 20)
0

then N
F(8,6) =Y Cupiy (cos 20)py " (cos 29),
n=0
while if
/2

| f(6)PgP(cos 20) dm™P(¢) = Dy,

0
then

+o0o
f(¢)_Z2(a+ﬂ+2n+1)F(a+ﬂ+n+1)F(n+1)

o Fa+n+1)I'(B+n+1)

On the other hand, although the NI formulas follow from the corresponding
BI formulas by taking y = 0 (or 8 = 7/2), this substitution carries a few
non-trivial computations, and it is therefore worthwile writing both formulas
explicitly.

D, PP (cos 2¢).

2.1. Laguerre polynomials. When A; = (—h); for a positive inte-
ger h, then the two functions H, and G become
h—n

S (=1)g4n2""
k_OF(a+2n+k+1)k!
2.1 Hn 3 — - n
(2.1) (o, 2) _ R TAY ey g
= TasnthiD hn z) for n < h,
0 for n > h,

B (=h)risz"y®
(22) Gl fz,y) = g;h Tlatr+ DB +s+ )rls!

1
= Yo(—h;a+ 1,0+ 1;z,
Tat )IB+1) 2( g y)
(here ¥, is the Humbert function, see [8, p. 28]). The function
Wo(=hia+1,6+1;2,y)

is a polynomial of degree h in the variables z and y and can therefore be
expressed in a more friendly fashion, as a linear combination of L% (z) L5, (y)
with n 4+ m < h. The next propositions deal with this task.

PROPOSITION 2.1. For any 6 € [0,7/2], the polynomials
Wo(—h;a+ 1,6+ 1;zsin’ 6, y cos? 6)
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solve the differential equation
0%u 0%u ou ou
by 1—2)=— 1—y)— +hu=0
g +y8y2 + (a+ x) 836+(6+ Y) ay + hu
Proof. An absolutely convergent series u(x,y) = Y ar s2"y* solves (2.3
if and only if
(r+1)(r+a+Dag1s+ (s+1)(s+ 8+ 1)arsp = (r+5—h)ars,
and this condition holds when
(—h)pissin®" @ cos®® 0
Apg = .
" Dla+r+1)I(B+ s+ 1)rls! -
PROPOSITION 2.2. The following equality holds:

(2.3)

Wo(—h;a+ 1,5+ 1;xsin? 6, y cos? 6)

o h+1) 2m 2h—2m a B
Z CES NS sin“™ @ cos 0Ly (x)Ly . ().

Proof. Since Wo(—h;a + 1,3+ 1;2sin? 6,y cos? ) is a polynomial of de-
gree h in the x variable, we have

h
Uo(—h;a+ 1,0+ 1;CCSiD2 Q,yCOS2 0) = Z Bhm(0,y) Ly, (),

and this must be a solution of (2.3 for all . Thus

h
0?LY, 0B, N
Z Bh,m(97 y)x Ox2 ($) +y ayg (9, y)Lm(w)

oL
ot 1= 2)Bun(6,) 5™ ()

0Bhm o o
(B4 1= y) =5 0,9 L5 () + hBam(6,9) L, () = 0.
oL

It is well known that 1,8;16;2?” () + (@ +1—2)%=(x) = —mLg,(z) (see [I8]
p. 100]). Thus

i . 8% B, m o
Z _mBh,m(67y)L ( ) +y T(gﬁl/)[’m(:p)

m=0

0Bj,.m a a
+(B+1-y) a’;’ (0, 9) Lin () + hBpm (0, y) Ly () = 0,

and therefore, for all m = 1,..., h, it must be

82.Bh’m th,m
By 0, y)+ (B+1-1y) 2y

(0,y) + (h —m)Bpm(0,y) = 0.
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It is also well known (see again [18, p. 101]) that the only polynomial solution
to the above equation is

Bhm(0,y) = Crm(0)LY_, (y).

Thus

Uy(—h;a+ 1,6+ 1;zsin 0, y cos® ) ZChm W)Ly ().
In order to determine Cj,,,(6), observe that the coefficient of the term
xmyh m g

(—h)p sin®™ 0 cos?h—2m g
(a4 Dpm(B+ 1)p_mm!(h —m)!
in the left hand side, and

(="
m!l(h —m)!

in the right hand side, and these two must coincide. m

Ch,m(e)

We are now ready to write Bateman’s integrals for Laguerre polynomials,
in two different versions: one involving the Humbert function ¥,, and the
other involving just Laguerre polynomials. Applying formula with H,
and G given by and , and ¥, given by Proposition one obtains
the following Bl-type integrals:

Mo+ 13 +1)

2.4 L \npetBEnAL; N b oo
24 2F(a+6+n+h+2)< PV Ly () 5" (cos 26)
1 /2
- - o,
rh+1) (S)Pn (cos 2¢)

X Wo(—h;a + 1,3+ 1; psin? ¢sin? 0, p cos? ¢ cos® #) dme, 3(¢)

h in2m  cos2h—2m ¢
z:() Oé-i-l ﬂ—i-l)h m
w/2

x| PP(cos29) L, (psin® O) Ly (p c05” §) dima, 5(9)
0

h LS (psin 9)Lﬁ n(pcos® )
Zo (a+ Dm(B+1)p-m
/2
X S PP (cos 2¢) sin®™ ¢ cos? 2™ ¢ dmy, 5(4)
0
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where 0 < n < h. For § = 7/2 one obtains the NI-type integrals

F(a+h+1)F(ﬂ+n+1) a+/+2n+1
2 "L
(25) 2l (a+B+n+h+2)[(n+1)" ~h= ()
w/2

Pa’ﬁ(cos 2¢) LY (psin® ¢) dme, (o)

/2
) S P2 (cos 2¢) sin®™ ¢ cos® 2™ ¢ dmy, 5(¢)
0

S
0
h
I'la+h+1)LS(p)
Z I'(a+1+m)I'(h—m+1

m=0

where 0 < n < h. It is perhaps worthwhile writing explicitly the cases

n = 0: formula (2.4)) gives analogs of Sonine’s second finite integral (S2-type
formulas)

2T (a+ B+ h +2)

a+06+1 _
(26) L™ (p) = Fla+1)I(B+ 1) (h+1)

/2
X S %(—h;a+1,6—i—1;psin2¢sin26,pcos2¢>00829)dmaﬁ(d))
0
B Z": 2 (a+f+h+2)
N I'la+m+1)I(B+h—m+1)
w/2

x| L (psin® )i, (peos 9) dme, ()
0

sin®™ @ cos® 2 ¢

=0

I
M=

L% (psin® G)Lﬁ_m(pcos2 0) (see [13| p. 96]),

3
=}

while (2.5)) become two S1-type formulas

w/2

S L (xsin® ¢) dme, 5(¢)
0

2 (a+ B+ h+2)
Ia+h+1)I(B+1)

27) Ly () =

(Koshlyakov (|1.15]))

_i Fﬁ+h m+1)
o rg

I'(h—m+1) m(@)

(see [13], p. 96]).
=0

2.2. Jacobi functions. If in the definition of Jacobi polynomials we
assume that @ = n is not necessarily an integer, and let the sum go from 0
to +00, we obtain the so-called Jacobi functions (see [10])
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PR (@) =

M

Flo+p+1) X k p oty 4 1) <1—33>k
P(u+ ) (a+1) &= —|—1)kkz' 2

 T(e+p+l) (1+4az “ (—)(—p =i (2 -1\
C I(p+ 1) (a+1) + 1)ik! r+1)

Thus, if we let Ay = (—p)k(—p — )k, then the two functions H,, and G
become

Jr
Ho(o2) = i’f (=Wktn(=p = V2"
R c~  I(a+2n+k+ 1)k!
F(/*L—FI)F(IU’—F’Y—"_I) n(q u—nPOH-Q”/Y 1+2
- z ( - Z) pn—n
I'p—n+~v+1)Ia+p+n+1) 1—2

“+o00

- (—/j,)r+3(—/1, - 7)T+S‘rrys
GlP29) = X Tt DIE+ s+ Drts

1
= Fy(— y M T ;Oé—l-l, +1a$7
ICESVAGESY a(=p, == g y)
where Fy denotes the Appell function (see [7, p. 224], or [8, p. 23]).
Applying Theorem in this case gives (BI)

Ty

(2.8)
/2 1
| (p+1)”“F4<—u, —p—viatl,B+1; 7

0 P+ 1

. . P
sin? @ sin? ¢,

-1
1 cos? 6 cos? <;5>

x P29 (cos 2¢) dma, p(0)
_ 2 N (a+ DEB+1)(—p)n(—y — wal (B —n+ 1)
I'a+0+n+u+2)
x (p — 1) PIHITEALY () PoB (cos 20)

where 0 < n < p if p is a non-negative integer. Applying formula (1.21)), we
obtain a NI-type formula
w/2 . 9
1
(29) | PO(cos20)1 — psin® 6 Pe (LY o, 5(0)
0 K’ 1— psin“ ¢ ’
_ (—D)"IMp+~v+D)I'(B+n+1)Na+pu+1)
2l(p+~y—n+DI'a+F+n+p+2)I'(n+1)
ph— nPa+ﬁ+2n+1,'y 1+ P
L—=p
where 0 < n < g if p is a non-negative integer; Askey and Fitch’s for-

x p"(1=p)
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mula ((1.13) follows on taking n = 0, g a non-negative integer and = =
(1+p)/(1 = p).

2.3. Gegenbauer polynomials. The formulas from this subsection
follow from those in the previous subsection, by means of the identities (see

formula (1.11)) and [I8, p. 59])

Vrl'(a+m+1/2) o,—1/2
Tat12Tmiiy i &

—1) if h=2m,

Pa+1/2(7”) .
' | AL 8 gtz gy i g
I'a+1/2)I(m+3/2) ™ B '

Taking v = —1/2 and h = 2u, or v = 1/2 and h = 2u + 1 in formulas
(12.8), 1’ according to whether h is even or odd respectively, and letting
12 = 2r? — 1 one obtains (BI)

p
(2.10)

S r"Fy| —=, ———; a+1, 8+1; sin” 6 sin” ¢, cos” 0 cos” ¢

2 2 r2 r2

0

X PfL"”B(cos 2¢) dmg g(9) =

Lo+ 1)C(B+1)(=h/2)n(-252) I'(h/2—n+1)(h/2 —n+1/2)(a+ B+ 2n + 3/2)
2y a4+ B8+n+h/2+2)(a+B+n+h/2+3/2)

x (r? — 1) PeTIEnES/2 () pasd (cos 26)

if 0 < 2n < h; letting 1= 1+p =2cos?¢ — 1in 1) we obtain (NI)

(2.11)
2 cos Y
a, . a+1/2
(S) Py /B(cos 20)(1 — sin? 1 cos? ¢)h/2Ph (\/1 eI qb) dmea, (@)

 I'(a+p+2n+3/2)T(B+n+1)I(a+h/2+1)(a+h/2+1/2)
S 2I(a+B+n+h/2+2)[(a+B+n+h/2+3/2)(a+1/2)(n+1)

X sin?" ) P}?jfn 2n+3/2 (cos )

if 0 < 2n < h; for n = 0 this is Feldheim’s formula (1.12)).

2.4. Hypergeometric function. If there exist two non-negative inte-
gers j and h, and real numbers a1,...,a;,b1,...,bp, such that

B (a1)k ... (aj)k
A= e e
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then the functions F), and G reduce to hypergeometric functions and Kampé
de Fériet functions (see [7], [8], [13] for the definitions). Precisely

(a1)n ... (aj)n2"
Hy(a, =
(@, 2) Ta+2n+1)(b)n- - (bp)n
X jiFpy1(ar+n,.. .05+ 001 +n,... b, + 0,0+ 20+ 1; 2),
1 . ai ...,a
G ) ) M - F]:O ’ 73 ’ ’ 3 .
(o 6, 2,y) Fla+1)I(B+1) h'1<b1,...,bh: a+1; [3+1;xy

Thus, the integral formulas are:

/2
(2.12) (S)F,{f( lezi 04—1—1; ﬁ+1; p231n2031n2¢’p2c0329cos2¢>
x PP (cos 2¢) dma,g(9)
_ e+ D)IB+1)(a)n---(a)n o

T ol (a+B+2n+2) B (ba)n
ijhH(al—i—n,...,aj—l—n;bl—i—n,...,bh—i—n,a+ﬁ+2n+2;p2)Pﬁﬂ(60529)

and
w/2
(2.13) | P2P(cos2¢) jFhai(an, ... a55b1, ... by, + L 2” sin® ¢) dma,5(g)
0

 TIla+1D)I(B+n+1)(a1)n...(aj)n
ijhH(al—i—n,...,aj—l—n;bl+n,...,bh+n,a+ﬂ+2n+2;x2).

(—2?)"

When n =0, j =2 and h = 0, formula (2.13)) is originally due to Bateman
(see [5, p. 184]). It also appears as an exercise in [I3] p. 277].

Formula (2.12)) with n = 0 follows as a particular case of formula (1a)
n [17], by taking there h = 2, n =1, s =2a+2,0 = +1, p = 0,
p=10=a+1,8§=08+1,a=p’sin’f and b = p?cos? . Although the
authors study several particular cases of their formula, they seem to miss
this particular one.

Finally, when j = 1 and h = 0, formula ({2.13)) is equivalent to (an integral
version of) Erdélyi’s formula (1.16]).

3. Final remarks. In [I1, p. 738|, P. Henrici proves an interesting for-
mula on the product of two Whittaker functions. An equivalent restatement
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of his formula in terms of the confluent hypergeometric function 1 F} is
/2
(3.1) S 1Fi(A a+ 1, psim2 o)1F1(B, 3+ 1, pcos.2 gb)Pff’ﬁ(cos 2¢) dmq g(9)
0
_I'la+n+0)I(B+1)(B—B+1),
2!l o+ B+ 2n + 2)
X 3Fy(—=f—n,a—A+1,—n;B—0—n,a+1;1)
X (=p)" 1F(A+ B+ n;a+ 5 +2n+2;p).
Henrici shows several particular cases of , some of which are Bateman’s

expansion and Erdélyi’s formula . Formula should be com-
pared with (2.12)) in the case j = 1, h = 0. On the left hand side it presents
the product of two confluent hypergeometric functions, rather than a double
series. On the other hand, involves a “free” parameter 6, which in
Henrici’s formula is set equal to 7/4. Although it does not seem possible
to deduce Henrici’s formula from , or more generally from , it
is fairly simple to modify the proof of Theorem in order to prove .
One only has to replace A,ys with (A),(B)s, set z = y = p, and observe
that the following identity holds:

NI\ (AN k(B (A)
> (")

~\ k ) (A+By (A+B)

Due to the particularity of the above identity, this proof cannot be used to
show a hypothetical generalization of Henrici’s formula to, say, 2 F or other
hypergeometric functions.
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