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Abstract. We investigate gradings on tame blocks of group algebras whose defect
groups are dihedral. For this subfamily of tame blocks we classify gradings up to graded
Morita equivalence, we transfer gradings via derived equivalences, and we check the exis-
tence, positivity and tightness of gradings. We classify gradings by computing the group
of outer automorphisms that fix the isomorphism classes of simple modules.

1. Introduction. In this paper we study gradings on tame blocks of
group algebras of finite groups. Erdmann classified tame blocks of group
algebras up to Morita equivalence (cf. ) A block of a group algebra over
a field of characteristic p is of tame representation type if and only if p = 2
and its defect group is a dihedral, semidihedral, or generalized quaternion
group. If the defect group of a block is a dihedral (respectively semidihedral,
quaternion) group, then we say that the block is of dihedral (respectively
semidihedral, quaternion) type. The number of simple modules in a tame
block is 1, 2 or 3 (see [§] for more details). Erdmann’s classification has been
used by Holm ﬂgﬂ to classify tame blocks up to derived equivalence (the case
of blocks with dihedral defect groups and three simple modules has been
dealt with by Linckelmann in ) We will follow Erdmann’s and Holm’s
classification, and use some of the tilting complexes given in ﬂgl] and [15] to
transfer gradings via derived equivalences in order to prove the existence of
non-trivial gradings on an arbitrary dihedral block.

As in the case of Brauer tree algebras (cf. ), we classify gradings up to
graded Morita equivalence by computing the group of outer automorphisms
that fix the isomorphism classes of simple modules. From our computation
of these groups we are able to deduce that, in the case of dihedral blocks
with two simple modules, for different scalars (which remain undetermined
in Erdmann’s classification) we get algebras that are not derived equiva-
lent. This is a well known result, first proven in [I3], but our proof is more
elementary.
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The paper is organized as follows. In the second section we list some
preliminary results that will be used throughout this paper. This section
contains a classification criterion, and a criterion for tightness and positivity
of gradings. In the third section we investigate gradings on dihedral blocks
with three simple modules. In the fourth section we investigate gradings on
dihedral blocks with two simple modules. The fifth section is devoted to
dihedral blocks with one simple module.

1.1. Notation. Throughout this text, k£ will be an algebraically closed
field of characteristic 2. All algebras will be finite-dimensional algebras
over the field k, and all modules will be left modules. The category of
finite-dimensional A-modules is denoted by A-mod and the full subcate-
gory of finite-dimensional projective A-modules is denoted by P4. The de-
rived category of bounded complexes over A-mod is denoted by D°(A), and
the homotopy category of bounded complexes over P4 will be denoted by
Kb(Py).

1.1.1. Graded modules. We say that an algebra A is a graded algebra if A
is the direct sum of subspaces, A = @, A;, such that A;A; C A;; for all
i,j € Z.1If A; =0 for i < 0, we say that A is positively graded. An A-module
M is graded if it is the direct sum of subspaces, M = @, , M;, such that
AiM; C My for all i,j € Z. If M is a graded A-module, then N = M ()
denotes the graded module given by N; = M;;, j € Z. An A-module
homomorphism f between two graded modules M and N is a homomorphism
of graded modules if f(M;) C N; for all i € Z. For a graded algebra A, we
denote by A-modgr the category of graded finite-dimensional A-modules. We
set Homgr 4 (M, N) = @, Homy g (M, N(i)), where Hom g g (M, N(i))
denotes the space of all graded homomorphisms between M and N (i) (the
space of homogeneous morphisms of degree i). There is an isomorphism of
vector spaces Homa (M, N) = Homgr (M, N) that gives us a grading on
Homy (M, N) (cf. Corollary 2.4]).

1.1.2. Graded complezes. Let X = (X%, d') be a complex of A-modules.
We say that X is a complex of graded A-modules, or just a graded com-
plex, if for each i € Z, X' is a graded module and d’ is a homomor-
phism between graded A-modules. If X is a graded complex, then X(j)
denotes the complex of graded A-modules given by (X (j))! := X*(j) and
dé((ﬁ) .= d'. Let X and Y be graded complexes. A homomorphism f =

{f}icz between complexes X and Y is a homomorphism of graded com-
plexes if for each i € Z, f' is a homomorphism of graded modules. The
category of complexes of graded A-modules will be denoted by Cgr(A). We
set Homgr 4 (X,Y) := ;7 Homg,, (1) (X, Y (4)), where Homg,, () (X, Y (7))
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denotes the space of graded homomorphisms between X and Y (i) (the space
of homogeneous morphisms of degree i). As for modules, we have an isomor-
phism of vector spaces Homgr 4 (X,Y) = Hom 4 (X,Y") that gives us a grad-
ing on Homyu(X,Y). From this we get a grading on Hompgs s mea)(X,Y),
since the subspace of zero homotopic maps is homogeneous. We denote this
graded space by Homer jcb(4-mod) (X, Y).

Unless otherwise stated, for a graded algebra A given by a quiver and
relations, we will assume that the projective indecomposable A-modules are
graded as in Example below, i.e. we will assume that their tops are
in degree 0 (we recommend [2] as a good introduction to path algebras of
quivers). We note here that if we have two different gradings on an inde-
composable module (bounded complex), then they differ only by a shift (cf.
Lemma 2.5.3]).

2. Preliminaries

2.1. Derived equivalences. We say that two symmetric algebras A
and B are derived equivalent if their derived categories of bounded com-
plexes are equivalent. From Rickard’s theory we know that A and B are
derived equivalent if and only if there exists a tilting complex T of projec-
tive A-modules such that End g p,y(T) = B°P. For more details on derived
categories and derived equivalences we recommend .

We remind the reader that derived equivalent algebras share many
common properties. Among these is the identity component Out’(A)
of the group of outer automorphisms (cf. Theorem 17| or The-
orem 4.6]).

2.2. Algebraic groups and a classification criterion. For a finite-
dimensional k-algebra A, there is a correspondence between gradings on A
and homomorphisms of algebraic groups from Gy, to Aut(A), where G,, is
the multiplicative group k* of the field k. For each grading A = @, A;
there is a homomorphism of algebraic groups 7 : G;, — Aut(A) where an
element = € k* acts on A; by multiplication by x! (see Section 5]). If A
is graded and 7 is the corresponding homomorphism, we will write (A, )
to denote that A is graded with grading .

DEFINITION 2.1. Let (A,7) and (A4,7") be two gradings on a finite-
dimensional k-algebra A, and let Si,...,S, be the isomorphism classes of
simple A-modules. We say that (A, 7) and (A, ") are graded Morita equiva-
lent if there exist integers d;;, where 1 < j < dim S; and 1 < ¢ < r, such that
the graded algebras (A,n') and Endgr 4 .)(; ; Pi(di;))°" are isomorphic,
where P; denotes the projective cover of S;.
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Note that two graded algebras (A,7) and (A, n’) are graded Morita
equivalent if and only if their categories of graded modules are equivalent
(see Section 5].

Let A = @, Ai be a grading on A. If r € Z, then A = @, ., B;, where
B, = A;, i € Z, and B; := 0 if r {4, is a grading on A. This procedure of
multiplying (or dividing) each degree by the same integer is called rescaling.

We now give some background on algebraic groups (more details can be
found in ) An algebraic torus is a linear algebraic group isomorphic to
Gl = G, XX Gy, (nfactors) for some n > 1. A maximal torus in an alge-
braic group G is a closed subgroup of G which is a torus but is not contained
in any larger torus. Tori are contained in G, the connected component of G
that contains the identity element. For a given torus T, a cocharacter of T
is a homomorphism of algebraic groups from G,,, to T. A cocharacter of an
algebraic group G is a homomorphism of algebraic groups from G,, to T,
where T is a maximal torus of G. We say that cocharacters m and 7’ of G are
conjugate if there exists g € G such that 7'(z) = gr(x)g~! for all z € G,.
We see that a grading on a finite-dimensional algebra A can be seen as a
cocharacter 7 : G, — Aut(A). We will use the same letter 7 to denote the
corresponding cocharacter of Out(A), which is given by composition of 7
and the canonical surjection.

The following proposition tells us how to classify all gradings on A up
to graded Morita equivalence.

ProposITION 2.2 (L7, Corollary 5.9]). Two basic graded algebras (A, )
and (A, ') are graded Morita equivalent if and only if the corresponding
cocharacters m : Gy, — Out(A) and 7' : G, — Out(A) are conjugate.

From this proposition we see that in order to classify gradings on A up
to graded Morita equivalence, we need to compute maximal tori in Out(A).
Let Out® (A) be the subgroup of Out (A) of those automorphisms fixing the
isomorphism classes of simple A-modules. Since Out’ (A) contains Out®(A4),
the connected component of Out(A) that contains the identity element, we
see that maximal tori in Out(A) are actually contained in Out®(A). Tt
follows that it is sufficient to compute maximal tori in Out® (A).

LEMMA 2.3. Let A be a basic finite-dimensional algebra such that the
mazimal tori in Out(A) are isomorphic to Gy,. Up to graded Morita equiv-
alence and rescaling there is a unique grading on A.

Proof. We saw at the beginning of this section that gradings on A corre-
spond to cocharacters of Aut(A). If A = @,., A; is a grading on A, then the
corresponding cocharacter is given by the action of x on A; by = *xa; = z'a;,
where a; € A;. Let T and T” be two maximal tori in Out(A). Let 7 be a
cocharacter of Out(A) such that its image is contained in 7”. Since any two
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maximal tori in Out(A) are conjugate, there exists an invertible element a
such that aT’a™! = T. The cocharacter given by = — a7(z)a™!, 2 € Gy,
is conjugate to 7 and its image is contained in 7. This cocharacter gives
rise to a grading which is graded Morita equivalent to the grading given
by 7. It follows that when classifying gradings on A up to graded Morita
equivalence it is sufficient to consider cocharacters whose image is in T'. The
only homomorphisms from G, to G,, & T are given by maps x — z" for
€ Gy, and 7 € Z. Let 7 : G, — Out(A), x — 2!, be the cocharacter that
corresponds to the grading A = @,., A;. If we rescale this grading by mul-
tiplying by r € Z, then we get the grading A = €,.,, B;, where B,; := A;,
i € Z, and B; := 0 if r{i. This grading corresponds to the cocharacter
71 : Gy, — Out(A), x — 2" This is easily seen if one thinks of the action
of z € G,, on B,;. If b,; € B,;, then b.; = a;, a; € A;. The action of z is
given by

71(2) (brs) = % by = 2"byps = "0y = (m(2))" (as).

We see that the grading corresponding to the cocharacter x — ", r € Z,
can be obtained by rescaling by r from the grading corresponding to the
cocharacter = +— x. It follows that there is a unique grading on A up to
rescaling (dividing or multiplying each degree by the same integer) and
graded Morita equivalence (shifting each projective indecomposable module
by an integer). m

2.3. A criterion for tightness and positivity

PROPOSITION 2.4. Let A = @,-, Ai be a positively graded algebra. Let
e and f be homogeneous primitive idempotents such that Ae = Af. Then
Ae and Af are isomorphic as graded A-modules.

Proof. The modules Ae = P,~,Aie and Af = @,~,Aif are posi-
tively graded. Since Ae = Af, there exists an invertible element a such
that aea™! = f. If ag is the degree 0 component of a, then aoeagl = f.

Right multiplication by ag is an isomorphism between the graded modules
Af and Ae. u

EXAMPLE 2.5. Let A be a positively graded algebra and let P be a
projective indecomposable A-module. There is a canonical way to grade
P as follows. Let {fi,..., fr} be a complete set of primitive orthogonal
idempotents. If e; is the degree 0 component of f;, then by comparing degree
0 components of ff = fi, we conclude that e; is a primitive idempotent.
Hence, {e1, ..., e, } is a complete set of primitive orthogonal idempotents and
A =@._, Ae; is a sum of graded modules. The projective indecomposable
module P is isomorphic to Ae; for some i. This gives us a grading on P,
which by the previous proposition does not depend on the choice of the



154 D. BOGDANIC

idempotent e;. It follows that every projective A-module is graded as a
direct sum of graded modules.

DEFINITION 2.6. Let A be a graded algebra. An ideal I of A is called
homogeneous if it is generated by homogeneous elements.

LEMMA 2.7. Let A be a graded algebra and let I be a homogeneous ideal
of A. Then A/I is a graded algebra.

Proof. We define (A/I); .= (A;+1)/I. =

EXAMPLE 2.8. Let A be a finite-dimensional algebra given by the quiver
Q@ and the ideal of relations I, i.e. A = kQ/I, where I is an admissible ideal
of kQ. The algebra k(@) is generated, as an algebra, by the vertices and
arrows of ). In order to grade kQ it is sufficient to define the degrees of the
arrows since the vertices of @ will be in degree 0. In order to grade kQ/I it
is sufficient to ensure that I is a homogeneous ideal of k@. In other words,
if for each relation ), A\joy; = 0 from a generating set of I, where the \’s are
scalars and the «’s are paths in ) with the same source and the same target,
we have deg(a;) = deg(c;) for all 4, j, then I is generated by homogeneous
elements.

Let us assume that A = kQ/I is graded in such a way that the arrows
and the vertices of ) are homogeneous, and that I is a homogeneous ideal
of kQ. Let Ae be the projective indecomposable module that corresponds
to a vertex e of the quiver (. Then Ae is graded in a natural way as follows.
As a vector space

Ae = Span{p | p is a path ending at e}.

If the degree of a path p ending at the vertex e is [ in k£Q), then the degree
of the 1-dimensional subspace of Ae corresponding to p is [. This gives us
a canonical way to grade projective indecomposable A-modules even if the
grading on A is not positive.

DEFINITION 2.9 ([6] Section 4]). Let gr.,q4(A) be the graded algebra
given by the radical filtration on a k-algebra A. We say that A is a tightly
graded algebra if there is an algebra isomorphism

A= grradA(A)‘

By Proposition 4.4 in [@, A is a tightly graded algebra if and only if
there exists a positive grading A = €,-, A; such that Ay is semisimple,
and A is generated, as an algebra, by Ag and A;. Such a grading is called
tight.

We remark here that if A is an algebra given by a quiver ) and an ideal
of relations I, where the generators of the ideal I are linear combinations
of paths of the same length, then A is tightly graded. In this case, if we
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define that the arrows of () are in degree 1, then I is a homogeneous ideal

of kQ.

LEMMA 2.10. Let A = @,~, A be a tight grading on a k-algebra A. If
a is an invertible element in A, then

A= @ ad;at
i>0
is a tight grading on A.

Proof. This is obvious. =

LEMMA 2.11. Let A = @,~qA4; be a tight grading on A. If As; =
eajZi Aj, then B A
rad* A = AZi)
and Ag is a maximal semisimple subalgebra of A.

Proof. Since A is an artinian algebra, A>; is a nilpotent ideal. Therefore,
A>; C rad A. Let S be a maximal semisimple subalgebra of A such that
A = S®rad A. Any two maximal semisimple subalgebras of A are conjugate
(cf. |7} Theorem 6.2.1]), and hence have the same dimension. Because Ay
is a semisimple subalgebra, the dimension argument gives us that Ag is a
maximal semisimple subalgebra and that A>; = rad A. It follows easily that
As;=rad’ Afori>1. m

LEMMA 2.12. Let A be an algebra given by a quiver () and an ideal of
relations I. If A is a tightly graded algebra, then there exists a tight grading
on A such that for every arrow « of the quiver Q, there exists a degree 1
element to, of the form o+ yo, where yo € rad® A is a linear combination of
paths that have the same source and the same target as c.

Proof. Let us assume that A = €, 4; is a tight grading on A. From
the previous lemma it follows that Ay is a maximal semisimple subalge-
bra of A. Since any two maximal semisimple subalgebras are conjugate (cf.
[7, Theorem 6.2.1]), by Lemma we can assume that Ayg = S, where
S is the maximal semisimple subalgebra given by the linear span of the
vertices of Q). Let a be an arrow of the quiver ). By the previous lemma,
rad A = Ay @ A>q. It follows that the arrow « can be written as a linear
combination

a=t+y,

where ¢ is a homogeneous element of degree 1, and y € rad? A is a linear
combination of homogeneous elements of degree greater than 1. Because
vertices are homogeneous, we can multiply this equation from the left by e,
the source vertex of «, and from the right by e;, the target vertex of . It
follows that

a = egter + egyes.
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If we define t, := este; and yo := —egye;, then t, = a + y, is a degree 1
element, and v, is a linear combination of paths that have the same source
and the same target as the arrow a. =

REMARK 2.13. The previous lemma can be used to prove that certain
algebras are not tightly graded, as in the following case.

We keep the notation of the previous lemma. Let us assume that one
of the generators of I, say v, is a non-trivial linear combination of paths
such that at least two of them are of different lengths. We can assume that
v = Z:zl Aipi, where p; is a path of length s;, i.e. p; = aj1a42 - - - a;s,, Where
Qi1, 2, . . ., s, are arrows of Q. If from the structure of A it follows that
Pi = taglag -« - tay,, for all p;, where to is as in the previous lemma, then
deg(ta; tass =+ tass. ) = deg(p;) = s;. Without loss of generality, let us assume
that p1,...,pm are paths of degree s, and that p,11, ..., pr are paths whose
degree is greater than s. Then

m T

A== > A

i=1 j=m+1
Since the left-hand side of the above equality is a homogeneous element
of degree s, and the right-hand side is a sum of homogeneous elements of
degrees greater than s, we have a contradiction. Hence, A is not tightly
graded.

2.4. The group Aut(k[z]/(z")). This group will play an important role
in our classification of gradings on dihedral blocks. By Lemma 11.4 in [4],
the group Aut(k[z]/(z")) is isomorphic to the group H, from the following
definition.

DEFINITION 2.14. We define H, to be the group
(K" xkx- Xk, *),
1
—
where the multiplication * is given by

e e (ol X aeen))

=1 ki1+-+k;=l
ki,...,ki>0

where 5= (01,...,0;) and a = (a1,...,q,).

Let L be the subgroup of H, consisting of the elements of the form
(1, 9,...,0a,) and let K be the subgroup of H, consisting of the elements
of the form (aq,0,...,0). The following proposition is straightforward.

PRrROPOSITION 2.15. The group H, is a semidirect product of L and K,

where L < G is unipotent and the subgroup K = G, is a mazimal torus
n H,.
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3. Three simple modules. For background details about blocks of
group algebras and their defect groups, we refer the reader to [IJ.

Any block with a dihedral defect group and three isomorphism classes
of simple modules is Morita equivalent to some algebra from the following

list (cf. [8] or [9]).

(1) For any r > 1, let A, be the algebra defined by the quiver and relations

aza = baby =0,

3e o2
w % (a1a2b1b2)" = (biboaraz)".
by az
1
[ ]

(2) For any r > 1, let B, be the algebra defined by the quiver and relations

d

2
o2
/ c1co = cac3 = czeq = 0,
c1 dids = dsdy = dady; = 0,
ds / d1 c1dy = dses,
P, d161 = (ngz)r, C3d3 = (dQCQ)T.

(3) For any r > 2, let C,. be the algebra defined by the quiver and relations

T
Je . =
c2
c3
\ 1
°

c

'
L a1by = baas = asc = cby = 0,
[ ]

\
o3 r
a as " = babraiay,
a2b2b1a1 = blalang.
b1 ba
2
°

For r =1 we set C7 = Aj.

3.1. Classification of gradings. We start by classifying all gradings
up to graded Morita equivalence on A,, B, and C.. In order to do this
we need to compute maximal tori in Out(A), where A is A,, B, or C,.
Linckelmann proved in that for a fixed integer r, the algebras A,., B, and
C, are derived equivalent, i.e. any two blocks with the same dihedral defect
group and with three isomorphism classes of simple modules are derived
equivalent. Since Out™ (A), the group of outer automorphisms that fix the
isomorphism classes of simple modules, contains Out’(A), and since Out’(A)
is invariant under derived equivalence (cf. Theorem 4.6] or The-
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orem 17]), it is sufficient to compute Out’ (A) for one of these algebras. We
will compute Out™ (C,.). Moreover, we will see that Out™ (C,.) and Out?(C;.)
are equal, because Out™ (Cy) will turn out to be connected.

Let ¢ be an arbitrary automorphism of C, fixing the isomorphism classes
of simple C,-modules. The set {e1,es,e3} of the vertices of the quiver of
C, is a complete set of primitive orthogonal idempotents. Also, the set
{p(e1),¢(e2),¢(e3)} is a complete set of primitive orthogonal idempotents.
From classical ring theory (cf. Theorem 3.10.2]) we know that there ex-
ists an invertible element x such that z~¢(e;)z = e, ;) for all i, where o is
some permutation. Since ¢ fixes the isomorphism classes of simple modules
we can assume that

ole) =e, i=1,2,3.

Since ¢(rad C;) C rad C, and ¢(e;tej) = e;jp(t)ej, for a given arrow ¢ in
the quiver of C,, (t) is a linear combination of paths whose source is the
source of t and whose target is the target of t. It follows that

p(a1) = arar + Brarazbs,
p(az) = azaz + Babraraz,
@(b1) = aszbi + Bzazbaby,
@(b2) = auby + Bababia,
T
p(c) =Y i,
i=1
where the o’s, B’s and +’s are scalars. From ai1by = 0 and beas = 0 we
conclude that a183 + agf1 = 0 and a4f2 + asBs = 0. We note here that
a; # 0 and 1 # 0 because ¢ is injective.
We will now compose ¢ with a suitable inner automorphism to get a nice
representative of the class of ¢ in OutK(C’r) by eliminating 3;, ¢ = 1,2, 3, 4.
Let y be an arbitrary invertible element in C,.. Then y is of the form

y = lier + laea + lze3 + 2,

where l1,12,1l3 € k* and z € rad C). is a linear combination of the remaining
paths of strictly positive length. Its inverse y~! is 11_161 + 12_162 + l?)_leg + 21,
where z; € rad C, is easily computed from yy~! = 1. Direct computation
gives us that

ycy ~ =c
Let x := liey + laes + lzes + lybray + l5a9be, where [1, o and I3 are
invertible, and where we set l4 := lgaglﬁg and I5 := l2a5163. The inner

automorphism given by z has the following action on a set of generators
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of C:
raixr - = lll a1 + lll l5a1a2b2,
Tasxr T = l2l3 as + laly Ybia1as,
xblx_l = lgll_lbl + lf1l5a262b1,
abox ™t = I5ly Tby + 1315 % labobray,
rex ! = c, et = e, +=1,23.
We denote by f* the inner automorphism given by this specific z, and we
define ¢ := f% o ¢. This is an element of Out®(C,) that is a nice class
representative. Its action on our set of generators is given by
gol(al) = l1l2_1a1a1 + (a1l112~_2l5 + ,31[1[2_1)a1a2b2,
gol(ag l2l3 209 + (0&2[413 +ﬁ2l213 )blalag,
01(b1) = lzl1 Yaghy + (asly s + Bslaly V)azboby,

) =
(b1)
01(b2) = I3l by + (culsly *la + Balsly V)bobray,
( )—e,, i1=1,2,3, ¢i(c) =c.

We have chosen 4 and I5 in such a way that, in the above equations, the
coefficients of the paths of length 3 are all equal to 0. The automorphism
¢ := f¥ o1, where f% is the inner automorphism given by w, where w :=
I7ter + 1y es + 13 es, represents the same class in Out™(C,) as ¢. It has
the following action on a set of algebra generators:

¢(e’t) = €4, 1= 17 273a
P(ar) = arar,  ¢(b1) = asby,
P(az) = azaz,  @(b2) = aubs,

-

i

= E Vi€
i=1

We see that the (r + 4)-tuple (aq, @2, a3, aq4,71,...,7) completely deter-
mines ¢, where oy, ¢ = 1,2,3,4, and 1 belong to k* and vo,...,7, € k.
From the relations of C, we see that ajogagoy = 7f. It follows that an
arbitrary element ¢ of Out’(C,) is determined by an (r + 3)-tuple, say
(a1,a2,a3,71,---,7), where ay = (a1agaz)~147. Composition of homo-
morphisms induces a group operation on the set of (r+ 3)-tuples, i.e. on the
set k* x k* x k* x (k* x k x -+ x k). This is componentwise multiplication
—_——

1(€4

S

r—1
on the first three coordinates and the operation * of the group H, from
Definition on the remaining r coordinates. In other words, we have the

group (k*)?
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Any (r 4 3)-tuple (a1, a9, a3, v1,...,7) gives rise to a representative of
an element of Out™ (C,), i.e. we have an epimorphism from (k*)3 x H,. onto
Out®(C,). The above (r + 3)-tuple gives us the same class in Out®(C,)
as the (r + 3)-tuple (lllglal,lzlf1a2,lgl§1a3,'yl, ..y ), where [j,ly and
l3 are arbitrary scalars from k*. This corresponds to multiplication by an
inner automorphism given by an invertible element lye; + loes + Iges. If we
set 11151 = w and lalz' = v, then (k*)3 x H,./R, where R is the subgroup
generated by all (r + 3)-tuples of the form (w,w™! v,1,0,...,0), where
v,w € k*, is isomorphic to Out’(C,). This quotient is isomorphic to the
direct product of one copy of the multiplicative group k* and a copy of the
group H,. Thus, we see that Out®(C,.) is a connected algebraic group, and
it follows that it is equal to Out?(C,.).

THEOREM 3.1. Let A be one of the algebras A,., B, or C,.. Then
Out®(A) = k* x H,.
The mazimal tori in Out’(A) are isomorphic to G, X Gp,.

Proof. This follows from the above discussion and the fact that Out®(A)
is preserved under derived equivalence. u

COROLLARY 3.2. Let A be one of the algebras A,, B, or C.. Let T be a
mazximal torus in Out(A). Then up to graded Morita equivalence the gradings
on A are in one-to-one correspondence with conjugacy classes in Out(A) of
cocharacters of Out(A) whose image is in T. Up to graded Morita equiva-
lence the gradings on A are parameterized by the corresponding subset of 72

Proof. By Proposition up to graded Morita equivalence the grad-
ings on A are given by conjugacy classes in Out(A) of the algebraic group
homomorphisms from G,, to Out(A). Let 77 be another maximal torus in
Out(A) and let f be a cocharacter of Out(A) such that its image is con-
tained in 7”. Since any two maximal tori in Out(A) are conjugate, there
exists an invertible element a such that aT’a~! = T. The cocharacter given
by x — af(z)a™!, x € Gy, is conjugate to f and its image is contained in 7.
This cocharacter gives rise to a grading which is graded Morita equivalent
to the grading given by f. It follows that when classifying gradings on A up
to graded Morita equivalence it is sufficient to consider cocharacters whose
image is in T". Algebraic group homomorphisms from G, to T' = G, X G,
are in one-to-one correspondence with Z2. u

COROLLARY 3.3. Up to graded Morita equivalence the gradings on C,,
r > 2, are in one-to-one correspondence with 72,

Proof. From the relations of C, it follows that Out(C,) = Out®(C,). Let
T be the maximal torus in Out(C,) consisting of the (r 4+ 1)-tuples of the
form (v,dy,0,...,0), where v,d; € k*. Let m; and 79 be the cocharacters of
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T corresponding to the pairs of integers (mj, m2) and (n1,ny) respectively.
If m; and my are conjugate in Out(C)), then from multiplication in Out(C)
it follows that mi; = ny; and ma = ns. =

REMARK 3.4. There are cases where the group of outer automorphisms
of a given algebra A strictly contains the group of outer automorphisms
fixing the isomorphism classes of simple modules. In this case it is possible
that the normalizer Noy(4)(1') is not contained in Out’(A), where T is a
maximal torus in Out(A).

For example, for the remaining two families A, and B, the group of outer
automorphisms strictly contains the group of outer automorphisms fixing
the isomorphism classes of simple modules. This is because there are outer
automorphisms in Out(A), where A is A, or B,, that interchange ez and e3,
and fix e;. Also, Out™ (A) is not necessarily connected, i.e. it is not equal
to Out®(A). In this case Nout(4)(T) is not contained in Out’(A), and for
different pairs of integers we get gradings that are graded Morita equivalent.
Thus, A, and C, are derived equivalent, but Noye(a,)(T) 2 Nouc,)(T"),
where T and T" are maximal tori.

This tells us that derived equivalent algebras, in general, do not have the
same number of gradings up to graded Morita equivalence.

3.2. Transfer of gradings via derived equivalences. We will use
derived equivalences between A,, B, and C, to transfer gradings from A,
to B, and (.. The tilting complexes that we use in this section have been
constructed by Linckelmann in [15].

We assume that A, is graded in such a way that the vertices and the
arrows of the quiver of A, are homogeneous. Moreover, we assume that
deg(a1) = a1, deg(az) = ao, deg(by) = Pi1, deg(ba) = [2. Also, we set
Y=o +ax+ By + Po.

By Example the graded radical layers of the projective indecompos-
able A,-modules with respect to this grading are:

51 0
as S S3 B
artaz S S1 Bi+B2
artast+B 53 S2 Bi+B2to
X Sl 51 X
(r—D)Z+az Sy S5 (r=1)Z+p2
rX—L01—02 Sl Sl rX—a)—a2
rX—05 53 SQ rX—oaq

Sl rX
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Sy 0 S3 0

S1 S1 B

S3  ai+8s So  Bitas

S1 a1+B1+82 S1 Bitaitaz
Sy ¥ S3 x

ST (r—1)Z+4a; S1 (r—1)Z+486
53 rY—as—01 SQ rX—a1—0F2
Sl r¥-as S1 rX—pBs

Sy rx S rx

Here, numbers to the left or right of the composition factors denote their
degrees.

Let T7 be the complex given by T} : Py(—ag) @& P3(—f2) — bafa), P,
where P; is in degree 1, and =9, d2 are given by right multiplication by as
and by respectively. Let T> and T3 be the stalk complexes with P, and Ps
respectively in degree 0. A complex T that tilts from A, to B, is given by
the direct sum 1T : =717 ® 15 ® T3.

Viewing T as a graded object and calculating Homngb(PAr)(T, T) as a
graded vector space will give us a grading on B,. It is clear that the following
isomorphisms of graded vector spaces hold:

Homgr iesp, (T2, T2) = Homgr 4, (P2, P) @k —t5),

Homgr ieup, (T3, T3) = Homgr 4, (P3, P3) @k —t5),
Homgr o p, y(T2, Ts) = Homgr 4 (Py, P3) @k (B + a2) — tX5),

Homgrgo(p, (13, T2) = Homgry, (Ps, P2) @k (B2 +a1) —tX).

It follows that deg(ds) = a1 + B2 and deg(ca2) = (51 + a in the quiver of B,.
Also, non-zero maps in Homgrgs(p, y(T1,72) and Homgrgs(p, \(T1,T3)
have to map surjectively P>, & P3 onto P> and Pj; respectively. We
conclude that Homgrgsp, (11,T2) = k{az), and Homgrgs(p, \(T1,T3)
> k(B2). It follows that deg(c;) = —ag and deg(ds) = —f in the quiver
of B,.
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Every non-zero map in HOIl’lgI'Kb(PAT)(TQ,Tl) has to map top P, onto
soc P,. It follows that Homgro(p, y(T2,T1) = k(—az — rX), and similarly
we deduce that Homgrgep, y(13,T1) = k(—fB2 — rX). This implies that
deg(cg) = B2 + rX and deg(dy) = ag +rX.

From the above computation we get a grading on B,. With respect to
this grading, the graded quiver of B, is given by

a1+532

36 e
x;JFW
—an
B2
Bo+rX ag+ry
Ay /
[ ]

If we assume that we started with the tight grading on A,, i.e. if we
assume that the arrows of the quiver of A, are in degree 1, then the resulting
graded quiver of B, is given by

2
o Te?
2/
—1-1
+1 4r+1
W
L]
We remark here that the resulting grading on B, is not tight. Moreover,
it is not a positive grading. This example tells us that when we transfer a
tight (respectively positive) grading via derived equivalence, the resulting

grading is not necessarily tight (respectively positive). We state this known
fact in the following proposition.

3
4r

PRrROPOSITION 3.5. Tightness and positivity of a grading are not pre-
served, in general, under the transfer of gradings via derived equivalence.

Let us now assume that the algebra B, is graded in such a way that the
vertices and the arrows of the quiver of B, are homogeneous. Furthermore,
we assume that deg(ci) = 71, deg(ca) = 72, deg(cs) = 73, deg(dy) = 01,
deg(dy) = 02 and deg(ds) = d3. We set X' := v + da.

The graded radical layers of the projective indecomposable B,.-modules
are:
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Sl 0
5 So S5 73
Sl rX
SQ 0 Sg 0
S3 6 Sy v
SQ X Sg X
m S S3  T+6, 6 51 So S+
Sy 2x S3 2%
S3  rX—vy So  rX—6,
S2 ry Sg ry

We will now transfer this grading from B, to C,.. Let T and T3 be the
stalk complexes with P, and Ps respectively in degree 0. Let 7% be the
complex

Ty : Pi(—v1) @ P3(—42) ), Py,

where P, is in degree 1, and p1, e are given by right multiplication by c¢;
and ds respectively. Define T' to be the direct sum T := T & 1o @ T3. The
complex T is a tilting complex for B, and Endge(p, )(T') = C;".

As above, we conclude that the space Homgrgo(p, )(T5,13) is isomor-
phic to @;_q k(—tX), Homgr go(p,, y(T1,T1) is isomorphic to k(0) & k(—rX),
Homgr go(p,, (15, T1) = k(—3), and Homgr go(p, (11, T3) = k(—d3). It fol-
lows that deg(c) = X in the quiver of C,. Since ker(p;,72) contains two
copies of S1, one copy in degree d3 + d2 and one copy in degree ~y; + 12X/,
Homgr ko (p,, (11, T2) = k(—(d3+02)) & k(—(71+rL)). The same arguments
give us that Homgrgo p, y(T3, 1) = k(—(m1 +73)) @ k(—(02 + rX)). Sim-
ilarly, there are isomorphisms Homgr g p, )(T2,13) = k(02) © k(71 — d3),
and Homgt sy 1(To, T1) 2 k(1) & k(B - )

Using these data and looking at the relations of C,, we find that in
the quiver of C,, deg(a1) = 2 + 03, deg(az) = —d2, deg(by) = —v1 and
deg(bz2) = 71 + 3. With respect to this grading, the graded quiver of C, is
given by

x
)
le o3

\71 _V
d2+03 Y1+73
2
[ ]
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The graded radical layers of the projective indecomposable C\.-modules are:

Sl 0 SQ 0
Sy —m S2+d3 St 53 y1+7s
S3 So+d3—v1  S2 S2  yit+y3—d2
S2  y3—0a S2+03+ys 53 S1 m+ys+ds
Sl rX SQ rX
53 0
> S So  —6
2 53 Sl d3
: SZ d3—71
(r-1)x S3
53 rX

3.3. Positivity and tightness

PROPOSITION 3.6. Let A be one of the algebras A, B, and C,.. Then A
can be positively graded.

Proof. This follows directly from the relations of these algebras. For A,
we can set that every arrow is in degree 1 and we will get homogeneous
relations. For the algebra B, if deg(c1) = deg(d;) = deg(c3) = deg(ds) =r
and deg(ce) = deg(dz) = 1, then the relations of B, are homogeneous. If
deg(c) = 4, deg(a1) = deg(az) = deg(b1) = deg(b2) = r, then the relations
of C are homogeneous. m

PROPOSITION 3.7. For every positive integer r, A, is a tightly graded
algebra.

Proof. From the proof of the previous proposition, if the vertices of the
quiver of A, are in degree 0, and the arrows are in degree 1, then the ideal
of relations of A, is homogeneous. Therefore, there exists a positive grading
on A such that the subalgebra of degree 0 elements is semisimple, and A is
generated by the homogeneous elements of degrees 0 and 1. =

PRrROPOSITION 3.8. The algebra B, is tightly graded if and only if r = 1.

Proof. It is clear that B is tightly graded. Let us assume that B, is
tightly graded. By Lemma for each arrow a of the quiver of B, there
exists a degree 1 element of the form a + ), A\;z;, where z; € rad? A is a
path with the same source and the same target as a. It follows that ¢, c3,
d1 and d3 are homogeneous elements of degree 1, since there are no other
paths with the same source and the same target. Also, there are degree 1
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elements of the form

r—1 r—1
tCQ = C2 + Z )\iCQ(dQCz)l, td2 = d2 + Zuidz(Cng)Z,
i=1 =1

where the A’s and p’s are scalars. It follows that (tc,ta,)" = (cod2)” is a
homogeneous element of degree 2r. Since (cad2)” = dic; is a homogeneous
element of degree 2, it follows that r = 1. =

PROPOSITION 3.9. The algebra C,. is tightly graded if and only if r = 4.

Proof. 1If r = 4, then it is obvious that C, is tightly graded.
Let us assume that C,, r > 2, is tightly graded. By Lemma there
are degree 1 elements of the form

te, ;= a1 + Araiasbe, ty, == b1 + Azaoboby,
ta, 1= ag + Aabiraiaz, tpy 1= by + Agbobiaq,

T
te:=c+ Zuici,
i=2

where the \’s and p’s are scalars. It follows that babiaias = tp,ts, ta, ta, is a
homogeneous element of degree 4. At the same time babjajas =" =1t is a
homogeneous element of degree r. It follows that r = 4. =

We note here that from the previous propositions it follows that the
existence of a tight grading is not preserved under derived equivalence, unlike
under Morita equivalence (see Proposition 4.4 in @)

It is worth noting that for dihedral blocks with three simple modules,
in every derived equivalence class there is at least one block that is pos-
itively graded and there is at least one block that is tightly graded. The
same statement does not hold for all derived equivalence classes of tame
blocks.

4. Two simple modules. Any block with a dihedral defect group and
two isomorphism classes of simple modules is Morita equivalent to some
algebra from the following list (cf. [8] or [9]).

(1) For any » > 1 and ¢ € {0,1} let D(2A)™ be the algebra defined by
the quiver and relations

~ p 8 =0, a* = c(afy)",
o{_Oe ~— ol (afy)" = (Bra)".

(2) For any r > 1 and ¢ € {0,1} let D(2B)"™ be the algebra defined by
the quiver and relations
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3 pn=ny=76=0,
o 00T el ) afy = fra,
v

a? = c(afy), yaB =1".

4.1. Classification of gradings. In @], Holm proved that for fixed r
and c, the algebras D(2A4)"¢ and D(2B)"¢ are derived equivalent. Since the
identity component of the group of outer automorphisms is invariant under
derived equivalence, it is sufficient to compute this group for D(2B)"°.

As before, for an arbitrary outer automorphism ¢ in Out® (D(2B)"°),
we will find a suitable automorphism that represents the same element as ¢,
but which is easy to work with.

We assume that ¢(e;) = e; for i = 1,2. It follows that

o) = ara + a8y + azafy,
e(B) =bi1f+baf,  @(v) =c1y+ cava,

=1

for some a;, b;, ¢;, d; € k. From the relation 76 = 0 we get bica = bacy. From
the relation " = yaf it follows that dj = a1bic1. Since p(n") # 0, it follows
that di # 0. Hence, a1, by and ¢; are all non-zero. The inner automorphism
given by y, where y := lye1 + lses + l3a and I3 := 1101_162, when composed
with ¢ has the following action on a set of generators:

ypledy ™ = ei, gyt =D din,
=1
yo(Ny = by, ye(B)y ! =bilily ',

yo(a)y™ = ara + azfy + azaBy.

Let ¢ be the composition of yoy~' and the inner automorphism given by

I7'e1 +15 eg. Then ¢ represents the same element in Out’ (D(2B)7¢) as ¢.
Its action is given by

dle) = e, d(n) =Y din',
=1

d)(’}/) =7, gb(ﬁ) = blﬁ’
o) = a1 + a8y + azafy.

It follows that an arbitrary automorphism in Out® (D(2B)") is completely
determined by an (r 4 5)-tuple (a1, ag, as, b1, c1,d1,...,d,). By an elemen-
tary, but tedious calculation, one can show that it is not possible to eliminate
the coefficients as and ag by composing ¢ with inner automorphisms.
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We have a map from the set of all (r + 5)-tuples onto Out™ (D(2B)™°).
Composition of morphisms gives us the group multiplication on the set of
all (r + 5)-tuples.

From d} = a1bic; it follows that one of these four coefficients, say ay, is
determined by the remaining three.

If ¢ = 0, then there are no further restrictions on the coefficients of . In
this case, ¢ is determined by the (r+4)-tuple (a2, as, b1, ¢1,d1, .. ., d;), where
b1, c1,dy € k*. Multiplication of these (r + 4)-tuples is given by composition
of the corresponding automorphisms, where we replace a; with dj(byc;) !,
If G is the group of all such (r + 4)-tuples, then multiplication is given by

(aé’aga /1¢C,1ad,) * (a27a37b17017d)
= (df (brer) " tdh + agblcy, df (brer) " tah + as(d))", biby, i), d'd),

where d = (dy,...,d,) and d’ = (d},...,d,), and the product d’'d is the
product of elements of the group H, from Definition [2.14]

Thus, we have a map from the group G of all (r+4)-tuples onto the group
Out®(D(2B)"¢). The kernel of this epimorphism is given by the set of all
(r 4+ 4)-tuples that correspond to inner automorphisms. Let R be the sub-
group of G generated by all (r+4)-tuples that correspond to inner automor-
phisms. The (r 4+ 4)-tuple (a2, as, by, c1,d) represents the same class in the
quotient group M := G/R as (ag,ag,lllglbl,lflbcl,d), where l1,ls € k*.
In particular, if l1l2_1 = ¢y, then the (r +4)-tuple (ag, as, b1, c1,d) represents
the same element as the (r + 4)-tuple (ag,as,bici,1,d). If v = bicy, then
M can be seen as the group consisting of (r + 3)-tuples (a2, as, v,d), where
multiplication is defined by

(dby, al,v',d") % (ag,a3,v,d) = (djv " ah 4+ agv’, djv " ay + az(d))", vv', d'd).

PROPOSITION 4.1. Let M be as above and let A be D(2B)™" or D(2A4)™°.
There is an isomorphism of groups

Out’(A) = M.
The mazimal tori in Out®(A) are isomorphic to G, X Gop,.

Proof. From the above discussion it follows that Out’ (D(2B)™°) is iso-
morphic to M. Because Out®(D(2B)™¢) is connected, it is equal to the
identity component Out’(D(2B)™¢). The identity component of the group
of outer automorphisms is invariant under derived equivalence. Hence, the
first statement of the proposition is true.

The subgroup L of M which is generated by the (r+3)-tuples of the form
(ag,as,1,1,dy,...,d,) is a normal subgroup of M. The subgroup T of M
generated by the (r+ 3)-tuples of the form (0,0,v,d;,0,...,0) is isomorphic
to the quotient M/L. It follows that M is isomorphic to the semidirect
product L x T. The group L is unipotent and the group 7T is semisimple.
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Since T 2 G,, X G, it follows that the maximal tori in Out’(D(2B)"0)
are isomorphic to G,, X G,,. =

COROLLARY 4.2. Let A be one of the algebras D(2B)™° or D(2A)™°. Let
T be a mazximal torus in Out(A). Then up to graded Morita equivalence the
gradings on A are in one-to-one correspondence with conjugacy classes in
Out(A) of cocharacters of Out(A) whose image is inT. Up to graded Morita
equivalence the gradings on A are parameterized by the corresponding subset
of 7.

Proof. The proof is the same as the proof of Corollary n

COROLLARY 4.3. Up to graded Morita equivalence the gradings on
D(2B)™° are in one-to-one correspondence with 7.

Proof. Tt follows from the relations of D(2B)"° that an arbitrary outer
automorphism has to fix the vertices of the quiver of D(2B)"°. Hence,
Out(D(2B)™%) = Out®(D(2B)"™Y). Let T be the maximal torus consist-
ing of the (r + 4)-tuples of the form (0,0,v,d;,0,...,0), where v,d; € k*.
Let m; and 7o be the cocharacters of T corresponding to the pairs of in-
tegers (mi,mg) and (ni,ng) respectively. If m; and mo are conjugate in
Out(D(2B)™?), then from multiplication in Out(D(2B)™°) it follows that
m1 =mny and mg = ng. m

As in the case of three simple modules, the same remarks about the
gradings on D(2A)™° hold, since Out® (D(2A4)"°) is not a connected group.

If ¢ = 1 there is an additional restriction on the coefficients of ¢ coming
from the relation o? = afv. From this relation we have a; = bic;. This
implies that bic; = \/E . It follows that one of these coefficients, say b1,
is determined by the remaining two. In this case ¢ is determined by the
(r + 3)-tuple (ag,as,c1,d1,...,d,). We have a map from the group G of
all (r + 3)-tuples onto Out™ (D(2B)™!). Multiplication in G is the same as
before, in this case we just set bic; = \/di{ . The kernel of the above map
is the subgroup R generated by all (r 4+ 3)-tuples corresponding to inner
automorphisms. It follows that in the quotient group G/R, the (r + 3)-
tuple (ag,as,c1,ds,...,d,) represents the same element as the (r + 3)-tuple
(ag,as,1,d1,...,d,). We find that G/R can be seen as the group consisting
of (r + 2)-tuples (ag,as,ds,...,d,), with multiplication given by

(ab, al,d) = (a2, a3,d) = (\/djah + az\/(d))", \/djas + az(dy)", d'd).

PROPOSITION 4.4. Let A be one of the algebras D(2B)"! or D(2A)™!.
Let G and R be as above. Then Out’(A) = G/R. The mazimal tori in
Out’(A) are isomorphic to G,,. Up to graded Morita equivalence and rescal-
ing there is a unique grading on the algebra A.



170 D. BOGDANIC

Proof. Tt is obvious that Out® (D(2B)"') is connected, hence it is equal
to its identity component Out’(D(2B)™!). That Out’(4) = G/R follows
from the above discussion and the fact that the identity component of the
group of outer automorphisms is invariant under derived equivalence. It is
easily verified that G/R = L x T, where T is the subgroup of G/R generated
by all (r + 2)-tuples of the form (0,0,d;,0,...,0), and L is the subgroup
generated by all (r + 2)-tuples of the form (as,as,1,ds,...,d;). It follows
that the maximal tori are isomorphic to G,,. By Lemma there is a
unique grading on A up to graded Morita equivalence and rescaling. m

An easy corollary of our results is that for different values of the scalar
c we get algebras that are not derived equivalent. This statement follows
from the fact that Out’(A) is invariant under derived equivalence. On the
other hand, Out®(D(2B)"?) and Out’(D(2B)"!) are not isomorphic because
they do not have isomorphic maximal tori. Even though this is known (see
Corollary 5.3 in [13], or Theorem 1.1 in [I0]), we record it in the following
corollary.

COROLLARY 4.5. Let C™° be one of the algebras D(2A)™? or D(2B)™Y,
and let C™' be one of the algebras D(2A)"' or D(2B)"'. Then C™° and
C™ are not derived equivalent.

4.2. Transfer of gradings via derived equivalences. We will use
tilting complexes given in [9] to transfer gradings from D(2A4)™° to D(2B)"“.
Let us fix an integer r and ¢ € {0,1}, and assume that D(2A)™° is graded
in such a way that the vertices and the arrows of the quiver of D(2A4)"™¢
are homogeneous. We assume that the arrows «, 3 and v of the quiver of
D(2A)"¢ are in degrees d,ds and ds respectively. We set d := d; + da + ds.

The graded radical layers of the projective indecomposable D(2A)™¢-
modules are:

So 0 Sy o
di o S1 ds Sy d2
di+ds S So  datds So  di+da
d Sy So d S1 d
(r—1)d+d1 Sp S1 (r—1)d+d3 Sy (r—1)d+da
rd—dy S1 So  rd—dy So  (r—1)d—ds
So rd S1 rd

Since the relations are homogeneous we have (r — 2)d; + rdy + rds = 0 if
¢ = 1. In this case dy,ds and ds cannot all be non-negative (unless they are
all equal to zero). If ¢ = 0, all relations are trivially homogeneous and we
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can choose dj,dy and d3 arbitrarily. In particular, if ¢ = 0, then D(2A4)™€ is
a tightly graded algebra.

A graded tilting complex T := Ty @ T3 of projective D(2A)™“-modules
that tilts from D(2A)"™¢ to D(2B)™¢ is given by the direct sum of the complex
T1, which is the stalk complex with P, in degree 0, and the complex

To: 0 — Pi{—ds) ® Py(—(di + d3)) 22%% By,

where Py is in degree 1, and where v and ya are given by right multiplication
by v and ~ya respectively. It was shown in ﬂgﬂ that T is a tilting complex
for D(2A)™¢ and that Ende(PD(%)T’C)(T) = (D(2B)"™°)°P. Viewing T as a
graded object and calculating Endgr s (p,) (24ye) (T') as a graded vector space
will give us a grading on D(2B)"¢.

T, Th) = @;_, k(—td) we have deg(n) = d.

To calculate Homgr g (p, , A)m)(Tl, To) notice that this space is isomor-

From Homgres(p, 1)) (

phic to HomgrD(Q A)T,C(Pl,ker(’y,fya)). Non-zero maps in the latter space
have to map top P; to soc P;(—ds), or to soc P;(—(d; + d3)). This gives us
that

Homngb( )(Tl, T()) = k<—(7“d + d3)> ® k(—(?’d + d1 + d3)>

PD<2A>T,Q

Since the only non-zero paths in the quiver of D(2B)" that start at vertex 1
and end at vertex 0 are v and ya, we have

{deg(7), deg(ya)} = {rd +ds,rd + di + d3}.

To calculate Homgr g (p, , A)r,c)(TO’ T}) notice that non-zero maps in this
space have to map P;(—ds) or Pi(—(d; + d3)) onto P;. It follows that

Homgr o To, Th) = k(ds) @ k(d1 + d3).

PD(QA)T,C) (

Since the only non-zero paths in the quiver of D(2B)"™ that start at vertex
0 and end at vertex 1 are § and a3, we have

{deg(B), deg(af)} = {—ds, —d1 — d3}.

There are two choices for deg(«). If deg(a) = dy, then deg(8) = —dy —ds
and deg(vy) = rd+ds. This gives us a grading on D(2B)"¢. If deg(a) = —dj,
then deg(3) = —ds and deg(vy) = rd+d; +ds. This will not give us a grading
on D(2B)"™¢ if ¢ = 1, because the relations are not homogeneous. If ¢ = 0,
this grading is the same as the previous one via suitable substitution of the
integers dy, ds, ds, i.e. we get this grading from the former one if we choose
—dy, d1 + do, dy + d3 instead of dy, do and d3 respectively for the degrees of
the corresponding arrows.
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With respect to the resulting grading, the graded quiver of D(2B)"° is
given by
di1—

d1C00 - oli)d

rd+ds
4.3. Positivity and tightness

PROPOSITION 4.6. The algebra D(2B)"¢ is positively graded for every c
and every r. The algebra D(2B)"¢ is tightly graded if and only if c =0 and
r=3.

Proof. That D(2B)™° is a positively graded algebra follows easily from
its relations. If deg(a) = 2r, deg(3) = deg(vy) = r and deg(n) = 4, then the
relations are homogeneous.

If D(2B)"™* is tightly graded, then by Lemma there are degree 1
elements of the form

to ==+ a18y + a2af7,
tg:= B+ biaf, t,:=v+bya,

T
t"] =1 + Zdinzv
=2

where a1, a2,b1,bs,d1,...,d, are scalars.

It follows that a? = t2 is a homogeneous element of degree 2, and a8y
is homogeneous of degree 3. If ¢ = 1, then this leads to a contradiction. If
¢ =0, then from yaf = tytatg and n" = ¢}, we see that 7 = 3. =

PROPOSITION 4.7. The algebra D(2A)™° is tightly graded for every r.
The algebra D(2A)™! is positively graded if and only if r < 2. The algebras
D(2A)"! and D(2A)%1 are not tightly graded.

Proof. If r = 0, then it is obvious that if we put the arrows of the
quiver of D(2A4)™° in degree 1, then the relations are homogeneous. Hence,
D(2A)™0 is tightly graded.

If c =1 and r = 1, then if deg(a) = 2, deg() = 1 and deg(y) = 1 we
get a positive grading on D(2A4)%!. If ¢ = 1 and r = 2, then if deg(a) = 2,
deg(8) = 0 and deg(vy) = 0, we get a positive grading on D(24)%1.

For r > 2, if deg(a) = r, deg(f8) = —(r — 2) and deg(y) = 0, we get a
grading on D(2A)"!. The graded quiver is given by

s

LOO\__’_/Ol

2—r

This is not a positive grading. Also, this grading is not graded Morita
equivalent to the trivial grading on D(2A)™!. By Proposition any other
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grading on D(2A4)™! can be obtained from this grading by rescaling and
graded Morita equivalence. When we rescale a grading such that there are
homogeneous elements in both negative and positive degrees, the result-
ing grading still has the same property. Let ng and n; be integers and let
Endgrpoayr1 (Po(no) @ Pi(n1))°P be a graded algebra that is graded Morita
equivalent to the above graded algebra. By Proposition 9.1 in , the graded
quiver of Endgrpayr1 (Po(no) ® P1(n1))°P is given by

(2—7)+no—n1
T
Qe el
n1—no

If (2—7r)+mny—mny >0, then n; —nyg < 0. If n; —nyg > 0, then
(2—71)+no—ny <0. It follows that the resulting grading is not positive.
Hence, if » > 2, then D(24)™! is not positively graded.

To prove that D(2A4)%! is not tightly graded we start with the grading
on D(24)%! given by the graded quiver

0
100 el
0
This grading is not graded Morita equivalent to the trivial grading on
D(2A)*1. As above, it follows easily that any other grading that is graded
Morita equivalent to this grading is not positive. Hence, D(2A4)%! is not a
tightly graded algebra.

To prove that D(2A4)51 is not tightly graded we again use Lemma m
Assuming that D(2A4)%! is tightly graded, we infer that a? is a homogeneous
element of both degree 2 and degree 3, which is impossible. u

5. One simple module. Any block with a dihedral defect group and
one isomorphism class of simple modules is Morita equivalent to some alge-
bra from the following family (cf. [8] or [9]):

For a given integer r > 1, let D := D(1C)" be the algebra defined by the
quiver and relations

o e )e o? =0=1 (ap)" = (Ba)".

5.1. Classification of gradings. The relations of D are homogeneous,
regardless of the degrees of o and (. It follows that for any pair of integers
(a,b), we get a grading on D by setting deg(a) = a and deg(3) = b. We
denote this graded algebra by D%*. When a = b = 1 we get a tight grading
on D. The graded radical layers of the only projective indecomposable D®?-
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module pD are

S 0
a S S b
atb S S a+b
2a+b S S 2b+a
at+(r—1)(a+b) S S b+(r—1)(a+b)
S (a+b)"

where S denotes the only simple D-module.

For a given integer d, the graded algebra Endgrpa.(D(d))°P is graded
Morita equivalent to D®® by Definition But Endgr pas(D{(d))°P = D%
as graded algebras. It follows that the only graded algebra which is graded
Morita equivalent to D®® is D®? itself. From this we have the following
proposition.

PROPOSITION 5.1. For any pair of integers (a,b) there is a grading D®P
on D. For different pairs of integers (a,b) and (c,d), the graded algebras
D** and D% are not graded Morita equivalent.

It follows from this proposition that the maximal tori in Out® (D) are
isomorphic to Gl , where [ > 1, for if [ < 1, then we would have a unique
grading up to rescaling and graded Morita equivalence on D, which is not
the case.

If ¢ is an arbitrary automorphism in Out’ (D), then we can assume that

ple) =e,
p(a) = a1a + azf + aszx,
©(B) = bia+ b2 + bsy,

where a;,b; € k, and z,y € rad® D. Since ¢(a?) = (%) = 0, we find that
ajaz = 0 and b1by = 0. From ¢p((aB)") # 0 and ¢((Ba)") # 0 it follows that
either a1 # 0 # by and ag = by = 0, or ag # 0 # by and a1 = by = 0. The
action of ¢ on rad D/ rad? D is given by matrices of the form

<a1 0 > ( 0 b1>
0 b2 a9 0 .

It now follows easily (one can see this directly or by using Remark 3.5
in ) that the maximal tori in Out® (D) are isomorphic to the product of

at most two copies of G,. Combining this conclusion with the above remarks
shows that the maximal tori in Out’ (D) are isomorphic to Gy, x Gp,.
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PROPOSITION 5.2. The mazimal tori in Out™ (D) are isomorphic to G2,.

Up to graded Morita equivalence the gradings on D are parameterized by 7.2
and are in one-to-one correspondence with algebraic group homomorphisms
from G, to G, X Gy,

Proof. Follows from the above discussion and the previous proposition. =

6. Summary of the results. In the following table we summarize the

results of this paper. The first three columns tell us respectively if there
exists a non-trivial, a positive and a tight grading on a given block. The
last column gives the isomorphism class of the maximal tori in the group
of outer automorphisms of a given block. Derived equivalence classes are
separated by horizontal lines.

Block Non-trivial Positive Tight Maximal torus
A, Yes Yes Yes G, x G,
B, Yes Yes Only ifr =1 G X G
(o Yes Yes Only ifr =4 G, X G,

D(24)™° Yes Yes Yes G X G,
D(2B)™° Yes Yes Onlyifr=3  Gpn X Gp
D(A)™! Yes Only ifr <2 No Gn,
D(2B)™* Yes Yes No Gn,
Doy Yes Yes Yes G, X G
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