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ON TWO TAME ALGEBRAS WITH SUPER-DECOMPOSABLE
PURE-INJECTIVE MODULES
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Abstract. Let k be a field of characteristic different from 2. We consider two im-
portant tame non-polynomial growth algebras: the incidence k-algebra of the garland G3
of length 3 and the incidence k-algebra of the enlargement of the Nazarova—Zavadskij
poset N'Z by a greatest element. We show that if A is one of these algebras, then there
exists a special family of pointed A-modules, called an independent pair of dense chains
of pointed modules. Hence, by a result of Ziegler, A admits a super-decomposable pure-
injective module if k£ is a countable field.

1. Introduction. Let R be a ring with a unit. By a module we always
mean a left unital module. An R-module is called super-decomposable if it
has no indecomposable direct summand. For the concept of pure-injectivity
we refer to [10] (see also [8] and [9, Chapter 7]).

The problem of the existence of super-decomposable pure-injective mod-
ules over finite-dimensional algebras is stated in [30, Chapter 3| and studied
in particular in [I8], [19]. In [I7, Chapter 13| Prest considers the problem in
connection with representation types and he proves that such modules exist
for wild algebras [I7, Theorem 13.7]. Since then it has turned out that there
also exist tame algebras possessing such modules.

In [I8] Puninski has proved that super-decomposable pure-injective mod-
ules exist over any non-polynomial growth string algebra over a countable
field. This is obtained by applying a remarkable theorem of Ziegler which
states that if the ring R is countable, then non-existence of width of the
lattice of all pp-formulae over R is equivalent to R possessing a super-
decomposable pure-injective module (see [30]).

There is a recent result of Harland [7] asserting that super-decomposable
pure-injective modules exist over tubular algebras.

Our work extends the class of tame algebras that are known to possess
super-decomposable pure-injective modules. Actually, we prove the existence
of such modules for important examples of non-polynomial growth algebras
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by applying a criterion for non-existence of width of the lattice of all pp-
formulae expressed in terms of some special family of pointed modules (see
[20, Proposition 5.4|), called an independent pair of dense chains of pointed
modules (Definition 3.2).

The algebras considered in this paper are, in a sense, minimal in certain
classes of tame non-polynomial growth algebras (see [25]). Our main result,
Theorem 1.1, is a basic step in proving the existence of super-decomposable
pure-injective modules for strongly simply connected algebras of non-poly-
nomial growth (see [27] for the definitions).

Our approach is purely module-theoretical. We do not explicitly use any
model-theoretical concepts, like pp-formulae.

Let k be a field, G = G3 be the quiver

, X
X

oOo<——0<— 0

and 7 be the ideal of the path algebra kG generated by all commutativity re-
lations (see [25, Section 5|). Following Simson (see e.g. [24, Definition 15.29])
we call the poset represented by G a garland of length 3. The algebra kG/Z
is isomorphic to the incidence k-algebra of this poset.

One of our main results is the following theorem proved in Section 6.

THEOREM 1.1. Assume that k is a field of characteristic different from 2.
Let A be the bound quiver algebra kG/T.

(a) There exists an independent pair of dense chains of pointed A-mod-
ules in the sense of Definition 3.2.

(b) If k is countable, then there exists a super-decomposable pure-injec-
tive A-module.

We remark that we do not assume that the field k is algebraically closed.
However, if it is, then A in Theorem 1.1 is of tame representation type but
not of polynomial growth (see [24, Chapter 14| and |26, Chapter XIX] for
the concept of representation type and growth of algebras).

The paper is organized as follows. In Section 2 we introduce basic con-
cepts related to algebras and k-categories associated to bound quivers. Sec-
tion 3 is devoted to recalling from [20] the concept of an independent pair of
dense chains of pointed modules (Definition 3.2). In Section 4 we collect nec-
essary facts about Galois coverings of k-categories in the restricted context
we need. For more information on that subject the reader is referred to [2]
and [5]. In Section 5 we construct some special independent pairs of dense
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chains of pointed modules over a certain string algebra and in the following
section we prove that an independent pair of dense chains of pointed modules
exists over kG/Z. We finish the proof of Theorem 1.1 in Section 6. Finally,
in Section 7, we collect some corollaries important for applications. To give
a flavor of such application, we show in Corollary 7.2 that there exists a
super-decomposable pure-injective module over the incidence algebra of the
Nazarova—Zavadskij poset, another classical example of a non-polynomial
growth algebra (see [12], [13], |24, Chapter 15]), provided k is a countable
field of characteristic different from 2.

2. Algebras and k-categories associated to bound quivers. Let
Q@ = (Qo, Q1) be a finite quiver with the set Qg of vertices and the set @1 of
arrows. Given an arrow a € 1 with the starting point s(«) and the terminal
point #(a) we denote by a~! or ™ its formal inverse and set s(a™!) = t(a),
t(a™!) = s(a) and (a=1)~! = a. The set of the formal inverses of all arrows
in ()1 is denoted by Ql_l; the elements of ()1 are called direct arrows whereas
those of Qfl are nverse arrows.

By a walk from x to y of length n > 1 in ) we mean a sequence cj ... cy,
in QU Ql_l such that s(c,) = x € Qo, t(c1) =y € Qo, s(c;) = t(ciy1) and
ci_1 # ci1 for all 1 < i < n; we agree that (c1...c,) P =c; ... cl_l. A walk
c1...cp 18 called a path provided ¢; € @1 for 1 < 7 < n. Furthermore, to
each vertex x € Qo we associate the stationary path e, of length 0, with
s(ez) = t(ey) = .

Given a field k we associate to a quiver Q) the path k-category kQ, whose
objects are the vertices of Q and the space of morphisms from z to y has
a basis consisting of the paths from z to y. The composition is defined by
concatenation of paths. If () has no oriented cycles then k(@) is a locally
bounded k-category in the sense of [5l, 1.1]. o

Let (Q1) be the two-sided ideal in kQ generated by the arrows of Q.
A two-sided ideal I in kQ is admissible if

Q)" C I C(Q)?

for some natural number n. Then the pair (Q, ) is called a bound quiver
and the factor k-category kQ/I is the bound quiver k-category associated to

(@Q.1).

The path algebra over a field k associated to @) is the algebra k@ with
the set of all paths in () as a k-basis and with multiplication induced by
concatenation of paths, i.e.

ay...anf1 ... B if s(ap) =t(B61),

0 otherwise.

(a1...an)'(ﬁ1...ﬂm):{

Again, a two-sided ideal I of kQ is called admissible if (Q1)" C I C (Q1)?
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for some natural number n > 2. The pair (Q, I) is also called a bound quiver
and the associated bound quiver algebra is the quotient of £Q modulo I.
Given a k-algebra A, the categories of left A-modules and finite-dimen-
sional left A-modules are denoted by A-Mod and A-mod, respectively.
By a (left) module over a k-category A = kQ/I we mean a k-linear
functor o

M : A — k-Mod,

and M is finite-dimensional if M (x) is finite-dimensional for any = € Q.
Note that when @ is finite, finite-dimensional means the same as locally
finite-dimensional [4]. The categories of left A-modules and of finite-dimen-
sional left A-modules are denoted by A-Mod and A-mod, respectively.
Clearly, modules in A-Mod are “almost the same” as k-representations of

the bound quiver (@, I) (see [1, Chapter IIIJ).
There is an equivalence of k-categories

A-Mod — A-Mod,

where A = kQ/I, A = kQ/I and the ideal in the k-category is denoted
by the same letter I as the corresponding ideal in the k-algebra (formally,
the latter is generated by the former). The above equivalence restricts to an
equivalence of the categories of finite-dimensional modules.

From now on we identify the categories A-Mod and A-Mod. We remark
that the indecomposable projective A-module Ae, associated to the vertex x
is identified with the the functor A(—, x), and A, as an A-module, is identified
with P,cq, A(— 7).

Let A = kQ/I and B = kQ'/I' be bound quiver k-categories, where @
and Q' are finite quivers. Given a k-category homomorphism 1 : A — B we
denote by

Ne : B-mod — A-mod

the induced functor (—) o 7.
Following [28] we call a bound quiver (@, ') and the corresponding bound
quiver k-algebra special biserial if:

e any vertex of () is the starting point of at most two arrows and the
terminal point of at most two arrows,

e given an arrow [ there is at most one arrow « with s(5) = t(a) and
Ba ¢ I and at most one arrow v with s(v) = t(8) and v3 ¢ I.

A string algebra is a special biserial algebra k@ /I such that I is generated
by paths. By a string in the string algebra kQ /I we mean a walk ¢ ... ¢, in @
such that neither ¢; . .. c;44 nor Ci_Jrlt ... ci_1 belongsto [ for 1 <i < i+t <mn.
Moreover, by a band in kQ/I we mean a string S = ¢; ... ¢, such that:



ON TWO TAME ALGEBRAS 253

e all powers of S are defined, i.e. t(c;) = s(c¢,) and S™ is a string for all
m e N,

e the string S is not a power of any string of a smaller length,

e ¢ is a direct arrow and ¢, is an inverse arrow.

We can also speak about special biserial and string k-categories replacing
EQ/I by kEQ/I.

Given a string S = ¢; ... ¢, in the string algebra kQ/I the string module
associated to S is by definition an (n + 1)-dimensional £Q/I-module M (S)
with k-basis {z1,...,2n4+1} (called the canonical basis of M(S)) and with
multiplication defined by the formulae:

zj—1 ifj>2and a=cj_1,

a-zj =1 zjy1 if j<nanda =g,
0 otherwise
for any direct arrow a and j € {1,...,n+ 1}, and

zj if (j >2and z = s(¢j—1)) or (j =1 and x =t(c1)),
ey 2j =
S 0 otherwise

for any vertex z € Qo and j € {1,...,n+ 1}.

We refer to [3], [28] for basic facts on string algebras and modules. We
recall that, in particular, any string module is indecomposable and M (S7) =2
M (Ss) if and only if S; = Sy or S; = S5t

3. A sufficient existence condition. We start with some basic facts
on pointed modules.

Let R be a ring with a unit. By a pointed R-module we mean a pair
(M, m), where M is a left R-module and m € M. We say that a pointed mod-
ule (M, m) is indecomposable (finitely generated, finitely presented etc.) if
and only if so is the module M. Furthermore, by a pointed R-homomorphism
from (M, m) to (N,n) we mean an R-homomorphism f : M — N such that
f(m) = n; we write f : (M,m) — (N,n) in this case. A pointed homomor-
phism f : (M, m) — (N, n) is an isomorphism if and only if so is f : M — N.
Pointed modules (M, m) and (N, n) are isomorphic if and only if there exists
a pointed isomorphism f : (M, m) — (N,n).

It is convenient to identify a pointed R-module (M, m) with the R-
homomorphism X7,y @ B — M such that x(sm)(1) = m. Then an R-
homomorphism f : M — N is a pointed R-homomorphism f : (M, m) —
(N, n) if and only if

fX(M,m) = X(N,n)-

Given two pointed modules (M, m) and (N, n), the pointed pushout of

(M, m) and (N, n) is by definition the pointed module (P, p), where P is the
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pushout of the homomorphisms x(a7,,) and x(n,,) and p corresponds to m
(and n), that is,

P =M&N/{(Xm)(r), —X(wn)(1)); 7 € R} = M&N/{(rm, —rn); r € R}

and p = (m,0) = (0,n). We write (M, m) % (N,n) for the pointed pushout
of the pointed modules (M, m) and (N,n).

Let R be an arbitrary ring with a unit. The following concepts are intro-
duced in [20].

DEFINITION 3.1. Assume that L is a countable dense chain without
end points. A dense chain of pointed R-modules is a family (Mg, mg)qer
of pointed R-modules such that:

(a) the modules M, are indecomposable and mg, # 0 for all ¢ € L,

(b) there exist pointed homomorphisms pg, : (Mg, mq) — (Mg, my)
for all ¢,q' € L such that q < ¢/,

(c) the pointed modules (Mg, mq) and (M, mq ) are not isomorphic for
any ¢ # ¢ € L.

DEFINITION 3.2. An independent pair of dense chains of pointed R-
modules is a pair ((Mg, mg)qer, (N¢, nt)ter,) of dense chains of pointed
R-modules such that:

(a) there is no pointed homomorphism from (Mg, m,) to (N¢,n¢) and
no pointed homomorphism from (Ng, n¢) to (Mg, my) for all ¢ € Ly,
t € Lo,

(b) the pointed pushout (M,, mg) * (IN¢,n¢) is an indecomposable R-
module for all ¢ € Ly, t € Lo,

(c) (Mg, mgq) * (N¢,ne) is not isomorphic to (Mg, mg) * (Ng,ng) or to
(Mg, mgq) * (Ny,ny) for any ¢ # ¢ € L1, t #t' € Lo.

It is clear that the posets L, L1, Lo in the definitions above are isomorphic
to the poset Q of rational numbers. The assumption that they are arbitrary
countable dense chains without end points is only used for technical reasons
in Section 5.

The following theorem due to Puninski, Puninskaya and Toffalori (see
[20, Proposition 5.4]) shows the significance of independent pairs of dense
chains of pointed R-modules.

THEOREM 3.3. If there is an independent pair of dense chains of pointed
R-modules in R-mod then the width (see [17, pp. 205-206|) of the lattice of
all pp-formulae over R does not exist. m

The following corollary is a consequence of the above theorem and
Ziegler’s construction [30, Lemma 7.8].
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COROLLARY 3.4. Assume that R is a countable ring with an identity. If
there is an independent pair of dense chains of pointed R-modules in R-mod
then there exists a super-decomposable pure-injective module over R. m

Observe that the above criterion may be used in the case of bound quiver
algebras over a countable field since |kQ/I| < max{|k|,Ng} for any finite
quiver ) and an admissible ideal I in kQ).

4. Three non-polynomial growth algebras. We recall that a finite-
dimensional algebra A over an algebraically closed field k is tame if, for any
natural number d, the set of all isomorphism classes of d-dimensional inde-
composable A-modules can be parameterized, up to finitely many elements,
by a finite number of regular 1-parameter families. Let p4(d) be the minimal
number of 1-parameter families needed to parameterize the d-dimensional
indecomposables in the above sense. A (tame) algebra A is of polynomial
growth if there exists a natural number g such that p(d) < d9 for all d > 2.
We refer to |24, Chapter 14| and |26, Chapter XIX] for precise statements of
the definitions.

We introduce three bound quiver algebras (k-categories) of non-polyno-
mial growth, some associated functors and a certain Galois covering.

From now on we denote

1 Z11 T12
() o) DE |
y
Q:= 2 Q = T2 z22
5““/ (Sll T2 i@
\1
x3 Z31 32

and

Al = kQ/Ib Il = <5O‘a76>a

A2 = kQ/IQ7 12:<7a_6ﬁ75a_76>7

A3 :=kQ' /I3, I3 = (y100 — 8251, 6100 — Y21, Y22 — 6152, 622 — Y1 32).

Note that Q" and I3 are denoted by G and Z, respectively, in Section 1.
It is well known that if char(k) # 2 then the k-categories A; and As are
isomorphic. Namely, a k-category isomorphism ¢ : Ay — Ay is given by

L(Oé):a—}—ﬁ, L(B):—Oé—Fﬂ, L(ry):_’)/"{_&a L((S):’}/—}—(S
Furthermore, ¢ : A5 — A; induces an isomorphism
te : A;-mod — Az-mod

of the associated module categories.
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Observe that A; is a string algebra with two different bands starting
with the same direct arrow and ending with the same inverse arrow (for ex-
ample: v0~ and ya8767), and, by [4], [29], A; is of tame representation type
and, by [21H23], of non-polynomial growth when & is algebraically closed.
Consequently, so is Ag if char(k) # 2. For the proof that As is also tame of
non-polynomial growth we refer to [6] or [14].

Consider the k-category automorphisms p : A1 — Ay, 0 : Ay — Ay and
g : A3 — Ag defined as follows:

pla) =03,  pB) =a, p(y) =6, p(d) =1,
O‘(Oé) = q, U(ﬁ) = _ﬁv 0-(7) == 0(5 = 57
g(ei) = a5, g9(Bi) =B85, g(vi) =", 9(6:) =;

for (i,) € {(1,2), (2, 1)}.
The automorphism ¢ induces an action on As-modules. Given a As-
module M we denote by 9M the module (g~1)e(M) (see [5, 3.2], [4]).

It is clear that As is isomorphic to the orbit category of A3 modulo the
action of g (|5, 3.1]). Therefore there is a Galois covering functor

F: A3 — Ay

with covering group Zs such that F(s;) = s for s € {«, 3,7,} and i € {1,2}
(see [6]).

The functor F, is called the pull-up functor associated to F'. It has a left
adjoint F and a right adjoint F), (called the push-down functors). Since the
covering F' has finite fibres, the two functors coincide and they are defined
on the objects of A3-Mod as follows:

Vit Via Vi1 @ Vio
/
Vay J{WMQ lvaz Wer { \3 wg
‘1
Vai Voo = Vo1 @ Voo
A
v, | U1 Uy | g ws | jw
NG S
Va1 V3o V31 @ Vs

where

w — Vo, 0 ws = 0 wg,
“ 0 va, ’ Vg, 01’

Wy = . Ws = .
Uy, 0 0 ws,
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PRrROPOSITION 4.1. The following two diagrams are commutative:

A <Ay Aj-mod —*> Ay-mod
T
/11 <~ A2 Al—mod L> Ag—mod

Proof. The commutativity of the left diagram is an easy consequence
of the definitions, and it implies the commutativity of the right one since
(fg)e = gefe for all composable k-category homomorphisms f and g. m

Now we collect basic properties of the Galois covering F' : A3 — Ao
and its pull-up and push-down functors. The following lemma is essentially
contained in [5], 3.4].

LEMMA 4.2. If char(k) # 2, then there is an isomorphism of functors
F\Fy = idpy-Mod D 0.

Proof. We prove that F)\(Fe(M)) = M @ 0e(M) for any Az-module M.
Let M be a As-module identified with the representation

Vi
Ua{ XXWB
\3/
Vo
[
Vs | | Uy
NV
Vs
Then it is easy to see that
Vi Vi iewn
|- |}
|
FR(M)= V» Vo and FR(F(M)= VeV
A
| & o)
Va3 Va Vzo Vs

ws = [vs 0] for s e {a,6}, wr= [ zg] for t € {5,~}.
Us
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Observe that oe(M) corresponds to the representation

Vi
[

Va | }—vﬁ
Ny
Va
f

v |~
N
Vs

We show that the map h : Fy(Fo(M)) — M @ 04(M) given by

Viev, -2 ieW
Y Wy’
F(F(M) = vy 1, 2= Vo Vy =M@ oe(M)
/' T
ws | | W w’é w!
v 5 i
V3@ V3 V3@ V3

: !/ A
with wy, = wq, ws = ws,

0 idy,  idy
wéz N fOI‘tG{B,"y}, flz I.VZ 1 v fori:1,2,3,
0 —vu _ld% 1d%

is an isomorphism.

Since char(k) # 2, we have det h; = 24™Vi £ 0 for i = 1,2, 3, and there-
fore h : Fx(Fe(M)) — M @ 0e(M) is an isomorphism. Obviously, it is func-
torial, that is, induces an isomorphism of functors F)Fe = id 4,-Mod D Te.

As a consequence of Lemma 4.2 we get the following corollary.

COROLLARY 4.3.

(a) If M is an indecomposable Az-module, M 2 o4(M) and char(k) # 2,
then Fo(M) is an indecomposable As-module.

(b) If M and N are non-isomorphic and indecomposable As-modules,
M 2 04(N) and char(k) # 2, then Fo(M) 2 Fo(N).

Proof. (a) Let M be an indecomposable As-module and assume that
Fo(M)=N;@---® N, for some s > 2 and indecomposable Az-modules N;.
According to Lemma 4.2 we get the following isomorphisms:

() MGau(M) = Fy(Fo(M)) 2 FA(Ny@- - -®N,) 2 Fy(Ny)@- - <@ F5(N).

Observe that the Krull-Remak—Schmidt Theorem yields s = 2 and the
Ag-modules Fy(N7) and F)\(N3) are indecomposable. It follows that M =
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Fy\(N), where N = Ny or N = Ny, and obviously

N1 & Ny = F.(M) = F.(F)\(N)) XN@IN
by the well-known property of Galois coverings (see [5} 3.2]). Hence Fy (V1) &
F\(N3), and finally M = g4(M) by (%), a contradiction.

(b) Assume, to the contrary, that Fo(M) = Fo(N). According to Lemma
4.2 we get the isomorphisms

M @ 0e(M) = F\(Fo(M)) = Fx(Fo(N)) = N @ 0e(N).

Since M and N are not isomorphic and indecomposable, there is an isomor-
phisms M 2 04(N) and we get a contradiction. =

Now we prove that the pull-up functor F, : As-mod — Asz-mod of the
covering functor F' : A3 — Ay preserves pointed pushouts (in the sense of
Lemma 4.4). This is a consequence of the fact that any functor having a right
adjoint preserves the colimits which exist in its domain (see [I1, Chapter V,
Theorem 5.1]).

First observe that the pull-up functor F, : Ao-mod — As-mod induces a
functor between categories of pointed modules. Indeed, let (M, m), (N, n) be
pointed Az-modules and f : (M, m) — (N,n) a pointed As-homomorphism.
If X(mm) + A2 — M and x(np) : A2 — N are the corresponding homomor-
phisms (see Section 3), then fx(arm) = X(vn) and thus Fo(f)Fe(X(a,m)) =
Fe (X(N,n))

There is an isomorphism

W /13 — F.(/lg)

of left Asz-modules. We fix w for the remainder of the paper. The homo-
morphism Fo(f) : Fo(M) — F¢(N) is a pointed Asz-homomorphism from
Fo(X(M,m))w t0 Fe(X(N,n))w, since obviously

Fo(f)(Fe(X(m,m))w) = Fo(X(nn))w-

The pointed As-module corresponding to F.(X( M,m))w will be denoted
by (Fe(M),m), that is,

i = (Fu(X(utm)) (Lag) € Fa(M).
Moreover, we set
Fo(M,m) := (Fo(M), m)

for any pointed As-module (M, m). We point out that the construction de-
pends on w.

LEMMA 4.4. If (M,m) and (N,n) are pointed As-modules, then
Fo((M,m) *x (N,n)) = Fo(M,m) x Fo(N,n).
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Proof. Let (M, m) and (IN,n) be pointed Az-modules. Assume that the
diagram

X(M,m)
Ay — M

X(N,n)l lf
h

N——P
is the pushout of x(pm) and X(y,) in Ag-mod. Moreover, assume that
f(m) = p = h(n), that is, (M, m) * (N,n) = (P,p) and fX(a,m) = X(Pp) =
hX(Nn)-
Since F, : Ay-mod — As-mod preserves pushouts (as a left adjoint, see
[11, Chapter V, Theorem 5.1|) we conclude that the diagram

F.(AQ) X(M m) F.(M
F.(X(N,n))l \LFo
Fy(N) Fo(P)

is the pushout of Fe(x(a,m)) and Fe(X(n,n))- Then it is easy to see that
Fo(P) is the pushout of Fe(x(ar,m))w and Fo(X(Nn))w; 80

Fo(M;m) x Fo(N,n) = (Fo(P), ),
where z = (F.(f)F.(X(MVm))w)(lAQ. On the other hand,
P = (Fe(x(pp))w)(1a5) = (Fe(f X (arm))w) (1a5) = (Fo(f)Fe (X (a1,m))w) (145)-
This yields
Fo((M,m) * (N,n)) = Fo(P,p) = (Fe(P),p) = Fo(M,m) x Fo(N,n). =

We finish this section with another important property of the pull-up
functor F, : As-mod — As-mod.

LEMMA 4.5. Assume that (M, m) and (N,n) are pointed Az-modules.
If there exists a pointed As-homomorphism from (Fe(M),m) to (Fe(N),n),
then there exists a pointed As-homomorphism from (M, m) to (N,n).

Proof. Assume that f : (Fo(M),m) — (F¢(N),n) is a pointed homo-
morphism in As-mod. Then

FFe(X(a,m)) = Fo(X(Nn))
and therefore
EX(F)PA(Fe(X(a,m)) = FA(fFe(X(a,m))) = FX(Fe(X(nn)))-
Since F\Fo = id,-Mod @ 0, by Lemma 4.2, we finally get the equality
F)\(f)(X(M,m) D UO(X(M,m))) = X(N,n) D UO(X(N,n))'
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Assume that

fi fo
Fy(f) =
) [f:s fa

It follows that

[fl f2] . [X(M,m) 0 ] _ [X(Nm) 0 ]
f3 fa e 0 ge(Xvn)

and thus fix(arm) = X(vn)» 80 f1 : M — N is a pointed Az-homomorphism
from (M, m) to (N,n). =

] M B oe(M) — N @ oe(N).

5. Independent pairs of dense chains in Aj-mod. In this section
we present a construction of independent pairs of dense chains of pointed
modules in Aj-mod, and examine their properties that are fundamental for
constructing an independent pair of dense chains of pointed modules in As-
mod. The contents of this section refine some results of [I8] and [23].

Throughout the section, A = kA/I is an arbitrary string algebra. Given
an arrow a € Aj, we define S(a) to be the set of strings over A that start
with a. We recall from [3] that there is a linear ordering < on S(a) such that
S < T if and only if one of the following conditions is satisfied:

e S~ U =T for an arrow ¢ and a string U,
e S =TyV for an arrow ¢ and a string V,
o S=S5YWand T = S'¢~1 X for some arrows ¢, ¢ and strings S’, W, X.

Assume that a string algebra A possesses two different bands U and V
starting with the same direct arrow and ending with the same inverse arrow
such that U is not a prolongation of V' and V is not a prolongation of U,
ie. U # VX and V # UY for any strings X and Y. Moreover, assume
that U < V and let X (U, V') be the set of all finite words over the alphabet
{U, V}, including the empty word {).

The following technical lemmata describe the properties of elements of
X (U, V) that we use in the proof of Theorem 5.3.

LEMMA 5.1. Assume that U and V are two different bands starting with
the same direct arrow and ending with the same inverse arrow such that U is
not a prolongation of V and V is not a prolongation of U. Moreover, assume
that U < V. Then the following conditions are satisfied:

(a) UPVO . . UPrVI = UPVG . UPmVn if and only if n = m and
pi =0} ¢ =q; forany 1 <i<n=m.

(b) Assume that Wi, Wy € X (U, V) and W1 = XY7, Wy = XY5 for some
X, Y1,Ys € X(U,V) such that Y1 and Ya do not start with the same
letter U or V. Then Wy < Wy if and only if either Y1 starts with U
and Ys starts with V', or Y1 # (0 and Yo = ().



262 S. KASJAN AND G. PASTUSZAK

Proof. (a) It is enough to show that there is no word W € X(U, V') such
that US = W = VS’ for some strings S, S’. But this is obvious since the
assumption US = V'S” implies that U is a prolongation of V or vice versa,
a contradiction.

(b) Assume that Wy, Wy € X(U, V), Wy < Wy and there are X,Y7,Ys €
Y(U,V) such that Wi = XY, W5 = XY5 and Y7, Y, do not start with the
same letter.

Obviously Y7 # 0, since Y1 = () implies Wy > Wa, because either Yo = ()
or Yy starts with a direct arrow (as an element of X' (U, V')). Therefore either
(Y1 # 0 and Yo = 0) or (Y1 # 0 and Ys # 0).

Assume that Y7 # () and Y5 # (), and Y7 starts with V, while Y5 starts
with U. Since U is not a prolongation of V or vice versa, we may assume
that U = Sty...t, and V = Sry...ry, for some string S of non-zero length
and arrows (direct or inverse) t;,r; such that ¢t; # r;. Now observe that
U < V implies that t; is a direct arrow and r; is an inverse arrow. Thus
W1 > Ws, because W starts with the string X Srq and Ws starts with X Sty
a contradiction. This proves that Y7 starts with U and Y5 starts with V.

Finally, either Y7 # () and Y5 = (), or Y] starts with U and Y5 starts
with V. The converse implication follows easily by the definition of <. m

If We X(U,V), we denote by I(W) € {U,V} the initial letter of W. If
W is an empty word, we set (W) = 0.

Observe that these definitions are correct, because Lemma 5.1(a) shows
that any element W = UPLV@ .. UPrV I of X (U,V) determines the se-
quence pi, qi, - - ., Pn, ¢n uniquely. Then we denote (W) = >"" , (pi + ;).

In Lemma 5.2 and Theorem 5.3 below we assume that U and V are two
different bands such that U < V and U is not a prolongation of V or vice
versa. Thus the premises of Lemma 5.1 hold true.

LEMMA 5.2. Assume that Wy, Wy € X(U,V) and Wy < Wy. If there
exists a word Wy such that W1 > WoWs, then Wi = WoY for some non-
empty word Y € X(U,V).

Proof. We may assume that W7 = XY; and Wy = XY5 for some X, Y7, Yo
€ X(U,V) such that I(Yy) # I(Y2). Obviously Y1 # 0 or Yo # () since
Wy # Ws. Moreover, Y1 = 0 or Yo = (). Indeed, otherwise I(Y;) = U
and I(Y2) = V by Lemma 5.1(b). But then W7 < WeWj3 for any word
W5 € X(U,V), a contradiction. Therefore

(Y1 #0or Yo #0) and (Y1 =0 or Yo = 0).

Assume that Y3 = (. This yields Y2 # () and thus I(Y3) € {U,V}, so Wy =
XYy < X = W1y, a contradiction.

Hence Y7 # () and Y3 = (), which finishes the proof of the lemma (just
put Y =Y]). =
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We now present a more general version of a result of Schréer (see |23
Proposition 6.2]).

THEOREM 5.3. Assume that U and V are two different bands such that
U <V and U is not a prolongation of V' or vice versa. Let S,T € X(U,V).
Then the set

LEU V) ={SXTU; X € X(U,V)}
is a dense chain without end points.

Proof. First observe that £L(U, V) has no end points. Indeed, Lemma
5.1(b) yields

SXTUTU < SXTU < SXVUD+17y,

because U < V, and thus E:‘g(U, V') has neither the smallest nor the greatest
element.

To prove that [ZE(U, V) is dense, assume that SX17TU < SX,TU for
some words X1, X5. We consider two cases:

(1) If SXhTU < SXoTUTU, then obviously
SX1TU < SX;TUTU < SXTU.

(2) Assume that SX;TU > SXoTUTU. Since SX,1TU < SXoTU, Lem-
ma 5.2 yields SX1TU = SX,TUY for some Y # (). Since the string
Y ends with U, it may be written in the form Y = V*UZ with
[(Z) > 0 and n > 0. Observe that

SX,TUY = SXoTUVUZ < SXo,TUVHTU,
since U < V. Moreover,
SXo,TUVITU < SXo,TU
and finally
SX\TU = SXo,TUY = SXoTUVUZ < SXoTUVHTU
< SX,TU.

Therefore, in both cases there exists a string X € LL(U,V) such that
SX,1TU < X < SXoTU. This proves the density of LL(U,V). m

Note that if we set S =T = ) in Theorem 5.3, then the set
LU, V)= LYU,V)={XU; X € I(U,V)}

is a dense chain without end points. This is exactly what Schréer shows in
the proof of Proposition 6.2 in [23].
We denote by Q the poset of rational numbers.



264 S. KASJAN AND G. PASTUSZAK

DEFINITION 5.4. A pair (U,V) of two different bands over the string
algebra A starting with the same direct arrow and ending with the same
inverse arrow is Q-generating provided U < V and U is not a prolongation
of V or vice versa.

Thus, if (U, V) is a Q-generating pair of bands over the string algebra A,
then Theorem 5.3 implies that the set EE(U , V) is isomorphic to the poset Q
of rational numbers for any strings S,7 € X (U, V).

Our next aim is to prove that given two Q-generating pairs (U, V) and
(UL, v and S,T € X(U,V), 8", 7' € X(U~', V=) we can produce an
independent pair of dense chains of pointed modules.

Assume that S = s1...s, is a string over the string algebra A = kA/I,
M (S) is the associated string module and 2y € M(S) is the first element
of the canonical k-basis of M(S). We call the pointed A-module (M (S), z5)
the canonical pointed string module associated with S.

We remark that, although M (S) = M (S~1), usually the pointed modules
(M(S),27) and (M(S™1), zfil) are not isomorphic.

LEMMA 5.5 ([19, 3.1]). Assume that a € Ay, S,T € S(a) and S < T.
Then there is a pointed A-homomorphism fr,g) : (M(T),2{) — (M(S), 27)

of the canonical pointed string modules (M(T),z1) and (M(S), 27). =

Assume that T, S are strings over A such that T =1¢1...t,, S =51...8m
and T'S is also a string. We denote by z(7-%) the element z;{fl of the canonical

basis (21%,...,2}%, ..., 2% 1) of M(TS).

LEMMA 5.6 (|19 3.2]). Assume that T', S are strings over A such that
T1S is also a string. Then the pointed module (M(T1S),zT"5) is the
pointed pushout of the pointed modules (M(S), 2y) and (M(T),2T). u

We refer to |23, Section 2| for a combinatorial description of pointed
homomorphisms between string modules.

THEOREM 5.7. Assume that (U, V) and (U1, V1) are Q-generating
over the string algebra A, and let S, T € X(U,V), 8", T7" ¢ S(U~L, V7).
Then

(M(X), Z%)Xeﬁg(U,Vy (M(Y), Z%/)yeggl’((]ﬂyfl))
18 an independent pair of dense chains of pointed modules in A-mod.

Proof. We prove that (M(X), Zf()Xeﬁg(U,V)v (M(Y), Z%/)Yecg,'(U—l,V—l)
are dense chains of pointed A-modules.

By Theorem 5.3, the sets L% (U, V), £LE (U~', V1) are dense chains with-
out end points.

The modules M (X) and M (Y) are indecomposable for any X € LL(U, V),
Y e Eg:(U‘l, V~1), since they are string modules over A (see [3]).
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The existence of pointed homomorphisms in (M (X), 2%) y¢ LIV and
(M(Y), Z%/)Yecg,’(Ufl,vf

The pointed modules (M (X1), 2X1) and (M (X3), 2X2) are not isomorphic
for any X1,Xs € ££(U, V) such that X; # Xo. Indeed, X; # X{l since
X5 ! starts with a different direct arrow than X1; X1 # X5 by assumption.
It follows that M (X;) and M (X3) are not isomorphic (see [3]), and thus
(M(X1),21) and (M(X3), z2) are not either.

Similar arguments show that (M(Y3),2)') and (M(Yz), z)?) are not iso-
morphic for any Yi,Ys € E(U‘l7 V‘l) such that Y7 # Y5.

Consequently, (M(X),zf()XGEE(Uy) and (M(Y)’Z%/)Yeﬁg,’(Ufl,vfl) are

1 follows from Lemma 5.5.

dense chains of pointed modules in A-mod. Now we prove that these chains
are independent.

First we show that there is no pointed homomorphism from (M (X), z;*)
to (M(Y),2)) for any X € LL(U,V), Y € £L (U, V). Indeed, assume,
to the contrary, that there is a pointed A-homomorphism f : (M (X), 2¥) —
(M(Y),2)). Observe that X and Y start with different direct arrows a and b.
This yields

af(z') = flazg ) = f(z1') = 2 = bz .
Assume that

f(Z;) = )\12}/ + )\QZQY + -+ )\n+1z2;+1,
where \; € k and 2{,..., 2, is the canonical basis of M(Y'). Thus

2l =af(z3') = Maz] + Aeazy + -+ Apy1az) 4.

Observe that a is a direct arrow and Y starts with b # a, hence az{ = 0,
azd = 0. Moreover, az¥ € {0,2) ;} for i > 3. It follows that 2} is a linear
combination of 2 ,...,zY, |, a contradiction with the fact that 2} ,..., 2} 4
are linearly independent. Hence there is no pointed homomorphism from
(M(X),2%) to (M(Y),2)).

Similar arguments show that there is no pointed homomorphism from
(M(Y),2Y) to (M(X), ).

The pointed pushout of (M (X),2X) and (M(Y),2)) is indecomposable
since it is isomorphic to (M (X 1Y), 2X7"Y)) by Lemma 5.6.

The pointed pushouts (M(Xl_lY),z(Xfl’Y)) and (M(X;lY),z(Xgl’Y))
are not isomorphic for any X, Xy € LL(U, V) such that X; # Xs. Indeed,
XY £ X5 since Xy #£ Xo; X;'Y # (X5, 'Y)7! = Y1Xy, because
X ! starts with a different direct arrow than Y 1.

Similar arguments show that the pointed pushouts (M (X ~1Y7), 2
and (M (X 1Y), 2X7"Y2)) are not isomorphic for any Y7, Y5 € ctw-t,v-h
such that Y7 # Y5.

X_l,Yl))
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Consequently, (M(X)’Zf()Xeﬁg(U,V) and (M(Y),zf)YeLg(U_ly_l) are

independent dense chains of pointed A-modules, and the proof is complete. »

Recall from Section 4 that we have defined the automorphism p : A —
Ay of the k-category A;. Now we interpret p in terms of the set S(Ay) of
strings over Aj.

Let p: S(A1) — S(A1) be defined by p(a) = p(a) and p(a~t) = p(a)~* for
any direct arrow a € Q1. It is easy to see that the sequence p(aq)...p(ay)
is a well-defined string over A; provided ai...a, is a string, and we set
plar...an) =p(a1)...p(ay) for any a; ...a, € S(Ay).

Observe that pop = 154y, o, = P|@, and s(p(a)) = s(a),t(p(a)) = t(a)
for any direct or inverse arrow a.

PROPOSITION 5.8. If S € S(A1), then pe(M(S)) = M(p(S5)).

Proof. Assume that S = s;1...s, and let {21,..., 2,41} be the canonical
k-basis of the string module M (S), and {z71,...,Z,51} the canonical k-basis
of M(p(S5)).

We have the following formulae:
Zi—1 if j > 2 and a =p(sj_1),
(M(P(9))(a)(Z) = Z41 if j <nand a™" = 7p(sy),
0 otherwise
and
zj—1 if j > 2 and p(a) = s;_1,
(peM(S)(@)(z7) = (M()(p(@))(z) = { 231 if j < nand p(a) ™ = s,
0 otherwise,

for any direct arrow a and j € {1,...,n+1}.
Moreover, it is easy to see that

and

(M(p(5))(e2))(zj) = 0 if and only if (M (S)(p(ez)))(z5) =0
for any vertex z € Qo and 5 € {1,...,n+ 1}
This shows that z; — Z; induces an isomorphism pe(M (S)) = M (p(S)). =
As a corollary we get the following combinatorial lemma.

LEMMA 5.9. Assume that (U, V) is a Q-generating pair of bands over Ay
such that the pair (U=, V=) is also Q-generating. Moreover, assume that
p(U)=U""1 and p(V) = V~L. Then:

(a) pe(M(S1)) 2 M(S2) for any Si,S2 € E¥(1U7 V).

(b) pe(M(Ty)) 2 M(Ts) for any T1,Ts € Eg:l(U_l, Vh.
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(c) pe(M(Ty'S1)) 22 M(T5 ' Sy) for any S1,52 € LY(U,V) and Ty, T €
LU (Ut v,

Proof. (a) Assume that S; = VX3VU and S; = VXoVU for some
X1,Xy € XY(U,V). Thanks to Proposition 5.8 it is enough to show that
So # p(S1) and Sy # ﬁ(Sl)*l.

Obviously

p(S1) = p(VX1VU) = p(V)p(X1)p(VU) = V(X)) VU™
and
A(S1)! = (VI(X)VIU) L = UVR(X) V.
Therefore Ss # p(S1) since V, as a band, starts with a different arrow than
V1. Moreover, So # p(S1)~! by Lemma 5.1(a), since Sz, p(S1)~! € (U, V)
and Sy starts with V', while p(S1)~! starts with U.

(b) Assume that Ty = V-1Y;U 2 and Tp = V" 1YoU 2 for some Y1, Y5 €
X(UY, V1), It is enough to show that Ty # p(T1) and Ty # p(T1) L.

First, pop = 15(4,) yields p(W=1) =W for any W € {U, V}. Therefore

p(Th) = (VU 2) = (V- Hp(M)p(U?) = Vp(\1)U?
and
p(T) ™ = (Ve()U*) ™t =U?p(v1) "'V
Thus the assertion follows from the fact that V starts with a different arrow
than V1, and from Lemma 5.1(a) (since Ty, p(T1)~t € Z(U-L, V1)),

(¢) Assume that S; = VX VU, Sy = VXoVU for some X1, Xy € X(U,V)
and Ty = V-IY,U 2Ty = V-1YoU 2 for some Y1,Ys € Z(U~1, V1), We
have to show that T, 'Sy # B(T; ' S1) and Ty 'Sy # p(T, 1 S1)~ .

Obviously

Ty 18 = (VT2 U )" WXL VU = U?Y, W2 X,V U,
p(T7181) = p(U%Y, 'VEXWVU) = U 2p(Yy )V (X)) VU,
(P(T7 ' S) ™ = UVp(X1) V(Y )P,
so the assertion follows from the fact that U starts with a different arrow
than U~!, and from Lemma 5.1(a) (since Ty, ' So, p(T7 *S1)~! € Z(U,V)). =

Now we state the main theorem of the section.

THEOREM 5.10. Assume that

(U, V)= (yaB~ 167 467 or (U, V)= (Ba"'Ba™",Ba v 68a).
Then (U, V) and (UL, V=1 are Q-generating pairs of bands over Ay. More-

over, the pair

(M(X), Zf()xa:g(U,V)a (M(Y), Z%/)Yecgj(U*l,V*l))
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1s an independent pair of dense chains of pointed modules in Ay-mod such
that:

(a) pe(M(S1)) 2 M(Ss) for any S1, 52 € Ly, v(U, V)
(b) pe(M(T1)) 2 M(T3) for any Ty, Ty € LY (UL vy,
(€) pe (M( 1Sl)) M(Ty1Ss) for any S1, So € LY,(U,V) and Ty, Ty €
LY (UL v,

Proof. We check directly that (U, V) and (U=, V1) are Q-generating
pairs of bands over A;. It is easy to show by direct calculations that p(U) =

U~' and p(V) = V~!. Therefore the assertion is an immediate consequence
of Theorem 5.7 and Lemma 5.9. =

We remark that there are many other examples of Q-generating pairs of
bands (U, V) over A; such that the pair (U~!, V1) is also Q-generating.

6. Independent pairs of dense chains in Asz-mod. The aim of this
section is to prove the existence of an independent pair of dense chains of
pointed modules in As-mod. This will be a consequence of the main results
of Sections 4 and 5.

DEFINITION 6.1. An independent pair ((My,mg)qer,, (Nt n)ter,) of
dense chains of pointed modules in As-mod is non-symmetric provided the
following conditions are satisfied:

(a) oe(Mq,) % Mg, for any q1,q2 € L1,

(b) a.(Ntl) % Nt2 for any ty,ty € Lo,

(c) oe(Pyit,) 2 Pyot, for any q1,q2 € Ly, t1,ta € L, where we set

(Pqtapqt) = (MQ)mq) * (Nt’ nt)
for any q € Ly, t € Lo.

LEMMA 6.2. If char(k) # 2, then there is a non-symmetric independent
pair of dense chains of pointed modules in Ay-mod.

Proof. Recall from Proposition 4.1 that the following diagram of k-cate-
gory isomorphisms is commutative:

Aj-mod —=> As-mod

Aj-mod —*> Ay-mod

It is clear that te (M) = M as k-vector spaces for any A;-module M, and
thus (te(M ), m) is a well-defined pointed module in Ag-mod for any pointed
module (M, m) in A;-mod. Moreover, te(f)= f for any A;-homomorphism f,
and thus te(f) : (te(M),m) — (1e(N),n) is a well-defined pointed As-
homomorphism for any pointed A;-homomorphism f : (M, m) — (N, n).
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Assume that (U, V) is one of the Q-generating pairs of bands from The-
orem 5.10, that is,

(U, V)=(af™'d7 v Y) or (U, V)= (Ba"'Ba”!, fa™ v 100 t),
We set Ly := LY.(U,V), Ly := LY, (U1, V") and
(Mg, mq) == (te(M(q)),2{) and (Np,n) := (ta(M(1)), 21),

for any g € Ly, t € La. Then ((My, mg)ger,, (Nt;nt)ter,) is an independent
pair of dense chains of pointed As-modules by Theorems 5.3 and 5.7. This
pair is non-symmetric by Theorem 5.10 and Lemma 5.6. =

Now we prove the existence of an independent pair of dense chains of
pointed modules in Az-mod.

THEOREM 6.3. Assume that char(k)#2 and (Mg, mq)ger, (Nt, nt)tcL,)
is a non-symmetric pair of dense chains of pointed modules in As-mod. Then

((F’(Mq)7 ”’"qu)qELl» (F.(Nt)v ﬁ‘/t)tELz)
is an independent pair of dense chains of pointed modules in Az-mod.

Proof. First we prove that (Fe(My), mg)qer, and (Fo(Ny),nt)icr, are
dense chains of pointed modules in Ag-mod.

The modules Fo(M,) and F,(N;) are indecomposable for any ¢ € Ly,
t € Ly by Corollary 4.3(a), since M, and N; are indecomposable and M, 2
0e(My), Ny 2 04(INy) for any q € Ly, t € Lo.

Assume that jiq o : (Mg, mq) — (My,mg) and vy : (Ng, 1) — (Nyynyr)
are pointed homomorphisms for some ¢ < ¢’ € Ly and t < t' € Ly. Then
there exist pointed homomorphisms

Fo(pigq) + (Fo(Mg),mq) — (Fo(My ), my)

and
Fo(vey) « (Fo(Ni),ny) — (Fo(Nyp), ).

The pointed modules (Fo(My),mq) and (Fo(My), my) are not isomor-
phic by Corollary 4.3(b) for any q # ¢ € L. Indeed, Fy(M,) and Fo(My)
are not isomorphic since My, My are indecomposable and M, % oo(My);
thus (Fe(My), mg) and (Fe(My ), my ) are not isomorphic.

Similarly, the pointed modules (Fo(N¢),n:) and (Fo(Ny),ny) are not
isomorphic for any t # t' € Lo.

Consequently, (Fo(My), mq)qer, and (Fo(N¢), 7t )ter, are dense chains of
pointed modules in A3-mod. Now we prove that these chains are independent.

There is no pointed homomorphism from (F,(My),mq) to (Fe(N¢),nz)
and no pointed homomorphism from (Fe(N¢),n:) to (Fe(M,),mg) for any
q € L1, t € Ly by Lemma 4.5, since there is no pointed homomorphism from
(Mg, mgq) to (N¢,ng) and none from (Ny,ng) to (Mg, mg).



270 S. KASJAN AND G. PASTUSZAK

The pointed pushout (Fy(Mg),my) * (Fe(Nt),n¢) is indecomposable for
any ¢ € L1, t € Ly by Lemma 4.4 and Corollary 4.3(a). Indeed, assume
that (Mg, mg) * (Ni,ne) = (Pyt, pgr). Then (Fo(Mg),mg) * (Fo(Ni), 1) =
(Fo(Pyt),pqt) by Lemma 4.4 and Fo(Py) is indecomposable by Corollary
4.3(a), since Py is indecomposable and Py 2 o¢(FPyt).

The pointed pushouts (Fe(My),mq) * (Fe(N¢),n¢) and (Fo(My ), my) *
(Fo(Ny),n3) are not isomorphic for any ¢ # ¢’ € Ly and t € Ly by Lemma
4.4 and Corollary 4.3(b). Indeed, Fo(Pyt) 2 Fo(Py+) since Py, Py, are inde-
composable and Py 2 0¢(Pyt).

Similar arguments show that the pointed pushouts (F,(My),my) *
(Fo(Ny),ny) and (Fo(My), myq) * (Fo(Ny),ny) are not isomorphic for any
q € I andt;ét’ELg.

Thus, (Fe(My),mg)qer, and (Fe(N¢),n¢)tcr, are independent dense
chains of pointed modules in As-mod, and the proof is complete. =

Proof of Theorem 1.1. The assertion (a) is an immediate consequence of
Theorem 6.3, whereas (b) follows by applying (a) and Corollary 3.4. =

7. Final remarks. In this section we collect some consequences of our
results. In particular, we present a technical refinement of Theorem 6.3
(Corollary 7.1), which is important for future applications. Moreover, we
show that there exists an independent pair of dense chains of pointed mod-
ules over the incidence algebra of the Nazarova—Zavadskij poset N'Z enlarged
by a unique maximal element.

We recall from [I5] the concept of a prinjective module.

Given two k-algebras A, B and a B-A-bimodule M, we consider the
algebra

A 0
M B

R =

of matrices [ﬂL g], a€ A, be B, m e M, where multiplication is given by

a 0 a’O_
mb_ m V|

14 0 0 0
eq = and ep = .
0 O 0 1p

aa’' 0
ma' +bm’ by |
Let

Observe that if R is the bound quiver algebra kQ/I, then there are convex
subquivers Q4 and @ p of @ such that

A=kQa/(INkQa) and B = kQp/(INkQp)
and there are no oriented paths from Qp to Q 4.
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Moreover, every vertex of () belongs to exactly one of the subquivers @ 4,
@B, and M can be identified with the linear subspace of kQ/I generated by
the cosets of the paths starting from )4 and terminating in )5, equipped
with the natural bimodule structure.

A left finitely generated R-module X is called M-prinjective (see [15])
provided e X is a projective A-module and egX is an injective B-module.
We remark that this is a left-module version of the concept of a right prin-
jective module introduced in [15] and [24], 17.4].

The algebra A3 can be realized in this manner as follows (we are consis-
tent with the notation of Section 4):

Ay 0
M1 By

Ay 0

> fg =
Mz Bs

I

where
Ay = (€gyy + €ayp + €ayy + €apy) A3(€ayy + €215 + €2y + €295),
B1 = (€44, + €14,) A3(€xs; + €145),
My = (ex4y + €z45)A3(€xy, + €215 + €2y + €245 )5
and
Ag = (€xyy + €zy5) A3(€x1y + €a15),
By = (€ay) 4 €y + €agy + €agy) A3(€agy + €apy + €y + €2gy),
Ma = (€ryy + €apy + Cagy + €a3y) A3(€a1; + €2yy)-
The following corollary is a consequence of Lemma 6.2 and Theorem 6.3.
COROLLARY 7.1.
(a) If char(k) # 2, then there exists an independent pair

((Mqa mq)q€L17 (ﬁta ﬁt)teLz)

of dense chains of pointed modules in Az-mod such that the modules
My, N are Ml—prinjective and mq (respectively, ny) belongs to ep, My
(respectively, ep, Ny) for any q € L1, t € Lo.

(b) If char(k) # 2, then there exists an independent pair

((M(;> fﬁ;)qGL’l ) (Ntlv ﬁ;)tELé)
of dense chains of pointed modules in Az-mod such that the mod-
ules My, N{ are Mg—p@jective and Ty, (respectively, ny) belongi to
(651321 + exzz) 50CRB, (632 Mz;) (respectively, (69621 + e$22) S0CB, (632 Né))
for any g € L, t € L.
Proof. (a) We conclude from the proof of Lemma 6.2 that there is a non-
symmetric pair ((Mg, mq)qer, > (Nt, ne)ter,) of dense chains of pointed mod-
ules in A3-mod associated to the Q-generating pair of bands (ya3~ 161, v671).
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We set

((Mqa ﬁlq)qELU (Nta ﬁt)tELg) = ((FO(Mq)v @)QEL17 (Fo(Nt)a ﬁt)tEL2)'
This is an independent pair of dense chains of pointed modules in A3-mod by
Theorem 6.3. One checks directly that, for any string S € X(U, V), where
U = ~vaB7171 V = 4571, the module (ey, + es,)M(S) is a projective
(exy + €x,) A1 (€4, + €4, )-module. It follows that the (e;, + €x,)A2(ex, + €4, )-
modules (ez, + €g,) My, (€5, + €g,) Ny are prOJectlve Since the algebra Bj is
semisimple, it follows that the modules Mq, N, are M- -prinjective for any
qE< Ll, te L2 - .

The conditions my € ep, M, and ny € ep, Ny for any q € Ly, t € Lo,
follow easily from the facts that m, € ez, M, and n; € ey, N;.

(b) From the proof of Lemma 6.2, there is a non-symmetric pair
(Mg mg)gers s (N{;ny)sery) of dense chains of pointed modules in Ay-mod
associated to the Q-generating pair of bands (Ba~18a~!, fa~ty~158a71).

We set

(M, i) gerss (N7, iiery) = ((Fo(Mg), mi) gery s (Fo(ND)smi)iery).
This is an independent pair of dense chains of pointed modules in A3-mod by
Theorem 6.3. As in the previous case, the modules M, é Nt are Mo-prinjective
for any g € L}, t € Ly, since the modules (g, + ez5) My, (€, + €z5) N{ are
injective over the algebra (ey, + €44)A2(eq, + €z4) and Ay is semisimple.

The conditions

ﬁl/q S (64621 + 69622) S0CB, (eBzM(;) and ﬁé € (ewm + e$22) S0CB, (eBQsz/)?

€ ey, M,

for any ¢ € L}, t € L} follow easily from the facts that m/ i

ny € ey, Ny and ymy = omy =0, yn; = ony = 0. = !

The specific independent pairs of dense chains of pointed modules from
Corollary 7.1 play a role in applications of our results to pg-critical algebras
(see [14]), which will be presented in a subsequent paper.

Now we apply Corollary 7.1(a) to show that there exists an indepen-
dent pair of dense chains of pointed modules over the incidence algebra of
the Nazarova-Zavadskij poset, denoted by N Z in [24] 15.31], enlarged by a
unique maximal element.

More precisely, let I' := k(N Z)* be the bound quiver algebra kQ/I,
where
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and I = (nsm — nen2, NsM3 — Nena). Actually, I" is just the algebra opposite
to the usual incidence algebra of the poset (N Z)* considered in the context
of right modules. But our approach coincides with the traditional (right-
module) one on the level of quiver representations.

Assume that G : Az-mod — I'-mod is the functor defined on objects of
As-mod as follows:

Vi Vig Vi Vig
o
Var Voo, V= Vo1 Vao Va1 Vaa
Joeh T e b
Va1 V3o V31 @ V3o

where

id 0
w1 = o s wg = e ) w3 = e ) Wyq = |, .
() Vs, 0 idys,

The functor is defined on homomorphisms in A3-mod in a natural way.

It is easy to see that G : Az-mod — I'-mod is full, faithful and exact.

Assume that (M, m) is a pointed As-module such that m € ep, M =
€xs1 M @ eg4, M. Then there is a Az-homomorphism

X(M,m) © P(z31) © P(ws2) — M

such that )A{(M,m)(eml + €g4,) = m, where P(x31) = Aseg,, and P(x32) =
Ases,, are indecomposable projectives associated to x3; and 32, respec-
tively.

Observe that

G(P(fbgl)) = F65, G(P(Cﬂgg)) = F66,
hence there is an epimorphism of I'-modules
v:l — G(P(xgl)) @ G(P(xgg))
We set
G(M,m) := (G(M),m), where m = (G(Xm))v)(lr)

for any pointed Az-module (M, m) such that m € e, M = ez, M & ey, M.

Assume that (M, m), (N,n) are pointed Az-modules such that m &
epy M = ez M B ez, M, n € e N = €35, N @ ey, N and f : (M, m) —
(N, n) is a pointed Az-homomorphism. Then

IX(am) = X(vny and thus - G(f)(G(X(ar,m))v) = G(X(vn))0-

This implies that G(f) is a pointed I'-homomorphism G(M, m) — G(N,n).
Observe that since G is full and faithful, any pointed homomorphism from
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G(M,n) to G(N,n) is of the form G(f) for some pointed homomorphism
[ (M,;m) — (N,n). _
In what follows, we write g, 7y instead of mg, n;.

COROLLARY 7.2. Assume char(k) # 2 and ((Mq,ﬁlq)qeLl, (Ny, it )eery)
1s an independent pair of dense chains of pointed modules in Az-mod satis-
fying the conditions of Corollary 7.1(a). Then

(G(My), Tg)ger,, (G(Ny), Tit)terL,)

1s an independent pair of dense chains of pointed modules in I'-mod. If, in
addition, k is countable, then there exists a super-decomposable pure-injective
I'-module.

Proof. First observe that the pointed modules (G (Mq),an) and
(G(Nt),ﬁt) are well-defined for any ¢ € Ly, t € Lo, since my € 631Mq
and 7, € ep, Ny by Corollary 7.1(a).

We prove that (G(Mq),ﬁq)qeLl and (G(N;),77)ser, are dense chains of
pointed I'-modules.

The modules G(Mq), G(th) are indecomposable for any ¢ € L1, t € Lo,
since G : As-mod — I'-mod preserves indecomposability.

The pointed modules (G(Mq1 ), g, ) and (G(Ny,),7g,) are not isomorphic
for any q1, g2 € L1 such that g; # ¢, since (Mqlrﬁql) and (MqQ,ﬁLqQ) are not
isomorphic and G is full and faithful.

Similarly, the pointed modules (G(Ny,),7,) and (G(Ny,),7z,) are not
isomorphic for any t1,te € Lo such that t; # to.

Consequently, (G(Mq),ﬁq)qeLl and (G(N;),7it)er, are dense chains of
pointed modules in I'-mod. Now we prove that these chains are independent.

First, there is no pointed homomorphism from (G(Mq), mg) to (G(Ny),77)
since there is none from (]\7,1, myg) to (]\~ft, n) for any g € L1, t € Lo. Similarly,
there is no pointed homomorphism (G(N,), ;) — (G(Mq),ﬁq) for any ¢ €
Li,t € Lo.

We observe that the pointed pushout

(Pyys Ply) = (G(My), 1) % (G(N), me)

qt>

of (G(Mq)mTq) and (G(Ny),7) is isomorphic to G(Pyt,pqt), where (Py, pgt)
is the pointed pushout of (Mq,mq) and (Ny, 7). Indeed, since G is exact it
preserves pushouts by [16, Proposition 2.1].

It follows that the pair of dense chains (G(Mq),m)qeLl, (G(Ny), Ti0)seL,

satisfies the condition (c) of Definition 3.2, since the pair (Mq,nﬁq)qeh,
(N¢, nt)eer, does.

The remaining assertion follows now by applying Corollary 3.4. u
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REMARK 7.3. (a) It is easy to see that the poset N'Z in Corollary 7.2

can be replaced by any finite poset I containing N Z as a full subposet. Thus,
in view of [24, Theorem 15.89] and [I7, Theorem 13.7|, super-decomposable
pure-injective modules do exist over the incidence algebra of I* for any poset
I which is wild or of non-polynomial growth in the sense of [24], 15.10], where
I* denotes the enlargement of I by a unique maximal element, provided &
is a countable field of characteristic different than 2.

(b) The assumption that k is countable in Theorem 1.1(b) seems to be

essential, at least for a proof based on Ziegler’s result. The assumption on
the characteristic can perhaps be omitted.
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