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A LAW OF THE ITERATED LOGARITHM FOR
GENERAL LACUNARY SERIES

BY

CHARLES N. MOORE and XIAOJING ZHANG (Manhattan, KS)

Abstract. We prove a law of the iterated logarithm for sums of the form
Zszl ai f(ngx) where the ny satisfy a Hadamard gap condition. Here we assume that
f is a Dini continuous function on R™ which has the property that for every cube @ of
sidelength 1 with corners in the lattice Z™, f vanishes on 9@ and has mean value zero

on Q.

1. Introduction. It has long been appreciated that the partial sums
of lacunary series exhibit many of the properties of sums of independent
random variables. This is evidenced by many results in analysis which give
central limit theorem type behavior or laws of the iterated logarithm (LILs)
for lacunary series. In this paper we will show an analysis LIL. We recall
the classical LIL of Kolmogorov [K]:

THEOREM 1.1. Let Sy, =Y ;- X where {Xy} is a sequence of real-
valued independent random variables. Let s,, be the variance of Sy,. Suppose
Sm — 00 and
Kms?,

X2 <
[Xom| loglog(e€ + s2))

for some sequence of constants K, — 0. Then, almost surely,
Sm

lim sup =1
m—oo /252 loglog s,

This was first proved for Bernoulli random variables by Khintchine. In
[SZ2] Salem and Zygmund considered the case when the X}, are replaced by
functions ay cosngx on [—m, 7| and gave an upper bound (< 1) result; this
was extended to the full upper and lower bound by Erdés and Gal [EG].

Takahashi [T1] extends the result of Salem and Zygmund: Consider a
real measurable function f satisfying f(z + 1) = f(x), Séf(x) dx = 0, and
suppose ny is a lacunary sequence of integers, that is, there is a number ¢
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such that
(1.1) Okl S g>1
ng
for every k =1,2,.... Suppose that f € Lipa, 0 < a < 1. Then

N
(1.2) lim sup 2y J () <C ae.

Nooco VINloglog N —

Several authors: Dhompongsa [D], Takahashi [T2], and Péter [P], have con-
sidered versions of this with a gap condition weaker than . Closely
related is the central limit theorem for trigonometric series due to Salem
and Zygmund [SZ1] and central limit theorems for more general lacunary
sequences of Gaposhkin |G] and Aistleitner and Berkes [AB]. In this pa-
per we will generalize the LIL of Takahashi . We will retain the gap
condition but broaden the class of functions f.

We need to introduce some notation and terminology. Throughout, a

cube @@ C R™ will be called dyadic if it has the form

Q = [k12', (k1 + 1)2Y) x -+ x [kn2', (ky +1)2Y)
for some [, k1, ..., ky € Z; for such a cube @ we say that Q has sidelength 2"
and denote this as £(Q) = 2. We will use the notation |Q| for the Lebesgue
measure of ).

For m € Z we let F,, denote the set of all dyadic cubes in R™ of side-
length 27, and F will denote the set of all dyadic cubes in R™ of side-
length < 1. By a slight abuse of notation, we will also use F,, to denote
the o-field generated by the set of all dyadic cubes in R™ of sidelength 27,
(The usage will be clear from the context.) For x € R"™ we also define

Fr={Q+z: Qe F}land Ff, ={Q+x:Q € Fn}.
DEFINITION 1.2. If f is a function on R" we define the modulus of con-
tinuity w of f as w(f,0) =sup{|f(zx) — f(y)| : |x —y| < I}. When f is clear

from context, we will write w(f,d) = w(d). We say that f is Dini continuous
if

1
(1.3) | w?) ds < oc.
0

It is easy to see if the integral in (L.3) is finite, then {j(w(8)/8) dd is finite
for any ¢ > 0. In this paper we will show:

THEOREM 1.3. Suppose f is a Dini continuous function on R™ with
the property that f(x) = 0 whenever any coordinate of x is an integer,
and SQf(a:) dx = 0 whenever Q € Fo. Let (ny) be a sequence of positive
numbers satisfying the lacunarity condition nygy1/ng > q > 1 and (cx) be
a sequence in R™. Then there exists a constant C, depending only on n, q,
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and the quantity Sé(w(é)/&) do, such that for any sequence (ay) of numbers
with Am = /Y _pey |ax|?> — 00 as m — oo, we have
lim sup | Lk @ f (e + )| <C a.e.
m—oo /A2 loglog A2,

Notice that we do not assume the n, are integers, nor do we assume
any periodicity of f. We do not know the best possible value of C' in this
inequality:.

COROLLARY 1.4. Suppose f(x) is a Dini continuous function on R satis-
fying f(x+1) = f(z) and Sé f(z)dx = 0. Then with ny, ax, and ¢y, as in the
theorem,

| 2rmyanf (e + )l

lim sup < a.e.
m—oo VA2 loglog A2,
Proof. The conditions on f imply that there exists a ¢ € [0,1] with
f(c) = 0. Then f(c+m) = 0 for every integer m. Consider g(z) = f(x +¢);

this satisfies the hypotheses of the theorem. =

The proof of the theorem will use a reduction to dyadic martingales.
This is not the first time such a theorem has been proved using martingale
techniques (e.g. see Péter [P]), but the approach here is very different. In
Section 2 we will collect some definitions and lemmas which will be used to
prove the theorem in Section 3.

2. Some lemmas

LEMMA 2.1. Let ng < no < --- be an infinite sequence of positive num-
bers satisfying the lacunarity condition ngi1/ng > q > 1, k= 1,2,.... If
0<a<p then

2.1) Y i< log(fg/a)

asnp<fp logg

Proof. Let ko be defined by the inequality ng, < o < ngy+1 (put ng = 0)
and i > 0 be defined by the inequality ng,+; < 8 < ngy4i+1. If ¢ = 0 then
is true. If ¢ > 1 then we have 8 > ng,4; > ¢* lnkOH > ¢" . Hence
ﬂq / a > ¢' and follows immediately. =

LEMMA 2.2. Suppose k > 1 and 28~ < ny, < 2%. For any cube J C R"
with £(J) = 1/ny, there exists a unique dyadic cube Q of sidelength 1/2k
which contains the center of J. Consequently, J C @ where @) is concentric

with Q and £(Q) = 3((Q).

Proof. Because the dyadic cubes of sidelength 1/2% are disjoint and
cover R™, there is a unique cube Q with £(Q) = 1/2* containing the center
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of J. Let c; and cg denote the centers of J and @ respectively. Then if
x € J,
Vn vno o 3yn

= 2.92k- 1+2-2k_2.2k’

|t —cql < |z —cy|+|es—cg| <

and hence J C Q. =

The following is from Chang, Wilson and Wolff [CWW]|, where we refer
the reader for the proof.

LEMMA 2.3. There is a positive integer N, x1,...,xn € R™ and disjoint
subsets B of F such that

{QE]—"E } UBJ

and

e if Q€ B, then Q C Q' for a unique Q' € F* with £(Q") = 84(Q);
e if Q1,Q2 € BY and Q1 # Qa, then Q) # Q5.

LEMMA 2.4. Let J be a cube in R™ and let xj(x) denote the indicator
function of J. Suppose f is a function which vanishes on 0J. Then

sup |f(x)xs(2) = Fy)xs () < sup |f(z) = fy)]-

|lz—y|<d |lz—y| <68
Consequently, w(xsf,0) < w(f,9) and xsf is Dini continuous if f is.

Proof. Suppose x,y € R" with |z —y| < 0. If v € J and y & J, or if
both z,y € J, then we easily obtain |f(x)xs(x) — f(y)xs(y)| < w(f,0). If
x € J but y ¢ J, then choose z = tx+ (1 —t)y, t € [0,1], with z € 9J. Then
f(2) =0 whenever |z —z| < §, and so

[f@)xs(@) = Fly)xa )| = [f(z) =0 = [f(z) = f(2)| Sw(f,0). =

LEMMA 2.5. If f is Dini continuous then for any ¢ > 0,

Zw (27 < S <5) dod.
)
0
Proof. Indeed,
C o0 C/Ql o0 0/2 1 1

w(d) w(d) . w(c/2"

S S d5:2 S S >Z S Tt 72 (27

0 1=0 ¢/2i+1 =0 ¢/21+1

LEMMA 2.6. Let Q be a dyadic cube in R™ and let Q(1), | = 1,...,2",
be the dyadic subcubes of Q) obtained by bisecting the edges of Q). Suppose f
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is Dini continuous on () with modulus of continuity w. Then for each I,

1 1
QM) Q§l Fy)dy = @(if(y) dy| < w(vnl(Q)).

Proof. Without loss of generality take [ = 1. Then
1
| Fly)dy -
o7 )
QW

,
~|iem Q§1)f =3 ey S0 o

1
@,éf(y) dy‘

m? ] Z S ydy— | fy) dy\ <w(vnl(Q)). =
k=1Q(1 Q(k)

DEFINITION 2.7. Suppose Q € Fo- A dyadic martingale on @Q is a se-
quence {gm}ro_o of integrable functions on @ such that each g, is Fp,
measurable and g, = E(gm+1|Fm) for every m. Here E(gpm+1|Fm) de-
notes the conditional expectation: E(gm+1|Fm)(z) = (1/]Q)) SQ Gm+1 dy if
r€QE€ F, For k>1,set d, = g — gr—1, and we also define the square
function S f, = (X he, B(d?|Fr_1))Y/2.

LEMMA 2.8 (Upper half LIL for dyadic martingales). If f,, is a dyadic
martingale on Q) then

. | fm|
S G logoa (S )

almost surely on the set where S(fy,) — oo.

Lemma 2.8 is a special case of a much more general martingale LIL due
to Stout [S]. We only need this version, which is much simpler to show. (See
[CWW], Corollary 3.2], for a proof.)

3. The proof of the theorem. According to Lemma 2.1, we can as-
sume that for each k > 1, there exists exactly one n; with k=1 < ny <
2%, We may also assume that a; = az = 0. For m > 1, let fn,(z) :=
S ar f (g + cx).

For k =1,2,..., define G as the set of cubes in R™ of the form

—cp1 + 1 —Ck1+ll+1> ‘o x |:_Ckn+ln —Cim-i-ln-i-l)

ng N ng N

where ¢, = (g1, ..., Ckn), and l1, ..., 1, are in Z. Then f(nyz + c) vanishes
on dJ for each J € G. Note that R" is covered by a disjoint union of cubes
in Gp.
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For a cube Q € Fy, of sidelength £(Q) = 1/2*, define

3.1
i\Q(i) _ { arf(ngx + cx)xs(x) if @ contains the center of a cube J € Gy,
0 otherwise.
Note that each Q € F}. contains the center of at most one J € G, and that
some cubes () € F; may not contain the center of any cube in G, in which
case A\g = 0. By Lemma 2.2, supp A\g C Q. Apply Lemma 2.3 to decompose
F into the disjoint families B7.
For 1 < j7 < N, and for each Q) € F%, let

f(j) () = { Ao, (z) if Q = Q) for some Qy € B,
@ 0 otherwise.
Then for all Q € F%7,

(3.2) supp fg) cQ

and

(3.3) S fg) (x)dx = 0.
Q

We then define
B4  AD@w= > xN@= Y ),

QeBJ QeF®i
2-m-2<y(Q)<2? 2-mHL<Y(Q)<1

so that with this notation

N
(3.5) fn(z) =AY () Z Yo Ao
j=1

QeBi
2-m2(Q)<273

Define dyadic martingales gU {gm o_g by g( 7 = (A%)LFfrf ), m>1,
and g(j) = 0. To see that ¢¥) is a martingale, note that

E(g | Fal) = BAD G| Fal) = BADIFD + > B 17
QEF™I 4(Q)=2"™
and the terms in the sum vanish due to and . This is a small
abuse of terminology, because the g{/) are deﬁned on all of R™, which is not
a probability space. However, the restriction of ¢U) to each cube Q € F%i
of sidelength 1 is a martingale on the probability space @}, and R™ can be
exhausted by a countable number of such cubes.
For € R", let us denote by Qi (z) the unique dyadic cube of side-
length 27" in F*i containing x. Then, using , the definition of the ¢¥),
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and E, we have

N . .
[ fin(@) Zg SIEDS @) — EGY 17 @)

N . .
<> Y g ) W@ wla

27 <)<

If Q) =27%, k S m—1, and y € Qni (), then by the definition of fg)7
and that of A\g in , and by Lemma 2.4,

@) = 1§ )] < lansslwlngsv/n Qi (2)))-

Thus,
N ' N m-—1
@) =D gD @) <303 lansslolmess v 6@ (@)
j=1 j=1 k=0
N m+2 m—+2 k 3
<33 fanko Vi ) N2|ak|w< )
j=1 k=3
m—+2 m+2 k—3 1/2
(3 ) (B () )
k=3 k=3
= CApyo,

where for the last inequality we have used Lemma 2.5.
We now estimate the square functions of the martingales g,(j ) For 1 <
j < N, let d ]g gk 1\ k=1,2,.... Then, using Lemma 2.6,

149 (2)] = |BEAP|F7) (x) - B(AY |FE ) (@)
= B FD) (@) — BAP|F7 ()]

1 » 1 -
“lipan ) w0 g ) Kol
BT QE (@) R0 Q0 (@)
1 () 1 ()
< Z '|sz(x)\ S fo (y)dy—m S fo' () dy
QEF"I B QN () R 00 (@)

2 M@

k—1 k+2
< aslw(nesvn l(Qy (z))) < Z|al|w< )
=0
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«(Ene () Eeon%)”

=3

k+2 9l-31\ \ 1/2
< M(Z |ar*w <8\/ﬁ 2k>> .

=3

Then
‘ m ) m k42 21_3
(So ) = S B PF) < 73S (v )
k=1 k=11=3
m+2 m ol—3 m-+2
<MYl ) w<8\/52k) <MPM DY
1=3 k=1—2 1=3
= M3A72n+2
Therefore,
m+2
lim sup | >y arf (nix + c))|
e \/ A72’n+2 loglog A72n+2
(@) =g @) S lg (@)
< lim sup + lim sup
m—00 \/AEHJFQ log log A72n+2 m—00 \/AfnJr2 log log A?n+2
N ()
C ™
<limsup ———————— + Z lim sup lgm ()]
m—oo  [loglog A$n+2 j=1 M Aan log log A$n+2
N (7)
= Zlim sup g’ (@) .
j=1 M \/A?nJr2 loglog A%,
For j fixed,
(7)
lim sup g (2)] <V2

7 (9680 (@) log og(5 (@)

almost surely on the set {Sg,(ﬂ;)(x) — o0} by Lemma 2.8. But then, for
such z, (ng%) (z))? < M?A2% , and hence

(4)
@,
2
m—+2

m— o0 A2

sy0 loglog A

almost surely on this set. Because {Sgg)(x) is bounded} = {|g§,jl)(x)| is
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bounded} almost surely (see [BGI),

=0

()
Jimn sup lgm’ ()|
e A72n+2 loglog A%’H—Q

almost surely on the set {S g%) (x) is bounded} and we obtain the conclusion
of the theorem. m
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