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ENTROPY OF A DOUBLY STOCHASTIC MARKOV OPERATOR
AND OF ITS SHIFT ON THE SPACE OF TRAJECTORIES

BY

PAULINA FREJ (Wroctaw)

Abstract. We define the space of trajectories of a doubly stochastic operator on
L'(X,p) as a shift space (X", v,0), where v is a probability measure defined as in the
Tonescu—Tulcea theorem and o is the shift transformation. We study connections between
the entropy of a doubly stochastic operator and the entropy of the shift on the space of
trajectories of this operator.

1. Doubly stochastic operators, transition probabilities and en-
tropy. Let (X, %, 1) be a probability space. By a doubly stochastic operator
we mean a linear operator T: L'(u) — L'(p) which satisfies:

(i) Tf is positive for every positive f € L' (u),
(i) 71 = 1 (where 1(z) =1 for all z € X)),
(iii) (T fdp = fdu for every f € L*(p).

The class of all doubly stochastic operators contains Koopman operators of
measure preserving transformations on X and, even more generally, Markov
operators defined by measure preserving transition probabilities by the for-
mula

(1.1) Tf(z) =\ f(y) P(x,dy)

(we recall that a transition probability on (X, %) is a function P: X x & —
[0, 1] such that P(z,-) is a probability measure for each z € X and P(-, B)
is a measurable function for each B € £, a transition probability preserves
pif p(A) = {P(z, A) dp(z) for all A € %B). In the latter case, the Ionescu—
Tulcea theorem implies that there is a probability measure v on the product
space XN, N = {0,1,2,...}, whose values on cylinder sets are given by

V(Ao x Ay x - x Ay x XNy = | || Plenoy, day) ... P, dy) p(dao)
Ap Ax Apn
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for all Ag,..., A, € & (see e.g. [N]). Note that in terms of the operator T’
the above formula takes the following form:

V(Ag x Ay o x Ay x XN =10, - T(1, - T(Lay -+ - Tlya,)...)dpu.

Let 0: XN — XN be the shift transformation, i.e. (0z), = 2,41 for x =
()nen € XN, It is easy to verify that since a transition probability P
preserves i, the measure v is o-invariant. The probability space (X, ) will
be called the space of trajectories of the doubly stochastic Markov operator T’

defined by .

We continue the study of entropy of doubly stochastic operators started
in [DF]. We take a closer look at the definition of entropy introduced in [F'F],
relating it to the entropy of the shift on the space of trajectories. In the lit-
erature one can find various generalizations of the notion of entropy: see e.g.
[AF], [CNT], [GLW], [M], [MR] and [V]. By the results of [DF], all defini-
tions of entropy of a doubly stochastic operator T" which follow standard
construction steps and satisfy some natural conditions concerning mono-
tonicity, subadditivity, continuity and compatibility with the classical Shan-
non entropy, lead to the same quantity h,(T"). Such are entropies defined in
[AF], [DF], [GLW], [M]. However, these entropies differ in the choice of the
basic entropy H,, of a collection of functions, independent of the dynamics
induced by an operator.

In [FF] it was shown that the formula which we use in the current paper
(see Def.[1.1(3)) is also a version of operator entropy in the sense of [DF]. Our
main Theorem [2.5|and its corollaries are valid only for this specific definition
of H,, but it may serve as a tool in proving theorems on the general entropy
hu(T). We remark that though we assume that the operator 7" is induced by
a transition probability, the results apply directly to all doubly stochastic
operators on standard Borel spaces, as it is well known that on such spaces
each doubly stochastic operator is of the form (see [N]). In the general
case, one can represent a doubly stochastic operator T' as a Markov operator
on the space of all continuous functions on a compact Hausdorff space X
(see [D] or [H] for details; a similar technique was also used in the proof
of Lemma 3.2 in [DE]). It is easy to verify that such operators are always
induced by transition probabilities. Moreover, if we transport a measure p
from X to X, this representation will preserve the entropy of T

Throughout the article, (X, %, u) is a probability space, || - || denotes the
L' norm on the space of integrable functions on (X, %, i), A is the Lebesgue
measure on the unit interval and 7: [0,1] — R is the function defined by
n(x) = —xlogz for z € (0,1] and n(0) = 0 (log means logarithm to base 2).
We replace partitions, used in the classical definition of the entropy of a
measure preserving transformation, by finite sequences of functions from X
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o [0,1], which we call families. For a measurable function f: X — [0,1]
let Ay = {(z,t) € X x [0,1]: t < f(x)} and denote by 2/; the partition of
X x [0,1] consisting of Ay and its complement. Recall that the refinement
(or join) of partitions o and [ is the partition o V 8 consisting of all sets
AN B, where A € a, B € . For a finite collection of partitions aq, ..., a,
we write \/7_; a; or \/,c; a5, I = {1,...,n}, for their refinement which is
the collection of all sets Ay N---N A,, where A; € «;. For a family % of
measurable functions we define @7z = \/ ;. z @y. Denote by At the t-section

of A C X x[0,1] at ¢, i.e. A" = {z € X : (2,t) € A}, and by &% the
partition of X consisting of all t-sections A?, where A € &/5. Let H,(a) be
the Shannon entropy of a partition a.
DEFINITION 1.1. For a family .# of measurable functions on X we define
(1) the entropy of .7 at level t € [0, 1] by
H(F 1) = Hy(5),

(2) the upper and lower entropy of a doubly stochastic operator T" with
respect to .Z at level ¢t € [0, 1],

hu(T, Z,t) = limsup — H (\/%tz )

n—oo T

o]
by 7.0 =i 1, () ).

(3) the static entropy of .# by
1
Hﬂ(ﬁ\) = SHH(ﬁat) A(dt%
0
(4) the entropy of a doubly stochastic operator T' with respect to .# by

1
T\ — 1 - an
hM(T,J) = nh—1>Tt>10 TLHM(J ),
where .Z" is the concatenation of &, T.Z,... , T" *.%. (The exis-

tence of the above limit was proved in [FE].)

Note that for each measurable set A C X x [0,
11(A") is measurable, hence H,(F,t) = — 3" 4c., 1(A
measurable and the above integral is well defined.

1] the function t
) log(u(AY)) is also

2. Operator entropy vs. entropy on the space of trajectories.
For a (measurable) function g: X — [0,1] and ¢ € [0,1] let 1,5y € L ()
be the characteristic function of the set {z € X: g(x) > t} and abbreviate
1x by 1.
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LEMMA 2.1. Let % be a family of measurable functions on X with ranges
in [0,1]. For every e > 0 there exist | € N and a set 7 C [0,1] such that

(D) 1 Lprtn gy — T Ll < € for every f € F, n € Nandt €
[0,1]\ 7,
(2) A7) <e.

Proof. Fix e > 0. Clearly, we may assume that e = 1/k for some positive
integer k. Let r denote the cardinality of .%. For a function g: X — [0, 1]
and numbers a, b satisfying 0 < a < b < 1 define g? := (g V a) A b, where V
and A denote pointwise maximum and minimum, respectively. By Lemma
2.3 from [DF] we can choose | € N such that for each g € T.%, n € N and
every pair a < b,

&3
357
Take a partition ¢ of [0, 1] into 33k?r subintervals Iy, I1, ... of equal length
A=¢%/(33r). We assume that the intervals are enumerated so that inf Ip=0
and supl; 1 = inf I; for i > 0. Notice that for each f € .# there are at
most 9k intervals I; such that p((T'f)~'(I;)) > €/9. Thus, the number of
intervals such that this inequality holds for at least one element of .% is at
most 9kr.

For each t € [0, 1] consider the interval I(t) = I;—1 U I; U I;11 such that
t € I;. Denote the endpoints of I(t) by a; and b; (a; < b;). Let 7 be the
union of all I;s such that the measure of the preimage of at least one of
I;_1,1;,I;41 under some T'f, f € .7, is greater than or equal to £/9. It is
easy to see that A\(17) <3-A-9kr =c¢.

Fix t € [0,1] \ 7 and set

(T )7 (x) — ¢

(2.1) IT" (98) — (T"g)qll <

('), (@)~ ar

FTlf(l') = T and GTlf(Z') = r— a
Then
(22) FTlf S H{Tlfzt} S GTlf
and

[ —
|Gy — Fpogll < p((T°))7HI(1))) < /3.
Because the operator T is positive, from ([2.2)) we have
TnFTlf S Tn]l{Tlet} S TnGTlf
for every n € N, and since T is an L!'-contraction it follows that

||Tn]]_{Tlet} - TnFTlfH S ||TnGTlf - TnFTlfH S HGTlf - FTlfH < 5/3
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Similarly, we can write

T+l be _ t T A _ g
( b f)tt S H{Tn+lf>t} S ( f)at t
; — 2

We now prove that
HFTn+lf — TnFTsz < 8/9 and HGTn+lf — TnGTsz < 6/9.
Indeed, using (2.1)) and the fact that |b; — t| > A we obtain

(Tn+lf)gt —¢ _
[ Fopnry =T Fpugl| = Hbt_t - bt —t

FT"”flf - - GTn+lf.

t—at

1 €

~ o1 A 35 )
In an analogous way we can show that ||Gpn+ip —T"Grig|l < /9. Now we
obtain

H(Tn—i-lf)bt Tn(Tl )th < =

[ Epntiy — Lgpntipsyll < N Fpnvip — Gpniag|
S ||FT7z+lf - TnFTlfH + HTnFTlf - TnGTlfH
€ 5e

e g

Finally,
[Lpntipssy = T Lpipspyll < M gpnvigsey — Fpavipll + [ Fpnvy — T Frog|
+ HTnFTlf - Tn:ﬂ-{Tlfzt}H
5e €

<§+9+§ -

Below we show that the choice of 7 in the previous lemma is in some
sense uniform.

LEMMA 2.2. Let % be a family of measurable functions on X with ranges
in [0,1]. For every e > 0 there exist ly € N and a set 7 C [0, 1] such that

(1) M guen gy — T Lgpipsyyll < e for every f € F, 1> 1y, n € N and
tel0,1]\ 7,
(2) M7) <e.

Proof. For %5 we find 7 and [y using the previous lemma. Then, for every
feZ, 1>l,neNandtel01]\r,
[ Lgprin sy — T " Ly psyl|
< Lgprengsey — Tl_lo+nﬂ{Tlofzt} I+ ||Tl_lo+n]l{Tlof2t} —T"Lipipsyll
< I gpora-torm gy =T i gy |HIT 0L pgto poiy = Liiora-10) gy |
<E m
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The following definition was stated in [DE] in order to consider continuity
of entropy.

DEFINITION 2.3. Let 7/ < r. For two families of measurable functions,

F={f1,....fr}and G = {g1,..., g}, their L'-distance is defined by
dist(F,G) = ngin{lrg%x |fi = Gx (o)l du},

where the minimum is taken over all permutations 7 of {1,...r} and where G
is considered an r-element family by setting ¢; = 0 for ' < i < 7.

It is easy to prove that for any measurable functions f, f/, g and ¢/,
(2:3) Ifng = ngll<If = FII+llg =4l
To simplify notation we denote the partition @7}, , of X by @'. Let Ly
denote the family of all functions 14, where A € &7

LEMMA 2.4. Let F be a family of measurable functions on X with ranges
in [0,1]. For every e > 0 there ezist lo € N and a set T C [0,1] such that

(1) dist(T™1L e, Loy, ) < e foreveryl >1lp,n € Nandt e [0,1]\ 7,

(2) A7) <e.

Proof. Let .# = {fi,..., fr}. Fix e > 0. We use the previous lemma to
find lp € N and 7 C [0, 1] for €/(r2") in place of €. For every [ each element
of 1 ot Ay be represented as the minimum of r functions g1 e g,lﬂ’t, where

gi’ is either Lepug, >y or 1—Lpip >4y After r successive applications of .
we obtain

gt It
lgy ™" Ao ARt = TGy A AT g < /2"
forall I > lp, n € Nand ¢t € [0,1] \ 7, provided that in the above formula
the functions gl+" " and gll-’t are of the same type for ¢ =1,...,r, i.e.

I4+nt +n,t
(24) gl H{Tl+nfi2t}7 or gl ]l — ]]‘{Tl+nfi2t}7
g = Lirigsay, =1—1pig>y-

Notice that gll’t ARRRWAY gfu’t < gﬁ’t for every ¢ = 1,...,r and since T is positive
we have T”(gll’t ARERW\ g,la’t) < T"gf;’t for each i. Hence

T™(gy" A A ght) < Trgy A~ AT gh

<G A NG TG A AT — g A A g
In particular,
It , I+n,t )
(2.5) VT (gt A A gt = g™ A A gl dp < g )27

A
for any set A € 4.
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l4+n,t l+n,t

AN\ gr
all T"(git Ao A gh "y are equal (they are both ]l). Suppose that for some

pair of functions f = gll+”t A gt F = T”(gll’t A---Agh') we have

VIf = fldp>e.

The sum of all functlons of the form g; and the sum of

Since N _ N
Vf=fldu=\ (F=Hdut+ | (F=Fdp,
{r>7} {F>f}

and since by 1) we have S{f>f}(f~_ f)du < e/2", it follows that

[ (= Pdu>=0-1/2).
{r>7
But then summing over the remaining pairs (excluding f— f) we obtain
L l ra
0= | > @' A ng) =g A A g Y du+ | (f = f) dp
(=5 (=5}
<(2"—=1)-¢/2" —e(1—-1/2")=0
a contradiction.Thus
S,gl—f—nt -/\gff"’t—Tn(gll’t/\‘--/\gfit)!du<€
for all pairs of functions satisfying (2.4)). w

THEOREM 2.5. Let o be the shift transformation on the space of trajec-
tories (XN, v). For almost all t € [0,1],

b, (T, Ft) = h,(T, Ft) = Jim (o, ot x XN,
—00

Proof. Clearly,

h(T, Z,t) = hy(T, T"Z . t),  h,(T,F,t)=h,(T,T'Z t).

Fix ¢ > 0. For any n,l € N and ¢t € [0,1], from standard properties of
entropy of a partition (see e.g. [P]) it follows that

n—1

—1 t N
Hy<i\/00 (o x X ))
<H(\/ l+z><XN> (\/a tyw XN ‘\/dfﬂxxN)
(\/ l+zXXN>+:::Hu< ) x XV ’WzizxXN)

< WZ-
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Notice that \/}—, Al x XN ={Ax XN:Ae V], ) ,;} and
(2.6) v(Ax XN) = 1dp=p(A),

A
hence

i (V ot x) = (o)

We denote by pp and vg, yn the condltlonal measures of 4 and v with
respect to B C X and B x XY, respectively. By 1 ,

H(%|2)= Y w(B)-H,, . (%).
Beat,

For any measurable A, B C X,
V(Bx X' x Ax XN)=\1p-T(1-...-T(1-T14)...)dp =\ T'Ladp.

B
Hence
i—1 A N )
HVBXXN("%) = Z 77<V(B A (BX) 2 )> = Z n(STIILAdHB)
Acdf . Acof B
We continue the calculation of the conditional entropy:
H(Z|2) = > wB) Y n(§Tadus)
Bed,, Aed}
i SB T'1 4 d,u)
=- T'14dp - log ==———
332“2;<£ ’ H(B)
= > (X (17 vadu) — n(uB))
Bed,, Aca} B
= 3 2 ({7 adi) - (o)
Bed!,, Aed}

I+

By Lemma for any positive § < € there exists l[p € N and a subset

C [0,1] with A(7) < 6 such that diSt(Ti]l&{lt, ]1@/}“) < 0 for every [ > lo,
i € Nand t € [0,1] \ 7. Then, for every pair of sets A € </, B € 4,
either [u(B) — {3 T"1adu| < & or {5, T'1adp < 4, so for a suitable choice
of 6 (and appropriate lp and 7) the entropies of the probability vectors
{u(B): B € &'} and {{zT"1adp: A € o', B € o7,,} differ by less
than e. Finally, we get

(Vs o) < m(V ) 40

1=0
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for [ large enough, n € N and all ¢ except for a set 7 of measure €. Dividing
by n and taking the lower limit over n we get

hy(o, ' x XN) < b, (T, T'"Z t)+ & = h,(T, F,t) +¢

for [ large enough and ¢t ¢ 7. Notice that on the left hand side the lower
limit is a limit, since we compute the entropy of a transformation. Letting [
go to infinity, we obtain

limsup hy (0, o' x XV) < h, (T, F,t) +¢
l—o00
for t € [0,1] \ 7. Since € was taken arbitrarily,
limsup hy, (o, 2t x XN) < h, (T, 7 ,1)
l—o0
for almost all ¢.
On the other hand, we analogously estimate

(2.7) (\/ Ai) < H (\/gi “x X))

+ ZH fi x XN o7 (e x X)),
Now
(2.8)  Hy(efy; x X" o™ (e x X))
_ i1 N V(B x X172 x A x XN)
—Z<V(X xAx XY Z n( (X1 % A x X
Aeg{lt Be%t#»z

Acatt %f—“ Bedt,

; gT"1adp
=2 JTMadu: ) ( T%du)
n(A)

=— Z Z Tl 4dp log TIILAd,u logp(A))
Acd! Bed! ;| B

-y ¥ (Tl]lAdu> H,(<

Aed} Bew}, B

Hu() = > ([T 0adp),

Aed!

so, as before, there exist 7 C [0,1] with A(7) < ¢ and lp € N such that
the right hand side of (2.8) is less than or equal to ¢ if only [ > [y and
t € [0,1] \ 7. Dividing both sides of (2.7) by n and taking the upper limit

Notice that
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over n. we obtain
T (T, F,t) = h (T, T'F ,t) < hy(0, 9" x XN) +¢
for t € [0,1] \ 7 and so
hu(T, F,t) < lilm inf h, (0, ! x XN)
—00

for almost all ¢t. Hence,
h(T, F,t) < liminf hy, (o, ' x XN)
l—00

< limsup h, (o, o' x XN) < h,(T,7,t) Mae,

=0

and the assertion follows. m

It follows from the above theorem that for almost all ¢ one can define
the entropy of T with respect to .% at level t by the formula
1
(2.9) hu(T, Z,t) = lim —H,(F",t).

n—oo N

COROLLARY 2.6. We have
1 1
hu(T, 7) =\ hy(T, Z,t) Mdt) = lim | by (0, " x X™) \(dt).
o l—o0 0
Proof. Let r be the cardinality of .%. Since the entropy of a partition is
bounded by the logarithm of its cardinality and the partition 27z~ consists
of at most 2" elements, the function n='H,,(:#",t) is bounded from above
by a constant r. By Lebesgue’s Dominated Convergence Theorem,

1 1
1 1
ha(T, 7) = lim Egﬂu(f”,t) Adt) = | lim —H,(F", 1) A(dt)
0 0
1 1
=\ hu(T,.7,t) A(dt) = Sll_i}& hy (o, ot x XNYX(dt).
0 0

As before, the cardinality of .7, hence of ,Qflt, is bounded by 2", so that
hy (o, szlt x XN) < r. Using Lebesgue’s theorem again, we can interchange
the integration and taking the limit to obtain the assertion. m

COROLLARY 2.7. If T is a doubly stochastic operator and o the shift
transformation on the space of its trajectories then

hu(T) < hy(0).
Proof. Since for any partition o/ of X,
hy(o, o x XN) < hy(0),
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the right hand side of the formula in Corollary [2.6] is less than or equal to
the entropy of . Thus using Corollary [2.6] we obtain

hu(T) =suph,(T,.7) < h,(0). =
F

It is easy to see that equality holds in Corollary 2.7 for pointwise gen-
erated operators, because in this case the entropy of an operator is equal
to the Kolmogorov—Sinai entropy of a generating transformation (see [DF]),
which is isomorphic to the shift on the space of trajectories. On the other
hand, equality fails to hold for nonpointwise operators even in the following
simple example. Consider a space X consisting of two points and an oper-
ator T given by a 2 x 2 matrix with all entries 1/2. Since each function is
transformed by T" to a constant, the entropy h,(T) is 0. But the space of all
trajectories constitutes a Bernoulli shift with entropy 1 (recall that we use
logarithm to base 2).
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